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with non-proportional damping

MeTon pacyeTa cunbHO AeEMNMUPOBAHHBIX CUCTEM
C HeNponopLMoHanbHbIM AeMndpUpoBaHNEM

O.P. Nesterova*, AcnupaHm O.I1. Hecmepoea*,

A.M. Uzdin, 3-p mexH. HayK, npogheccop A.M. Y30uH,
Petersburg State Transport University, Memep6ypackuli 20cydapcmeeHHbIt

St. Petersburg, Russia yHusepcumem nymed coobweHusi imnepamopa
M.Yu. Fedorova, AnekcarOpa |, CaHkm-llemepbype, Poccus
St.Petersburg State University of Film and KaHO. ¢pu3.-mam. Hayk, doueHm

Television, St. Petersburg, Russia M.FO. ®edoposa,

CaHkm-lNemepbypackull eocydapcmeeHHbIl
yHU8epcumem KUHO U mesiesudeHus,
CaHkm-lNemepbype, Poccus

Key words: earthquake engineering; calculation; KnrouyeBble crnoBa: 3eMMETPsiCEHUE; pacyerT,;
strongly damped system CUNbHO AEeMNUPOBaAHHbIE CUCTEMDI

Abstract. The calculation of systems under seismic excitations is performed both dynamically by
time integration and quasistatically under inertial seismic loads using linear response-spectra method
(RSM). Dynamic timing calculation can be performed either using direct integration of the initial system of
motion equations, or by using the spectral decomposition of motion equations by shape modes. RSM is
completely based on spectral decomposition. However, the spectral decomposition was worked out only
for systems with proportional damping, when the eigenvectors of the undamped and damped systems
coincide. With regard to RSM, even for proportional damping, the existing Guide Lines do not allow to take
into account the actual damping in the system. There are proposals for the explicit calculation of damping
within the framework of the RSM for proportional damping in literature. Their results can be used both for
constructing RSM and for integrating motion equations with arbitrary damping using the spectral
decomposition of the motion equations. But so far the mentioned mathematical results have not been
connected with calculating structures. The authors propose a variant of the RSM for calculating highly
damped systems under earthquake impact. To this aim, complex eigenvectors and eigenvalues of the
motion equation system were obtained, and this system was reduced to a tridiagonal form. As a result, the
assumed equation system of the order equal to N was decomposed into N pairs of independent real
equations. The base oscillation accelerogram and its derivative present the input in the right part of the
motion equations. In this way two matrices of seismic forces are generally obtained. To sum up these
forces, the shape mode correlation coefficients were analyzed. An example of mass damper calculation is
given in the paper. For 4-6-story buildings constructed in ordinary conditions the proposed variant of the
RSM leads to the same data that existing Guide Lines. But the proposed variant of RSM makes it possible
to calculate systems with heterogeneous damping including seismic isolated systems, mass dampers and
systems with soil-structure interaction which is impossible to do on the base of the existing Guide Lines.

AHHOTauuMA. PacyeT cuCTeM Ha CENCMMUYECKYID Harpysky BbIMOMHAETCA AMHAMWYECKU, MyTem
WHTErpMpPOBaHUSA MO BPEMEHW, U KBa3UCTATMYECKN, MO MHEPLMOHHbIM CENCMUYECKUM Harpyskam C
Mcrnonb3oBaHWeM NMHenHo-cnekTpanbHoro metoga (JICM). QuHamunyecknii pacyeT MOXET ObITb BbINOSHEH
nmbo nyTemM MpSMOr0O MHTErpupoBaHWs UCXOOQHOW CUCTEMbl YpaBHEHWA ABWXKeHud, nnbo c
MCMOMb30BaHWEM CMEKTPanbHOrO pPasfnoXeHus ypaBHeHun ABwkeHus no dopmam. JICM nonHocTbo
OCHOBaH Ha crnekTpanbHOM pasnoxeHuu. OgHako cnekTpanbHoe pasnoxeHue 6bino paspaboTaHo TONbKO
ANs CUCTEeM C MNPOMOPUMOHAnbHbIM 3aTyxaHueMm, Korga COOCTBEHHble BEKTOpbl HesaTyxaloWmux Wu
3aTyxarLmx cuctem cosnagatoT. Uto kacaetca JICM, gaxe Ansg nponopumoHansHoro AeMngupoBaHus
cylwiecTBylowas MeToauka B HOPMATMBHOW [OKYMEHTauum He MO3BONSET y4vuTbiBaTb dakTuyeckoe
aeMnduposaHme B cucteme. B nutepaTtype CywecTBYOT NPeasioXeHus no SBHOMY YYeTy 3aTyXaHus B
pamkax JICM gnsa nponopumoHanbHoro 3atyxanus. [aHHble pesynsTatbl MOryT 6biTb MCMOMbL30BaHbLI B
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pacueTtax kak no JICM, Tak n nyTeM UHTErpupoBaHuns ypaBHEHUA ABWXKEHNS C NPOM3BOMbHBIM 3aTyXaHem
C WCMONb30BaHMEM CMEKTPanbHOIO Pa3foXEeHWUs ypaBHEHUN OBMXeHus. Ho Oo0 cux nop yrnoMsiHyTble
MaTeMaTuyeckue pesynbTaTbl He OblfIM NCMONb30BaHbI MPU pacyeTe KOHCTPYKLUA 30aHUA U COOPYXKEHUN.
ABTOpbI NpegnaraoT BapuaHT JICM gns pacyeTta cuibHO AeMNGUPOBaHHbIX CUCTEM MpPU pacyeTe Ha
semneTpsceHus. C aTon uenbio ObiM NoMy4YeHbl KOMMEKCHbIE COOCTBEHHbIE BEKTOPbI U COOCTBEHHbIE
3HaYeHNs CMCTeMbl YpaBHEHUI ABWXKEHMWS, 1 3Ta cucTema bbina cBedeHa K TpexguaroHansHown dopme. B
pesynbTtarte nNpuHATad cuctema ypaBHeHun nopsgka N Obina pasnoxeHa Ha N nap He3aBUCUMbIX
BeLLeCTBEHHbIX ypaBHeHUN. [paBasa yacTb ypaBHEHMS NpeacTaBnsgeT cobon yCcKopeHne OCHOBaHUS U ero
npou3BoaHyto. Taknum ob6pas3om, nonyyaeTcs ABe MaTpuLbl CeMcMUYecknx cun. Ytobbl cymmupoBatb 371
cunel, 6GbINM NpoaHanuanpoBaHbl KO3uLmeHTbl Koppenaumm dopm. B ctatbe npuBegeH npumep
pacyeTa 34aHusa C AuHamudeckum racutenem. Ons 4-6-3TaxHbIX 30aHWA, MOCTPOEHHbIX B OObIYHbLIX
ycroBusix, npegaraemolin BapuaHT JICM npMBoguT K TEM e AaHHbIM, YTO U HOpMaTUBHbLIN BapuaHT JICM.
Ho npegnaraembii BapuaHT JICM no3BonsieT paccyvMTatb CUCTEMbI C HEOOHOPOAHbLIM 3aTyXaHueM,
BKJIHOYAS CUCTEMbI C CEMCMOU30NALNEN, C AMHAMUYECKUMW racUTENsiMM U CUCTEMbI C Y4€TOM OCHOBaHWS,
YTO HEBO3MOXHO cAenaTh Ha OCHOBE CYLLIECTBYIOLLIE HOPMAaTUBHOWM AOKYMEHTaLMW.

1. Introduction

The object of the study is the method of calculating damping for analyzing seismic stability of strongly
damped systems.

In the past 20 years, various kinds of dampers have been increasingly used to decrease dynamic
loads on building structures in earthquake engineering in particular [1-7]. However, in the theory and
practice of seismic load calculations, the problem of allowing for damping causes certain difficulties. At
present, the basic method for evaluating the seismic stability of structures is the method of decomposition
by vibration modes. In this case, in the process of calculating it is necessary to build a damping matrix,
write down the system of seismic oscillation equations, expand the system according to vibration modes,
estimate loads for each mode and sum up these loads taking into account the random nature of the impact.
When calculating the structure by the linear spectral method (LSM), the response spectra are used to
estimate the seismic loads, and in the case of dynamic calculation a package of accelerograms with further
averaging of the result or some deliberately dangerous accelerogram [8, 9] is used. At present the
construction of linear system damping matrix is not a difficult problem. This task is included in program
complexes, for example, MicroFE [10], Midas [11], etc. Some aspects of this problem were considered by
the authors in [1]. As a result, the system of seismic oscillation equations has the following form

M + Beqq +Rq=-MY_ Q)

where M is inertia matrix; Beq is the matrix of equivalent viscous damping;

R is the stiffness matrix; q is the column of generalized displacements;
Y';) is the column of kinematic inputs

To solve equation (1), the decomposition of motion by the oscillation modes of the undamped system
is used in research on the subject [1, 11]. Such decomposition is admissible at damping of less than 15 %
of the critical value, or in the case when the matrices MR and M™'B have the same eigenvector matrices
[12]. Damping, which allows the decomposition of the motion equations by the oscillation modes of the
undamped system, is called proportional.

Calculating structures with a non-proportional damping have caused certain difficulties so far.
Meanwhile, this kind of calculations is necessary for seismic-protection systems, tuned mass dampers,
structures consisting of different materials, soil-structure interaction analysis etc. Especially relevant are
such calculations for selecting parameters of special seismic protection at the early stages of its designing,
when no design accelerograms for the building site are available yet.

The aim of investigation is bringing out features of calculating systems with a non-proportional
damping using the motion decomposition by oscillation modes. To do this, it is necessary to solve the
following problems

1. Building the spectral distribution of strongly damped systems and developing the response
spectra method (RSM) for their calculating.
2. Presenting some example of proposed method
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2. Methods

System (1) is reduced to a system of equations of the first order.

A-®=Q. 2)

—M*Qq -M™R q ‘A
A= . ® = . Q=
E 0o | q) 0

System (2) is characterized by a set of complex eigenvalues presented in the following form

A:/_lekl'—)/szz'..._ynzkn 1_7/17k11_}/22k2 l.”_7/r12kn _/l-i [a)liwz,...a)n’_a)l,_wz,..._a)nj, (3)

where n is the number of the system degree of freedom

2
ﬂ“unl:_yi_kiiiwiv w; :ki\’ -h )
’ 2 4

A, K, o, yare an eigenvalue, eigenfrequency, the frequency of damped oscillations, and the modal inelastic
resistance coefficient of the system respectively.

where

Peculiarities of constructing the damping matrix and determining the eigenvalues and vectors of the
matrix A were considered in [12]

For strongly damped systems, appearance of real eigenvalues is possible. This aspect of the
problem was considered in [13].

According to [14], there exists a real transformation of the variables of the equation system (2)
vV, W T
T — ( 1 1 1 j ’ (5)
V2 WZ TZ
by replacing the original variables {q, Q}‘ with new ones {E, H, I}

q=VE+WH+TI
q=V,2+WH+T]I

(6)

and reducing the matrix A to a tridiagonal form.

In transformation (5), the matrices {V11V2} and {Wl,Wz} are respectively real and imaginary parts
of the eigenvector matrix of the matrix A.

In new variables, the system of equations (2) takes the form:

| y
E=--TAEZ+AH-PY
2
. 1 "
H=-AE-—TAH-QY, (7)
2
[=NI-UY

In the system of equations (7)
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FZ[}/L 72, .. ;/ncj is the diagonal matrix of inelastic resistance modal coefficients;
A=/ki, ka, ... knc/is the diagonal matrix of natural frequencies of system oscillations; A=/Kq, ko, ... knc/
is the diagonal matrix of frequencies of the damped system; NE/_VL v, ... Vnr]is the diagonal matrix of
the real eigenvalues of the matrix A, where NC is the number of complex eigenvalues pairs, Nr is the number
of real eigenvalues (2-nc+nr=n).

P12, Q1,2, U1, are blocks of the matrix inverse to transformation matrix (5)
P
1

_]__
1-1q Q, ®)
Ul U2

N

The decoupling of oscillation equations similar to (7) is known in the vibration theory [13, 15-17].

The last matrix equation of system (7) is a system of independent first-order equations of the form
. _ AWy
L, —V,L= dj Y, (9)
Here the variable vj is an element of the vector of variables I.

The kinematic input vector is written in the form Yo =Vp yo , Where VO is the accelerogram of base

oscillations, Vp is the vector of excitation projections on the directions of generalized coordinates; df "is
an element of the vector U1Vy.

The first two equations of system (7) are written down in pairs of independent second-order
equations

921 + 7Jk19éj + kaézj - _dfl)yo + dEZ)yo

n;+y ik, +k12771 - _dj(g)yo +d§4)yo

(10)

The coefficients djY, dj*?, di®, dj® are the elements of the vectors (4+Q1+0.574P1)Vp; P1Vyp;
(A+P1+0,57'1Q1)Vp n Q1Vp respectively.

If damping in the system is proportional, i.e. condition (11) takes place,
B,, = RX®X " (11)

then the coefficients dj®, dj®®, di®) become 0.

In condition (1), @ is an arbitrary real diagonal matrix.

For arbitrary damping, movement in the direction of i-th generalized coordinate is presented as the
sum

_ (1) £(1) (2) £(2) (3)..(3) (4)__(4) (5)
i s

k
Z|(J )are coefficients similar to the mode coefficient #ij introduced in the applied earthquake

engineering theory and used in the existing Guidelines [14], they are defined as follows: )(ij(l)zvijdj(l),
2 ®=vid®, i C=widi®, 7O =wich®, iO=uiid

5(1) and 7723) are determined from the solution of the following equations:
]
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ég,-(l) + ij,-ééfl) + kfffl) =¥, and 77, +yjkj77f3) + kaﬁfs) =V . (13)

£® and n¥ are determined from the solution of the following equations:

2 (1) = (1) 2 (1) ees .-(3) . (3) (3) .
51’ +7/jkj§j +kj§j = Yo and 77,-3 +7jkj77]3 +k1277]3 =Y, (14)

The function vj is obtained from the solution of equation (9).

We note that the appearance of the derivative of the load (the third derivative of the base
displacements) in the right-hand side of presentation (10) was mentioned in paper on damping forced
oscillations [1].

The obtained presentation of solution (11) makes it possible both numerical integration of the
equations of motion with retention of the required number of vibration modes and the application of the
response spectra method (RSM) with some refinement.

When the RSM is used, seismic forces in the absence of real eigenvalues should be summed up
according to the formula

nf nf 2 2

b/
D» BT o9

k=1 j=1 m=l n=1
where ‘nf’ is the number of the considered oscillation modes;
m =1, 2 is the index of the displacement component & or 77;
N =1, 2 the index of the component of the displacement caused by Y, or Y ;

(m,n)
(C,‘jk is the corresponding correlation coefficient.

If we take into account that the correlation coefficient of functions & or 7j is equal to 1, and the
correlation coefficient between the function and its derivative is equal to 0, then expression (15) is simplified
and with the account of damped modes of oscillations takes the form

%

S, = zzsijsikgjk +zzsi’,—5i'k3;’k +Zzsijsi,kg;k +ZZS;S;8; + (16)
ik ik i,k s or

In formula (16), the first term is conventional seismic force, determined on the basis of equations
(13) and having a standard form for a system with concentrated masses mi: [2]

Sij =A-g.mi-ﬂ(Tj)-KW (7;)'()(51)—’_}(;2)) (17)

The second term in formula (17) is completely analogous to the first, but is obtained on the basis of
equations (14), in which the derivative of the input accelerogram is used as the input excitation. In this
case, the seismic forces formula is the following

(3) (4)
(Zij + Zij )

Si;=A~g~mi~,B(Tj)-Kw(7/j)-k— (18)

]

!
The third term appears due to a possible correlation between seismic forces Sijj and Sij for i#j.
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Finally, the fourth term is determined on the basis of equation (9). For seismic forces, it is also
possible to obtain an analogue of the dynamic factor by presenting seismic load in the form

s =A-g-m-g(v,) 2" (19)

If the modes are not correlated, then from (16) we obtain a formula similar to that used in the current
Russian standards of earthquake-proof construction.

s, =[ZST+ZSZZ+Z(3:)ZJ% (20)

An important problem of estimating seismic loads on a damped system is calculating correlation
coefficients, which are determined by formulas

i (ut i wt

S(a))e'mda) @S (a))e @ S(a))e
= j = j = j | (1)
0 0 0
Here S(w) is the input spectral density, Zj=(a)2-kj2)2-yj2 ki® w?.
For &j™ the correlation coefficient has the following form
0 S (a))ela)td a)
=] 22

" (- v)a) v)

Many studies have been devoted to the problem of calculating integrals (21-22). Due to the fact that

Z] functions have a pronounced peak at @ = K], the form of the function S(®) does not play an important
role. The results obtained by formulas of A.A. Petrov [18], A. Ter Kuryugian [19, 20] and other authors
diverge by 3-7%. The authors of this paper prefer to use the formula of A.A. Petrov. The development of
formulas of A. Petrov and A. Ter Kurrigyan is presented in [21].

3. Results and Discussion

qm qMD
— —
M CaD
Mo
Catr
—MW—>
Yo

Figure 1. The design diagram for analyzing systems with the MD

The above proposed method allows one to consider linear systems with inhomogeneous and non-
proportional damping. The most important area of application of the proposed technique is calculating the
tuned mass damper (MD) and the soil- structure-interaction. For example, let us consider calculating the
MD, shown in Figure 1. The MD is considered for tuning equal to 0.98 and the relative mass equal to 0.1
, where kMD = CMD ,
str rnMD

Kup

and damping equal to 5% of the critical value. The MD tuning K =

C m
= [ - the relative mass v = —M2 =(.1.
m

str

str str

In Figure 2 the graphs show the dependence of the MD efficiency (relative decrease of the shearing
force on the structure base) on damping in the MD spring. The first graph (curve 1) shows the conventional
solution with the motion decomposition by the oscillation modes of the undamped system obtained earlier
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[22], the second graph (curve 2) shows the exact solution with harmonic excitation and the third graph
(curve 3) - the proposed solution.
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Damping in the MD spring
Fig.2. Dependence of the MD efficiency on damping in the MD spring;
Curve 1 — conventional solution with the motion decomposition by the oscillation modes of the
undamped system;
Curve 2 — solution with harmonic excitation;
Curve 3 —the proposed solution

In the proposed solution, a normative spectral curve is used to set the input excitation. It can be seen
from Figure 2 that the motion equation decomposition by to the oscillation modes of the undamped system
is acceptable for solving the problem under consideration with damping of less than 0.2 of the critical value,
but for greater damping such decomposition gives a qualitatively incorrect result that does not provide the
safety margin. The exact solution with a harmonic excitation qualitatively coincides with the proposed one,
and the existing difference between the solutions is due to the difference in the spectra of the given inputs.

4. Conclusions

1. The method for calculating strongly damped systems using their spectral distribution and
estimating seismic loads on the basis of the RSM is proposed.

2. The proposed method of calculating systems with a non-proportional damping allows one to carry

out linear calculations of a wide range of systems, including seismoprotection systems, the MD, structures

h a soil massif, structures consisting of different materials, etc. The use of conventional methods for

culating this sort of structures can result in significant errors, distorting calculation results by 2 or more

times. The peculiarities of the proposed method are calculating complex eigenvalues and complex

eigenvectors of the system under consideration, introducing an amendment to seismic forces for each
oscillation mode and taking into account the mode correlation

3. Using this method, one can set the design input excitation by the normative response spectrum.
This makes it possible to select the parameters of special seismic protection at the initial stages of
designing, when no design accelerograms for the building site are available.

4. Proposed results are illustrated as applied to the calculating the tuned mass damper
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