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Abstract. The article gives an overview and analysis of the models of the damage accumulation in
monolithic materials when exposed to prolonged and repeatedly applied load. The application of the
principle of equivalence stress in the continuous and damage body allowed introducing into the strength
criterion of Pisarenko-Lebedev and the three-parameter plasticity condition of Coulomb-Mohr the measures
of the theory to accumulate damage in capacity of which the damage of Y.N. Rabotnova and the continuity
of L.M. Kachanov are used. It was found that when exposed to repeated load, the process of the reduction
of the continuity and the increase in the damage is hereditary. Therefore, to predict changes in these
measures under the action of cyclic loads the integral equations of the theory of heredity are applied. This
simulation was carried out in two ways. The essence of the first method is that the change of the damage
and the continuity in the effects of a repeated stress is determined by the integral equations where the
integrand functions are given by means of the degree of dependence. The integration of these functions
allowed receiving generalizing logarithmic and exponential models to calculate the reduction of the
continuity and the increase in the damage when subjected to cyclic loading. The second way is to apply to
the calculation of the damage the principle of equivalence of the deformation or energy where a decrease
in the elasticity modulus of the damaged body is described by an integral equation. It was demonstrated
that the first method of the calculation of the measures of the theory of the damage accumulation is similar
to the principle of equivalence of deformations. There is some brief information about the experimental
technique to determine the measures of the theory of the damage accumulation by means of which the
parameters of the generalized models for some asphalt concretes are set. The difference of the proposed
methods to predict the changes of the damage from analogue is shown.
Аннотация. В статье выполнен обзор и анализ моделей накапливания повреждений в
монолитных материалах при воздействии длительной и многократно прикладываемой нагрузки.
Применение принципа эквивалентности напряжений в сплошном и поврежденном теле позволило
ввести в критерий прочности Писаренко – Лебедева и трехпараметрическое условие пластичности
Кулона – Мора меры теории накапливания повреждений, в качестве которых приняты
поврежденность Ю.Н. Работнова и сплошность Л.М. Качанова. Установлено, что при воздействии
повторных нагрузок процесс уменьшения сплошности и увеличения поврежденности носит
наследственный характер. Поэтому для прогнозирования изменения этих мер в условиях
воздействия циклических нагрузок применены интегральные уравнения наследственных теорий.
Такое моделирование выполнено двумя способами. Суть первого метода состоит в том, что
изменение поврежденности и сплошности в процессе воздействия повторных нагрузок
определяется интегральными уравнениями, в которых подынтегральные функции заданы
степенными зависимостями. Интегрирование этих функций позволило получить обобщающие
логарифмические и степенные модели для расчета уменьшения сплошности и увеличения
поврежденности при воздействии циклической нагрузки. Второй способ заключается в применении
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к расчету поврежденности принципа эквивалентности деформаций или энергетической
эквивалентности, в которых уменьшение модуля упругости поврежденного тела описывается
интегральным уравнением. Показано, что первый способ расчета мер теории накапливания
повреждений аналогичен принципу эквивалентности деформаций. Приведены краткие сведения об
экспериментальной методике определения мер теории накапливания повреждений, при помощи
которой установлены параметры обобщающих моделей для некоторых асфальтобетонов. Показано
отличие предлагаемых способов прогнозирования изменения поврежденности от аналогов.

Introduction
The damage, accumulated in the structure of road-building materials because of exposure to
repeated load, has a significant effect on the characteristics of the stress strain state SSS. Because of
increasing damage, the ability of a material to resist ductile and brittle fracture is reduced. Therefore, an
important element of engineering of road constructions must be a solution that allows predicting an increase
in the damage when subjected to repeated loads. This will allow determining more accurately the service
life of the pavement and overhaul time, which will lead to a more efficient use of funding.
The account of the influence of a damage material structure on their SSS is carried out using the
theory of the damage accumulation. There are two fundamental areas of the damage theory in mechanics,
where the two measures are applied and various methods for their determination exist [1, 2]. Both directions
have demand by professionals of the road sector and are used in the evaluation of the stress strain state
(SSS). The essence of the approaches is to use one of the two measures, called the continuity of L.M.
Kachanova ψ and the damage of Y.N. Rabotnova ω. For long-term and short-term cyclical loads, the
developed methods to calculate these measures and these methods are different. The continuity is
determined by the ratio of the stress in a solid σ and damaged σs material, namely, ψ=σ/σs (σs≥σ), damage
of ω find by the ratio of the total defect area Fs to the geometric area of the completely intact section [6] F.
Both measures are determined by formulas

ψ=

σ
;
σs

ω=

Fs
.
F

(1)

Because the stress in a continuous and damaged body can be expressed by the geometric area
intact section and the area of the sample unoccupied defects, then between the continuity and the damage
there is a relationship which can be expressed by the formula
(2)
ω + ψ = 1;
ω = 1− ψ ;
ψ = 1− ω .
The first expression (2) shows the difference in the parameters of the theory of the damage
consisting in the fact that each of them characterizes the total relative area is occupied by the defects (this
damage ω), and - without defects (this continuity ψ). The sum of these parameters is equal to unity, i.e. the
sum of these measures is none other than the geometric sectional area expressed as a unit. Two other
expressions (2) make it possible to calculate the value of one parameter by the value of another
characteristic. In the theory of the damage accumulation the principles of equivalence SSS damaged and
solid bodies is applied. The principle of equivalence stress follows from the first formula dependencies (1).
According to this principle, you can define the components of the stress tensor of the damaged body σij ω
via the components of the stress tensor σij solid body. This calculation is performed according to the
formula [2].

σ ijω =

σ ij
1− ω

=

σ ij
ψ

.

(3)

Since the dependence (3) allows us to calculate any component of the stress tensor of the damaged
body, it is possible to any characteristic of this tensor to submit multiplication of the similar characteristics
to a solid body and the parameters theory of the damage. This implies that using the dependence (3) allows
deducing the analytical or empirical strength criteria of damaged bodies. Most of the original strength
criteria of damaged bodies were produced mainly for metals in the 70-90 years of XX century [4-9], but
they are being applied and modified only today [10-15]. Let us note that the introduction of the continuity
or the damage in the criteria of strength and plasticity conditions of solid bodies allows receiving their
modification, which can be used in the calculation of damage bodies [3].
Other principles of equivalence of damage theories are designed to determine the measures through
the parameters of the physical and mechanical properties of materials. Considering the strain equivalence
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principle, note that the deformation of the damaged body εD in a simple state of stress, such as uniaxial
compression, can be calculated according to the formulas [2];

εD =

1
σ
⋅ ;
(1 − ω) E

εD =

σ
,
ED

(4)

Where E и ED - elasticity (Young's) modules undamaged and damaged material, Pa.
The equating dependence (4) and performing transformation, we obtain

E D = E ⋅ (1 − ω) ;

ω = 1−

ED
;
E

ψ=

ED
.
E

(5)

Thus, the damage and the continuity is defined by the ratio of the elastic module damaged and a
continuum medium. Experts positively evaluate the deformation approach and a widely used representation
(5) [16 - 18]. Moreover, in a number of publications they indicate that the score change of elastic modulus
is the most convenient to determine the damage both for metals [19, 20] and for composites [21 - 23].
Later another postulate known as the principle of energy equivalence [24 is introduced] and the
depending (5) has undergone modification. According to this principle, the damage is determined via the
ratio elastic moduli of the damaged body and undamaged environment, but in a different expression, which
has the form [24, 25]

ω = 1−

ED
.
E

ψ=

ED
.
E

(6)

Of course, the choice of dependencies between (5) and (6) should be based on experimental data.
The data of N.I. Karpenko [26] obtained for concrete and reinforced concrete allow us to make a choice in
favor of expressions (5).
Substituting the relations (5) or (6) in a principle equivalence of stress (3) allows for the modification
of the expression so that the stresses in the damaged body are a function of a component tensor of a solid
body and the elastic module of damaged and undamaged environment. From a creep theory it follows that
the elastic strain is a function of time. This means that the elastic modulus can be represented by a function
of time, but inversely proportional to the aftereffect function (the retardation deformation). Mathematical
formulas describing the time variation of the elastic modulus of asphalt concrete are introduced in the paper
[27]. In the calculations of road constructions, the reduction in the elastic modulus when exposed to
repeated loadings describes the function number of the applied loads. Therefore, under the influence of a
single prolonged and short-term repeatedly applied load, the modulus of elasticity is determined by a variety
of ways, through a function of time and the number of loads. In the theory of the damage accumulation, the
definition of its measures under the influence of such loads is also different. Table 1 shows some models
describing the kinetics of the creep damage.
Table 1. Accumulation models of the creep damage [1]
Author

Formula
m

L. M. Kachanov,
A. S. Shesterikov

 σ ij  ;
dω

ν1 =
= C1 ⋅ 

dt
1− ω 

m

 σ ij 
dω
 ,
ν2 =
= C 2 ⋅ 

dt
1
−
ω



where С1, С2 и m – material parameters.
m

Y. N. Rabotnov

 σ ij 
dω
 ⋅ ωa ,
ν3 =
= C 3 ⋅ 

dt
1
−
ω


where С3, m и a – material parameters.
m

John Lemaitre

 σ ij 
dω
1 ,
 ⋅
ν4 =
= C 4 ⋅ 

b
dt
1− ω  1− ω
where С4, m и b – material parameters.

 σ ij   1  f (σij ) ,
dω
 ⋅
= C5 ⋅ 


dt
1− ω  1 − ω 
m

V. P. Golub, A. V. Romanov

ν5 =

where С5, m – material parameters; f(σij) – the stress function.
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Note: In formulas from the Table 1 instead of the original designation σ [1] authors used σij,
emphasizing that in accordance with the principle of equivalence stress,the function of grow stress σ can
be spread to any component of the stress tensor σij and the entire tensor as a whole.
From analysis of formulas from the Table 1 follows that in the process of the emergence of new
experimental data and increase the knowledge about accumulation in material damage during the creep,
the authors were forced to complicate the function. Such complication of functions of damage is similar to
the complication of the rheological creep functions and relaxation.
The hypothesis of damage summation is applied to calculate the damage from the effects of cyclic
loading. We know three basic hypotheses: a linear summation of damage (the Palmgren - Miner principle),
a bilinear summation (the S.S. Manson principle) and a non-linear accumulation of damage (the Richard Newmark principle). These hypotheses were proposed long time ago [28 - 30], but they are widely used at
present [31 - 35]. Moreover, the principle of a linear summation used in the Russian Federation [31 - 33]
while bilinear or nonlinear summations are used in other countries [34, 35]. The graphic illustration of the
summation of the principles shown in Fig. 11.

Fig. 1. Principles of damage summation in the calculation of damage: a - a linear
summation; b - a bilinear sum; c – a nonlinear summation
The formula describing a linear summation of damage is widely used in the works of Russian
specialists, for example, [31, 32] a well-known model of a bilinear summation [29, 36, 37]. A nonlinear
dependence to calculate the damage have different varieties. It results in the selection of the model applied
to the material, It should be supported in an experimental way or it is necessary to develop a new nonlinear model for testing material.
Concluding the review of the literature, let us point out the problem areas used to calculate the
asphalt concrete pavement and road pavement bases. Firstly, the layers of road clothes of monolithic
materials are traditionally calculated according to the criterion of resistance to stretching of the bending,
the basis of which lies the first theory of strength. Although it is known that it incorrectly evaluates the ability
of a material to resist destruction. The specialists of the road sector made extensive studies of the effect of
fatigue [32, 33] and the porosity at the strength of asphalt concrete [38], but the search for a new strength
criterion was not fulfilled. Secondly, road surveys show that at high summer temperatures the drawdown
on asphalt [39] and the surface rut, accompanied by bulging coating along the edge of strip rolling are
formed [40]. The mechanism for this behavior of monolithic coating can be explained by the fact that with
increasing temperature, asphalt loses its ability to run on a bend. Increasing the temperature at a certain
value leads to the fact that a vertical deformation appears in the plate of asphalt. In connection with this
data, one can assume that at even greater increase temperature, the asphalt works in triaxial compression
conditions throughout the thickness of the layer, i.e. at these temperatures the bendability is completely
lost. Such conditions of work are not taken into account in the normative criteria. It is assumed that the
coating works in a pure bending. So the normative methods of the calculation of the asphalt concrete
pavement should be supplemented with the terms of plasticity discrete medium, for example, the criterion
of Coulomb-Mohr or it modifications, designed to evaluate the shear strength of discrete materials and
soils. Continuity or damage must be entered in these criteria.

The statement of purpose and objectives of the study
The analysis of the problem allows us to formulate the purpose of the study, which consists in the
improvement of the calculation methods of road constructions by introducing continuity and damage in
1

In the work of our colleagues, the damage accumulates under the influence of cyclic loads, usually denoted by D
(from the English. Damage). For uniformity of notation in Fig. 1 and hereinafter referred to as the authors use the
symbol ω.
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strength criteria and taking into account changes of the measures of the theory of material damage when
subjected to repeated loads.
To achieve this goal it is necessary to solve the problem:
1. Enter the measures of continuity and damage to modify the strength criteria and ductility of the
asphalt concrete for the calculation coatings and bases on the tensile strength and flexural shear stability.
2. Find the representations to calculate change for continuity ψ and damage ω when subjected to
repeated loads.

Methods
We use the expression (3), to take into account the strength criteria and plasticity in terms of the
measures of the damage theory, which allows calculating the stress tensor of a damaged body through a
similar tensor of a solid body. Operating with of the tensor components of stress of the damaged body, you
can get the representation to calculate the characteristics of this tensor. Table 2 shows the formula for the
calculation of the principal stresses and their characteristics determined by the stress state of the damaged
body.
Table 2. Characteristics of the stress state of the damaged body
Name
characteristics

Formula

1

2

Main stress σ1ω, σ2ω, σ3ω

σ1ω =

σ1
σ
= 1
1− ω ψ

σ 2ω =

;

σ
σ
σ2
σ
= 2 ; σ 3ω = 3 = 3
1− ω ψ
1− ω ψ

,

where σ1, σ2 и σ3 – the principal stresses in the intact body.
The maximum shear stresses

τ maxω =

τmaxω

τ max τ max
=
1− ω
ψ

;

τ maxω =

σ1 − σ 3
σ − σ3
= 1
2 ⋅ (1 − ω)
2⋅ψ

,

where τmax – maximum shear stress in the intact body.

σ octω =

Octahedral normal
σoctω and the tangent τoctω stress

σ oct σ oct
τ oct
τ
=
; τ octω =
= oct
1− ω
ψ
1− ω
ψ

,

where σoct и τoct – octahedral normal and tangential stresses in the intact body.

The intensity of the normal σiω and
the tangent τiω stress

Invariants of the stress tensor (first
I1ω, second I2ω and third I3ω)

σi
σ
τ
τ
= i ; τ iω = i = i
1− ω ψ
1− ω ψ

σ iω =

,

where σi и τi – the intensity of the normal and shear stress (intensity R. Mises) in
the intact body.

I1ω =

I3
I
I2
I
I1
I
= 33 ,
= 22 ; I 3ω =
= 1 ; I 2ω =
2
3
1− ω ψ
(1 − ω) ψ
(1 − ω) ψ

where I1, I2 и I3 – the first, second and third invariants of the stress tensor of the
intact body.
The second invariant of the stress
deviator

J 2ω =

1

(1 − ω)

2

1
2 3

⋅  I 3 − ⋅ I1 ⋅ I 2 +
⋅ I1  =
3
27

(1 − ω) 
1 
1
2 3
= 3 ⋅  I 3 − ⋅ I1 ⋅ I 2 +
⋅ I1  .
3
27

ψ 

J 3ω =
The third invariant of the stress
deviator

1
1

 1 

⋅  I 2 − ⋅ I12  = 2 ⋅  I 2 − ⋅ I12  ,
3
3

 ψ 


1

3
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Entering measures of the damage theory into strength criteria and plasticity condition can be
performed by replacing the stress state of a solid body on tensor characteristics of the damaged body.
According to the formulas from Table 2, these characteristics are the functions or damage or continuity and
characteristics of the stress tensor of the intact body. Using a modified condition plasticity, obtained in [41],
and entering the dependence to calculate the principal stresses of the damaged body expressed via of
damage in it, we get

  1 − sinϕ  d
1

⋅ σ1 ⋅ 
2 ⋅ (1 − ωN )   1 + sinϕ 


d

 1 + sinϕ 
 ⋅ σ3  = с ,
− 

 1 − sinϕ 

(7)

where ωN and ψN - damage and continuity after exposure to N number of design loads, MU .; σ1 and σ3 the maximum and minimum principal stresses arising in the asphalt concrete at high summer temperatures
causing it triaxial throughout the thickness of the layer, MPa; ϕ and c – the angle of an internal friction and
the adhesion of asphalt concrete that are the setting limit of the direct Coulomb - Mohr, degrees (radians)
and MPa respectively; d - the parameter entered in one of the conditions of entry forms of Coulomb - Mohr
[41] taking into account the amount of the deformation of the sample, which is taken as the limit when
triaxial material is used.
If the criteria (7) damage replaces the continuity, the equation of a limiting condition takes the form
d
1   1 − sinϕ 
⋅ σ1 ⋅ 

2 ⋅ ψ N   1 + sinϕ 


d

 1 + sinϕ 
− 
 ⋅ σ3  = с .

 1 − sinϕ 

(8)

When d = 0,5 and ωN = 0 or 1 ψN = modified plasticity condition (7) and (8) takes the form of one of
the known forms of recording of the original terms of the plasticity of Coulomb-Mohr [41]. When d = 0 and
ωN = ψN = 0 or 1, conditions (7) and (8) become identical to the third theory of strength. When 0≤d≤0,5
and ωN = 0 or ψN = 1 this condition takes the form of a modified criterion [41]. Thus, the difference between
(7) and (8) from prototype [41] consists in the registration impact of damage, progressing with increasing
of repeated impact loads on the ability of materials to resist shear. This difference causes the novelty of
the modified criteria (7) and (8).
When modifying the strength of the criteria used to calculate the asphalt layers on the fatigue tensile
bending, take into account the opinion of O.T. Batrakova2, who believed that the first theory of strength
applied to a standard method of design is sufficient to replace the original criterion of O. Mora. It is known
that the Pisarenko-Lebedev criterion summarizes the original criterion of O. Mora in the event of the stress
state σ1> σ2> σ3, acquiring its form when σ1> σ2 = σ3. Table 3 shows the original and the modified criteria
of Pisarenko – Lebedev.
Table 3. Equations of limit states for the original criterion of Pisarenko-Lebedev and its
modifications, taking into account the measures of the damage theory.
The author of the original
criterion

The equation of limit state for:
the original criterion

Pisarenko, Lebedev [43]

2

the criterion modified by authors of the
publication

χ ⋅ σi + (1− χ) ⋅ σ1 = Rt ;
χ = Rt Rcs ,

1
⋅ [χ ⋅ σi + (1 − χ) ⋅ σ1 ] = Rt ;
1 − ωN

where χ - a material parameter,
associated with compressive
strength and tensile Rcs and Rt

1
⋅ [χ ⋅ σi + (1 − χ) ⋅ σ1 ] = Rt .
ψN

Batrakov O.T. Strengthening non-rigid pavements. - M.: Transport, 1985. - 144 p.
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Analyzing the original criterion of Pisarenko–Lebedev for the stress state σ1> σ2 = σ3, easy to get
σi = σ1-σ3, whereby this criterion takes the form


Rt
R 
⋅ (σ 1 − σ 3 ) +  1 − t  ⋅ σ 1 = R t .
R cs
R cs 


(9)

Opening the braces, we get

σ1 −

Rt
⋅ σ 3 = Rt .
Rcs

(10)

The formula (10) is the equation of limit state of the original criterion of O. Mora. It is used to calculate
the materials in tension. If in the condition (10) performs the replacement of the tensile strength Rt to the
tensile strength flexural Rf and enter the parameters of the damage theory, we obtain the equation

1
1 − ωN



R
⋅  σ 1 − f ⋅ σ 3  = R f ;
Rcs



1
ψN



R
⋅  σ 1 − f ⋅ σ 3  = R f .
Rcs



(11)

The equation of limit state in the form (11) is introduced in the document3 and is tested while
designing the asphalt concrete pavement of roads of gas fields YaNAO. Thus, the publication of the given
materials has practical significance. Note that the criterion (11) compared to the standard criteria of
instructions has a higher accuracy. Consequently the Pisarenko-Lebedev criterion (Table 3), summarizing
the theory of Mora, allows solving problems with greater accuracy, spreading (11) in the states of stress,
characterized by the principal stresses σ1> σ2> σ3. Here, the authors emphasize the novelty of the
modified criterion in Table 3 and its accuracy compared with the equation (11) proposed and tested earlier.
The obtained modified plasticity condition (7) and (8), as well as the strength criteria in Table 3 and
(11) require solutions allowing predicting the change in the measures of the damage theory in the process
of re-load applications.
The data of the experiments show that in the process of reloads decrease the continuity and growth
of damage because fatigue processes are hereditary. That is, the value of the continuity and damage
observed when exposed to n load, due to the history of the application of all previous load. Since the
process of reducing the continuity and growth of damage proceeds in conjunction with the fatigue and
accumulation of strain, the basis of the integral expressions of the exponential function can be used. Then
the kernel of integral equations is necessary to present power functions

∆ω = a ⋅ п−1;

∆ψ = −a ⋅ п−1 ;

(12)

∆ω= b⋅ пc ;

∆ψ = −b ⋅ п c ,

(13)

where ∆ω and ∆ψ - respectively, the increment of damage and continuity of the n impact of load;
a, b and c - coefficients taking into account the level of the stress state and the type of material.
Make an expression (12) and fulfill their integration, we obtain
N

ωN = ω0 + a ⋅ ∫ n −1dn = ω0 + a ⋅ ln N ,

(14)

1

where ω0 - the magnitude of damage, corresponding to the initial state.
N

ψ N = ψ 0 − a ⋅ ∫ n −1dn = ψ 0 − a ⋅ ln N ,

(15)

1
3

Aleksandrov A.S. and others. The calculation of non-rigid pavements such as roads gas fields of the Yamal-Nenets
Autonomous District on the strength criteria. - Omsk: Publishing house SibADI, 2014. - P. 49 - 51.
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where ψ0 - the value of continuity corresponding to the initial state.
Taking as integrands of (13) and performing the integration, we obtain the sedate model of
decreasing the continuity and growth of damage with an increase in the number of loading effects
N

ωN = ω0 + b ⋅ ∫ n c dn = ω0 + b ⋅
1

N

N c+1 − 1
.
c +1

ψ N = ψ 0 − b ⋅ ∫ n c dn = ψ 0 − b ⋅
1

N c+1 − 1
,
c +1

(16)

(17)

Let us take the hypothesis of the initial state, according to which the material to repeated load
application considered solid and having no damage whereby ω0=0 and ψ0=1. Thus, the hypothesis of the
initial state allows ignoring pores, microcracks and other defects that remain in the material after the
manufacture thereof specimen or structure. In this case, take into account the damage produced only from
the effects of repeated loads. In this case, expressions (14) - (17) take the form

ωN = a ⋅ lnN ;
ωN

ψN = 1− a ⋅ ln N .

N c +1 − 1
N c+1 − 1
= b⋅
; ψN = 1− b ⋅
.
c +1
c +1

(18)

(19)

Analyzing the dependence (18) and (19) it is easy to see that with the increase in the number of
repeated stress, the damage is rising and continuity is falling. In addition, in these dependencies the
principle formulas are stored (1), whereby the sum of these measures is one, and each of them can be
determined by the difference of unit and the other opposing measures.
Let us consider the second option to solve the problem based on the withdrawal of submission to
calculate the elasticity modulus of the damaged body. At the same time, we note that the modulus of
elasticity can be secant, tangent and piecewise linear (see. Fig. 2).

Fig. 2 Way of the detection and classification of the elastic module:
a - secant modulus; b - tangent modulus; c - piecewise linear module.
In calculating changes of the damage or discontinuities caused by exposure to the repeated loads,
it is possible to adopt any of these modules, but according to (5) or (6) substitute the value of the elastic
modulus characterizing the deformation of the first’s straight segments schedule.
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Figure 3 shows the scheme of the definition
measures of the theory of damage accumulation. Curve 1
is a plot of stress-strain after a single application of a shortterm load. Curve 2 is similar to the dependence, but for the
material tested multiple load applications with the number n
= N. Note that two experiments must be conducted to
construct deforming curves shown in Figure 1. The first
experiment is that the sample is subjected to repeated loads
with a different number of applications (for example, n = 1,
n = 10, n = 102, n = 103, n = 104, n = 105, n = 106 ... n =
N). After performing this procedure, (the sample tested by
monotonically increasing load and builds), the plots similar
Fig. 3. - The scheme to
to those are shown in Figure 3. If N is the limiting number,
determine the damage and continuity
then all the other curves are located between the lines 1
when subjected to repeated loading:
and 2. In each graph, determine the endpoint of the first line
1 and 2 - respectively strain
segment, which is connecting the origin of coordinates.
curves after number of stress n = 1
Figure 3 shows the compound in dotted rays. The same
and n = N
Figure shows the angles of rays, which coincide with
straight line segments to the deformation axis. The arctangent of these angles determine the value of the
modulus of elasticity corresponding to a certain number of re-load. Consequently, when exposed to
repeated load, dependencies (5) and (6) can expedient written as

ω =1−

E
E DN
ψ = DN ,
E1
E1

(20)

where E1 and EDN – the elastic module of the conventionally an undamaged material, determined under
the influence of a short-term load, and the damaged material, determined after the application of N load.
If for the calculation of the elastic modulus we use integral equations of the theory of heredity, and
the increment of the modulus of elasticity of the load with the number n, the power equation will have the
form

∆ED = −b ⋅ п c .

(21)

Then an integral equation and the result of integration will be in the form
N



N c +1 − 1 
,
E D N = E ⋅ 1 − b ⋅ ∫ n c dn  = E ⋅ 1 − b ⋅




c
+
1


1



(22)

Substituting (22) into the formula (5) and (6), we obtain

N с+1 − 1
ω = b⋅
;
с +1

ω = 1− 1− b ⋅

N с +1 − 1
.
с +1

(23)

The continuity is determined analogously or by using the properties recorded by the formulas (2).
While comparing the addiction (19) with the first expression (23), it is easy to verify the identity of these
formulas. This means that the first method of the calculation of the measures of the theory of the damage
accumulation proposed and used by us in the calculations (12) - (19) is similar to the principle of the
equivalence of deformations. These methods lead to the same formulas with the same integrand. The
principle of energy equivalence leads to another dependency and thus it differs from the first method we
have demonstrated.

Results and Discussion
Comparing the proposed methods to calculate the damage parameter of asphalt concrete with
similar [27, 42-45], we note that in the works of our colleagues a function of time for calculating the change
in the damage or the elasticity modulus of asphalt concrete is used. The proposed method operates the
functions of the number of the design loads. This makes our models different and give them advantage.
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This is due to the fact that the mathematical models [27, 42-45] to account for the number of loads require
the application of the theory of the similarity of deformation of the material at creep and exposed of cyclic
loading. The essence of this theory is the functions of the time. The duration of the sustained load is
replaced by a product of the exposure time of one cyclic load and their number. This method requires the
determination of the coefficient correcting the difference of a deformation creep curve from the deformation
accumulated from repeated loads. Thus, there is a need to perform two tests. The first experiment is a test
for the creep of asphalt concrete, and the second test is optional and it is used to determine the depending
of the deformation on the number of repeated loads.
Of course, the definition of the parameters of the models is the task of experimental studies. In order
to perform it we have developed a method, which includes the rules of the manufacture laboratory samples,
a planning experiment and a statistical analysis of the results. The presentation of the experimental
procedure and its results are extensive and it requires writing another article. In this publication, we stress
that we have created this technique and have performed some tests on the fatigue bending beam resulting
in the determination of the values of the parameter a, used in the model (18) for some types of asphalt
concrete. The results of these and other experimental studies as well as the implementation methods we
will try to explain in a subsequent publication. In this article, we pay attention to beneficial differences of
the developed experimental techniques from analogue, present the values of the coefficients of the model
(18) and compare the results of the calculation of the damage to the experimental data. Figure 4a shows
a traditional scheme of the test asphalt beam on bending [46]. In the study of the influence of damage on
the fatigue of the asphalt concrete at the bottom (in the tensile stress zone), such beam arrange a slot [46
- 48]. Because of it, the girder becomes large and according to the opinion of the author’s work [46], it is
difficult to manufacture it in the laboratory. To address this shortcoming we have applied a laboratory test
developed by prof. V.V. Sirotyuk, which allows producing 3 asphalt beams 10 cm thick and 60 cm long
each. Figure 4b shows the stand.

Fig. 4. Illustration of equipment to test asphalt beams:
a - test beam when subjected to cyclic loading [46];
b - stand of prof. V.V. Sirotyuk for the production of asphalt concrete beams

Produced asphalt concrete beams were tested in the device of dynamic loading made when using
the drawings by prof. V.V. Sirotyuk. The device was placed in a climate chamber where the temperature of
asphalt beams is kept while testing by means of the cyclic load. Under these conditions, the beam was
exposed to a specified number of loads, the value of which is identical and corresponds to the force with
which in asphalt coating having tensile stresses corresponding design load А1. Fig. 5 shows the
experimental data on the dependence of damage and continuity of the number of repeated loads, as well
as data to calculate formulas (19) with b = 0.0218 and c = -0.884.
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Fig. 5. The dependence of the damage and the continuity of the asphalt concrete at a
bend on the number of cyclic loads: 1 and 2 - respectively, calculated and experimental values
of the damage; 3 and 4 - respectively, the calculated and experimental values of continuity

From the analysis of the data shown in Figure 5 it is seen that the proposed mathematical model
(19) with the correct selection of the parameters b and c is adequate to experimental data, and thus it can
be applied in the design of the asphalt concrete pavement of roads.

Conclusions
Summing up the materials, the authors may formulate a number of conclusions and define the scope
and prospects for their future research.
1. A modified plasticity condition (7), (8) and strength criteria (see. Tab. 3), taking into account the
effect of the accumulation of asphalt damage have been proposed. These criteria make it possible to
perform the calculation of the structural layers of the pavement on the shear resistance and tensile fatigue
from bending.
2. The application of integral equations of the heredity theory obtained logarithmic and exponential
mathematical models predicting changes damage of Y.N. Rabotnova and continuity of L.M. Kachanova
when subjected to repeated loads.
3. Our further research will focus on the development of an experimental method, which allows
estimating the value of the continuity measures and the damage of the asphalt concrete at flexural uniaxial
and triaxial compression under conditions of repeatedly applied loads.
4. While planning the experiment temperature and granulometry asphalt concrete can be taken as
significant factors, bitumen content thereof, as well as the magnitude of the stresses. Tests of the asphalt
concrete with variation of these parameters allow developing the multiparameter mathematical model to
calculate the coefficient as a function (18), (19) and (23).
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