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Abstract. Window slopes are one of the most important linear elements of external wall structures 
with two-dimensional and even three-dimensional temperature field. Thereby, they cause additional risk 
of non-compliance of sanitary and hygienic requirements. In the proposed work one of the typical designs 
of window slopes is considered as the object of study, namely the fastening of the window unit with steel 
fixings to one of the two major layers of the wall – insulation or constructive. Peculiarities of designing 
two-dimensional stationary temperature field in the structure of the site abutting window units to the 
aperture of residential and public buildings are considered. Results of calculation of temperature in 
hazardous adjunction points for the design winter conditions with the help of software that implements the 
finite element method are presented. The analysis of the obtained data is given and the comparison of 
the behavior of minimum temperatures in the zone of adjacency of the fill of the lighting aperture with the 
results of analytical calculation based on the conform transformation for the concave corner is proposed if 
you move the window block in the cross section of the outer wall. It was discovered that the closer the fill 
to the outer plane of the facade a minimum of the temperature decreases according to the law which 
coincides enough closely with the analytical solution. Recommendations on the optimal placement of fill 
within the structural layer of the wall for the best sanitary-hygienic requirements for outdoor enclosures 
are confirmed. The presentation is illustrated with examples of temperature fields for the node of 
adjunction in a residential building on one of the modern projects. 

Аннотация. Оконные откосы являются одним из важнейших линейных элементов 
конструкций наружных стен с двумерным и даже трехмерным температурным полем. Поэтому они 
вызывают дополнительную опасность невыполнения санитарно-гигиенических требований. В 
предлагаемой работе исследуется одна из типовых конструкций оконных откосов с креплением 
оконного блока с помощью стальных закладных деталей к одному из двух основных слоев стены – 
теплоизоляционному или конструктивному. Рассмотрены особенности расчета стационарного 
двумерного температурного поля в конструкциях узла примыкания оконных блоков к 
светопроемам гражданских зданий. Приведены результаты вычисления температуры в опасных 
точках примыкания для расчетных зимних условий с помощью программы для ЭВМ, реализующей 
метод конечных элементов. Дан анализ полученных данных и проведено сопоставление 
характера поведения минимальной температуры в зоне примыкания заполнения светопроема при 
перемещении оконного блока по сечению наружной стены с результатами аналитического расчета 
на основе конформного преобразования для вогнутого угла. Обнаружено, что по мере 
приближения заполнения к наружной плоскости фасада минимальная температура понижается по 
закону, достаточно близко совпадающему с аналитическим решением. Подтверждены 
рекомендации по оптимальному размещению заполнения в пределах конструктивного слоя стены 
для наилучшего обеспечения санитарно-гигиенических требований к наружным ограждениям. 
Изложение проиллюстрировано примерами температурных полей для узла примыкания в жилом 
здании по одному из современных проектов. 
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Introduction 
Window slopes are one of the most important linear elements of external wall structures with two-

dimensional and even three-dimensional temperature field. Thereby, they make a significant contribution 
to the overall thermal non-uniformity of walls and cause additional risk of non-compliance of sanitary and 
hygienic requirements. These requirements relate mainly to the absence of water vapor condensation in 
the dangerous points of inner surface of enclosures, in order to prevent the development of harmful 
microorganisms and the destruction of structures themselves; in some cases, mainly for translucent 
elements – to ensuring of positive temperatures in order to prevent condensate freezing. In the proposed 
work one of the typical designs of window slopes currently used in residential and public buildings is 
considered as the object of study, namely the fastening of the window unit with steel fixings to one of the 
two major layers of the wall – insulation or constructive. As embedded parts are used parts from rolled 
steel, fixed by anchors to the constructive layer of reinforced concrete, and place of the interface of the 
window block to the slopes is treated with a sealant and filled with foam. For clarity, the scheme of this 
solution is shown in figure 1. The more detailed design of this construction is presented in figure 1a. 
Because of the commonality of the design the obtained results can be applicable for a very wide range of 
buildings for various purposes. 

 

Figure 1. The scheme of the design of the contiguity of the window unit to the building opening 
(simplified diagram for calculation) 

 

Figure 1a. The detailed scheme for the construction shown in Figure 1 
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Compliance with sanitary and hygienic requirements to thermal protection of the exterior wall 
envelopes is currently regarded as a mandatory component of the overall system of measures to reduce 
energy consumption in residential and public buildings, along with ensuring of comfort and safety of their 
users [1–3]. Herewith, it is necessary to note that reducing energy costs for heating of buildings seems by 
itself primarily an economic category, so, first of all, it is necessary to consider low-cost and fast-payback 
measures [4–8]. However, it is in the buildings with the level of external-walls thermal protection, limited 
by economic viability, that the risk of non-compliance with the conditions of absence of condensation or 
freezing in separate points is possible in the first place. To verify this fact, the calculations of temperature 
fields are carried out [9–10]. And, in view of complexity of the considered areas configuration, it is 
extremely problematic to use analytical methods here, as was done, for example, in [11–12]. So, the 
majority of native and foreign authors, who explore similar questions, use the numerical modeling of all 
others. As a rule, this applies approximation of differential equation of thermal conductivity by the method 
of finite differences or finite elements. And, on this way, a significant number of computer programs have 
been developed at the present time, which, among other things, also carry out the visualization of 
calculated temperature fields, as well as the calculation of their certain integral characteristics [13–19]. 
However, using such programs is not always an easy task for an average specialist, and for the same 
reason the need remains for relatively simple engineering techniques in order to estimate temperatures in 
hazardous areas of exterior enclosures. Thus, the relevance of obtaining analytical dependences to 
check for condensation or freezing continues to the present time. 

Therefore, the goal of our research is the development of relatively simple engineering techniques 
in order to estimate temperatures in one of the most hazardous areas of exterior enclosures, namely, in 
the area between the window unit to a building aperture, which could be used for a preliminary 
assessment, especially under the conditions of the limited terms of designing. To achieve this goal it is 
necessary to obtain the solution of a problem of calculation of temperature fields in the specified area and 
creating the mathematical descriptions which is available for use in engineering practice. 

Methods 
If you pay attention to the geometry of the area of the window block abutting to the opening shown 

in the scheme at the figure 1, you may notice that a part of the window slope and the adjacent wall part, 
facing into the room, are sufficiently similar in form to the element, which is called “concave angle”. As it 
is known, such distribution of temperature is described by the differential equation of stationary heat 
conduction (Laplace equation): 

0
y

t

x

t
2

2

2

2











, 

(1) 

where t – temperature, OC, in the cross section of the structure at the point with coordinates x and y, m. 

The solution of (1) for such area can be quite easily obtained by conformal transformations 
method. Herewith, the angle π/2 remains, which can be obtained from the upper half-plane, i.e., the 
straight angle equal to π, by the transformation z’ = z2, where 2 = π/(π/2). In this case, the projecting 
angle vertex, i.e. the joint of the wall and the slope from the room side, is accepted as the origin of 
coordinates. 

Now, if we assume, as is usually done, that the temperature is the imaginary part of the obtained 
solution, we find: 

     CxyiyxCCz 2ImIm
22  , (2) 

where C is a certain constant. In other words, the isotherms are a set of hyperbolas with asymptotes 
coinciding with the coordinate axes. For generality, the solution is written down with respect to the 
dimensionless temperature θ = (t – text)/(tin – tex), where tin and tex are correspondingly the calculated 
temperatures of inner and outer air, °C. Strictly speaking, the expression (2) holds for the boundary 
conditions of the 1st kind, when the temperature on the surface is set, but, without much error, this can 
be taken into account by introducing an additional conditional layer with thickness δo = λin/αin, m, where 
αin is the coefficient of total heat exchange on the surface facing into the room, W/(m2•K); λin is the 
thermal conductivity of material of this surface, W/(m•K).  

Figures 2 and 2a shows the temperature field in the area of abutting of the light-opening filling to 
the window slope, which is obtained by numerical calculation according to one of the standard computer 
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programs (FEMLAB – multipurposal and multifunctional product of Comsol), using an approximation of 
the Laplace equation by the finite element method which was accepted also in the international 
engineering guidelines [20], [21]. These figures present the distribution of the temperature like one of the 
most used sources of such solutions [22]. In the simplest case of identical elements the corresponding 
differential ratio, allowing to calculate the temperature ti,j in a regular grid, as it is known, can be written as 
follows:  

  4ttttt 1ji,1ji,j1,ij1,iji,  
; 

(3) 

i.e. the temperature at the node is obtained as the arithmetic average between its value in the 
neighboring nodes. In this case on the surfaces of glazing and of the wall the boundary conditions of the 
3rd type are used. They can be written as follows: 

 .t
n

t
ininin

in
in 














 

(4) 

Here, n is the distance along the internal normal to the surface angle, m; τin is the temperature of 
the surface in the considered point, oC; the rest of the notation is given above. The value of αin is equal to 
8.7 W/(m2•K) for the wall surface and to 8 W/(m2•K) for the glazing. 

It is easy to see that the distribution of temperatures from the room side indeed sufficiently closely 
resembles the one obtained by the equation (2).  

 

Figure 2. Temperature field of the side section of the window slope 

 

Figure 2a. Isotherms of the side section of the window slope (simplified view) 

Here, the constructional layer of reinforced concrete with thermal conductivity λcl = 2.04 W/(m•K) 
and thickness δcl = 0.2 m is located on the left, from the room side; and the thermal insulation one, with 
λti = 0.035 W/(m•K) and δti = 0.16 m, on the right. Herewith, 0.2 m of width or thickness of the structure 
corresponds to one unit of the coordinate grid. Let’s note that the constructional layer presence has 
almost no effect on the distribution of isotherms. As a matter of fact, its thermal resistance away from the 
thermal non-uniformities equals to δcl/λcl = 0.2/2.04 = 0.1 m2•K/W, which is only two percent of the total 
conditional heat transmission resistance of the wall, which can be estimated by the value 
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Ro.cond = 4.85 m2•K/W. Therefore, this layer can be added to the conventional layer associated with heat 
exchange on the inner surface. Then δo = λti = (1/αin + δcl/λcl). 

Results and Discussion 
In paper [23] and some other sources, it is indicated that the zone of thermal non-uniformity 

influence extends to a distance from it, roughly equal to two calibers, with the caliber value which can be 
taken as the thermal insulation layer thickness. Then we can assume that, with x = δo and y = 2δti, or, 
conversely, with y = δo and x = 2δti, the dimensionless temperature θslope in the expression (1) coincides 
with the temperature on the inner wall surface away from the slope θin, which, obviously, is equal to  
1 – Rin/Ro.cond. Here, Rin = 1/αin is heat exchange resistance on the inner surface, m2•K/W (Figure 3).  

 

Figure 3. Theoretical distribution of the temperature field at the outer surface of the angle 

Consequently, on one side there is 2xy = 4δoδti, from which y = 2δoδti/x, and, simultaneously, for 
arbitrary y in case of single-layer structure, the current thermal resistance from the inner surface, taking 
into account the additional layer, is equal Ry = y/λti. Then we get: 

x

2
1

x2
1

y
1

y
1 o

ti

tio

tititi

ti 















 

(5) 

Thus, it appears that as the window block abutting moves away from the origin of coordinates, for 
which the vertex of the angle of the thermal insulation layer is taken, i.e., with the approach of the filling to 
the outer plane of the facade, the relative temperature value should increase gradually. 

Figure 4 shows a comparison of τslope values obtained by direct calculation using a computer 
program (solid line), and by calculation according to the expression (5) – dotted line. 

 

Figure 4. Values of the minimum temperature τslope by changing  
the window block position 

In the transition to the dimensional values, it was thought that tin = +20°C, tex = -25°, as is the case 
with Figure 2 plotting. It can be noted that both curves have quite good qualitative and quantitative 
matching, which was further improved by a certain modification (5). Basically it resolved itself to the fact 
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that, while calculating δo, the conditional equivalent thermal conductivity of the wall was used, reduced to 

a single-layer embodiment: clcltiti

clti
cond






and, moreover, the value x was substituted 
with some shift: 0.13 m within the constructional layer, and 0.05 m – in the thermal insulation one. It is 
easy to see that the theoretical expression (5) subject to the adopted amendments is confirmed very well. 
Moreover, the minimum temperature in figure 4 coincides well with the theoretical temperature at the 
edge of the corner [11], if the value of Rin to be set taking into account the thermal resistance of the 
structural layer 1/αin + δcl/λcl: 
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(6) 

where for higher adopted Ro.cond we get θcor = 0.19, and therefore τcor = 20 – 0.19·(20 + 25) = 11.45 оС. 
We should also pay attention to the fact that the resistance to heat transfer on the inner surface of the 
glazing, of course, is different from the resistance on the inner surface of the wall Rin, but in this case it is 
not critical, since in the theoretical formula (5), which compares the data of numerical calculation, this 
resistance does not appear anywhere. 

The result is also consistent with the concept of the distribution of the temperature field in the area 
of contiguity of translucent structures to building openings, considered in [13–15], although their authors 
don’t present the specific analytical dependences similar to (5), and with recommendations for the 
implementation of energy saving measures presented in [3], [6], [8], [19]. Thus, the proposed solution is 
qualitatively confirmed by other sources and is therefore sufficiently reliable. 

Conclusions 
1. It is shown that the presentation (5) basically corresponds to the actual distribution of the 

temperature field in the zone of the window slope abutting to the light-opening filling, and therefore, the 
results obtained by numerical calculation, are also valid. 

2. It is discovered that the minimum value τslope is obtained by placing the window unit within the 
insulating layer near its boundary with the constructional one. 

3. It is noted that the preferred installation of the window block is from the room side within the 
constructional layer, as the one which mostly meets sanitary and hygienic safety requirements. Otherwise 
there might be condensation of water vapor in the zone of contiguity since the calculated value τslope 
may be below the dew point of the interior air. 

4. It is noted that the expression (5) is the main form of the theoretical description of the 
temperature distribution in the area of the window reveal and can be considered as the most significant 
result of the study. 

5. It is proposed to apply the relations of the type (5) in some cases and for analytical assessment 
of minimum temperature, which will allow using not only program-based, but also engineering methods of 
verification of compliance with sanitary and hygiene norms. 

6. It is found that the greatest accuracy of the engineering method is achieved by calculating the 
thickness of the additional conditional layer δo using conditional equivalent thermal conductivity of the 
wall λcond. In this case, the maximum error does not exceed 0.5 °C.  
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Abstract. This article considers the moisture transport phenomenon in the vertical ventilated 
channel. HVF construction parameters are determined influencing the rate of moisture transport. It is 
necessary to have h ≤ L/25 ≈ 8 cm. The greatest air movement is created in the construction with the 
open rustications. The optimal location of the heat sources on the channel height, as well as their 
favorable combination from the point of view for the process of drying the outer surface of the thermal 
insulation material, was identified. The air velocity dependences on height of an air gap are determined 
and it was found that the greatest values taken at the maximum height velocity. Ratio between the 
moisture transport and the distance to the heat source is installed. Drying processes are compared with 
the various combinations of heat sources. The direct dependence of the vaporation weight rate of the 
time is installed. 

Аннотация. В данной статье изучается явление влагопереноса в вертикальном 
вентилируемом канале. Определяются параметры конструкции НВФ, оказывающие влияние на 
скорость влагопереноса. Необходимо иметь h ≤ L/25 ≈ 8 см. Наибольшее движение воздуха 
создается в конструкции с открытыми рустами. Выявлено оптимальное расположение источников 
тепла по высоте канала, а также их выгодные сочетания с точки зрения процесса высушивания 
наружной поверхности теплоизоляционного материала. В результате исследования скорости 
движения воздуха по высоте вентилируемого зазора, было установлено, что на максимальной 
высоте скорости принимают наибольшие значения. А также выведено соотношение между 
массовой скоростью переноса влаги и расстоянием до источника тепла. Сравниваются процессы 
высушивания при различных сочетаниях нагревательных элементов. Установлена прямая 
зависимость массовой скорости испарения от времени. 

Introduction  
In the design of these systems radically affected increasing requirements for heat transmission 

resistance of enclosure structures. It is a practical impossibility to create a high-quality enclosing parts 
without using effective thermal insulation materials. 

Clearly, the most favorable location of the thermal insulation in the design is its location at the outer 
surface. This ensures the offset of dewpoint temperature in the stream.  

This is the principle used in the HVF constructions. 

Fiber thermal insulation material having a high air permeance is most popular for the HVF 
constructions. 
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Modern fibrous mineral-cotton materials have low density, their use is economic. The lower the 
density of the mineral wool, the higher its air permeance. This parameter has an effect on moisture 
removal rate from the ventilated gap. 

The moisture transport is the process of the movement of moisture which represents transfer of 
vacant and physically-bounded water under the influence of gravitational and sorption (molecular and 
capillary) forces. 

The control of moisture level is necessary is necessary to create an optimum operating conditions 
of the ventilated facade. The timely identification of excessive moisture appearance sources avoids the 
adverse effects of excessive moistening such as corrosion of metal products and parts, destruction of 
concrete, stone and brickwork during freezing and thawing, the color change of the building architectural 
detail, biological damage and deterioration of thermal properties. 

Thus, quantitative calculation of moisture transfer is one of the most important in the multilayered 
enclosure structure designing. 

This article conditions conducive to the most optimal process of removing moisture from the hinged 
ventilated facade gap by simulating moisture transport processes in different parameters HVF model are 
formulated. 

A special contribution to the study of moisture transport process in the vertical ventilated channel 
was made by [1-24]. 

In this work [1] is investigated the impact of the presence of the technological gaps (rustication) the 
rate of air flow in the gap. The speed dependence on the width of the ventilated gap is established 
empirically for the construction with open and closed rustications. 

The authors identify in the article [2] the conditions under which there is a cold air filtration in the 
ventilated gap. The publication [3] considers features of work of facades with and without rustications. 
The article [11] is assessed the effect of moisture transport on the dispersed and cellular materials. The 
authors of the publication [14] define adequate existence conditions of the free convection stream in the 
vertical conduit. In the work [22] consider issues of a natural ventilation of the vertical channel. In the 
work [27] the wall building with the ventilated facade thermal protection taking into account a longitudinal 
air filtration are investigated.  

Purpose and goals of article are: 

 to determine the most effective combination of heat sources depending on the air velocity in the 
gap. 

 to consider the influence of the sources location of mechanical heat on the moisture transfer in 
the HVF gap. 

 to determine the mass rate of moisture vaporization. 

 to identify the mass velocity dependence on the distance from the heat source. 

Methods and Results 
The imperfection of building structures leads to their excessive moistening. Therefore, more and 

more attention is given to the moisture accumulation ability of materials and the possibility of their drying 
out. The majority of the moisture control methods are focused on reducing the heat- and moisture input 
into the air gap. 

The main reason for the movement of moisture in the HVF construction is a difference of humidity, 
temperature and differential pressure of the air-steam mixture in the material. A zone of the greatest 
moistening is the layer of a mineral wool heat insulation adjoining the gap. Let us consider its rate of 
drying for different parameters HVF design. 

To identify the optimal design parameters for the study of moisture vented we will consider the 
stylized scheme of the ventilated gap between the "hot" plane y = 0 (with Th = 67 °С) and the cold plane 
y = h (with Tc = 22 °С). 

Heating is provided with three heating elements located throughout the height of the installation. 
For equal distribution of heat elements attach to a tin sheet, therefore Th = const. The model height is 
equal to L = 204 cm, and L ≫ h. While producing a facade sample we consider the temperature 
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difference of external and internal layers proved by performance of heating systems. The model 
considers wall heating and heat input from it in the air layer. The external air is supposed to come into the 
air layer through the lower air hole. It rises through the ventilated channel and leaves through the top air 
holes. Air temperature increases and its relative moisture changes during the rise. At the same time 
moisture increases throughout the height of the layer [1]. To conduct this experiment a different 
combination of heat sources: “lower-middle”, “lower-upper”, “middle-upper” are used. 

To identify an optimum variant for the study of moisture transport construction it is necessary to 
know the air velocity in the gap. It depends on the supply air method into the installation - with open or 
pressurized rustications. 

Let us carry out an experiment. We measure the air velocity inside the HVF model depending on 
the gap width with and without rustications with various combinations of heat sources. We use thermal 
anemometer for measurement. 

 
Figure 1. Sealed rustications 

 

Figure 2. Open rustications 

From the resulting graphs it follows that: 

 the most air movement is created in the open rustications, because of the greater volume of 
heated air, as well as of various combinations of heat sources. 

 in the design with a sealed rustications – "perfect channel" – is the air volume is less because 
the current is only from the bottom, reducing the drying speed. 

 the most disadvantageous of the considered combination is the combination of heating 
elements – “middle-upper”. This is due to the fact that the air is not heated when entering to the 
canal at the bottom of the battery, and there is no difference in temperature, therefore, there is 
no active air movement. Basically, the current is through the rustications, involving the 
construction of cold air. At the same time the height velocity decreases and tends to zero when 
large gaps. 

We will use mineral-cotton samples 95 x 210 x 50 mm for further experience. The dry sample 
weight is 140 g. The wetted sample weight is 160 g. 

13



Magazine of Civil Engineering, No. 2, 2017 

 

Statsenko E.A., Musorina T.A., Ostrovaia A.F., Olshevskiy V.Ya., Antuskov A.L. Moisture transport in the 

ventilated channel with heating by coil. Magazine of Civil Engineering. 2017. No. 2. Pp. 11–17.  

doi: 10.18720/MCE.70.2 

We will put the first sample in the HVF air gap with a combination of batteries “lower-middle”, the 
second sample with a combination of “lower-upper” and will consistently record the mass at regular 
intervals under the above combinations of heating elements.  

To simulate channel is necessary to have L/h ≥ 25, ℎ ≤
𝐿

25
≈ 8 𝑐𝑚 [1]. 

We will find a mass rate of vaporization for each measurement: 

𝑚∗ =
∆𝑚

∆𝑡
 (1) 

where ∆m – the mass difference of two consecutive measurements, ∆t – the interval between 
measurements, ∆t = 600 s. 

We will construct a dependency graph of the mass velocity 𝑚∗ on the distance from a moisture 
source for height z to of the heating element. 

 

Figure 3. The dependency graph of the mass velocity  
on the distance from a moisture source for height. 

It can be observed that in the case when the lower battery is disconnected, the current is not 
carried out, the mass transfer rate in the model equivalent to the mass transfer rate in natural conditions, 
therefore, the chosen combination is enabled the lower heat source are optimal. 

Thus, it was established that the combination of “lower-middle”, “lower-upper” with open 
rustications are the best for mass transfer mechanisms studying in the HVF construction. 

The average mass rate of vaporization are: 

𝑚1
∗ =

∆𝑚

∆𝑡
=

13

5400
= 0.0024, combination of “lower-middle”, 

𝑚2
∗ =

∆𝑚

∆𝑡
=

14

5400
= 0.0026 combination of “lower-upper”. 

Thus, it was established that the maximum mass transfer rate is observed at the open rustications. 

 

Figure 4. Dependence of 𝒎∗on t 
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Thus, it was established that the maximum mass transfer rate is observed at the open rustications. 

Obviously, the rate of vaporization repeated the air velocity. The greater the air velocity, the greater 
the rate of vaporization. 

The highest velocity values were observed when combinations of heat sources “lower-upper”. 

We give a graph of air velocity in the HVF gap on the installation height. 

 

Figure 5. Dependence air velocity in the HVF gap on the installation height 

Based on the obtained results, it may be concluded that that the greatest values taken at the 
maximum height of the velocity. Therefore, the installation upper part is the most favorable location for 
the study of mass transfer. 

Discussion 
The great bulk of work on this topic is aimed at the moisture transport mechanisms study from the 

point of view of physics, practical tests was conducted [10, 25–26]. In this article the emphasis is placed 
on the experimental determination of the air flow dependences in the ventilated facade channel. 

In the articles of other authors on the same topic is assumed constant the temperature of the warm 
surface wall (𝑇ℎ = 𝑐𝑜𝑛𝑠𝑡), whereas in this study the effect of the variable position of the heat sources. 

Conclusions 
Building humidity control is a key condition of increase of their durability, effective use and a 

healthy microclimate. 

On the ground of the experiments we draw the following conclusions: 

 the greatest air movement is created in the construction with the open rustications because of 
larger volume of heated air, as well as the use of different heat combinations, which contributes 
to the process of moisture transfer. 

 the heating the air at the entrance of channel is not when the heat source is off , and there is no 
difference in temperature, consequently, there is no active air movement. 

 the greatest values taken at the maximum height velocity.] 
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Abstract. The problem solutions of stability of spatial rod systems by finite elements method in 
stresses were considered. The proposed method is based on a combination of functional additional 
energy and the principle of virtual displacements, used for the construction of the equilibrium equations. 
After discrediting of the subject field, solution of the problem is reduced to the search of the minimum of 
additional strain energy functional with constraints in the form of the system of linear algebraic equilibrium 
equations of the nodes. The equilibrium equations are included in the functional with the help of Lagrange 
multipliers, which are displacements of the nodes. Equations are derived for the static analysis based on 
approximations of internal forces (stresses) for the spatial rod systems. To solve the stability problems, in 
the functional of additional energy there are added additional energy the longitudinal deformations, 
arising due to the bending of rods. Form of the rod buckling is approximated by a linear function on finite 
element field. Two variants of the internal forces approximations on the finite element field: linear and 
piecewise constant were considered. Calculations of critical forces (loads) have been performed by the 
proposed method for the straight rods with different variants of the ends support and the spatial 
frameworks. The calculation results were compared with the analytical solutions and the solutions 
obtained by the method of finite elements in displacements. Analysis of the results shows that the use of 
piecewise constant approximations of internal forces leads to convergence to the exact values of the 
critical forces (loads) is strictly from below and provides solution with the reserve of stability. 

Аннотация. Рассматривается решение задач устойчивости пространственных стержневых 
систем методом конечных элементов в напряжениях. Предлагаемая методика основывается на 
сочетании функционала дополнительной энергии и принципа возможных перемещений, 
используемого для построения уравнений равновесия узлов конечно-элементной сетки. После 
дискретизации предметной области, решение задачи сводится к поиску минимума функционала 
дополнительной энергии деформации при наличии ограничений в виде системы линейных 
алгебраических уравнений равновесия узлов. Уравнения равновесия включаются в функционал 
при помощи множителей Лагранжа, которыми являются перемещения узлов. Получены 
разрешающие уравнения для статического расчета пространственных стержневых систем на 
основе аппроксимации усилий (напряжений). Для решения задач устойчивости в функционале 
учитывается дополнительная энергия от продольных деформаций, возникающих за счет изгиба 
стержней. Форма потери устойчивости по области конечного элемента аппроксимируется 
линейной функцией. Рассматриваются два варианта аппроксимации внутренних усилий по 
области конечного элемента: линейная и кусочно-постоянная. По предложенной методике были 
выполнены расчеты критических сил (нагрузок) для прямых стержней при различных вариантах 
закрепления концов и пространственных рам. Выполнено сравнение результатов с аналитическим 
решениями и решениями, полученными по методу конечных элементов в перемещениях. Анализ 
полученных результатов показывает, что использование кусочно-постоянных аппроксимаций 
внутренних усилий приводит к сходимости к точному значению критических сил (нагрузок) строго 
снизу и позволяет получить решение в запас устойчивости. 
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Introduction 
The finite element method in displacements is successfully used to solve the widest range of 

structural mechanic problems, including stability problems [1–27]. In recent years, for rod systems the 
greatest attention was given to the build functional for solving the problems of stability of thin-walled rods 
[4, 6, 9, 13, 17, 20, 26] and given the effect of shear and longitudinal deformations [3, 4, 9, 13]. Also, in 
some articles the methods of solving rods stability problems [15] with considering the physical non-
linearity [12, 16] and the torsion of the cross sections were introduce. A series of articles are devoted to 
the calculations the stability of rods based on direct solution of differential equations for compressed-bent 
rods [18–25], including rods with variable cross-section [20, 21, 23–25]. 

In [3, 4, 28–36] the solutions of problems by mixed finite elements methods and in stresses are 
considered. In [4], in order to solve the problems of constructions stability the mixed Reissner’s functional 
is used. For this purpose, the functional is complemented by summand that considers the additional 
energy of longitudinal deformation occurring by the bending. Also, it is considered functional for solving 
stability problems of the open profiles rods and flexural-torsional forms of buckling spatial rods systems. 

In [38] two variants of extreme energy principles to solve static problems of structural mechanics 
are considered. It includes the Castilian principle which involves the static equations (equilibrium) as 
constraints. The equations of statics were based on differential dependencies which bind forces and 
external loads. The equilibrium equations of the longitudinal and transverse forces are prepared for 
separate nodes. There were introduced different types of rod elements, the equilibrium equations are 
constructed using a special algorithm. Stability problems are not considered. 

In [32–36] solutions of static and dynamic problems of structural mechanics by finite elements 
method in stresses were constructed. The equilibrium equations, formed on virtual displacement’s 
principle, are included in the functional by the Lagrange’s multipliers or using penalty functions method. It 
is shown that, if for approximation of the stress (forces) in the field of finite element constant or piecewise 
constant functions were used, then displacements of nodes seek to exact values from above by crushing 
the finite elements mesh. Thus, it is possible to receive the opposite, compared to the traditional finite 
element method in displacements, border exact solutions. 

It is known [1–3] that the solution, obtained by the method of finite elements in displacements, 
under certain conditions, converges to the lower border of the exact values of displacements. Solutions, 
obtained by the minimum principle of additional energy, also under certain conditions, allow getting 
opposite bound of the exact values of displacements. 

The purpose of this work is the construction of solution algorithm of stability problems of spatial rod 
systems on the basis the functional of additional energy and the principle of virtual displacements, which 
allow determine the lower limit of the critical loads. 

Methods 
In [32–36], founding by the functional of additional energy and principle of virtual displacements, 

solving the building structures problems by finite element analysis in stresses were built. Using constant 
or piecewise constant functions for the approximations of stresses (forces) in the field of finite element we 
will get the upper border of displacements. In general, the solution of the problem reduces to finding the 
minimum of the additional energy functional (1) in the presence of limitations in the form of equilibrium 
equations of nodes (2). 

П𝑐 = 𝑈∗ + 𝑉∗ =
1

2
∫{𝜎}𝑇[𝐸]−1{𝜎}𝑑 𝛺 − ∫{𝑇}𝑇{∆}𝑑𝑆 → 𝑚𝑖𝑛, (1) 

{𝐶𝑖,𝑥}
Т
{𝜎𝑖} + 𝑃𝑖,𝑥 = 0,       𝑖 ∈ 𝛯𝑥 ,

{𝐶𝑖,𝑦}
Т
{𝜎𝑖} + 𝑃𝑖,𝑦 = 0,       𝑖 ∈ 𝛯𝑦,

{𝐶𝑖,𝑧}
Т
{𝜎𝑖} + 𝑃𝑖,𝑧 = 0,        𝑖 ∈ 𝛯𝑧 .

 (2) 

𝑈∗ – additional energy of the strains, 𝑉∗– potential boundary forces corresponding to the specified 

displacements [1]; {𝜎𝑖} – vector of unknown node stresses (forces) of finite elements adjacent to the 

node 𝑖;  𝛯𝑥, 𝛯𝑦, 𝛯𝑧 – sets of nodes that have free displacements along the axes Х, У и Z respectively; 

{∆} – vector given displacements of nodes; {𝑇} – vector boundary forces; 𝑆 – boundary surface, on 

which the displacement nodes  are given; {𝐶𝑖,𝑥}, {𝐶𝑖,𝑥}, {𝐶𝑖,𝑧} – vectors, which elements are the 
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coefficients (multipliers) of the unknown node stresses (forces) of finite elements adjacent to the node 𝑖; 

𝑃𝑖,𝑥 ,𝑃𝑖,𝑦, 𝑃𝑖,𝑧 – external loads potential corresponding to the virtual unit displacements of the node 𝑖 

along axes 𝑥, 𝑦, 𝑧 respectively. The equations of equilibrium (2) are formed using the principle of virtual 

displacements for all admissible displacements of nodes along the coordinate axes. 

In order to go on to unconstrained minimization problem, we use the method of Lagrange’s 
multipliers. Then advanced functional of additional energy takes the following form: 

П𝑐
𝑢 = 𝑈∗ + 𝑉∗ + ∑ ∑ 𝑢𝑖,𝑗 ({𝐶𝑖,𝑗}

Т
{𝜎𝑖} + 𝑃𝑖,𝑗)𝑖∈𝛯𝑗𝑗=𝑥,𝑦,𝑧 → 𝑚𝑖𝑛.  (3) 

𝑢𝑖,𝑗 – the actual displacement of the node i towards j, which is the Lagrange’s multiplier for the 

corresponding equilibrium equation. When using the functional (3) there is not necessary to use a stress 
field that satisfies the differential equations of equilibrium, as required by the principle of minimum 
additional energy. The equilibrium equations will be carried out in discrete sense – in the form of the 
equilibrium equations of the finite element mesh nodes. 

Let us consider the application of the proposed approach to solve static problems of the spatial rod 
systems. Using the notations for rods systems, the functional (1) without the given displacements of 
nodes will be as follows: 

П𝑐 = ∑ (
1

2
∫

𝑀𝑦(𝑥)
2

𝐸𝐼𝑦
𝑑𝑥 +

1

2
∫

𝑀𝑧(𝑥)
2

𝐸𝐼𝑧
𝑑𝑥 +

1

2
∫

𝑀𝑘(𝑥)
2

𝐺𝐼𝑘
𝑑𝑥 +

𝑙

0

𝑙

0

𝑙

0

1

2
∫

𝑁(𝑥)2

𝐸𝐴
𝑑𝑥

𝑙

0
)𝑛

𝑖=1 → 𝑚𝑖𝑛.  (4) 

𝐸𝐼𝑦, 𝐸𝐼𝑧 – bending stiffness, 𝐺𝐼𝑘 – torsional stiffness;  𝑀𝑦(𝑥),  𝑀𝑧(𝑥) – the bending moments directed 

around axes Y1 and Z1 respectively (fig. 1b), 𝑀𝑘(𝑥) – torque (directed around the axis Х1); 𝐸𝐴 – 

longitudinal stiffness; 𝑁(𝑥) – longitudinal force; 𝑙 – length of the finite element; 𝑛 – number of finite 

elements. 

 

Figure 1. Positive directions of nodal displacements: a) global 𝑿𝒀𝒁 coordinate system and local 

coordinate system 𝑿𝟏𝒀𝟏𝒁𝟏 at the beginning of finite element; b) positive directions of the nodal 

internal forces at the beginning of finite element 

The approximations of internal forces (longitudinal forces and moments) will take linear (5) or 
piecewise constant (6). 

𝑆(𝑥) = 𝑆1 (1 −
𝑥

𝑙
) + 𝑆2

𝑥

𝑙
, (5) 

𝑆(𝑥) = {
𝑆1,   𝑥 ∈ [0, 𝑙/2]
𝑆2,   𝑥 ∈ [𝑙/2, 𝑙]

}. (6) 

In (5) and (6) under the symbol 𝑆 any of the internal forces – 𝑁, 𝑀𝑦, 𝑀𝑧, 𝑀𝑘, is meant. The 

positive directions for the beginning finite element are shown in Figure 1b. 

Substituting (5) or (6) into (4) we obtain the expression of the finite element additional energy in 
matrix form: 

П𝑐 =
1

2
{𝑆𝑒}

𝑇[𝐷𝑒]{𝑆𝑒},      {𝑆𝑒}
𝑇 = (𝑀𝑦,1 𝑀𝑦,2  𝑀𝑧,1  𝑀𝑧,2  𝑀𝑘,1  𝑀𝑘,2  𝑁1  𝑁2). (7) 
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{𝑆𝑒} – vector of unknown nodal forces for finite element. Flexibility matrix [𝐷𝑒] of finite element for the 

case of linear – [𝐷𝑒]𝐿 (8), and piecewise constant approximations – [𝐷𝑒]𝐶  (9), will be as follows: 

[𝐷𝑒]𝐿 =

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
𝑙

3𝐸𝐼𝑦

𝑙

6𝐸𝐼𝑦
0 0 0 0 0 0

𝑙

6𝐸𝐼𝑦

𝑙

3𝐸𝐼𝑦
0 0 0 0 0 0

0 0
𝑙

3𝐸𝐼𝑧

𝑙

6𝐸𝐼𝑧
0 0 0 0

0 0
𝑙

6𝐸𝐼𝑧

𝑙

3𝐸𝐼𝑧
0 0 0 0

0 0 0 0
𝑙

3𝐺𝐼𝑘

𝑙

6𝐺𝐼𝑘
0 0

0 0 0 0
𝑙

6𝐺𝐼𝑘

𝑙

3𝐺𝐼𝑘
0 0

0 0 0 0 0 0
𝑙

3𝐸𝐴

𝑙

6𝐸𝐴

0 0 0 0 0 0
𝑙

6𝐸𝐴

𝑙

3𝐸𝐴]
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

, (8) 

[𝐷𝑒]𝐶 =

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
𝑙

2𝐸𝐼𝑦
0 0 0 0 0 0 0

0
𝑙

2𝐸𝐼𝑦
0 0 0 0 0 0

0 0
𝑙

2𝐸𝐼𝑧
0 0 0 0 0

0 0 0
𝑙

2𝐸𝐼𝑧
0 0 0 0

0 0 0 0
𝑙

2𝐺𝐼𝑘
0 0 0

0 0 0 0 0
𝑙

2𝐺𝐼𝑘
0 0

0 0 0 0 0 0
𝑙

2𝐸𝐴
0

0 0 0 0 0 0 0
𝑙

2𝐸𝐴]
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

. (9) 

Note, that the unknown nodal forces are accepted independently for each finite element. 

Therefore, the size of the global vector of unknown nodal forces {𝑆} will be equal to 8n. Global flexibility 

matrix [𝐷] to the whole system, and its inverse[𝐷]−1, will have a block-diagonal (or diagonal) form: 

[𝐷] = [
[𝐷1] ⋯ 0
⋮ ⋱ ⋮
0 ⋯ [𝐷𝑛]

] , [𝐷]−1 = [
[𝐷1]

−1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ [𝐷𝑛]

−1
] (10) 

Using (10), the functional (4) can be written as follows: 

П𝑐 =
1

2
{𝑆}𝑇[𝐷]{𝑆} → 𝑚𝑖𝑛.  (11) 

To form the equilibrium equations nodes of finite element we consider displacements of nodes in 
the local coordinate system (Figs. 2–3) and obtain corresponding expressions the strain energy of finite 
element. 
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Figure 2. Possible displacements finite element nodes along the local axes: a) along the Z1  – 𝜹𝒘; 

b) along the Y1 – 𝜹𝒗; c) along the X1  – 𝜹𝒖 

We assume that the possible displacements are changed along length of finite element according 

to linear law. The displacements 𝛿𝑤 and 𝛿𝑣 will give the rotations of finite element, as rigid body 

rotations. The displacement of node 𝛿𝑤1 causes the angle of finite element rotation: 

𝜑 =
𝛿𝑤1

𝑙
. (12) 

When the element is rotated at an angle 𝜑, the nodal moments will perform the work 𝛿𝐴𝑤,1 as the 

external forces: 

𝛿𝐴𝑤,1 = −𝑀𝑦,1𝜑 +𝑀𝑦,2𝜑 = 𝛿𝑤1 (
−𝑀𝑦,1+𝑀𝑦,2

𝑙
). (13) 

The internal moments are opposite in sign, so the energy of deformations: 

𝛿𝑈𝑤,1 = −𝛿𝐴𝑤,1 = 𝛿𝑤1 (
𝑀𝑦,1−𝑀𝑦,2

𝑙
).  (14) 

Similarly, we obtain 

𝛿𝑈𝑤,2 = 𝛿𝑤2 (
−𝑀𝑦,1+𝑀𝑦,2

𝑙
) , 𝛿𝑈𝑣,1 = 𝛿𝑣1 (

𝑀𝑧,1−𝑀𝑧,2

𝑙
) , 𝛿𝑈𝑣,2 = 𝛿𝑣2 (

−𝑀𝑧,1+𝑀𝑧,2

𝑙
).  (15) 

At possible displacement 𝛿𝑢1 along the axis 𝑋1: 

𝑢(𝑥) = 𝛿𝑢1 (1 −
𝑥

𝑙
) ,   𝜀(𝑥) =

𝑑𝑢(𝑥)

𝑑𝑥
=

−𝛿𝑢1

𝑙
.  (16) 

Then, the energy of deformations 

𝛿𝑈𝑢,1 =
−𝛿𝑢1
𝑙

∫ 𝑁(𝑥)𝑑𝑥.
𝑙

0

 (17) 

If we substitute in (16) the expression for N (x) from (5) or (6) the result is the same: 

𝛿𝑈𝑢,1 = 𝛿𝑢1
−(𝑁1+𝑁2)

2
.  (18) 

The similar expression can be obtained for a possible displacement of node 2 

𝛿𝑈𝑢,2 = 𝛿𝑢2
(𝑁1+𝑁2)

2
.  (19) 

Next, let us consider possible displacements, as nodes rotation (Fig. 3a) and as element rotation 
(Fig. 3b), around axes of the local coordinate system 
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Figure 3. The possible turns: a) 𝜹𝝋
𝒚
, 𝜹𝝋

𝒛
 – around Y1 and Z1 axes; b) 𝜹𝝋

𝒙
 – around the axis X1 

For rotations around the axes Y1 and Z1, expressions of strain energy will be written simply: 

𝛿𝑈𝜑𝑦,1 = −𝑀𝑦,1𝛿𝜑𝑦,1, 𝛿𝑈𝜑𝑦,2 = 𝑀𝑦,2𝛿𝜑𝑦,2, 

  𝛿𝑈𝜑𝑧,1 = −𝑀𝑧,1𝛿𝜑𝑧,1,           𝛿𝑈𝜑𝑧,2 = 𝑀𝑧,2𝛿𝜑𝑧,2.  
(20) 

For rotations around the axis X1 (Fig. 3b) strain energy expressions are like equations (17) and 
(18) with substitution longitudinal forces by torques: 

𝛿𝑈𝜑𝑥,1 = 𝛿𝜑
𝑥,1

−(𝑀𝑘,1+𝑀𝑘,2)

2
,    𝛿𝑈𝜑𝑥,2 = 𝛿𝜑𝑥,2

(𝑀𝑘,1+𝑀𝑘,2)

2
 .  (21) 

The possible nodal displacements in the global and the local coordinate systems are connected by 

a matrix of the direction cosines [𝑡]: 

{

𝛿𝑢1
𝛿𝑣1
𝛿𝑤1

} = [𝑡] {

𝛿𝑢1
𝛿𝑣1
𝛿𝑤1

} , {

𝛿𝜑𝑥,1
𝛿𝜑𝑦,1
𝛿𝜑𝑧,1

} = [𝑡] {

𝛿𝜑𝑥,1
𝛿𝜑𝑦,1
𝛿𝜑𝑧,1

} , {

𝛿𝑢2
𝛿𝑣2
𝛿𝑤2

} = [𝑡] {

𝛿𝑢2
𝛿𝑣2
𝛿𝑤2

} , {

𝛿𝜑𝑥,2
𝛿𝜑𝑦,2
𝛿𝜑𝑧,2

} = [𝑡] {

𝛿𝜑𝑥,2
𝛿𝜑𝑦,2
𝛿𝜑𝑧,2

}. (22) 

[𝑡] = [

𝑡11 𝑡12 𝑡13
𝑡21 𝑡22 𝑡23
𝑡31 𝑡32 𝑡33

]. 
(23) 

The energies of strains in the global and the local coordinate systems are connected also. 

Formation of the matrix of direction cosines [𝑡] is executed as in the calculation of spatial rod systems by 

finite elements method in displacements [1–5]. The deformation energy values for possible 

displacements of finite element nodes in the global coordinate system are placed into the vector {𝛿𝑈𝑒} 
as follows: 

{𝛿𝑈𝑒}
𝑇 = {𝛿𝑈𝑢,1 𝛿𝑈𝑣,1 𝛿𝑈𝑤,1 𝛿𝑈𝜑𝑥,1 𝛿𝑈𝜑𝑦,1 𝛿𝑈𝜑𝑧,1 𝛿𝑈𝑢,2 𝛿𝑈𝑣,2 𝛿𝑈𝑤,2 𝛿𝑈𝜑𝑥,2 𝛿𝑈𝜑𝑦,2 𝛿𝑈𝜑𝑧,2}

𝑇
. (24) 

Possible displacements of finite element nodes in the global coordinate system, in the same order, 

are presented by square diagonal matrix [𝛿𝑦𝑒]. 

[𝛿𝑦𝑒] = [

𝛿𝑢1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 𝛿𝜑𝑧,2

].  (25) 

Using the vector of unknown nodal forces {𝑆𝑒}, introduced in (7), we can write the following 

expression: 

{𝛿𝑈𝑒} = [𝛿𝑦𝑒][𝐿𝑒]{𝑆𝑒}. (26) 

Matrix [𝐿𝑒], which may be called as matrix of equilibrium of finite element, considering the 

expressions (14–15), (20–23) is as follows: 
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[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
−𝑡31

𝑙

𝑡31

𝑙

𝑡21

𝑙

−𝑡21

𝑙
0 0

−𝑡11

2

−𝑡11

2
−𝑡32

𝑙

𝑡32

𝑙

𝑡22

𝑙

−𝑡22

𝑙
0 0

−𝑡12

2

−𝑡12

2
−𝑡33

𝑙

𝑡33

𝑙

𝑡23

𝑙

−𝑡23

𝑙
0 0

−𝑡13

2

−𝑡13

2

−𝑡21 0 −𝑡31 0
−𝑡11

2

−𝑡11

2
0 0

−𝑡22 0 −𝑡32 0
−𝑡12

2

−𝑡12

2
0 0

−𝑡23 0 −𝑡33 0
−𝑡13

2

−𝑡13

2
0 0

𝑡31

𝑙

−𝑡31

𝑙

−𝑡21

𝑙

𝑡21

𝑙
0 0

𝑡11

2

𝑡11

2
𝑡32

𝑙

−𝑡31

𝑙

−𝑡22

𝑙

𝑡22

𝑙
0 0

𝑡12

2

𝑡12

2
𝑡33

𝑙

−𝑡33

𝑙

−𝑡23

𝑙

𝑡23

𝑙
0 0

𝑡13

2

𝑡13

2

0 𝑡21 0 𝑡31
𝑡11

2

𝑡11

2
0 0

0 𝑡22 0 𝑡32
𝑡12

2

𝑡12

2
0 0

0 𝑡23 0 𝑡33
𝑡13

2

𝑡13

2
0 0 ]

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

. (27) 

From the local equilibrium matrices [𝐿𝑒], in accordance with the numbering of nodes and finite 

elements, global matrix [𝐿] of the system equilibrium equations of nodes will be formed. If the number of 
finite elements is equal to n, number of nodes – k, and number of kinematic links – s, the matrix [L] would 
be having (6𝑘– 𝑠) lines and 8n columns. From the vector of unknown nodal forces of finite element {𝑆𝑒} 
vector of unknown forces for the whole system {𝑆} is formed. It consists of 8n elements. 

In order to form the equilibrium equations it is also necessary to get expression of the work of 
external forces from the possible displacements. At possible node displacements, the work is performed 
by concentrated vertical forces and moments in the nodes and by loads, that is distributed along the 

element. If evenly distributed along the finite element loads 𝑞𝑥 , 𝑞𝑦, 𝑞𝑧 are defined in the global coordinate 

system, then they should be reformed into local loads using expression (28): 

{

𝑞𝑥
𝑞𝑦
𝑞𝑧

} = [𝑡]𝑇 {

𝑞𝑥
𝑞𝑦
𝑞𝑧
}. (28) 

Next, we form the vector {𝐹𝑒} that consists of concentrated forces and moments in the nodes: 

{𝐹𝑒}
𝑇
= {𝑞𝑥𝑙

2

𝑞𝑦𝑙

2

𝑞𝑧𝑙

2

𝑞𝑥𝑙
2

12

𝑞𝑦𝑙
2

12

𝑞𝑧𝑙
2

12

𝑞𝑥𝑙

2

𝑞𝑦𝑙

2

𝑞𝑧𝑙

2

−𝑞𝑥𝑙
2

12

−𝑞𝑦𝑙
2

12

−𝑞𝑧𝑙
2

12
}
𝑇

. (29) 

Vector {𝐹𝑒}, obtained in local coordinate system, should be transformed into the vector {𝐹𝑒} in 

global coordinate system: 

{𝐹𝑒} = [𝑡𝑒]{𝐹𝑒}, 

[𝑡𝑒] = [

[𝑡] 0 0 0
0 [𝑡] 0 0
0 0 [𝑡] 0
0 0 0 [𝑡]

] 
(30) 

From the local vectors {𝐹𝑒}, according to the numbering of nodes and elements, we form the 

global vector of the nodal loads {𝐹} for all finite elements. Next, the forces and moments, that are 

concentrated at the nodes, are added to elements of vector {𝐹}. Obviously, the work of the external 

forces is calculated as product of the elements of the vector {𝐹} and the corresponding possible node 

displacements. Thus, the system of equilibrium equations for the whole system can be written in the 
following form: 
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{𝐹} − [𝐿]{𝑆} = 0. (31) 

For the finite element, we introduce the notation for the vector of nodal unknowns in the local 
coordinate system 

{𝑦𝑒}
𝑇
= {𝑢1 𝑣1 𝑤1 𝜑𝑥,1 𝜑𝑦,1 𝜑𝑧,1 𝑢2 𝑣2 𝑤2 𝜑𝑥,2 𝜑𝑦,2 𝜑𝑧,2}

𝑇
 (32) 

and the global vector of the nodal unknowns for whole system {𝑦}, which is the vector of Lagrange’s 

multipliers for the equilibrium equations of the system (30). By means of Lagrange’s multipliers, we 
include the equations (30) into the functional (11) and obtain: 

П𝑐 =
1

2
{𝑆}𝑇[𝐷]{𝑆} + {𝑦}𝑇({𝐹} − [𝐿]{𝑆}) → 𝑚𝑖𝑛.  (33) 

Equating to zero the derivatives П𝑐  from vector {𝑆}, we obtain the equations of compatibility of 

strains in terms of stresses: 

[𝐷]{𝑆} − [𝐿]𝑇{𝑦} = 0. (34) 

The derivatives П𝑐 on elements of the vector {𝑦} are systems of equilibrium equations of nodes 

(31). Combining (31) and (34), we obtain the final system of linear algebraic equations: 

[
[𝐷] −[𝐿]𝑇

−[𝐿] [0]
] {
{𝑆}
{𝑦}
} = {

0
−{𝐹}

}. (35) 

Expressing vector {𝑆} from the first matrix equation and using it in the second, we get 

[𝐿][𝐷]−1[𝐿]𝑇{𝑦} = {𝐹}, (36) 

{𝑆} = [𝐷]−1[𝐿]𝑇{𝑦}. (37) 

Let us note that for getting (35) the approximation functions for the displacements are not used. 
Only, there were introduced approximations for possible displacements that can be of any shape, but 
must satisfy the kinematic relations. The solution was based on the introduction of approximations for the 
internal forces (stresses). By using linear approximations, we will get the values of forces and 
displacements of nodes that equal to the values, obtained by the method of finite elements in 

displacements. Since the matrix [𝐷] has simple structure, calculating product of the matrices in (36) does 

not require extensive computational resources. 

Let us consider the problem of determining the critical load, which leads to the loss of stability in 
form of the rods bulging. In this paper, more complicated flexural-torsional buckling forms are not 
considered. As is well known [1–4], in solving problems of rod systems stability must be counted the 
stretching deformations that are associated with bending: 

𝜀0 =
1

2
(
𝑑𝑣

𝑑𝑥
)
2

+
1

2
(
𝑑𝑤

𝑑𝑥
)
2

. (38) 

After buckling, the function of the transverse displacements of axis of the finite element is 
approximated by the linear function in the local coordinate system 

𝑣(𝑥) = 𝑣1 (1 −
𝑥

𝑙
) + 𝑣2

𝑥

𝑙
,   𝑤(𝑥) = 𝑤1 (1 −

𝑥

𝑙
) + 𝑤2

𝑥

𝑙
. (39) 

Then 

𝜀0 =
1

2

(𝑣2 −𝑣1)
2

𝑙2
+
1

2

(𝑤2 −𝑤1)
2

𝑙2
.  (40) 

The additional energy of deformations 

𝑈𝜀0
∗ = ∫ 𝑁(𝑥)𝜀0𝑑𝑥

𝑙

0
. (41) 

Setting in (41), any (5) or (6), approximation for 𝑁(𝑥) we obtain the following matrix expression for 

the energy of deformations 

𝑈𝜀0
∗ =

1

2
{𝑦𝑒}

𝑇
[𝐺𝑒]{𝑦𝑒}, (42) 
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[𝐺𝑒] =
(𝑁1+𝑁2)

2𝑙

[
 
 
 
 
 
 
 
 
 
 
 
0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 −1 0 0 0 0
0 0 1 0 0 0 0 0 −1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 −1 0 0 0 0 0 1 0 0 0 0
0 0 −1 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0]

 
 
 
 
 
 
 
 
 
 
 

. (43) 

For getting the geometric matrix of the finite elements in the global coordinate system, the following 
conversions must be done: 

[𝐺𝑒] = [𝑡𝑒][𝐺𝑒][𝑡𝑒]
𝑇.  (44) 

From the local matrices [𝐺𝑒] of the finite elements we generate geometric global matrix [𝐺] for the 

whole system. Using 𝑈𝜀0
∗ , the functional (33), for solving buckling problems will be as follows: 

П𝑐 =
1

2
{𝑆}𝑇[𝐷]{𝑆} +

1

2
𝜆{𝑦}𝑇[𝐺]{𝑦} − {𝑦}𝑇[𝐿]{𝑆} → 𝑚𝑖𝑛.  (45) 

In the expression (45) the parameter 𝜆, which is interpreted as the buckling safety factor, are 

introduced. Minimum of functional (45) corresponds to the existence the equilibrium of the system in 

deflected shape. Equating the derivatives П𝑐  along the vector of forces {𝑆} to zero, we obtain the 

equations the compatibility of deformations (34). The derivatives of the (45) along the vector of 

displacements {𝑦} create the equations equilibrium of the nodes after buckling with adding the influence 

of longitudinal forces to bending: 

−[𝐿]{𝑆} + 𝜆[𝐺]{𝑦} = 0. (46) 

Combining (34) and (46), we obtain a system of homogeneous linear algebraic equations 

[
[𝐷] −[𝐿]𝑇

−[𝐿] 𝜆[𝐺]
] {
{𝑆}
{𝑦}
} = {

0
0
}. (47) 

Let us express vector of forces {𝑆}, from the first matrix equation, and put it into the second 

equation. Introducing the notation for the matrix product [𝐾] = [𝐿][𝐷]−1[𝐿]𝑇, we get: 

−[𝐾]{𝑦} + 𝜆[𝐺]{𝑦} = 0. (48) 

To determine the critical value of the parameter 𝜆𝑐𝑟 we apply the method of inverse iterations, 

which includes the following steps. After solving (36) and (37), we obtain the vectors {𝑦0} and {𝑆0}. 
Next, we must perform the iterations: 

{
 
 

 
 

𝑖 = 1,2,⋯𝑚;
{𝑦𝑖} = [𝐾]

−1[𝐺]{𝑦𝑖−1},

𝑦𝑚𝑎𝑥 = max
𝑗=1..(6𝑘−𝑠)

|𝑦𝑖,𝑗| ,

𝜆𝑐𝑟,𝑖 =
1

|𝑦𝑚𝑎𝑥|
.

 (49) 

In (49) 𝑦𝑚𝑎𝑥  – maximum in modulus element of vector {𝑦𝑖}. The iterative procedure is finished 

after achieving the necessary accuracy of calculating |𝜆𝑐𝑟,𝑖 − 𝜆𝑐𝑟,𝑖−1| < 𝜀. 

Results and Discussion 
As examples calculations stability of the spatial frameworks, shown in Figures 4–6, were 

performed. The calculations were performed in Mathcad 14.0. The following characteristics of cross 
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sections stiffness have been taken: 𝐸𝐼𝑦 = 10 𝑘𝑁𝑚2, 𝐸𝐼𝑧 = 10 𝑘𝑁𝑚
2, 𝐺𝐼𝑘 = 10 𝑘𝑁𝑚2, 𝐸𝐴 =

1000 𝑘𝑁. Geometric dimensions in meters are indicated in the figures. The critical loads were 

calculated as functions of the finite elements number, which divide each rod, shown in the figures. 

 

Figure 4. The critical load for rectangular framework with clamped supports 

The graphs in Figures 4–6 are built on values of the critical forces, given in Tables 1–3. 

Table 1. Values of the critical loads for the rectangular framework (kN). (Fig. 4) 

Approximation 
Number of finite elements 

1 2 3 4 5 6 7 8 9 10 11 12 13 

Linear 

Piecewise 
constant 

4.038 3.976 3.850 3.80 3.776 3.762 3.755 3.749 3.746 3.743 3.741 3.740 3.733 

1.464 2.733 3.221 3.430 3.534 3.592 3.628 3.652 3.669 3.681 3.689 3.696 3.701 

LIRA-SAPR 3.748 3.738 3.733 3.732 3.732 3.732 3.732 3.732 3.732 3.732 3.732 3.732 3.732 

 
On figures: the number 1 (blue line) – indicate the results obtained by the linear approximations of 

the internal forces; number 2 (red line) – using piecewise constant approximations forces; number 3 
(green line) – the results obtained by the finite elements method in the displacements on the program 
LIRA-SAPR 2013. 

 

Figure 5. The critical load for the triangular framework with hinged supports  
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Table 2. The values of the critical loads for triangular framework with hinged supports (kN). 
(Fig. 5) 

Approximation 
Number of finite elements 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 

Linear 

Piecewise 
constant 

1.075 1.021 1.009 1.005 1.003 1.001 1.0008 1.0004 1.0001 0.9999 0.9997 0.9996 0.9995 0.9994 

0.593 0.862 0.935 0.962 0.975 0.982 0.986 0.990 0.9915 0.9929 0.9940 0.9948 0.9954 0.9959 

LIRA-SAPR 1.0009 0.9991 0.9990 0.9990 0.9990 0.9990 0.9990 0.9990 0.9990 0.9990 0.9990 0.9990 0.9990 0.9990 

 

 

Figure 6. Critical load for the stepped framework with clamped supports 

Table 3. The values of the critical load for the stepped framework with clamped supports 
(kN). (Fig. 6) 

Approximation 
Number of finite elements 

1 2 3 4 5 6 7 8 9 10 

Linear 

Piecewise 
constant 

7.0531 6.9479 6.7372 6.6526 6.6118 6.5892 6.5754 6.5665 6.5603 6.5559 

2.6228 4.8323 5.6690 6.0234 6.2003 6.3000 6.3614 6.4019 6.4298 6.4499 

LIRA-SAPR 6.5644 6.5465 6.5388 6.5373 6.5369 6.5368 6.5368 6.5367 6.5367 6.5366 

 
Analysis of the results of the calculations shows that the use of piecewise constant approximations 

of internal forces lead to the convergence of the calculated values of critical forces (loads) to the exact 
values of strictly from bottom and allows you to get solutions to the stability reserve. At the same time, 
compared to the finite element method in the displacements, it is necessary to use the finer grids. The 
finite element method in displacements provides more accurate solutions with coarse grids. Necessary to 
consider, that the solution in displacements is more "rigid" and converges to the exact value from above 
as in the case of the use of linear approximations for the internal forces on the proposed method. It is 
known, by dividing of the finite elements grid we get values of stresses, which will tend to constant 
values, so for the convergence of solutions is necessary to ensure representation of the constant 
stresses or deformations. If solutions are get by proposed method, then this condition is performed. In the 
Fig. 7 shows graphs of the relative difference, in percentages, between the solutions, obtained for 
different approximations of internal forces, for the above examples. In the figure introduced the notation: 

𝑃𝑐𝑟,1 – linear approximations of internal forces; 𝑃𝑐𝑟,2 – piecewise constant approximations of forces; 

𝑃𝑐𝑟,1∗ – the minimum value, obtained by the linear approximations of forces; 1 (red line) – the results for 

the framework in Figure 4; 2 (blue line) – the results for the framework in Figure 5; 3 (green line) – the 
results for the framework in Figure 6. Reducing the difference between two solutions by the crushing of 
finite element mesh indicates to the convergence of solutions to the exact value. Note, that graphics for 
the 1st and 3rd schemes are practically the same (Table 4). Per the difference of two solutions we can 
assume the accuracies of calculation critical forces. 
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Figure 7. The relative difference between the values of the critical forces 

Table 4. The relative difference of critical forces values in percentage (Fig. 7) 

Scheme 
Number of the crushing elements 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 

Fig. 4 68.9 33.3 16.8 9.9 6.5 4.6 3.4 2.6 2.1 1.7 1.4 1.2 0.85 - 

Fig. 5 48.2 15.8 7.4 4.3 2.7 1.9 1.4 1.1 0.9 0.7 0.57 0.48 0.41 0.39 

Fig. 6 67.6 32.3 16.3 9.6 6.3 4.4 3.3 2.5 2.0 1.6 - - - - 

 
To evaluate the accuracy and convergence of the approximate solution by proposed method, the 

critical forces were defined for straight rods with different types of ends fixing and for different number of 
finite elements. To simplify the analysis, the bending stiffness and length of the rods have been taken 
equal to unity. We considered the following variants of the rods: 1 – hinged rod; 2 – cantilever rod; 3 – rod 
with hinge and with clamped end; 4 – rod with clamped ends. The calculation results are shown in 
Table 5. Exact, analytically derived, values of the critical forces are taken from [37]. 

Table 5. Critical forces for straight rods 

Variants 
of rods 

Approximations 
Number of finite elements 

Exact 
values 

2 4 5 10 20 40 80 100  

1 

Linear 

Piecewise 
constant 

12.0 10.4 10.2 9.951 9.8999 9.8746 9.87087 9.87042 

9.86960 
8.0 9.38 9.55 9.789 9.8493 9.8645 9.86834 9.86879 

2 

Linear 

Piecewise 
constant 

3.0 2.50 2.49 2.472 2.4687 2.4677 2.46748 2.46745 

2.46740 
2.0 2.41 2.45 2.462 2.4661 2.4671 2.46732 2.46735 

3 

Linear 

Piecewise 
constant 

27.4 22.4 21.6 20.53 20.275 20.212 20.1960 20.1941 

20.19064 
12.0 17.8 18.6 19.79 20.089 20.165 20.1844 20.1867 

4 

Linear 

Piecewise 
constant 

48.0 48.0 44.9 40.79 39.804 39.560 39.4987 39.4914 

39.47842 
16.0 32.0 34.6 38.20 39.155 39.397 39.4581 39.4654 

 
The calculation results of the stability of straight rods confirm, as was noted above, characteristic 

features of the proposed method of calculation, which is based on the functional of additional energy. 
These characteristics allow to note the following possible fields of application of the method: getting the 
lower limit of the critical forces; calculation the stability of the structures such as plates, which can be 
strengthen by rods; the curvilinear constructions or constructions on elastic foundation; getting the 
solutions, which are alternative to the solutions on method of finite elements in displacements. 
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Conclusions 
1. For problems of stability the spatial rod systems there are proposed the method, which is 

based on functional of the additional energy and the principle of virtual displacements. Equations for 
static analysis of spatial rod systems based on the approximation of the forces (stress) were obtained. 

2. The examples of the calculations the critical forces for straight rods and three-dimensional 
frameworks for different finite element grids show that using of piecewise constant approximations of 
internal forces provides a lower bound of the critical forces. It is necessary to use a fine grid of finite 
elements. For the above examples, the required number of finite elements for achieving the same 
accuracy as accuracy of the solutions by finite elements method in displacements is about 5 times more. 
Accuracy solutions, lot less than 1 percent, can be obtained, if very fine grid of the finite elements 
(Table 4) is used. 

3. By using linear approximations of the internal forces, we get the solutions which converge to 
the exact values of the critical forces from above and give an upper bound. It is possible to define 
accuracies of calculation of the critical forces per the difference of two solutions with linear and piecewise 
constant approximations.  

4. Possible fields of application of the method are getting the lower limit of the critical forces; 
calculation the stability of the structures such as plates, which can be strengthen by rods; calculation the 
stability of the curvilinear constructions or constructions on an elastic foundation; getting the solutions, 
which are alternative to the solutions getting on method of finite elements in displacements. 
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Abstract. The stress state around the holes in cylindrical part of prestressed concrete protective 
shells is examined in this paper. This stress state is caused by general shell prestressing having the aim 
to compensate internal emergency pressure and the curvature of the reinforcement elements near 
technological holes in cylindrical part of shell. Presence of technological holes predetermines occurrence 
of so called “disturbed” stress state of a local nature (stress concentration). The exact solution of the 
stress concentration problem at any load does not exist even for a plate. So the approximate solution 
using complex functions and Fourier series for a plate with a hole is proposed. It can be concluded on the 
basis of the calculation results that the stress concentration due to curvature of reinforcement elements 
near hole has to be taken into account, since in this case the maximum compressive stress is 
considerable. 

Аннотация. В данной работе рассматривается напряженное состояние конструкции вокруг 
отверстий в цилиндрической части предварительно напряженных бетонных защитных оболочек. 
Это напряженное состояние вызвано общим предварительным напряжением оболочки, 
необходимым для компенсации внутреннего аварийного давления, и кривизной арматурных 
элементов вблизи технологических отверстий в цилиндрической части оболочки. Наличие 
технологических отверстий предопределяет возникновение так называемого «возмущенного» 
напряженного состояния локального характера (концентрация напряжений). Точного решения 
проблемы концентрации напряжений при любой нагрузке не существует даже для пластины. 
Поэтому предлагается приближенное решение с использованием комплексных функций и рядов 
Фурье для пластины с отверстием. На основании результатов расчета можно сделать вывод о 
том, что необходимо учитывать концентрацию напряжений, вызванную искривлением арматурных 
элементов вблизи отверстия, поскольку в этом случае максимальное сжимающее напряжение 
является значительным. 

Introduction 
Cylindrical part of prestressed concrete protective shells for nuclear power plants with a helical 

scheme of reinforcement is compressed by two groups of reinforcement elements, oriented over the 
counter spirals and directed at an angle of 55 degrees to meridian. 

The general stress state of the cylindrical part of the shell caused by the preliminary compression 
forces in areas, sufficiently distant from the bottom and the support ring, is momentless and can be 
determined in accordance with the membrane theory of thin shells [1–8]. 
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In areas of technological holes, the largest of which reaches a diameter of 4 m (at elev. 38.1 m), it 
is necessary to bend the reinforcement elements around the hole. To reduce the prestressing losses from 
friction trajectory of the reinforcement is made fairly smooth; nevertheless there is considerable pressure 
of the reinforcement elements (Fig. 1) and the additional stress state in concrete. Of course, in Figure 1 
for illustration a simplified scheme of the fragment of rather complicated reinforcement system around the 
circular hole is presented. 

Presence of technological holes predetermines occurrence of so called “disturbed” stress state of a 
local nature (stress concentration). Thus the stress concentration around the holes is caused by the 
general compression and by the influence of the curvature of the reinforcement around these holes. 

The concentration of the stress caused by a general shells compression is sufficiently investigated 
[9–23], so the aim of this article is the research of effect of the reinforcement elements curvature for the 
stress state near the holes , because only a few studies is devoted to this problem [24–25]. 

 

Figure 1. Loads due to curvature of the reinforcement elements 

Methods 
In the framework of the theory of elasticity a number of special problems of shell theory is currently 

still not resolved taking into account the complicating factors connected with the mathematical nature of 
the difficulties. One of such problem is the determination of the stress-strain condition of shells in the area 
of technological holes. So one has to substitute shell fragment around the hole by the plane fragment in 
order to solve many engineering problems and consider the plane task. The latter does not lead to 
significant errors if the fragment is characterized by small curvature, and the hole can be considered as 
"small". Methods for solving some problems for thin isotropic cylindrical shells (membranes) are 
described for example in [8, 9, 11]. The holes in these membranes is called small if the following 
condition take place: 

1,а   (1) 

where 
24 3(1 ) / 2 ;Rh  

R, h – radius and thickness of the shell; a – radius of the hole. 

For this problem solution the following sizes are accepted: R = 23.1 m; h = 1.2 m; a = 2.0 m, which 
corresponds to βa = 0.25, that is, the hole is certainly small. Note that, if in the above formulas for the 
stresses around the holes [9, 11] to accept βa = 0, one gets the corresponding formula for a plate of 
unlimited size.  

Comparative calculations show that for the shell with accepted parameters in case of uniaxial 
tension (or compression) along the cylinder the maximum stress for the shell near hole exceeds 
corresponding stress for the plate by only 3 % and in case of internal pressure – by 18 %. It can be 
assumed, that in case of the reinforcement curvature influence the error is less than above. 

However, even for plates stress concentration around the holes is one of the most difficult sections 
of the theory of elasticity, so here analytical solutions in its final form have been obtained for 
comparatively simple cases of loading [12]. 

Solution of the problem of stress concentration around the hole can be realized as follows. Due to 
the task linearity the overall stress-strain state of the plate or membrane can be taken as the sum of 
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“background” stress-strain state and “disturbed” stress-strain state. The state of the plate (or membrane) 
without holes loaded with an arbitrary system of forces and moments is considered as “background” 
stress-strain state. 

In determining the disturbed state of stress a plate with a hole is considered, and this plate is under 
influence of the load applied to the hole contour. This load has to be taken equal to stress of the 
background state, but has to have the opposite direction in order to get zero stress on the hole contour, 
as well as it should be within the meaning of the problem. 

When the superposition of background and disturbed states is realized, the result stress state of 
the plate with the hole will take place. 

In this paper the pressure of the reinforcement elements, caused by its curvature (Fig. 1), for the 
plate without hole is taken as a background stress state. The intensity of this pressure can be calculated 
as: 

/q N Ri i
,
 (2) 

where N – tension force in the reinforcement elements, Ri – radius of curvature of these elements in the 
plane of the plate. To calculate stress state the actual distribution of the load was replaced by an 
equivalent in the form of a large number of concentrated forces oriented at different angles to the vertical 
axis (Fig. 1). 

Calculation of the background state of stress from the effects of each of the concentrated forces 
was carried out according to formulas derived by Melan [1] for the force acting within an infinite plate 
(without holes) in its plane: 
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


    
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(5) 

In the above formulas: r – distance from the force to the point at which the stress is determined; 

 – angle is measured from the vertical axis. 

The state of stress from all the concentrated forces approximating a distributed load is determined 
by a superposition of solutions for each of the concentrated forces. Then the transition from Cartesian 
coordinates to polar has to be fulfilled. 

To solve the problem of the second stage (the calculation of the disturbed state) it is advisable to 
apply the solution of the plane task of elasticity theory with complex variables, which in some cases leads 
to significant simplifications. 

The components of stresses for plane stress state in polar coordinates can be expressed as 
follows [6]: 

     4 Re ' 2 ' ' ;F Z F Z F Zr     
   (6) 

  ,
2

2 2 '' ''( )
i

i ZF Z Z er r


        
   (7) 

where  cos sin ;
i

Z r i re


      cos sin ;
i

Z r i re


 


  
 Z 

 conjugate function Z , 

 ' '( )F Z и Z 
some analytic functions. Subtracting (7) from (6) we obtain: 

      .
2

' ' '' ''( )
i

i F Z F Z ZF Z Z er r


       
   (8) 
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Let us consider the general solution for unlimited size plate with a circular hole with the origin in the 

center of the hole. If to run the boundary conditions on the contour of the hole, then r  and 
r

   
will be 

known when 
i

z ae


 , where a – the radius of the hole, r – distance from the center of the hole (on the 

contour r = a). 

Analytic functions   ,' ''( )F Z Z  can be expanded in power series, so that the functions remain 

finite at r   

  0 1 2 2
0

1 1
' ... ;

n

n
n

F Z A Z A A A
Z Z





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n
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Z B Z B B B
Z Z








    
 

(10) 

where An and Bn − complex constants (independing from Z). 

  0 1 2 2
0

1 1
' ... ;

n
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F Z A Z A A A
Z Z

 



    
 

(11) 

  2 3 1

1 2 .'' 2 ....
n

nF Z A Z A Z nA Z
   

      (12) 

Since the stresses r  and r
   must be known on the hole contour ( r  = a), the expression

( )r air r
     can be expanded in a complex Fourier series [6]: 

( ) ;
in

r r r a n
n

i С e
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(13) 

the coefficients of which are determined by the formula: 
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2
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(14) 

where n = 0; 1; −1; 2; − 2; … 

Equating the right-hand side of the equation (8), expressed in terms of (9)–(12) and the expression 
(13), we obtain: 

( 2)
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since at the hole contour 
i

z ae

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1

.n in

n
Z e

a

   

The last expression can be written as follows: 
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Equating the coefficients before the same powers of e in both parts of the equality, we get: 
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Constants 
0 0,A A

 
equal to each other, since the imaginary part determines the displacement of a 

rigid body, and in the analysis of strain and stress can be assumed to be equal zero [6]: 
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From the condition of the uniqueness of the value of the displacement ,r i    should be 
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whence 
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Substituting (25) into (18) we obtain: 
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Substituting (26) into (25) we obtain: 
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From (19) we get: 

2 2
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2 2

2 0 2 ;А В а С а   
(30) 

Taking into account, that 
0 0 02A A A  , from (17): 
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From equations (20) and (22): 
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Thus, all members of the functions    ' , ''( ), ' , ''( ),F Z Z F Z F Z  are known  

(expressed in terms nC ), and the problem reduces to the determination of the coefficients nC  by the 

formula (14), which can be written as follows: 
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(35) 

Results and Discussion 
When the plate is loading by the pressure of curved near the hole reinforcing elements (Fig. 1), 

coefficients in the complex Fourier series were determined by numerical integration in accordance with 
expression (35). Convergence was studied by doubling the number of intervals between concentrated 
forces. The calculation results show that for the scheme of loading, which has two axes of symmetry 
(Fig. 1.), it is sufficient to restrict 8–10 members of series (9)–(12). 

The calculations were performed for the reinforcement elements with the prestressing force of 
8000 kN. Accordingly accepted radius of curvature distributed load intensity are 

1 2888,9 / , 800 / .q kN m q kN m   According to the calculations, the maximum value of the tangential 

forces near the hole, induced by curvature of two reinforcement elements, when 
2


   is about 1900 

kN/m.  

Since the influence of the curvature of individual prestressed elements near holes was hardly 
studied by other authors, the force from curvature of two

 
elements is compared with the vertical force of 

general compression which is necessary to compensate internal emergency pressure p = 0,4 MPa. This 
force in the shell with a hole, but excluding influence of the curvature of reinforcement elements near 
hole, is approximately determined as 3pR/2 [26–37], where R is the radius of the cilindrical part of the 
shell. This force at R = 23.1 m is equal to 13860 kN/m. 

It can be concluded on the basis of the calculation results that the stress concentration due to 
curvature of reinforcement elements near holes has to be take into consideration, since in this case the 
maximum compressive stress may achieve about 15% of the maximum stresses caused by general 
compression.  

400 23,11
3 3 13860 / .

2 2

pR
kN m


 

 
(36) 
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Conclusions 
1. Analysis of existing analytical solutions related to the study of stresses around the holes in the 

cylindrical shells and plates, showed that, when examined relations between the radius of the shell and 
the radius of the hole take place, solutions for the plates is allowed to use. 

2. It can be concluded on the basis of the calculation results that the stress concentration due to 
curvature of reinforcement elements near hole has to be take into account, since in this case the 
maximum compressive stress may achieve about 15 % of the maximum stresses caused by general 
compression. At the same time, a significant value of tensile stresses, caused by curvature of 
reinforcement, may result in inadequate general compression in some areas of the shell around the 
holes. 

3. The method developed for calculation of the stress state near the holes of plates using complex 
functions with some improvements can be used in any case of the load distribution in plane of the plate. 
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Abstract. A functional relationship of the dynamics of asphalt concrete pavement condition and its 
thermodynamic and thermophysical functions and parameters (Helmholtz's energy, internal energy, 
entropy, specific heat, etc.) is described. Based on this functional relationship, novel approaches to the 
estimation of asphalt pavement lifetime are proposed. The dependence of pavement lifetime from the 
basic thermodynamic parameter – specific heat (for the determination of which expensive and 
complicated equipment is not required) is derived. The statistical approach to determination of pavement 
lifetime, based on the analysis of the temporal changes in the spatial distribution of the basic parameter 
(specific heat) is proposed. Overall, three alternative but complementary approaches are described to 
determine pavement service interval using either a molar weight, a change of free energy, or the 
uniformity of the basic parameter – specific heat based the index of thermophysical uniformity (a 
dimensionless coefficient). Numerical pavement lifetime values suitable for exploitation under the 
Russian service conditions (transportation and construction terms) are calculated analytically. Regardless 
of the approach used of the calculated pavement lifetimes are of the same order of magnitude. These 
initial results are quite promising and offer a new thermodynamic approach to the estimation of pavement 
condition and its useful lifetime. This practical new approach can be utilized to replace or complement the 
traditional "mechanical" and geo-radar methods. 

Аннотация. В предыдущих исследованиях была показана возможность учета 
энергетических изменений, происходящих в системе дорожное покрытие – транспортное средство, 
и их вклад в формирование научно обоснованной системы назначения сроков ремонтных работ. В 
связи с этим также перспективным является развитие результатов работ, в которых приводится 
анализ зависимостей термодинамических функций дорожного покрытия от времени эксплуатации. 
Несмотря на то, что ранее был сформулирован термодинамический подход, удобные расчетные 
формулы для определения межремонтного срока службы покрытия отсутствуют. На основании 
анализа полученных соотношений, описывающих динамику состояния асфальтобетонного 
дорожного покрытия с помощью его термодинамических и теплофизических функций и 
параметров (энергия Гельмгольца, внутренняя энергия, энтропия, теплоемкость), предложены 
подходы к назначению межремонтного срока службы дорожного покрытия. Выведены зависимости 
межремонтного срока службы покрытия от базисного параметра – удельной теплоемкости. 
Обоснован статистический подход определения межремонтного срока службы покрытия, 
основанный на анализе временных изменений в пространственном распределении базисного 
параметра. В результате исследования получены три альтернативные по отношению друг к другу 
и, в то же время, взаимодополняющие подхода к нахождению времени жизни покрытия: через 
молярную массу; через изменение свободной энергии; через однородность базового параметра – 
удельной теплоемкости путем ввода безразмерного коэффициента теплофизической 
однородности. Аналитически получены числовые значения межремонтного срока службы 
покрытия адекватные российским условиям эксплуатации (транспортным и строительным 
условиям). Несмотря на различные подходы, полученные значения межремонтного срока службы 
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покрытия имеют один порядок величины. Полученные результаты развивают сравнительно новый 
термодинамический подход к решению задач мониторинга покрытий и их эксплуатационных 
режимов и нацелены на замену или дополнение традиционных «механических» методов 
мониторинга состояния дорожного покрытия. 

Introduction 
Currently, the asphalt paved road infrastructure of the Russian Federation is undergoing an 

extensive expansion. There has also been a significant increase in the exploitation of the existing roads 
in recent years. These factors necessitate the development of a practical, inexpensive, and fast method 
to evaluate the functional condition of a pavement. It would be highly desirable if such a method is 
capable of predicting future changes in pavement characteristics and determining the optimum modes of 
road usage. Optimization of pavement management is expected to have a positive effect on pavement 
longevity which in turn should lead to an increase in its service life. 

In our previous article [1] we described the numerical assessment of such characteristics as 
vehicle dynamic forces, work of a single wheel on pavement; analytical dependences of increments of 
internal energy, energy of elastic deformation, and dissipative energy. The main purpose was to establish 
the functional relationships between mechanical and thermal parameters in the system pavement – 
vehicle, and also to consider the processes of vehicle energy dissipation by pavement. We envisioned 
that a deeper understanding of energy dissipation between pavement and vehicle should make it 
possible to devise a method of defining pavement functional condition at any time. This in turn should 
lead to better monitoring and forecasting of asphalt pavement functional condition and its remaining 
service life.  

In our previous publications [2] we described the dependences of asphalt concrete thermodynamic 
functions from specific heat: change of internal energy, entropy and free energy. The main focus of our 
paper was to apply the thermodynamic framework to the description of changes of physical, mechanical 
and thermophysical parameters of a material during the lifetime of an asphalt concrete layer. 
Dependences of specific heat versus time for different asphalt brand, type and road category were 
obtained.  The analysis of a nature of the obtained dependences, their comparison to the experimental 
data and visual evaluation allowed us to conclude that the starting time of required asphalt pavement 
repair is directly linked to quasilinearity loss in the function graphs of asphalt specific heat versus time. 
Calculations showed that this specified time point is characterized by free energy deficiency, i.e., its 
negative increment. Based on experimental data similar dependences were derived for various types and 
brands of asphalt concrete [2]. We can conclude that during the normal exploitation of asphalt pavement, 
internal energy and entropy of its constituent materials increase. In particular, the amount of internal 
energy constantly increases because of accumulation of dissipative energy from the contact with vehicle 
wheels. At the same time, the amount of free energy decreases (it plays a compensation role in various 
deformation processes).  

The available scientific publications that study the relationship of physical, mechanical and 
thermophysical parameters in the system "pavement – vehicle" can be divided into three large groups. 
The first and, most representative group contains research of tire-pavement interaction with the goal of 
providing the optimum vehicle speed [3, 4], safety [5], motion comfort [6], and fuel economy [7]. The 
second group encompasses research on the thermophysical properties of asphalt concrete. Optimization 
of these properties has shown to help reduce thermal absorption and high temperatures of pavement 
surface [8, 9] to prevent rutting [10], and cracks [11]. The third group includes approaches using surface 
radiation properties: albedo and emissivity, surface temperature gradient [12, 13], taking into 
consideration hydrogeological and climatic conditions of the region [14], and urban heat island effect [15]. 
The main goal of these approaches is to develop a network of smart roads with possibility of energy 
cumulation [16, 17]. There are also a number of papers [18–24] where the results of laboratory studies 
demonstrated conclusively the influence of thermophysical properties on mechanical characteristics. 
However, to date the authors are not aware of any publications related to development of an approach of 
asphalt pavement condition monitoring using the thermodynamic framework. 

In previous research analytical dependences of thermodynamic functions versus specific heat of 
asphalt concrete have been obtained [2]: 

𝛿𝐹 = −𝜇𝑇 [𝐶ln𝑇 + 𝐶0 (
𝑇0

𝑇
− 1 − ln𝑇0)]; (1) 

𝛿𝑈 = 𝜇(𝐶𝑇 − 𝐶0𝑇0); (2) 
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𝛿𝑆 = 𝜇[𝐶(1 + ln𝑇) − 𝐶0(1 + ln𝑇0)], (3) 

where F – free energy (Helmholtz's energy); U – internal energy; S – entropy; T0, T – initial and current 
values of temperature; C – specific heat; C0 – initial value of C, at T=T0; μ – value in number equal to 
density of material, dimension of mass. 

Proceeding from experimental data, dependences of change of free energy, internal energy and 
entropy versus time for the different types of pavements and road types have been constructed 
(Fig. 1) [2]. 

As it is possible to see from expressions (1)–(3), changes (variations) of thermodynamic functions 
are more sensitive to changes of temperature (seasonal and daily fluctuations). However, these changes 
are reversible. On the contrary, variations of thermodynamic functions caused by changes of specific 
heat are irreversible. The use of "average" dependences (Fig. 1) allows us to observe the evolution of 
changes of thermodynamic functions depending only on specific heat. 

The main result obtained by physical and mathematical models is the ability to predict the 
pavement lifetime. A thermodynamic simulation model of changes the material of asphalt pavement 
during its life cycle has been constructed. The simulation model allows us to determine pavement 
degradation at any time. Since the heat capacity varies over time under the certain law, then this option 
can be selected as the base, thereby linking the variation of the thermodynamic functions with pavement 
lifetime. 

The coefficient of free energy deficiency was input to determine the numerical values of pavement 
lifetimes as the relation of the module of an increment of free energy at present time to the maximum 
positive value of this increment for the entire period of pavement life. Determination of pavement lifetimes 
is obtained by an analysis of graphs, constructed using the Eq. (1). 

Despite the fact that the basis of the thermodynamic approach is formulated in previous studies, a 
convenient formula for calculating pavement lifetime is absent. 

In order to develop an approach associated with the variation of the free energy and its deficit, 
consider the  processes of energy exchange in the system of pavement – vehicle. 

 
Figure 1. Dependences of change of internal energy U, free energy F and  

entropy S versus time (fine-grained asphalt concrete of type A) 

Free energy decrease is equal to the maximum full work Amax made by system over external solids 
in quasistatic thermodynamic process: 

𝐴max = −∆𝐹. (4) 

In other words F – that part of internal energy U of system which is capable of turning into 
mechanical work: 

𝐹 = 𝑈 − 𝑇𝑆 (5) 

44



Инженерно-строительный журнал, № 2, 2017 

 

Завьялов М.А., Кириллов А.М. Методы оценки срока службы асфальтобетонного покрытия // Инженерно-

строительный журнал. 2017. № 2(70). С. 42–56. 

where T – the absolute (thermodynamic) temperature, S – entropy. We can define the rest of internal 
energy TS as the connected energy. The degradation of system (increase in its entropy ∆S) connected 
with internal and external processes can be slowed down by free energy reserve. The reserve of free 
energy is available for system at an initial stage of its usage (after the end of construction), further we can 
expect the replenishment of free energy level because of external forces (during service, maintenance 
and rehabilitation).  

Since work of external forces Aex over system is equal to work of system A made over external 
solids (Aex = – A), from Eqs. (4) and (5) it follows that 

∆𝑆 = (∆𝑈 − 𝐴ex)/𝑇. (6) 

Thus, from Eq. (6) it is possible to assume that degradation of system is connected with increase in 
its internal energy and can be slowed down due to work of external forces. Eq. (6) also shows influence 
of temperature on degradation processes.  

Opening Eq. (6), it is possible to deduce the expression for entropy increment as follows: 

∆𝑆 = 3𝜈𝑅 ln
𝑇2

𝑇1
− ∫

d𝐴ex

𝑇

𝑇2

𝑇1
, (7) 

where v – amount of substance, R – gas constant, and T1 and T2 can be interpreted as boundary values 
of temperature at the time of pavement service (seasonal or daily fluctuations). 

Eq. (7) allows us to draw a valid conclusion: the less the fluctuation of temperature, the less the 
value of the first summand in Eq. (7) and, therefore, the less entropy increment (degradation) of asphalt 
pavement. Eq. (7) is derived in approach of v = const. However physical and chemical processes that go 
in pavement in conjunction with “destructive”, “negative” influence of vehicle lead to increase in amount of 
substance. And it, in turn, leads to increase in pavement entropy. 

Vehicle positive influence on asphalt pavement condition is reflected in the second summand of 
Eq. (7). This summand plays a role in the recovery processes. Thus, the transport traffic has both positive 
and negative effects. Domination of negative effects, obviously, will lead to pavement degradation, and, 
on the contrary, domination of positive effects – to increase in pavement service life. It is possible to 
conclude that optimum transport traffic should exist (where pavement service life has the maximum 
value). Existence of such extreme dependence was shown in the seventies of the last century [25]. 

If to present Eq. (7) as a function of time, we get 

∆𝑆(𝑡) = 3 ∙ 𝜈(𝑡) ∙ 𝑅 ∙  ln
𝑇2

𝑇1
− ∫

d𝐴ex

𝑇

𝑡

0
, (8) 

where t – time passed from the initial moment of road startup. 

There are two approaches will be applied to determine pavement lifetimes: 

1) The analysis of changes in molar mass associated with the change in entropy and free energy; 

2) A comparison of the free energy change to the amount of the internal energy. 

A principal goal of this study is to develop a system of monitoring of asphalt pavement condition 
using the thermodynamic framework. The mechanism of the effect of specific heat on the pavement 
lifetime will be investigated by applying the thermodynamic approach and using the dependences of 
thermodynamic parameters from specific heat of asphalt concrete, in this paper. Thus, the specific 
objectives of this study are as follows: 

• To derive the functional relationship of pavement lifetime on the basic parameter – specific 
heat; 

• To determine the numerical values of pavement lifetimes suitable for exploitation under the 
Russian conditions (transportation and construction terms); 

• To develop an approach that takes into account the variation of the free energy and its deficit; 

• To substantiate the application of the statistical approach to pavement lifetime description of the 
dynamics properties of the pavement.  
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Methods 
1) Molar mass application 

We assume that asphalt concrete consists of two main substances: mineral aggregate and 
bitumen; with own molar masses М1 and М2 subsequently. Hence the molar mass of the asphalt concrete 
has the form 

𝑀 =
(1+𝑘)𝑀1𝑀2

𝑘𝑀1+𝑀2
, (9) 

where k=m2/m1 – the relation of corresponding components of masses. 

We also assume that the rate of decay of molecular links in the bitumen is proportional to their 
number; the molar mass of bitumen decreases under the exponential law: 

𝑀2 = 𝑀20𝑒
−
𝑡

𝑡∗ , (10) 

where M20 – the initial molar mass of "young" bitumen; t* – time constant (period of time when molar 
weight decreases by a factor of e times). 

 

Figure 2. Qualitative entropy increment of asphalt pavement 

Taking into account the reduction of molar mass of an asphalt concrete and constancy of daily 
work of external forces on pavement we get the following form for entropy increment: 

∆𝑆(𝑡) = 3 ∙
𝑚1

𝑀1
∙ 𝑅 ∙  ln

𝑇2

𝑇1
∙ (

𝑀20𝑒
−
𝑡
𝑡∗+𝑘𝑀1

𝑀20𝑒
−
𝑡
𝑡∗

−
𝑀20+𝑘𝑀1

𝑀20
) −

𝑏

𝑇
∙ 𝑎 ∙ 𝑡, (11) 

where 𝑎 – the speed of work made by external forces; b – dimensionless coefficient considering material 

characteristics of asphalt concrete and technological aspects of pavement construction. Figure 2 shows 
the qualitative type of Eq. (11). 

Material parameters of asphalt concrete, technological and climatic factors are integrally 
considered in time constant t* and coefficient b.  

We rewrite Eq. (9) as 

𝑀 =
(1+𝑘)𝑀1𝑀20𝑒

−
𝑡
𝑡∗

𝑘𝑀1+𝑀20𝑒
−
𝑡
𝑡∗

, (12) 

The molar mass M is connected with specific heat of the asphalt concrete: 𝐶 = 3𝑅/𝑀, thus Eq. 
(11) takes the form, 

𝐶(𝑡) = 3𝑅
𝑘𝑀1+𝑀20𝑒

−
𝑡
𝑡∗

(1+𝑘)𝑀1𝑀20𝑒
−
𝑡
𝑡∗

. (13) 
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It is enough to make one measurement of specific heat of the asphalt concrete in some time point 
for calculation of time constant t*  and, according to Eq. (13), to calculate value of this constant. 

Using Eq. (13), we obtain  

𝑡∗ = 𝑡 ∙ ln (
𝐶(𝑡)∙(1+𝑘)𝑀1𝑀20+3𝑅𝑀20

3𝑅𝑘𝑀1
). (14) 

For example, for М1 = 100 g/mol, М20 = 500 g/mol, k = 0.1 and value of specific heat for fine-
grained asphalt concrete of A type (traffic – 15–20 thousand vehicles per day) C = 1065 J/(kg·K), one 
year later after the initial road startup the value of time constant calculated by Eq. (14) is equal to 5.2 
years. 

It is possible to determine α with help of the equations derived in [26]. We can also calculate the 
coefficient b, using Eq. (8). If to take a small period of time during which the change of entropy can be 
neglected, Eq. (8) allows us to obtain system of two equations with two unknowns (∆S and b). The 
solution of that system defines constant b as 

𝑏 = 3 ∙
𝑇

𝑎(𝑡2−𝑡1)
∙
𝑚1

𝑀1
𝑅 ∙ ln (

𝑇2

𝑇1
) ∙ (

𝑀20𝑒
−
𝑡2
𝑡∗+𝑘𝑀1

𝑀20𝑒
−
𝑡2
𝑡∗

−
𝑀20𝑒

−
𝑡1
𝑡∗+𝑘𝑀1

𝑀20𝑒
−
𝑡1
𝑡∗

). (15) 

We are able to calculate constant b for the current values: t* = 5.2 years, T1 = 280 K, T2 = 300 K, 
T = 290 K, m1 = 20 kg. Using method from paper [25], we get α = 8.6·107 J/year. Calculation at the 
specified above values and (𝑡2 − 𝑡1) → 0 showed that b→5.4·10-6. Figure 2 models the entropy increment 
for asphalt concrete for above parameters. For example, Figure 3 shows the relationship of specific heat 
versus time (for stated above asphalt concrete and road category), this graph is constructed using the 

dependence: 𝐶(𝑡) = 7.82 ∙ (𝑡 − 0.9)2 + 1065. This dependence was proposed as a result of data 
approximation in paper [26]. 

 

Figure 3. Dependence of the asphalt concrete specific heat versus time 

Comparing Figure 2 to Figure 3, it is possible to conclude that the behavior of entropy and specific 
heat increments coincide qualitatively in time, it can be shown on Figure 4 by dependences of time 
derivatives of the above values. 

47



Magazine of Civil Engineering, No. 2, 2017 

 

Zavyalov M.A., Kirillov A.M. Evaluation methods of asphalt pavement service life. Magazine of Civil Engineering. 

2017. No. 2. Pp. 42–56. doi: 10.18720/MCE.70.5 

 
Figure 4. Time derivatives of entropy and specific heat increments 

Figure 4 also shows that entropy and specific heat increments reach the minimum value 
approximately at the same time. Such "good" correlation between increment of entropy and specific heat 
serves as argument that specific heat, this thermophysical parameter, is possible to choose as basic 
parameter in the thermodynamic method of monitoring and predicting of a service life of asphalt 
pavements. 

2) Free energy criteria 

Using Eq. (5) and equation for internal energy of a solid state, and also considering correlation 
between entropy and specific heat of pavement material, it is possible to deduce the increment of free 
energy as follows: 

Δ𝐹(𝑡) = 3𝜈𝑅𝑇 (1 −
𝐶(𝑡)

𝐶(0)
), (16) 

where C(0) – value of specific heat in the initial time point.  

Figure 5 models free energy increment versus time, it is constructed with use of experimental 
dependence of specific heat of the asphalt concrete. 

 

Figure 5. Free energy increment of asphalt pavement 
(for 1 mole of a substance and temperature 300 K) 
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The analysis of Eq. (16) shows that at 𝐶(𝑡) = 2 ∙ 𝐶(0) decrease of free energy becomes equal to 
value of internal energy 𝑈 = 3𝜈𝑅𝑇. This time point can be considered critical for asphalt pavement. Figure 
3 shows result of specific heat versus time that is constructed using the approximating dependence: 

𝐶(𝑡) = 7.82 ∙ (𝑡 − 0.9)2 + 1065  (
J

kg∙K
). The critical time calculated for this case 𝑡cr = √

1065

7.82
+ 0.9 = 12.6 

years. If we define this time period as pavement lifetime before reconstruction, then it is possible to offer 
time interval tr equal to some part of critical time, i.e., tr=0.5∙tcr, as pavement lifetime before rehabilitation,  
tr=6.3 years.  

We can suggest another option to estimate tr, it can be accepted as boundary value of free energy 
decrease, for example, 70 percent of the level of internal energy. Then from Eq. (16) it follows that  

𝑡r = √
0.7∙1065

7.82
+ 0.9 = 10.7 years. 

Previous researches [26] show that specific heat for various asphalt pavements is approximated by 
dependences in the following form: 

𝐶(𝑡) = 𝑘(𝑡 − 𝑡0)
2 + 𝐶0, (17) 

where k – the proportionality coefficient that defines speed of specific heat change, 𝑡0 – time point of the 

beginning of specific heat increase, 𝐶0 – value of specific heat in time point 𝑡 = 𝑡0 (the minimum value of 
specific heat).  

Thus, the particular case considered above can be generalized as: 

𝑡cr = √
𝐶0
𝑘
+ 𝑡0 (18) 

and, respectively, 

𝑡r = 0.5(√
𝐶0
𝑘
+ 𝑡0) (19.1) 

or 

𝑡r = √
0.7∙𝐶0

𝑘
+ 𝑡0. (19.2) 

Though Figure 5 was obtained by different method from paper [23] it shows coincidence with 
previous graphs. Figure 6 models coefficient of free energy deficiency as the relation of the module of an 
increment of free energy at present time to the maximum positive value of this increment for the entire 
period of pavement life. 

𝐾def =
|𝛿𝐹|

𝛿𝐹max
 . (20) 
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Figure 6. Coefficient of free energy deficiency 

Schedule of dependence on the Figure 6 qualitatively and quantitatively identical to the same 
schedule in the paper [2], which is another argument in favor of the adequacy of the model. 

The accepted value of coefficient of free energy deficiency can be considered as the standard 
criterion, determining the time of repair. In other words, a time point in which the current value of 
coefficient of free energy deficiency becomes more than its standard value. The question how to define 
the standard value of coefficient of free energy deficiency appears. Standard value of coefficient of free 
energy deficiency may be corresponded to the end of quasilinearity of specific heat dependences, from 
the point where dependences become nonlinear. Using this statement in paper [23] the standard value of 
coefficient of free energy deficiency was obtained within numerical values from 3 to 6, depending on 
pavement service conditions and type of asphalt concrete; for example, the coefficient of free energy 
deficiency for asphalt concrete of A type and the first category of road accepts value close to the left 
border, for porous asphalt concrete and the second category of road – to the right border. It is also 
necessary to note that after each repair we need to define the standard value of coefficient of free energy 
deficiency, because it tends to be reduced (in comparison with the previous one). Thus if we evaluate the 
standard value of coefficient of free energy deficiency, using Figure 6 we can define the service life of 
asphalt pavement. 

3) Thermophysical uniformity as a condition criterion 

Spatial uniformity of property of construction material can serve as an additional condition criterion. 
Using specific heat as the basic parameter in the thermodynamic approach, it is possible to input such 
criteria parameter as the index of thermophysical uniformity (ITU), that takes the form, 

𝐼𝑇𝑈 =
Δ𝐶in

Δ𝐶pr
, (21) 

where Δ𝐶in, Δ𝐶pr – initial and present distribution of a specific heat, respectively.  

We assume that the distribution of specific heat of asphalt concrete has normal character. This 
dependence reflects the specific heat deviation character of asphalt concrete of rather standard value 
that corresponds to the center of a curve. Figure 7 shows the distribution of specific heat during 
pavement lifetime. We can see that at initial stage of pavement service (curve 1) deviations from 
standard value are small, but then variation becomes more significant (curve 2). Values of Δ𝐶in and Δ𝐶pr 

also determine distribution width at the identical level concerning a maximum (in Fig. 7 it is level 0.7). 
From properties of normal distribution it follows that ITU has identical value on any level (i.e. it is not 

obligatory to consider a certain level), and also 
Δ𝐶in

Δ𝐶pr
=

𝑓pr
𝑚𝑎𝑥

𝑓in
𝑚𝑎𝑥. 
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Figure 7. Normal distribution of specific heat C (density of distribution f): 
1 – in initial stage of service;  

2 – at present time of service of asphalt pavement 

Properties of normal distribution allow us to derive more convenient equation for practical 
application: 

𝐼𝑇𝑈 = √
∑ (〈𝐶in〉−(𝐶in)𝑖)

2𝑛
𝑖=1

∑ (〈𝐶pr〉−(𝐶pr)𝑖
)
2

𝑛
𝑖=1

. (22) 

The value of ITU is positive and does not surpass unit. In initial time point (t = 0) Δ𝐶in = Δ𝐶pr and, 

therefore ITU = 1. 

Practice shows that the higher the quality of asphalt pavement construction is, the higher and 
thermophysical uniformity is, that is ITU → 1. In process of aging and degradation the ITU index 
decreases. The analysis of experimental data allows us to conclude that change of ITU during pavement 
service can be described adequately as follows: 

𝐼𝑇𝑈 = 𝑒−𝑎𝑡
2
, (23) 

where 𝑎 – the parameter depending on type and brand of asphalt concrete and service conditions, 

0< 𝑎 <1; t – time, years. The analysis of Eq. (23) shows that ITU sharply decreases before inflection point 
of function graph. Figure 8 shows that after the inflection point the speed of ITU reduction decreases. It is 
advisable to take this time point for time of the beginning of repair. This time point, from condition of 
equality of the second derivative of ITU to zero, is defined as 

𝑡r = √
1

2𝑎
. (24) 
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Figure 8. The character of the thermophysical uniformity index change in time: 
1,2,3,4 lines are built for a = 0.06; 0.04; 0.03; 0.02 respectively 

It is necessary to know a value of 𝑎, it can be defined at each pavement service interval, to define 

tr, using equality of the right parts of Eqs. (21) and (23). Besides, ln(ITU) = – 𝑎t2 and using Figure 9, it is 

possible to calculate 𝑎 as the relation of value increments of ln(ITU) and t2. 

 

Figure 9. Linearized dependence of ITU on time square 

Figure 9 also allows us to show visually the theses sounded above 1) the higher the quality of 
construction is, the closer the ITU to unit is, ITU → 1 (dependence in this case will be “sharper”); 2) ITU 
during service of asphalt pavement eventually aspires to zero, ITU → 0. 

One more option of definition of repair time can be set by boundary value of ITU, for example, if 
ITU=0.5, then from Eq. (23) we get 

𝑡𝑟 = √
ln2

𝑎
. (25) 
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Or it is possible to find the time at which ITU is reduced to e times its initial value as follows: 

𝑡𝑟 = √
1

𝑎
. (26) 

At α = 0.04 year-2 using Eq. (24) we get 𝑡𝑟 = 3,5 years; using Eq. (25) –  𝑡𝑟 = 4,2 years; and finally 

using Eq. (26) –  𝑡𝑟 = 5 years. 

Results and Discussions 
We used the experimental data of the previous study to calculate the values of pavement lifetime 

([t] = 1 year). The results of calculation of pavement lifetime values and dependences of the specific heat 
are given in Table 1. 

Table 1. Calculation of pavement lifetimes (years) 

 1 2 3 4 

Type of 
asphalt 

concrete / 
road category 

Coarse porous 
asphalt, II grade / I-B 

Fine dense asphalt, A 
type, I grade / I-B 

Fine dense asphalt, B 
type, I grade / I-A 

Fine dense asphalt, 
B type, I grade / II 

Specific heat, 
J/(kg∙K) 

𝐶1 = 

= 7.82(𝑡 − 0.9)2 + 

+1065 

𝐶2 = 

= 7.91(𝑡 − 1.35)2 + 

+1033 

𝐶3 = 

= 9.8(𝑡 − 1.25)2 + 

+965 

𝐶4= 

= 7.02(𝑡 − 1.2)2 + 

+1000 

Molar mass application, Eq. (14) 

t* 4.7 7.0 6.4 6.2 

Free energy criteria, Eq. (16) – (19) 

tcr   (Eq.18) 12.6 12.8 11.2 13.1 

tr    (Eq.19.1) 6.3 6.4 5.6 6.5 

tr    (Eq.19.2) 10.7 10.9 9.6 11.2 

 
Despite the different approaches, pavement lifetime values calculated by Eqs. (14) and (19.1) are 

equivalent to results calculated previously by Eqs. (1)–(3). 

Analyzing graphical representation of deterioration curves predicted by the different pavement 
deterioration models [27], we can conclude that if a boundary PCI (pavement condition index) value is 
chosen between “fair” and “poor” (= 55) as per ASTM D 6433-07, we obtain the age of the pavement 
equal to 6.5 - 7 years. These values are identical to the pavement lifetime values calculated by Eqs. (14) 
and (19.1). 

According to the typical Maintenance and Rehabilitation (M&R) strategy the asphalt pavement with 
PCI value from 55 and below is in need of rehabilitation. Comparison of the calculated pavement lifetimes 
to the level of serviceability and determination of the required treatment values is a promising direction of 
future research. 

Considering the correlation between the PCI value and the remaining service life of asphalt 
pavements [28], we calculate approximately 4.5 years of remaining useful lifetime for pavement with the 
PCI of about 90. Thus, for new pavements with age of 1–1.5 years, we also obtain rather close values of 
total age to the values calculated by Eqs. (14) and (19.1). 

The analysis of change of PSI values (present serviceability index) as a function of time also allows 
us to define approximately 6–7 year cycles for application of the M&R operation [29]. 

Currently, experiments on the ITU are not available, so we cannot calculate the pavement lifetime 
using this method. However, we can solve the inverse problem – to determine the order of magnitude of 
the parameter 𝑎, Eq. (23). 

Table 2 shows the results of calculations using the pavement lifetime, obtained by the Eqs. (14) 
and (18). 

The values of parameter 𝑎 calculated by Eqs. (14) and (18) differ by an order of magnitude. Since 
the Russian service conditions correspond to the pavement lifetimes calculated by Eq. (14), the most 
appropriate order of values 𝑎 is the order of the values listed at the top of the Table 2. Figure 8 also 

models dependencies, using the value of 𝑎 of the same order.  
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Table 2. Parameter 𝒂 

The calculation formula of 
the parameter α 

for C1 for C2 for C3 for C4 

Parameter α calculated according to 𝑡∗    Eq. (14) 

 

(24)   𝑎 =
1

2𝑡𝑟
2 

0.023 0.010 0.012 0.013 

(25)   𝑎 =
𝑙𝑛2

𝑡𝑟
2  0.031 0.014 0.017 0.018 

(26)   𝑎 =
1

𝑡𝑟
2 

0.045 0.020 0.024 0.026 

Parameter α calculated according to   𝑡𝑐𝑟   Eq. (18) 

 

(24)   𝑎 =
1

2𝑡𝑟
2 

0.0031 0.0031 0.0040 0.0029 

(25)   𝑎 =
𝑙𝑛2

𝑡𝑟
2  0.0044 0.0042 0.0055 0.0040 

(26)   𝑎 =
1

𝑡𝑟
2 0.0063 0.0061 0.0080 0.0058 

Conclusion 
Three alternative but complementary approaches are described to determine pavement service 

interval using either a molar weight, a change of free energy, or the uniformity of the basic parameter – 
specific heat based the index of thermophysical uniformity (a dimensionless coefficient). 

The following conclusions can be drawn from this research: 

• Pavement lifetime dependence is derived from the basic parameter –  specific heat; 

• Pavement lifetime values suitable for exploitation under the Russian service conditions 
(transportation and construction terms) are calculated analytically. Regardless of the 
approach used of the calculated pavement lifetimes are of the same order of magnitude. 

• An approach of a variation of the free energy and its deficit has got a further development; 

• The statistical approach (ITU) to determination of pavement lifetime, based on the analysis 
of the temporal changes in the spatial distribution of the basic parameter (specific heat) is 
proposed. 
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Abstract. The author has proposed a variant of calculation of pile foundation with the use of the 
engineerin kinematic theory of ground contact pressure. This calculation uses two separate graph 
connection, the pressure – vertical or horizontal offset. The diagrams are dimensionless, so is not related 
to the scale of the building. The absolute values of the end points of the graphs are determined 
considering the plastic deformation modulus of the soil. Diagram enables the calculation of pile 
foundation for the entire load cycle. Practical implementation of calculations uses variable from of the 
depth and the load of the coefficient stiffness soil. The author considered the combined model the 
stiffness of the soil based on the structural surrounding the pile. The article presents fragments of the 
calculation of stresses and displacements of pile foundations. 

Аннотация. Автор предложил вариант расчета свайного фундамента с применением 
инженерной кинематической теории контактного давления грунта. Приведено решение по 
определению сил трения на боковую поверхность сваи дополнительно зависящее от размеров 
поперечного  сечения внедряемой в грунт сваи. Описано решение по определению реактивного 
давление грунта на острие сваи или условный фундамент для всего цикла нагрузки. Рассмотрено 
влияние расположения плиты ростверка в свайном основании на несущую способность 
конструкции. Учтено взаимное влияние свай на распределение усилий в свайном ростверке. 
Получено решение по определению горизонтального уплотнения и осадки свайного фундамента с 
использованием относительных кривых связи «давление-перемещение» и «давление-осадка» для 
всего цикла нагрузки. Приведена комбинированная модель коэффициента жесткости грунта  с 
учетом структурного элемента. Показан прием определения коэффициента жесткости грунта у 
боковой и торцевой поверхностей сваи от нагрузки. Приведен порядок расчета и его практическая 
реализация применительно к низкому свайному ростверку городской набережной с 
использованием программы SCAD. 

Introduction 
Pile foundation is the most effective, but least studied type of foundation. This is facilitated by a 

variety of factors affecting its load-bearing capacity while construction and exploitation process. The use 
of software systems using the theory of continuous media has enabled more fully to describe the work of 
pile foundation in the ground. However, this theory is for the behavior of structural materials in relation to 
soils is of the approximate. This is due to different structures of the environments (continuous and 
discrete), which are more diverse in soil than in metals with larges the intercrystalline by contacts. To 
adjust the solutions of the theory as applied to soils used various artificial techniques. On the other hand, 
the use of solutions of the theory of continuous medium at this stage of development of soil mechanics is 
justified, as the discrete theory soils not quite developed. 
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The interaction of piles with soil were considered by scientists: V.A. Barbashov [1], 
A.A. Bartolomey [2], B.V. Bakholdin [3], S.N. Bezvolen [4], V.S. Glukhov [5], A.V. Savinov [6], 
V.N. Paramonov [7], V.V. Znamenskiy [8], Y.K. Zaretsky [9], A.B. Fadeev [10], V.G. Fedorovsky [11], 
D.E. Razvodovsky [12], A.L. Gotman,. [13], К. Terzaghi [14], A. Kezdi, G.P. Chebotarev, 
B.N. Fellenius [15 ], D.A. Brown [16], Neil Taylor [17], D.J. White [18], S. Nakajima and others. 

Extensive experimental and theoretical studies of the pile foundation works were conducted by 
A.A. Bartolomey [2]. He studied the propagation process of sealing areas soil, the deformation modulus 
of the soil, and the nature of the behavior in time of the pore pressure, etc. A.A. Bartolomey received a 
calculation expression to determine the limit loads and settlement of pile foundations based on the 
research.  

Research in recent decades include both engineering methods of calculation [8], the model using 
the coefficient, [11], etc. and rigorous solutions using elastic-plastic and visco-plastic model of soil [9, 10], 
etc.  

Researchers conducted numerous experimental investigations of the operation of piles in the 
estimation of spatial models of continuous soil medium [14–25].  

Despite the progress made in the calculation of pile foundations, individual issues cannot be 
considered fully resolved. For example, the recommended Russian Constructions Normsand Regulations 
SNiP 2.02.03.85 [26] action of the load and the sediment on pile foundation are not linked together, and 
their results in some cases, differ substantially from full-scale.  

The article aims at linking of the load on pile foundation up to the limit with his draught. Diagram 
lateral pressure – ground compaction allows defining a variable friction along the length of the pile from 
the value of the seal. Graph vertical pressure – soil settlement allows you to define a variable jet pressure 
on the end of the piles from the soil settlement. This allows you to more fully determine the nature of the 
work piles design in all load range. Recommendations SNiP 2.02.03.85 is a special case of the proposed 
solution, since they give the maksismum value of the effort. 

The author offers a variant of the calculations on the basis of the Engineering kinematic theory of 
ground contact pressure, for a simplified evaluation of stress-strain state of pile foundations [27]. 

The main provisions of the engineering kinematic theory of ground contact 
pressure 

The theory assumes that the behavior of soil under load does not depend on a constructive basis 
of buildings. It integrates and complements the existing special cases of engineering analysis of 
structures interacting with the soil in the elastic and limit states. This makes for a more clear overall 
picture of the interaction of soil with the structure [27]. 

In a soil environment, interacting with any engineering construction (retaining wall, strip foundation, 
pile) under load is formed by a variable active area. She crosses to the region of shear of the soil at 
extreme loads (Fig.1). This area is divided into arbitrary strips with the trajectories of moving soil 
particles. The resistance to compression of the stripes is determined of the stiffness of the soil, the value 
of which depends on its length and the magnitude of the load. 

Load is forming the active region associated with the diagram of compression of the ground in 
horizontal or vertical directions. The relative nature of the diagram makes it common to describe the 
behaviour under load of all the strips of ground. 
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Figure 1. The influence of the degree of the impact of design  
on the shape of the active zone of the soil 

 

Figure 2. The active area and the trajectory displacement at the pile toe 

The soil area in the foundation is active when small loads more or less of the vertical (Fig. 1a). 
Ground wedge below the foundation from extreme load, similarly, to inclined surface wall pushes ground 
in the adjacent region (Fig. 1b). Horizontal active area moves at extreme loads in the prism of the shift in 
the retaining walls, anchor slab (Fig. 1g). In the pile foundation composite region of the ground comprises 
two of the above areas, acting on the lateral part and the end portion of the piles (Fig. 1d). Earth pressure 
on the lateral part of the piles is determined by the displacement of soil from the lateral introduction of 
piles [28], and by the pressure of the soil on the edge of the piles‒respectively under the sediment the 
buried piles (Fig. 1e) [29].  

The mechanism of the phenomena occurring in the soil when submerged 
piles 

The active region of the soil deformation are formed in the side and in the edge surfaces of the pile 
[2]. The side seal area of soil to pile is (3÷5)diameter (d), in the strip foundation respectively – (10÷11)d. 
Vertical active area at the edge of a single pile is (3–4)d and under by number piles, respectively –  
(4–5)d, Figure 2 [2]. 
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In the pile, submerged in the soil, emerge in the field the tip lateral (Pl) and vertical (PV) 
components of the forces acting on the foundation soil (Fig. 2). The process of immersion is provided by 
the excess forces on the components of the reactive resistance of the soil in horizontal and vertical 
directions. The one concrete rectangular pile, immersed to a depth h, displaces a volume of soil: 

𝑉 =∙ ∫ 𝐹𝑝
ℎ

0
∙ 𝑑ℎ =∙ 𝐹𝑝 ∙ ℎ, 

This volume of soil contains the offset in the vertical and horizontal directions. The resistance of 
the soil in the vertical direction is 3–4 times higher than in the horizontal. Therefore, coefficient the ratio of 

the horizontal seal equal Kl=0.7–0.8, which takes into account part of the amount of compacted soil in a 

lateral direction. Therefore, the horizontal lateral displacement of the soil medium per unit height  
∆h = 1.0 m, Kl =0.8 will be: 

∆𝑙 ∙= 0.25 ∙ 𝐾𝑙 ∙ 𝑑 = 0.2𝑑, 
where d is the side or the diameter of the piles. 

Thus, at the piles size 35 × 35 cm each face compresses the soil to 7 cm horizontally and 

respectively vertically ∆v = 0.05·d = 1.75 cm, with KV= 0.2. 

Piles in case dive cause constant horizontal soil compaction. But the calculated value of the 
maximum horizontal compaction with the depth increases. Hence the magnitude of lateral pressure and 
thus the friction force on the pile will decrease under the depth. The magnitude of the vertical soil 
compaction under the pile is significantly less than horizontal. However, the reactive pressure on the end 
faces piles increases with depth, due to the increase of the higher resistance of the soil. Dive into the soil 
piles causes arising in the active region does to the change of physico-mechanical characteristics of the 
soil. These characteristics increase to an average of 30–35 %, and the adhesion and modulus of 
deformation, respectively‒several times. This happens is in non-cohesive and a little moist clay soils. [2]. 
However, during "rest" piles in non-cohesive soils is the dissipation (relaxation) voltage and the 
resistance of the soil is reduced. In very wet clayey soils the pressure perceives the pore fluid [2]. The 
unstable condition of the soil gradually approaches to natural stable. In water saturated silty-clay soils 
during this period, there is dissipation of pore pressure. This leads to an increase of pressure of the solid 
phase of soil and its strength around the piles to a considerable extent restored. The necessary duration 
of the "rest" of the pile depends on the type of soil. For sandy loams and sands it is one week. Loam – to 
clay – at least three weeks. 

Earth pressure on the pile  
The lateral surface of the pile. The Russian Set of Rules SP 24.13330.2011 contains the 

empirical table limit friction forces on the lateral surface of the pile (ff) [26].The value ff depends on the 
type of ground and depth of piles. However, friction forces at a certain depth are not permanent, 
according to the experiments unlike SNIP [26]. They are associated with the value of the jet lateral 
pressure of compacted soil to the piles. This value will be depending on the shape of the cross section of 
the pile. The cross-section two piles are shown in Figure 3. The cross-section have the same perimeter: a 

square cross-section 40x40 cm (fig. 3a) and rectangular cross-section 30 х 50 сm (Fig. 3b).  

The Russian Set of Rules SP 24.13330.2011 contains equal the value of the specific lateral 

pressure ff on piles with cross-sections a and b (Fig. 3). In fact, equality the friction force acts only on the 

square piles, equally compacted the soil in two directions to the cross-sections a. The friction force on the 

sides of reinforced concrete pile will be different due to different values of the compaction parties the 

cross-sections b. This value will depend on the values of the horizontal displacement of the soil. 

Therefore, the friction force on the lateral the surface cross-section of the piles will be greater than on its 

front surface (Fig. 3b). 

In accordance with the article [27] the value of 1rm lateral earth pressure on the pile is equal to: 

                                𝜎х,   у = 𝐾𝑙 𝑝 · 𝐾s ∙ 𝑢 (𝛾 ∙ ℎ ∙ 𝜆(𝛿) + 𝑐 ∙ 𝜆𝑝с(𝛿))  ≤ 𝜎 ∗х,   у, (1) 

where σx, y, σ*x, y – up to of passive and passive lateral  pressure 1rm ground on the pile on depth y;  

K(l p)– coefficient of lateral pressure; Ks = 0.8–1.2 – coefficient taking into account the way of 

immersion and the perimeter of the pile; u – perimeter pile γ – density of soil; λ (δ), λpc (δ) – power 

functions-pressure lateral (FLP) and the grip of the clay that describes the relationship diagram 
"pressure‒displacement" [28]. The limit value of the seal of the ground along the piles creates a passive 
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pressure and is described by equation (1) with three-dimensional effect. Accordingly, the magnitude of 
the frictional force on the lateral surface of the pile is equal to: 

𝜏𝑥,𝑦 = 𝜎𝑥,𝑦𝑡𝑔𝜑 (2) 

 

Figure 3. Cross section 2 piles with different cross-sections with the same perimeter 

 

Figure 4. To the determination of the bearing capacity of pile foundation  

Example 1. To determine the friction forces on the lateral surface of the single reinforced concrete 

piles section 30x30 cm,  immersed to a depth of 5 m in loamy soils. IL = 0.5, ε = 0.7, φ = 200, 

C = 0.02 MPa; E = 8.5 MPa; γ = 16 kN/m3; λp= 2.04, δ = φ = 0; λ0= 1.0 – coefficient of household 

pressure soil; λpс= 2.3, δ = φ; Ks = 0.8; u =1.2 m is the perimeter of the pile; Ka = 0.7 is a coefficient of 

anisotropy of the soil horizontally; Δl = 0.2 d = 0.06 m.  

Table 1 Comparative data of the calculated and experimental values of shear stress, kPa 

Deep Δ ∆𝒊
∗, 

 

𝜹 = (∆𝒊/∆𝒊
∗)𝒏 

n =1 

𝛔𝒙,𝒚 

(1) 

𝝉𝒙,𝒚 = 𝛔𝒙,𝒚𝒕𝒈𝝋 

(2) 

Experience [2] SNIP [26] 

1 2 3 4 5 6 7 8 

1 0.06 0.0067 1 37.3 13.5 18.0 14.4 

2 0.06 0.027 1 55.76 19.5 18.7 20.4 

3 0.06 0.06 1 69.0 25.1 19.1 24.0 

4 0.06 0.11 0.55 56.3 20.6 19.9 26.4 

5 0.06 0.17 0.35 48.46. 18.9 20.0 28.9 

 

Note: If relative offset is more than the limit of δ>1 take δ=1, since lateral pressure is not to exceed 
of the passive. 

In the table 2 the second column shows the horizontal displacement of soil from pile at a value of 
0.2d, and the third column is accordingly of the limit lateral displacement of soil at depth h, which equal 
[27]: 

   ∆∗= Кh d·𝛾 · ℎ2 · 𝐵; 

𝐵 = (𝜆р − 𝜆0)𝑡𝑔 (45
0 +

𝜑

2
) /Ка𝐸𝑃𝐿(ℎ/ℎ𝛿)

𝑚 , 
(3) 

where Kh d = – 0.5 ÷ 1.5 coefficient of lateral movement, depending on the type of soil: EPL – plastic soil 

deformation modulus equal to EPL = 0.6 EY = 0.6 E(h/ ℎ𝛿)m, m = 0 – 2 is the exponent;  
hb = (200 – λpс) / γ·λp = 4.7 m base depth, which corresponds to the regulatory module of deformation, 

from the load 200 kPa; the remaining dimensions are given in [27]. 

The fifth and sixth columns are the estimated lateral and shear stress on the piles.  
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The analysis table 1 shows that the horizontal limit displacement of soil from pile and 
corresponding friction force occur to a depth of 3 M (3rd column). Less the value of stress occurs when a 
further increase in depth.  

Calculations show that in the table the SP 24.13330.2011 consists into a single column of values of 
ground resistance at the side surfaces are of the sand and clay soils is not correct. The large difference in 
the behavior of these soils under load, especially if the soils are with water.  

For example, physico-mechanical characteristics of soil silty sand and clay at the rate of IL= 0.4. 

In the Russian Constructions Norms and Regulations SNiP 2.02.03.85: silty sands have φ = 260– 360 

depending on the porosity ratio E = 11–39 MPa and clay (loam absent), respectively φ =110–180, clutch 

32–57 kPa, the soil deformation modulus E = 9–21 МРа.  

Value 𝜏х,у obtained by the proposed solution, for these soils will be different, which is confirmed by 

the data of natural experiments [2]. 

Therefore, the table of the limiting values of friction forces on the lateral surface of the pile in the 
SP 24.13330.2011 are a particular case of solutions of the maximum the horizontal shift of the soil. Limit 
values of the friction forces recommended by the SP, if significant depths of immersion, as a rule, do not 
spring up [2]. 

The edge of the piles. After mobilization of the friction forces begin towork more actively the force 
the  resistance of the soil under the tip piles. For disclosure of the behavior of the soil under the pile tip is 
used dimensionless chart vertical compression of the soil, presented in the form of nonlinear function 
[27]. The relative nature of this chart is not associated with a scale factor, allowing use of a single curve. 

The values of vertical earth pressure on 1rm to the axis of symmetry of the piles on the entire 
range of action of the load is equal to [27]: 

σу, х =Кv p ·Кs ·  а[qbr+ q1br+ γ · х/tg(45о – 0.5j)]v() ≤ σ*
у, х, (4) 

where σy,x , σ*
у, х – vertical and the limit vertical pressure of the soil on the edge of the pile to the axis of 

symmetry (the first index "y" indicates the direction of stresses, the second "x" coordinate by the width of 

the piles; KV p= 4 ÷ 6 – coefficient of the vertical pressure, the larger value refers to dense soils; 

 Кs = 0.8 - 1.2 – coefficient taking into account the immersing of piles, and is the largest dimension of 

the pile section, qbr , q1br – additional weight of the overlying soil and at the expense of the adhesion 

forces; γ – specific weight of soil; x is the horizontal coordinate of the considered point, counting from the 

face of the piles in the range 0 ≤ x ≤ 0.5b (b is the smallest dimension of the pile section; 

v() = pa /aa – function diagram of the vertical deformation [27]. 

Taking in the expression (4) v() = v (where v – limit value) get the limit value of the vertical 

pressure on the tip of the pile to the axis of symmetry. 

Due to the small width of the piles, it is possible to take a rectangular plot of reactive ground 
pressure. Then taking into account (4) limiting of the resultant vertical pressure on the end piles is equal: 

𝑁 = Кv p · 𝐾𝑠 · 𝑎 · 𝑏[qbr+ q1br + 0.5𝛾 · 𝑏/𝑡𝑔(45°− 0.5𝜑)]𝜆v (5) 

Example 2. To determine the ultimate bearing capacity of high pile grillage of reinforced concrete 

piles sunk 6m, section 30 x 30 cm. Soil base: φ = 20°; C = 0.022 MPa; γ = 19.7 kN/m3; pa = 4.05, δ = φ; 

aa =0.59; v =6.86, Кv p = 5, 𝐾𝑠 = 1.0. Using the expression (5), with of the calculation friction forces on 

the lateral surface of the piles 𝐹fr obtains (Fig. 4): 

𝑁 =∙ Кv p · 𝐾𝑠 · 𝑛 ∙ 𝑎 ∙ 𝑏[qbr+ q1br+ 0.5𝛾 ∙ 𝑏/𝑡𝑔(45° − 0.5𝜑)] ∙ 𝜆v + 𝑛 ∙ 𝐹fr = 5 ∙ 1.0 ∙ 10 · 0.09 =
= [118.4 + 60.43 + 0.5 ∙ 19.7 ∙ 0.3/0.7] ∙ 6.86 +∙ 1145.6 = 6796.4 кН 

The experimental ultimate bearing capacity the high pile grillage was not achieved [2]. At sediment 
equal 70 mm the bearing capacity was of the order of 5100 KN. The bearing capacity on SNIP amounted 
to 4500 KN. On the experimental curve the sediment-load this corresponds of the sediment order of 
55 mm . 
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The effect of construction of pile foundation at its carrying capacity 
Low pile grillage (combined pile-slab foundation – PCB) increases the load carrying capacity due to 

the additional reactance of the ground from his slab. This is confirmed by experimental data [2]. This 
foundation is recommended to count as plate on elastic foundation with a variable in terms of the 
coefficient of elastic resistance of the soil in the SP 24.13330.2011. Depending on the position plate 
design relative to the surface of the soil it load-bearing capacity will be different (Fig. 5). 

On the Figure 5, a and b bearing capacity of single pile or high pile grillage related to heaving soil 
from under the end of the pile and with by friction of soil on its side surface 

Work low pile cap occurs in two stages. At the first stage it works similar to high pile grillage taking 
into account the additional resistance of the soil on the slab of the raft foundation (Fig. 5с). The second 
stage begins, when the proportion of pile cap to bearing capacity of pile foundation is about 30 – 35 %. 
Then the work included the compacted soil mass between the piles. (Fig. 5d). The author proposes 

determine the bearing capacity of low raft foundation with piles step ≤ 3d in the form of a conditional soil 
mass with the piles. The nature of its work is confirmed by the experiments of A. A. Bartolomey at 

extreme loads [2].  

The expression of the resultant ultimate bearing capacity of the soil: 

𝑁 = 𝐾𝑚 ∙ 𝑎 ∙ 𝑏[qbr+ q1br + 0.5𝛾 ∙ 𝑏/𝑡𝑔(45° − 0.5𝜑)]𝜆v + 𝐾𝑛 ∙ 𝐸𝑏 · 𝑡𝑔𝜑 − 𝛾 · 𝑉,  (6) 

where Km= 1.0–1.2 – generalized coefficient array; qbr, q1br, 𝜆v – conventional sign is given in equation 

(4); KN=1.0–1.2 – coefficient of uneven friction forces, depending on the step of the piles; Eb – resultant 

pressure on the side of the pile foundation, V – volume of the conditional foundation. 

 

Figure 5. The active region constrained deformation of soil from variable loads:  

a) single pile; b) high pile grillage; c, d) low-pile grillage 

Legend: 1 – boundary of the const-rained deformation of a bottom single and group of piles from 
the variable load; 2 – boundary of the zone of compaction of soil under the slab of the raft foundation. 3 – 
trajectories of movement of particles; 4 – the friction forces on the lateral surface; 5 – the boundary of the 
constrained deformation of conditional array; 6 – origin  curve move; 7 ‒ lower boundary soil of the 
wedge sealing. 

Example. 3. The constructions from example 2 to determine the bearing capacity of low  pile 

grillage . The slab of the size in terms of a = 4.0 m; b= 1.3 m. The Length of pile 6 m. the foundation. Soil: 

Km =1,1; φ = 20°; C = 0.022 MPa; γ = 19.7 kN/m3; α = 350; 𝜆pa=4.05, δ=φ; 𝜆aa=0.59, δ=0.5 to φ; 

𝜆v=6.86; Kn =1.2. 

Lateral pressure on a conditional array have of the hydrostatic law. Limit load including self weight 
of the  array, and the structures (6):  

𝑁 = 𝐾m ∙ а ∙ 𝑏[qbr + q1br + 0.5𝛾 ∙ 𝑏/𝑡𝑔(45° − 0.5𝜑)]𝜆v + 𝐾𝑛 · 𝐸𝑏 ∙ 𝑡𝑔𝜑 − 𝛴𝛾𝑖 · 𝑉𝑖 ,  

= 1.1 ∙ 4,0 ∙ 1.3[19.7 ∙ 6 + 22/0.364 + 0.5 ∙ 19.7 ∙ 1.3/0.364]6.86 +∙ 1641.8
− 668,4 = 9364.3 кН 
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Experienced the load on the foundation is not reaches carrying capacity and reaches 6000 KN. 
This load corresponds to the draught of the order of 70 mm [2]. Limit load on the Russian Constructions 
Normsand Regulations SNiP 2.02.03.85 is about 7000 KN. The comparison examples no. 2 and no. 3 
shows that in the lower pile grillage plate increases the bearing capacity of pile foundation up to 30 %. In 
fact, this effect will be more, but there are restrictions on the offset. 

The influence of the location of piles on effort into them 
Load on pile grillage causes shear stresses in the area along the height of the piles. Intermediate 

lateral resistance of the pile decreases from the overlay plots of the shear stresses of the neighbouring 
piles (Fig. 6).The other thing is the voltage under the tip of the piles. On the one hand, the seal space 
during pile driving, have increases of the bearing capacity. On the other hand, the overlay plots of the 
voltages from the intermediate piles increases the reactive presure under its. This creates conditions of 
greater precipitation and thus a reduction of effort due to redistribution to other piles. 

Experience shows, that in clay ground and silty and fine sands, bearing capacity of piles in the 
bush, generally reduced in comparison with the bearing capacity of single piles. The sands with medium-
sized and large have it increases. The use of method of angular points in the determination of additional 
stresses within the edge of the piles, shows that the influence of adjacent piles leads to redistribution of 
effort of approximately 30 % [30]. Data full-scale have bearing capacity of the intermediate piles are lower 
than from the outside of the piles in from 20 to 40 % [2]. 

  

Figure 6. Summary plots of the tangential (1+2=3) and vertical stress (4+4=5).  
Legend: 1, 2 – a plot of the tangential stresses in the cross-section for the сentral and outer piles; 

4 – plot of the normal stress beneath the сentral and outer piles;  
3, 5 – plot the resulting shear and normal stresses 

 

Figure 7. Schedule dimensionless relationship diagram precipitation subgrade from t 
he load depending on soil density of the base in dimensionless terms.  

Legend 1 – loose soil; 2 – dense soil; 3 – coordinate of the point limit load 

64



Инженерно-строительный журнал, № 2, 2017 

 

Коровкин В.С. Инженерная кинематическая теория в приложении к расчету свайных фундаментов // 

Инженерно-строительный журнал. 2017. № 2(70). С. 57–71. 

The sediment pile foundation 
Sediment, wich implements the friction forces on the lateral surface. The force Friction in pile 

foundations involves in the work in two stages [2]. In the first stage, consolidation soil mass with the piles 
is of 10–15 mm. However, the load of perceived by the end face of the pile increases slightly to full 
mobilization of the friction forces on the lateral surface of the pile. 

The second phase of the work from the lateral surface observed from the draught from 10–15 mm 

to 30–35 mm. At this stage, is as if "failure" of the piles foundation. It leads to an increase of the friction 
forces. Therefore, of the external load exerted on the pile at the beginning perceive the friction force of 
the side surface. To them requires a smaller offset than for the mobilization of reactive pressure on the tip 
of the piles. Maximum draught of a soil mass or a single pile, which implements the friction forces on the 
lateral surface are equal [27]. 

Δ*
f= Еl ·tg φ /U·ΣLi·Kb d i ,  

where El is the resultant lateral pressure on the pile; U is the perimeter and Li is the areas of the 

conventional length of an array or piles to the ground, Kb d i = 0.7•Ka•Kpl•K•y – variable in depth 

coefficient of bed shear (Ka – anisotropy factor, Kpl is the factor of the plastic properties shear,  

K – coefficient of proportionality, y – the depth of the considered layer). 

The vertical sediment that implements the force on an end face of the piles or piles of the 
array soil. After the exhaustion of the forces of friction, holds the load, the edge of the piles. Vertical 
pressure begins to rapidly increase until a complete loss of bearing capacity. 

In the conventional array of draught of the basement increases gradually and it is impossible to 
distinguish clearly the ultimate load [2]. In connection with sediment limit necessary to limit the load for 
the maximum allowable precipitation. Analysis of pile foundation shows that whatever the design of single 
pile or pile grillage, the nature of their work is similar. 

In the both of the application cases there is restricted from the subsidence of soil.  

The relative diagram connection (8) based (4), (7) and (8) allows to determine direct and inverse 
problem using the maximum allowable draught of pile foundation (Fig. 7).  

The marginal precipitation conditional massif (piles), (Fig. 5). 

The marginal precipitation piles or conditional array to the width 1пог m, (Fig. 5, point 3)  
equals [27]: 

   
∆
∗
= Кg·𝛾 · 𝑏2𝐵; 

 𝐵 = (𝜆𝑝𝑎 − 𝜆𝑎𝑎)𝑡𝑔
2(450 + 0.5𝜑)/Ка · 𝐸𝑝𝑙[1 + (

𝑦

𝑦1
)
𝑚

]𝑡𝑔2 (450 + 0.5𝜑), 
(7) 

where Kg = 0.4–0.8 – generalized coefficient taking into account the closeness of the calculated 

scheme; b is the width (smallest dimension) of a conditional pattern (piles); 𝜆𝑝𝑎, 𝜆𝑎𝑎 – pressure 

coefficients of passive and active pressure of the compacted soil wedge inclined at an angle (450 – 0.5φ) 

to the vertical; 𝐸𝑝𝑙,у =  0.8𝐸[1 + (
𝑦

𝑦1
)
𝑚

– the plastic deformation modulus of soil at depth y; y and y1 – 

considered and adopted a single depth; m is the exponent, 0 ≤ m ≤ 1. The rest of the notation is given in 
equation (3). 

The author believes that the sediment pile foundation (piles) includes the of sediment that 
implements the friction force at the lateral surface. The marginal precipitation (7) and the load (4) (point 3 
on the chart Fig. 7) allow to determine the values of precipitation throughout the load range. 

𝛥𝑝𝑙  = 𝛥
∗  (

𝑞

𝑞∗  
) 𝑛   (8) 

where n is the exponent (n =1–3). When n = 1 is a linear dependence (dotted line, Fig.7), the weaker 

the soil has a smaller curvature (curve 1, for n = 3).  

Example 4:  Determine the limit for sediment in pile foundation shown in example 3. The value of 

modulus of deformation with depth is Epl.у = 36.7 MPa. 
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   ∆∗= Кg·𝛾 · 𝑏2𝐵 = 0.4 · 19.7 · 1.32 · 0.007 = 0.093 𝑚, 

The value of precipitation of the pile cap at 40% load limit 9364.3 KN is equal to: 

𝛥𝑝𝑙  = 𝛥
∗ (

𝑞

𝑞∗  
)  1.5 = 0.093 · 0.25 = 0.023 𝑚 

The sediment of the low pile grillage with this load amounted to 0.025 m [2]. Specifying the 
maximum permissible amount of displacement of the foundation structures from equation (8) we get the 
desired maximum load. 

Model the combined stiffness coefficient of the soil  
Each strip in Figure 1 due to the variable length has a different degree of resistance to 

compression of the soil. In design scheme that corresponds to the different stiffness of the soil (variable 
coefficient).Variable coefficient better reflects the work of the foundation. Picking up the variation of the 
ratio bed, we provide the right character of precipitation.  

Using the program CROSS procedure of successive approximations as applied to foundations can 
more accurately determine the stiffness coefficient of the soil [31]. The program CROSS is part of the 
package SCAD Office and provides both stand-alone operation and communication with integrated 
system of strength analysis of structures Structure CAD (SCAD) [32]. This procedure of successive 
approximations, according to the author, it is permissible for light loads on the foundation. Because there 
is no law of variation of stiffness of soil from the full load cycle and is not considered redistribution of the 
contact pressure of the marginal plastic areas.  

The author proposes a mechanical model of the soil with a structural element acting on the lateral 
surface (Fig. 8 a) and of the low end the piles (figure 8 b). In the model, except of elastic Hooke body (H) 
and of plastic body of the Saint Venant (SV) , also have a structural element (S). 

  

Figure 8. Mechanical model of compression of the soil taking into account  

the structural element in the side (a) end (b) surfaces of the piles.  

Dimensionless curve pressure – lateral displacement (pressure – vertical offset) and  
a variable coefficient of stiffness of the soil correspond to the model (с). 

This element functionally connects of the curve pressure-displacement according the type of 
connection (Fig. 8). This model is similar to the adopted model for the аoundation [29]. 

The springs located both on the lateral surface of the pile (Fig. 8, a) and on its end face (Fig.8, b). 

The number of turns of the spring depends on the depth of the active zone of the soil. The springs resist 
compression more or less elastically under small external loads. The load increases to the limit value 
changes the value of resistance to compression of the springs due to the structural element (S). This 
leads to a nonlinear dependence of the "pressure-displacement". 

Dimensionless curve "pressure-displacement (pressure-draught") is shown in Figure 8, in the 
upper part. Schedule of changes in relative stiffness between the level of load shown in Figure 8b, the 
lower part. The dimensionless character of the two curves is similar, but the degree of curvature is 
different. The dimensionless nature of the relationship allows you to use the curve to describe the 
interaction of the side or end portions of the pile with the soil from the load irrespective of the scale of the 
building. The conditional transfer of the stiffness coefficient of the soil in absolute value sets the regularity 
of this change on the side or lower surfaces of the piles. For example, each length segment of the lateral 
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surface of the pile or the width of its edge, depending on the load will correspond to a specific area of the 
connection curve of the contact and hence of the curve the stiffness of the soil (Fig. 8, с). 

Expressions (1–7), in addition to independent values, according to Figure 8 allow us to determine 
the coefficients of stiffness of the soil elements to pile foundation. These coefficients are used as source 
data in the proposed calculation of pile foundation using the software complex "SCAD". For this of the 
purpose, calculated ultimate horizontal and vertical loads and the corresponding ultimate displacements. 

The author believes that the coefficient of stiffness is in some respects is the type of the discrete 
model of the environment. So reducing the length of the element to the minimum size allows to obtain a 
family of discrete independent coefficients, whose values can be described the necessary desired 
function or set numerically. 

In relation to the design scheme of pile grillage is used of the frame rack with different stiffness of 
the rigel and racks. The nature of the work structures in the soil is determined by its stiffness 
characteristics of the system elements: beams, uprights and ground. 

Example 5. To calculate the reconstructed embankment on the canal Griboedova in St 
Petersburg. Original data: The old quay was built in the beginning of the last century (Fig. 9). In front of 
the old embankment to the form of rigid raft foundation of rubble concrete which masonry is based on 
three rows of wooden piles, and erected a new hard grillage. It has a crossbar of variable cross section of 
reinforced concrete on pile foundation of two rows of bored piles, 16 m long, with a diameter of 0.6 m. 
Step piles across the cordon line is 2.35 m, and respectively along the line of the cordon 1.4 m. 
Characteristics of the soil include four layers of the loam from the fluid (Kb = 350÷1750 kN/m3) up plastic 
(Kb = 21300÷39700 kN/m3), layer of sandy loam (Kb = 58000÷70000 kN/m3 ), sand  
(Kb = 73000÷75000 kN/m3 ), the coefficient on the tip of the piles, Kb v= 14792 МP/m3. The calculation 
with using the program SCAD performed by student of A. Melentiev. Results of the comparison of 
calculations are given in table 2. 

   

Figure 9. To the calculation of the city's waterfront. a) Cross section. b) design scheme.  
b) Plot bending moment in the piles  
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Table 2. Results of calculations 

Name Calculati for a SNP [26] The calculation for a 
generic method 

Moment in the topic sealing of the first pile, kNm -135.23 -131.21 

Moment at the topic sealing of the second pile, kNm -135.23 -131.61 

Moment in the span of the first pile, kNm - 58.23 

Moment in the span of the second pile, kNm - 58,46 

The effort in the first pile, kN -470.0 -417.92 

The effort in the second pile, kN 64.16 12.02 

Horizontal displacement of the top, mm - 4.87 

 

Results and Discussion 
Pile when submerged in the soil condenses it in the transverse and longitudinal directions. Seal 

give the effect on the piles lateral and vertical pressure of soil. The friction force along the length the piles 
depends on the value of lateral pressure. Analysis of example 1 shows that the maximum friction force 
occurs at a depth up 3 the meters. Further increase in depth does not implements the maximum force of 
the lateral pressure of soil. This leads to a decrease in the values of the tangential stresses along the 
length of the pile. The Russian Building Regulations SNIP [26] recommends a limiting value of the friction 
forces along the length of the piles, which usually is not confirmed by experimental data. 

The work of pile foundation depends on the load, position of the grillage and the distance between 
the piles. The author gives of the engineering solution, in which the limit load and the sediment pile 
foundation, depending on conditions, determined by the number piles or by the ground massive. The 
analysis of examples No. 2 and No. 3 shows that the calculated values are comparable with experimental 
data A. A. Bartholomew [2] 

Bearing capacity of pile foundation in the Russian Set of Rules SP 24.13330.2011 is below the limit 
load, so as by the limited by it sediment. However, in the proposed method of taking into account the 
allowable residue it is 15–25 % higher than in the SP 24.13330.2011. 

Analysis of example No. 4 showed that the efforts in the pillars of the city's waterfront in the form of 
lower pile grillage in the proposed method, and SNIP [26] practically coincide. 

Chart of the load-displacement allows solving in the proposed method direct and inverse problems 
for the entire load range. 

Conclusions 
1. The author proposed the variant of calculation of pile foundation using of the engineering theory 

of ground contact pressure. 

2. This variant uses the mechanism of influence of piles in the ground on the magnitude of lateral 
and vertical seals.  

3. The friction force on the lateral surface of the pile is variable and depends on the magnitude of 
lateral soil pressure on it. The normative document Russian Set of Rules SP 24.13330. 2011 gives the 
maximum value of the friction force. The maximum value, trenie can not occur at depths greater than  
3–4 mm. In addition, SP 24.13330.2011 gives the joint values the calculated resistance of sands and 
clayey soils. This are the basis for criticism, as each type of soil has its own physical and mechanical 
characteristics associated with the friction forces. 

4. The proposed option determines the jet pressure of the soil on the edge of the piles or on a 
conditional piler foundation for the entire load cycle. 

5. Bearing capacity of pile Foundation additionally depends on the location of the plate grillage. 
The influence of the plate begins to emerge, usually with a load more friction forces on piles. 

6. In the proposed calculation takes into account the mutual influence of piles on the distribution of 
forces in pile grillage. 

7. The value of the precipitation of pile foundation gets from a dimensionless curve the "pressure-
settlement" for the entire load cycle. 
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8. The author proposed a mechanical model of the ratio of stiffness of soil with the influence of the 
structural element. The stiffness coefficient of the soil load is determined based on a curve of 
deformation.  

9. Analysis of sample data showed that the efforts in the pillars of the city's waterfront in the form 
of lower pile grillage in the proposed method, and SNIP [26] practically coincide. 

10. In the calculation of structures using the model of the stiffness of the soil, special attention must 
be paid to the reliability of this characteristic, which substantially depends on the efforts and 
peremescheniya structural members. Each of those values recommended in the standards, have a broad 
range of values and require adjustment. 
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Abstract. The model and the procedure of optimization of the periods of control and scheduled 
maintenance in relation to the equipment of technical systems are considered. This approach is 
implemented on the basis of performance of a condition of a minimum of average losses of target use of 
the equipment. The specified losses are possible because of non-optimal frequency of control and 
prophylaxis of objects of technical networks. In article the approach used in the theory of information for 
minimization of decrease in informative value because of breaks by its transfer is considered. Feature of 
the offered approach is use of integer quantization of intercontrol intervals and the accounting of casual 
duration of operation of the equipment. Theoretical conclusions are illustrated by settlement examples. 

Аннотация. Рассматривается модель и процедура оптимизации периодов контроля и 
профилактических мероприятий применительно к оборудованию инженерно-технических систем. 
Данный подход реализуется на основе выполнения условия минимума средних потерь целевого 
использования оборудования. Указанные потери возможны из-за неоптимальной периодичности 
контроля и профилактики элементов инженерно-технических систем. В статье рассматривается 
подход, используемый в теории информации для минимизации снижения ценности информации 
по причине перерывов при ее передаче. Особенностью предложенной подхода является 
использование целочисленного квантования межконтрольных интервалов и учет случайной 
продолжительности периодов эксплуатации оборудования. Теоретические выводы 
иллюстрируются расчетными примерами. 

Introduction 
Utility systems have a sufficient weight considering the efficient application of technological 

equipment as well as the use of buildings and constructions [1–3]. Therefore the necessity to provide 
their faultless operation takes a lot of attention. The requirements to operational systems are 
implemented at the early stages of designing buildings and constructions [4–8]. One of the most efficient 
means to provide the necessary level of reliability of the utility systems is the prevention of failures based 
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on periodical check of their engineering status and carrying out the appropriate preventive maintenance 
during the operational period [9–11]. Hence the important part of operational security belongs to the 
matters considering the reasoning and construction of systems for checking the engineering status of 
utility systems [12–15]. At the same time the applied approaches are used in the most innovative fields of 
science and engineering [16–23]. 

A separate and rather complicated matter of introducing the monitoring of utility systems for 
buildings and constructions is the reasoning for the period of checking their elements and the following 
preventive maintenance. There are a number of approaches to solve the matter in question [24–35]. 
However, in the specified works reasoning of the required criteria for checks and preventive maintenance 
does not fully take account of the following peculiarities of utility systems: their ambiguous operational 
condition between the checks; discontinuity of the periods of checks and preventive maintenance, 
random periods of their operation between the prearranged repairs. In the present article these important 
assumptions are considered. It allows receiving results, more adequate for practice. Let us consider the 
physical representation of the given problem. 

Methods 

Physical interpretation of the model 

Some considerably prolonged period of operation is considered. Such a period may be a 
regulatory period before the prearranged overhaul maintenance. Some divergence between the real and 
prescriptive periods of operation is expected to be possible. That happens due to a number of random 
factors and is consistent with the actual operation of facilities.  

Let us suppose that during the operation of utility systems their operational condition can be 
determined only by means of checks. In a disabled state the facility cannot fulfill its main function. After 
receiving the relevant information about its condition, appropriate preventive maintenance is carried out. 
It includes the reconstruction of operational capability of the facility, if necessary. It is for that reason that 
regular checking of operational condition of the utility systems is introduced and put in practice. It is 
supposed that the facility has a limited reliability and can fail between two consecutive check measures. 
Therefore, two cases are possible. Firstly, the checking period may be determined too large, and the 
facility stays in a disabled condition for some time before it would be found out during the check. In this 
case there is a loss due to the utility system not performing its functions. Secondly, the checks may be 
carried out too often; therefore the facility would be operational before the checks. The operational loss 
stems from time loss for the excessive maintenance, as during this period the facility is also disabled. 
Hence it is essential to calculate such a value for the check and maintenance period, which would 
provide minimal average losses for the operational maintenance of utility systems in the given period of 
using the building (construction). 

It is practical to consider the inter-check period as an integer value, divisible by some unit of time. 
Such a unit may be a workday or a work shift. This is more consistent with the reality of workload 
management for the staff of utility system’s operational system, than the speculation about the continuity 
of this period. Let us now examine the mathematical interpretation of the given problem and the means to 
solve it. 

Mathematical model 1 (basic model) 

Suppose T  is the operational time of a facility with a utility system. At the same time T  is a 

random value and follows the distribution law ( )F t . During the usage the operational condition of the 

facility is being checked. The period between consecutive check measures equals x . According to the 

abovementioned hypothesis x  is an integer value of time units. The duration of checks and the following 

preventive maintenance equals c  given units of time. Let us set p  as the probability of faultless 

performance of the facility in a given time unit. Hence the random period of operation T  has at the 

average K  checks (and preventive maintenance). The chart in figure 1 shows the operational process in 
the graphical form. 
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Figure 1. Graphical representation of operational process of a facility with a utility system 

Let us use a well-known in information theory [36, 37] ratio for average losses ( )x  of information 

in value x , determined by quantization of random period of time T . Under quantization we mean the 

choice of an integer value for x . For ( )x  the expression takes the following form: 

0

( ) ( ) 1 ( )
z

x x c dF z
x

   
     

  
 , (1) 

where z  – an integration variable, characterizes operation interval size; record A    is Antje of number 

A . 

However, the equation (1) does not take into account the possible failure of a facility during any 
time unit, as well as during the whole inter-check period (quantum). Let us introduce this clause in the 
following way. As the value p  as the probability of faultless performance of a facility in a given time unit 

is known, then the probability ( )P x  of its faultless performance in the period x  is determined by the 

equation: 

1

( )
x

x

i

P x p p


   (2) 

Clearly, considering equation (2), the mathematical expectancy x  of duration of the period, when 

the facility works without fault in scope of the inter-check period x , is determined by the equation 

 (3) 

Now let us insert equation (3) into formula (1). Besides, the value of average losses during the 

application of the check system is denoted as ( , )M x p . As a result, the formula is written as following: 

0

( , ) ( ) 1 ( )x

x

z
M x p xp c dF z

xp

   
      

  

. (4) 

Now it is necessary to find such a value of x , which allows the minimal overall loss ( , )M x p  at 

the checks and maintenance of the facility with the utility system in the operational period T . At the same 
time one should take into consideration that x  is a discrete value. The problem in question is solved 

comparatively easily via the method of computational analysis by means of the contemporary 
mathematical packages. 

Mathematical model 2 (model for two check systems) 

The base model, determined by the equation (4), does not account for a reliability index of 
checking the operational condition of utility systems. In practice, different ways of checking are applied 
with different probability of accurate determination of the operational condition of the facility. To take this 
peculiarity into consideration, let us analyze the following example. 

x
x x p 
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Two independent check systems simultaneously determine the operational condition of a facility in 

a time period x . The reliability kp  of checks for each of the given systems will be determined via the 

probability of finding a failure. Therefore the reliability 
2sp  of estimating the operational condition of the 

facility by both check systems is defined as 
2

kp . Time, spent on checking the operational capacity of the 

facility, is constant and equals c . Time for reconstructing a disabled facility is constant and equals Вc . 

It is required to find the value of check period x


, which allows the minimal mathematical 

expectancy of time losses during the operation, provided that the value of probability 
2sp  of faultless 

performance of the checked facility is not less than the given one.  

The formula for the value 
2( , , )sM x p p  of the average losses in the operational period T  

considering the condition in question is written as following: 

 2 2 2
0

( , , ) (1 ) 1 ( )x
Вs s s x

z
M x p xp c c dF zp p p

xp

  
      
    

, (5) 

where 

2

2s k
p p

. 

Minimal value for 2( , , )sM x p p
 from the formula (4) is calculated by solving the given nonlinear 

problem. 

Mathematical model 3 (model for three check systems) 

Let us now introduce the following condition. The check of operational condition of a utility system 
is performed by three independent check systems. In addition, the results provided by these systems are 

combined in a majoritary way. Thus the reliability 
3sp  of the right estimation of the operational condition 

of the facility is determined by concurrence either of all three check systems or of two out of three. In 

such a case the probability 
3sp  to accurately estimate the performance of the equipment can be 

calculated with the following formula: 

2 3

3 3 2s k kp p p  . (6) 

The equation for the value 3( , , )sM x p p  of average losses in operational period T  considering 

the given condition is written as following: 

 3 3 3
0

( , , ) (1 ) 1 ( )x
Вs s s x

z
M x p xp c c dF zp p p

xp

  
      
    

. (7) 

The minimal value for ( , , )mcM x p p  from the formula (7) can be calculated. 

Results and Discussion 
Let us explain the proposed approach to the optimization of the period of checking the utility 

systems with a theoretical examples. 

Theoretical example 1 for mathematical model 1. 

Given data. 

Time c , necessary for performing the checks and preventive maintenance at the facility with the 

utility system, is 5 time units. Random period T  of the anticipated time of facility operation is determined 
by the normal probability law with the expectancy m  = 100 time units and the average squared 

displacement   = 20 time units. 
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Required: 

Find the value of check period x


, which achieves the minimal value of average overall losses 

( )M x  at the check of the utility system in operational period T  for the following values of probability p  

of faultless performance of the facility in a time unit: 0.999; 0.95 and 0.90. 

Solution: 

To solve the problem let us use the equation (4). For this purpose for each value of p  probability it 

is necessary to calculate ( )M x  for an allowed value area of x  

The results of calculations, carried out by means of MathCad package, are shown in the graphs in 

Figure 2. In this case the graph 0( )M x  is corresponding to the calculated dependence of ( )M x  at 

p  = 0.999; and the graphs )(1 xM  and )(2 xM  at p , that equals 0.95 и 0.90 accordingly. 

 

Figure 2. Graphs of functions )(0 xM , )(1 xM  and )(2 xM  

Optimal values x


 of the time period x  between consecutive checks and preventive maintenance 

of the utility system for the functions )(0 xM , )(1 xM  and )(2 xM  are 34, 20 and 9 time units 

accordingly. The corresponding minimal values of ( )M x  expectancy for the probability p , which equals 

0.999; 0.95 and 0.90 (functions )(0 xM , )(1 xM  и )(2 xM ) are therefore equal to 134, 176 and 248 

time units. 

Graph analysis in picture 2 allows the following conclusions: 

1) The more reliable is the facility of a utility system (higher probability p  of faultless performance), 

the longer should be the period of checking its operation; 

2) Improving the reliability of equipment significantly lowers the overall losses at its operation. 

The abovementioned conclusions comply with the intuitive properties of the correlations in 
question. That also allows the inference that the model represented is conforming to the processes under 
examination. 

Figures 3–6 present the calculated results of auxiliary parameters of the given mathematical 
model. On the abscissa axis of the first three pictures is plotted the value of the mathematical model. 

Figure 3 shows the graphs of variations for minimal ( , )M x p  and optimal periods x


 of checking the 

operational condition of the utility system. Figure 4 describes the dependence of the second initial 

moment of check period )( p  on the probability p . Figure 5 presents the graphs of standard deviation 

of )( p , variability index )( p  (magnified by 200 for descriptive purposes) and optimal value ( )K p  of 

checks in operational period T  depending on the value of p . Figure 6 shows the probability density 
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)(ugi  for random values u  of operational period of a utility system, i  = 0, 1, 2 for the base values of 

probability p  of faultless performance of the facility in a time unit.  

 

Figure 3. Graphs of variations for 
( , )M x p

 and x


 of the facility 
p

 

 

Figure 4. Dependence of the second initial moment of check period  

for operational condition of the facility 
p

 

 

Figure 5. Graphs of standard deviation, variability index, and optimal value of checks 
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Figure 6. Probability density for random values of operational period of a utility system 

Theoretical example 2 for mathematical model 2. 

Given data:  

Minimal value of 
2( , , )sM x p p  can be found at 0x . The duration c  of checking the operational 

condition of the utility system equals 5 time units. The duration Вc  of the maintenance equals 100 time 

units. Random interval T  of the estimated time of facility operation is determined by the normal 
probability law with the mathematical expectancy m  = 100 time units and the average squared 

displacement   =20 time units. The probability p  of the faultless performance of the facility in a time 

unit equals 0.75. 

Required: 

Find the value of check period duration x


, which achieves the minimal value of average overall 

losses 2( , , )sM x p p  at the check of the utility system in operational period T  for the following values of 

probability kp  of finding a failure at the facility in a time unit: 0.999; 0.75 and 0.50. 

Solution: 

To solve the problem let us use equation (5). Thus for each value of kp  probability it is necessary 

to calculate 2( , , )sM x p p  for an allowed area of x . 

The results of calculations, carried out by means of MathCad package, are shown in the graphs in 

figure 7. In this case the graphs of 0( )M xT , 1( )MT x , 2( )MT x  functions are corresponding to the 

calculated dependence of 2( , , )sM x p p  at p  = 0.75 and kp  = 0.999; 0.75; 0.5 accordingly. 

 

Figure 7. Graphs of 0( )MT x , 1( )MT x , 2( )MT x  functions 
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Table 1 shows the calculations of )( 0xM  – minimal value of average costs for checks and 

maintenance of the facility in operational period T  and 0x  - optimal value of check period for the facility. 

Table 1. Results of calculations 

Number of model 
Parameters 

M(x0) x0 

0( )M xT  513 2 

1( )MT x  3 803 3 

2( )MT x  6 163 4 

 

Theoretical example 3 for mathematical model 3. 

Given data: 

The data is the same as in example 2. However, three check systems are used. 

Required: 

Find the value of check period duration x


, which achieves the minimal value of average overall 

losses 3( , , )sM x p p  at the check of the utility system in operational period T  for the following values of 

probability kp  of finding a failure at the facility: 0.999; 0.75 and 0.50. 

Solution:  

To solve the problem let us use the equation (7). Thus for each value of probability kp  it is 

necessary to calculate 3( , , )sM x p p  for an allowed area of x . 

The results of calculations, carried out by means of MathCad package, are shown in the graphs in 

figure 8. The graphs of 0( )M xT , 1( )MT x , 2( )MT x  functions are corresponding to the calculated 

dependence of 3( , , )sM x p p  at p  = 0.75 and kp  = 0.999; 0.75; 0.5 accordingly. 

Figure 8 shows the graphs of )(0 xMT , )(1 xMT , )(2 xMT  functions at p  = 0.75 and 

kp =0.999; 0.75; 0.5.  

 

Figure 8. Graphs of )(0 xMT , )(1 xMT , )(2 xMT  functions 

Table 2, similar to table 1, presents the results of calculations. 
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Table 2. Results of calculations 

Number of model 
Parameters 

M(x0) x0 

)(0 xMT  498 2 

)(1 xMT  1 678 3 

)(2 xMT  4 275 4 

 

Examination of the calculations shows that the majoritary approach is quite efficient for improving 
the reliability of checking the operational condition of utility systems. 

Conclusion 
The present work is solving the problem of developing an approach to reasoning an optimal period 

of checking utility systems. Conducted studies of the results, offered in article allow to receive following 
conclusions. 

1. Optimization of the periods of control on a set of discrete numbers is more adequate to real 
practice of planning of prevention of utility systems in comparison with the known models. 

2. The offered models are based on an assumption about accident of size of an interval of 
operation of utility systems. It allows to take influence of various factors on work of systems of operation 
of buildings and constructions into account, which lead to change of the planning between-repairs periods 
(fig. 2, 7, 8), and also to estimate the accuracy of the received results (Figs. 3–6). 

3. In the offered models indicators of non-failure operation of objects of utility systems are entered 
into consideration (Figs. 2, 7, 8). In the known information models these indicators aren't considered. 

4. The offered models consider veracity of operation of control systems of various configuration 
(Figs. 7, 8, Tables 1, 2). It allows to prove the choice of the corresponding control system and to correct 
prevention intervals. 

The obtained results may be used in the reasoning of advanced utility systems of buildings and 
constructions, as well as in rationalization of the present utility systems. 
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Abstract. Before the construction project, it is necessary to investigate the hydrological conditions 

of territory. For this purpose some hydrophysical indicators of the soil should be measured. Among the 
most important indicators is the water-retention capacity. It is convenient to use a physically justified 
model to research sorption-desorption properties of soil with respect to moisture. The authors have 
investigated the mathematical model, which was developed to describe the hysteresis of water-retention 
capacity. The computer program “HYSTERESIS” was been used to implement this research. Three 
computational experiments were carried out with the use of this program. The results allow improving the 
accuracy of calculating the dynamics of soil moisture. The results of the research could be applied to the 
agricultural research, hydrological conditions investigations and other area of knowledge. 

Аннотация. Перед началом проектирования строительства необходимо исследовать 
гидрологические условия территории. Для этого необходимо измерить некоторые 
гидрофизические показатели почвы. Среди наиболее важных показателей – водоудерживающая 
способность. Целесообразно использовать физически-обоснованную модель для исследования 
сорбционно-десорбционных свойств почвы по отношению к влаге. Авторы исследовали 
математическую модель, которая была разработана для описания гистерезиса 
водоудерживающей способности. Для реализации этого исследования была использована 
компьютерная программа «HYSTERESIS». С помощью этой программы было проведено три 
вычислительных эксперимента. Полученные результаты позволяют повысить точность расчета 
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динамики влажности почвы. Результаты исследования могут быть применены к 
сельскохозяйственным исследованиям, исследованиям гидрологических условий. 

Introduction 
There is a need for different soil properties modelling, such as water-retention capacity, for various 

engineering purposes, especially in urban environmental engineering. Water-retention capacity (WRC) of 
soil is described by a functional dependence of volumetric water content   (cm3·cm-3) on capillary 

pressure (capillary-sorption potential) of moisture ψ  (cm H2O). There are number of problems for the 

WRC models, such as: 

• accounting the hysteresis phenomena during the physical justification and mathematical 
formulation of the WRC function; 

• difficulties during the construction of scanning curves of hysteretic WRC loop, starting from 
reversal points. 

Taking into account the hysteresis phenomena, some extension of the approach proposed by 
Kosugi [1–4] is developed [5–8]. There the WRC function and its approximation are suggested. This 
function describes a main drying curve (MDС), a main wetting curve (MWC) and also scanning curves of 
the hysteretic WRC [5–8]. 

The purposes of the work are: 1) evaluation of accuracy approximation to WRC function on 
examples of MDC and MWC; 2) proof on the absence of "pump effect" for hysteretic WRC model; 
3) verification of this model using the measured data on sandy soil. 

Method 
Considering the soil as a capillary-porous media, the physical and statistical description for the 

hysteresis of water-retention capacity is offered. It is represented in the form of relations: 
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where aeψ  – capillary pressure of moisture, is interpreted as a "pressure of air entrance" on drainage 

isotherm (cm H2O), 0ψ ae ; 

weψ  – capillary pressure of moisture, is interpreted as a "pressure of water entrance" on the 

moistening isotherm (cm H2O), aewe ψψ  ; 

s  – saturated volumetric water content (cm3·cm-3); 

r  – minimum specific volume of liquid water in the soil (cm3·cm-3); 

dα  (cm H2O-1), 
dn , 

wα  (cm H2O-1), 
wn  - appropriate to drainage and moistening physically 

interpreted parameters. 

These parameters can be estimated by the formulae: 

βα ,0 dd r ,  2πσ4 ddn  , βα ,0 ww r  and  2πσ4 wwn  , 
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where ,dr0
 and ,wr0

 - appropriate to drainage and moistening values of the effective soil pore radii, which 

correspond to the most probable values of the normally distributed random variable - the natural 
logarithm of effective soil pore radii; 

dσ  and 
wσ  - appropriate to drainage and moistening values of random variable standard 

deviation - the natural logarithm of effective soil pore radii; 

 wρφcos2γβ g  (where: γ  - surface tension of water at the interface with air; wρ  - water 

density; φ  - contact angle of the surface of soil particles with water; g  - gravity acceleration); it is 

estimated as follows: β  = 0.149·10-4 m2 [3, 4, 9, 10]. 

The relations (1a) и (2a) respectively describe MDC and MWC of the hysteretic WRC loop. The 
relations (1b) и (2b) respectively describe approximations to MDC and MWC in the class of elementary 
functions. Further, these approximations are recognized to describe the scanning curves of hysteretic 
WRC. 

The drying scanning curves, starting from the reversal point (which is characterized by i  and 
i  

the values), are described by the system of relations: 
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The wetting scanning curves, starting from the reversal point (which is characterized by j
 and j  

values), are described by the system of relations: 
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(3b) 

Results and Discussion 
Approximation. On the base of hysteretic WRC model, which was described by relations (3a) and 

(3b), a computer program “HYSTERESIS” is developed [5]. This program was used to carry out some 
computational experiments with the hysteretic WRC model. The scenario for variation of the capillary 
pressure of soil moisture was formed before the start of the experiment in a specific text file with the data 
source (*.exd). By means of the program “HYSTERESIS” and applying the Levenberg-Marquardt 
algorithm [11, 12], the hydrophysical parameters for MDC and MWC have been identified. For this 
purpose it were used the measured WRC data on sandy soil [13]. 

Then computer program “HYSTERESIS” was used to calculate the   values for every measured 

ψ  value on MDC and MWC (Fig. 1). 
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Figure 1. The main hysteretic WRC loop 

On the Figure 1 solid lines correspond to the WRC function, describing be relations (1a) and (2a) 
respectively; dashed lines correspond to approximation for WRC function; circles – measured data. The 

correlation coefficient between calculated   values and measured data on MDC and MWC is 0.999R . 

Absence of “pump effect”.The internal WRC loops do not go beyond the main drying and wetting 
curves and approach the previous loops in the process of capillary moisture pressure oscillation (Fig. 2). 
Therefore, “pump effect” is not manifested in this model. 

 

Figure 2. The sequence of the WRC hysteresis loop  
under the oscillation of the capillary pressure of soil moisture 
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Verification of WRC model.Using the parameters (identified according to the measured data on 

MDC and MWC), the   values for primary drying curve (PDC) and secondary wetting curve (SWC) of the 

hysteretic WRC have been predicted. Among the parameters of the program the value bubbling pressure 

aeψ  on MDC had been previously zeroed, because this value (based on the physical representations) 

cannot be positive, and the corresponding experimental data are not available. The predicted   values 

are compared with the measured WRC data. On Figure 3 black dots connected by a continuous curve 
shows MDC, MWC, PDC and SWC of the hysteresis loop: ψ  values plotted on the horizontal axis, 

  values - on the vertical axis; red dots shows the measured WRC data. According to the theoretical 

(predicted) and experimental (measured) ordinates (   values) for PDC and SWC of WRC hysteresis loop 

the correlation coefficient 0.995R  was calculated. This coefficient suggests about the high predictive 

(extrapolating) accuracy of investigated hysteretic WRC model for sandy soils. 

 

Figure 3. Predicting the internal WRC hysteretic loop formed 
by the primary drying and secondary wetting curves 

On Figure 4 the comparison of the predicted values of volumetric water content with the measured 
data is represented: here black dots on 1:1 line shows the high convergence of the simulation results and 
data of the direct measurements (the measured data [13–17] are on the horizontal axis; the 
computational results are on the vertical axis). 
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Figure 4. Comparison of the predicted values of volumetric water content 
with the measured data 

Estimates of the scanning curves of the hysteresis loop are important to improve the accuracy of 
calculating the dynamics of soil moisture [18, 19]. The results of these calculations are used to 
forecasting the crop yield [20–24], to study the hydrological conditions of the area in the design of 
irrigation and drainage systems, underground constructions and artificial foundation based on weak soils. 
In addition, evaluation of the scanning curves are of great importance in the calculating the precision 
irrigation rates [5] to reduce the wastage of irrigation water, to prevent the removal of agricultural 
chemicals beyond the root layer of soil and subsequent eutrophication of water bodies, as well as to 
provide rational use of water resources in general. Soil-hydrophysical investigations and hydrological 
calculations are also significant for the bank protection tasks [25–27], drainage problems [28, 29], marine 
works [30, 31], hydropower protection [32], urban ecological, environmental and economical 
challenges [33, 34]; it helps to find the effective engineering solution based on knowledge of the 
hydrophysical properties of soils. All these factors indicate the encouraging prospects for the practical 
use of the proposed WRC model. 

Conclusion 
Thus, 1) two systems of relations (1a,b) and (2a,b) are received for calculating the main drying and 

wetting curves of hysteretic WRC; 2) two systems of relations (3a) and (3b) are offered for predicting the 
scanning drying and wetting curves as well as for calculating the reversal points of hysteretic loop of 
water-retention capacity. The approximations (1b) and (2b) have quite high accuracy to describe the main 
drying and wetting curves of hysteretic WRC. 

Computer program “HYSTERESIS” was developed on the basis of the proposed model, which is 
formulated ratios (1b), (2b) and (3a, b). The program allows identifying the model parameters according 
to direct measurements of the water-retention capacity of soil. Three computational experiments were 
carried out with the use of this program. The measured data on the water-retention capacity of sandy soil 
were used in the previous experiments. 

The first experiment consisted of comparing the interpolation accuracy using relations (1a) and 
(2a), on the one hand, and the ratios (1b) and (2b), on the other hand. The result of this experiment 
shows the high accuracy of the proposed approximations for the function of the water-retention capacity 
of soil. The second experiment with oscillating values of capillary pressure showed no negative "pump 
effect". The third experiment was to identify the parameters of the WRC model using data on the main 
drying and wetting curves and then - in the subsequent prediction of the primary drying curve and 
secondary wetting curve of hysteresis loop. The result of the third experiment showed high accuracy for 
extrapolation (prediction) of volumetric water content values for the scanning curves of the hysteresis 
loop in the absence of data on these curves. This result is explained by the fact that adequate physical 
representation about the nature of the phenomenon of hysteretic water-retention capacity is the basis for 
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the offered model. The practical significance of the proposed model is the availability of the option in the 
program “HYSTERESIS” for predicting the scanning curves using the data about the main drying and 
wetting curves of the hysteresis loop. The particular importance of this option is that the measurement of 
the totality of the scanning curves practically impossible, while the data on the main drying and wetting 
curves are relatively accessible. 

Estimation of the scanning curves of the hysteresis loop allows improving the accuracy of 
calculating the dynamics of soil moisture. The results of the research could be applied to the agricultural 
investigations, hydrological conditions measurements and other measures. All these factors indicate the 
encouraging prospects for the practical use of the proposed WRC model. 
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