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Nonlinear parametric oscillations of viscoelastic plate of
variable thickness
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Abstract. Isotropic viscoelastic plates of variable thickness under the effect of a uniformly distributed
vibration load applied along one of the parallel sides, resulting in parametric resonance (with certain
combinations of eigenfrequencies of vibration and excitation forces) are considered in the paper. It is
believed that under the effect of this load, the plates undergo the displacements (in particular, deflections)
commensurate with their thickness. Geometrically nonlinear mathematical model of the problem of
parametric oscillations of a viscoelastic isotropic plate of variable thickness is developed using the classical
Kirchhoff-Love hypothesis. Corresponding nonlinear equations of vibration motion of plates under
consideration are derived (in displacements). The technique of the nonlinear problem solution by applying
the Bubnov-Galerkin method at polynomial approximation of displacements (and deflection) and a
numerical method that uses quadrature formula are proposed. The Koltunov-Rzhanitsyn kernel with three
different rheological parameters is chosen as a weakly singular kernel. Parametric oscillations of
viscoelastic plates of variable thickness under the effect of an external load are investigated. The effect on
the domain of dynamic instability of geometric nonlinearity, viscoelastic properties of material, as well as
other physical-mechanical and geometric parameters and factors (initial imperfections of the shape, aspect
ratios, thickness, boundary conditions, excitation coefficient, rheological parameters) are taken into
account. The results obtained are in good agreement with the results and data of other authors. The
convergence of the Bubnov-Galerkin method is verified.
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AHHOTauusa. PaccmaTtpuBaloTcs M3OTPONHbIE BA3KOYMNPYrue MnacTMHKU NepeMeHHON TOMLUMHbI,
HaxogsLlwmecs nog 4eNCTBMEM paBHOMEPHO pacnpeneniéHHoN BUOpaLMOHHON Harpysku, NMPUnoXXeHHON no
OfHOW M3 MapannenbHbIX CTOPOH, NPMBOASLLEN (Npy onpedenéHHbIX CoOYeTaHMAX YacTOT COBCTBEHHbIX
kornebaHui 1 BO3MyLLaIoLLIEN CUTlbl) K MAapaMeTpu4eckomy pe3oHaHcy. CuntaeTcs, 4To Nog BO3geNCTBMEM
yKa3aHHOW Harpy3ku MracTUHKM OMYCKalT nepemMeLleHns (B YacTHOCTM, Npornbbl), COM3MEPUMBIE C KX
TonwmHon. PaspaboTaHa reomMeTpuMyeckM HenMHerHad MaTemMaTtudeckad Mogenb 3ajadm o
napameTpuyecknx KonebaHusix BA3KOYMNPYroh M3OTPOMHOM MNMACTUHKM MEPEMEHHON TOMNWMWHBI C
Mcnonb3oBaHWeM knaccudeckon runotesbl Kupxroda-Jiaea. BoiBegeHbl COOTBETCTBYIOLLME HENMUHENHBbIE
ypaBHeHusa konebatenbHOro ABUWXEHNA paccMaTpyMBaeMbIX NNacTUHOK (B nepemelleHmnsx). MNpeanoxeHa
MeToOuKa peLleHnsi paccMaTpuBaeMoOn HENMMHENHOW 3aayn Ha OCHOBe NpuMeHeHus meTtona bybHosa-
"anepkrHa npu MHOrOYNEeHHON annpokcMaLuun nepemeLleHni (n npornbda), a Takke YNCIIEHHOro METOAa,
MCMonb3yoLero KeagpaTypHble dopmynbl. B kavectBe cnabo-CUMHrynspHoro sapa BbiOpaHO s4po
KonTyHoBa-PxaHuublHA C Tpems pasfnuyHbiMK  peornormdeckummn napametpamu. KMccnegoBaHbl
napameTpudeckme KornebaHus BA3KOYNPYrMX NMacTUH MNEPEMEHHON TOSMWMHbLI MNOA BO3OENCTBMEM
BHELLHeW Harpy3ku. IMpu 3ToM ocyLLecTBNANCA YY4ET BNUAHMSA Ha obnacTn JUHaMMYECKON HEYCTONYMBOCTM
reoMeTpnyeckon HennMHEMHOCTH, BA3KOYNPYrMxX CBOWCTB MaTepuana, a Tawkke [pyrux ¢u3smnko-
MEXaHWYECKMX W TFeOMEeTpPUYECKMX NapaMeTpoB M (aKTOpPOB (HadarbHbIX HECOBEPLUEHCTB (OOPMbI,
COOTHOLLUEHWIN CTOPOH, TOMLWUHBI, FPaHNUYHbIX YCMNOBUWA, kOdduuneHTa BO3OYKAEHUS, PEeonormyeckmx
napameTpoB). [MonyyeHHble pe3ynbTaTbl XOPOLIO COrNacylTcs C pesynbTataMyM M AaHHbIMU OPYrnx
aBTopoB. CxognmocTb meToaa bybHoBa-I"anepkmHa nposepeHa.

1. Introduction

Construction of the dynamic instability domain of thin-walled elastic systems is a very urgent and
important task; a multitude of publications are devoted to this issue, of which, first of all, the studies carried
out in [1-6] should be mentioned. Beginning with the article by N.M. Belyaev [1], parametric oscillations
become the subject of numerous studies in application to various mechanical systems with distributed
parameters, in particular, to rods, plates and shells. In the fundamental monograph V.V. Bolotin [2] has
analyzed in detail the occurrence of parametric resonance in elastic thin-walled systems. An extensive
monograph by T. Schmidt [6] contains a detailed review of many aspects concerning these issues.

Solution of linear problems of parametric oscillations of thin-walled structures (such as plates and
shells) often is reduced to the use of ordinary differential equations with periodic coefficients - to the
Mathieu-Hill equations. At certain ratios of coefficients, the solution of this type of equation increases
indefinitely, since the corresponding oscillations of thin-walled structures are resonant in nature. The range
of parameters that cause these oscillations is called the domain of dynamic instability (DDI). An assessment
of the DDI is one of the central problems of parametric oscillations of thin-walled structures.

Solution of the problems connected with the study of resonant phenomena in geometrically nonlinear
cases of viscoelastic thin-walled structures of variable thickness has been developed inadequately. The
development of a methodology for solving such an important class of problems is of considerable
theoretical and practical interest.

Note the following important publications in recent years devoted to the solution of this scientific
problem:

1) the A.E. Kalinnikov and N.P. Kuznetsov article [7] presents the algorithm and results of a
numerical solution of the problem of transverse oscillations of a straight rod under longitudinal force,
harmonically varying in time;

2) the article by Q. Yan, H. Ding, L. Chen [8] contains an analysis of nonlinear parametric oscillations
of the Timoshenko viscoelastic beam;

3) the article by L.D. Akulenko, S.A. Kumakshev, S.V. Nesterov [9] is devoted to the study of
eigenfrequencies and modes of parametric oscillations of mechanical systems (on the example of small
parametric oscillations of a mathematical pendulum of variable length);

4) the article by V.V. Karpov, O.V. Ignat'ev, A.A. Semenov [10] presents an analysis of the stress-
strain state of shallow shell structures of double curvature, reinforced from the concave side by a various
number of stiffeners. Mindlin-Reissner shell deformation theory is used, which accounts for geometrical
nonlinearity and transverse shears, as well as for discrete introduction of stiffeners with contact between
the stiffener and the shell along thestrip;

Mirsaidov, M.M., Abdikarimov, R.A., Vatin, N.l., Zhgutov, V.M., Khodzhaev, D.A., Normuminov, B.A. Nonlinear
parametric oscillations of viscoelastic plate of variable thickness. Magazine of Civil Engineering. 2018. 82(6).
Pp. 112-126. doi: 10.18720/MCE.82.11

113



NH:keHepHO-CTPOUTENbHBIN KypHa, Ne 6, 2018

5) in the article by L. Kurpa, O.S. Mazur, Ya.V. Tkachenko [11] a numerical-analytical method for
studying parametric oscillations of plates under the effect of static and dynamic loads (bearing a periodic
nature) is substantiated;

6) the articles [12] (M. Darabi, R. Ganesan), [13] (H.Q. Huynh, H. Nguyen, H.L.T. Nguyen), [14]
(R. Kumar, S.C. Dutta, S.K. Panda) and [15] (R. Kumar, S. Mondal, Sh. Guchhait, R. Jamatia) contain an
analysis of results of studies of dynamic stability of plates (of various types) subjected to harmonic loads
(with and without geometrical nonlinearity);

7) in the article by I.D. levzerov [16] the stability problems for bars and plates are considered.
Variation formulations are used for the stability problem;

8) the article by V.M. Dubrovin and T.A. Butina [17]; the authors propose a method for calculating
dynamic stability of a cylindrical shell under axial compressive dynamic load;

9) in the article by A.A. Mochalin [18] on the basis of the V.Z. Vlasov semi-momentless theory, the
solution of the problem of dynamic stability of an isotropic cylindrical shell of variable thickness is
considered in the direction of its generatrix under external pressure;

10) inthe article [19] (M.K. Usarov) is dedicated to improvement of plate theory in order to take into
account forces, moments and bimoments, generated by nonlinear law of displacement distribution in plate
cross-sections;

11) the article [20] (T. Dey, L.S. Ramachandra) is devoted to parametric oscillations of shells (of
various types) subjected to static and dynamic loads of periodic nature (equations of oscillatory motion are
obtained by the authors using the Donnell's theory of shell);

12) in the article [21] the author V.M. Budanov has proposed a special linear transformation for
expressing the general solution of a second-order differential equation with periodic coefficients; the author
has shown with numerical experiments that there exist the periodic solutions of the auxiliary system outside
the instability domains of solutions of the Mathieu equation, and the solutions obtained for the DDI are in
good agreement with known results;

13) in the article [22] (B.Kh. Eshmatov) is described the analyses of the nonlinear vibrations and
dynamic stability of viscoelastic orthotropic plates. The models are based on the Kirchhoff-Love hypothesis
and Reissner—Mindlin generalized theory (with the incorporation of shear deformation and rotatory inertia)
in geometrically nonlinear statements. With a combination of the Bubnov-Galerkin and the presented
method, problems of nonlinear vibrations and dynamic stability in viscoelastic orthotropic rectangular plates
have been solved,;

14) in the articles [23] (R.A. Abdikarimov, D.P. Goloskokov) and [24] (R.A. Abdikarimov, B.A.
Khudayarov) a problem of nonlinear fluctuations of a viscoelastic plate of a variable thickness is considered.
The resolving system of the integrodifferential equations of a problem is received. The numerical decision
is constructed by Bubnov-Galerkins method with the subsequent application of quadrature formulas for
approximation of integrals;

15) in the articles [25, 26] (B.Kh. Eshmatov), accordingly, the dynamic stability and nonlinear
vibrations problems of viscoelastic orthotropic and isotropic plates is considered in a geometrically
nonlinear formulation using the generalized Timoshenko theory. The problem is solved by the Bubnov-
Galerkin procedure combined with a numerical method based on quadrature formulas. The effect of
viscoelastic and inhomogeneous properties of the material on the dynamic stability and vibrations of a
plate is discussed;

16) in the article [27] (B.Kh. Eshmatov, Kh. Eshmatov, D.A. Khodzhaev) the problem of flutter of
viscoelastic rectangular plates and cylindrical panels with concentrated masses is studied in a
geometrically nonlinear formulation. The behavior of viscoelastic rectangular plates and cylindrical panels
is studied and the critical flow velocities are determined for real composite materials over wide ranges of
physicomechanical and geometrical parameters.

Practical value of studies on the assessment of stability of thin-walled structures consists in
consideration of the magnitude of existing loads and the law of their variation over time, as well as of all
important features of both the structure itself and the properties of materials for their fabrication; this allows
a correct estimation of load-bearing capacity of such structures.
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Despite the great number of publications devoted to the study of parametric oscillations of thin-walled

structures, the number of papers devoted to the study of dynamic stability of these structures with account
of viscoelastic properties of their material is few.

2. Methods

Consider a viscoelastic rectangular plate (with sides a and b) of variable thickness h =h(X,y)
made of homogeneous isotropic material (Figure 1). Assume that the plate is subjected to an external
dynamic load acting along the edge @, having a periodic character: P(t) =P, + P, cos®t (here

Py, P, =const; ® - the excitation frequency). Also assume that the plate has initial deflections.

Pt) =PgtPicas (3

" N\ :

Pit) =Pg+Picos (%
Figure 1. Viscoelastic rectangular plate of variable thickness under action of external periodic
load

In [28] R.A. Abdikarimov and V.M. Zhgutov have shown that in this case nonlinear equations of the
oscillatory motion of the plate (with respect to deflection W =W(X, Y,t) and longitudinal displacements

o*w
u=u(x,y,t), v=v(X,y,t)) under the influence of force P(t) >~ Wwith account of initial deflection (at
X
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Introduce to equations (1) the following dimensionless parameters:

_=£; \7:1; W:ﬂ; Wozﬂ; 725; V:X; |r-_]=£; ;{:E; 5=£;
hy h, hy hy a b h = b h
4
E{h "E'V T E e ® P, P,

Using previous notations, a system of integral-differential equations (IDE) in a dimensionless form is
obtained.

To solve the system of nonlinear IDE (1), the sought for functions U(X,Y,t), v(X,y,t), w(x,y,t),
W, (X, y) are presented as an expansion in known (basic) functions ¢nm(x, y), (pnm(x, y), Vo (X, y),
Yorm (X, y) satisfying the given boundary conditions:

N M N M
u(x, y,0)=>"> "ty (O (x, ) XN=ZZM ) (X, ),

n=1 m=1 n=l m (2)
N M N M

X yt ZZW t)an X y WO X, y ZZWOnml//Onm X, y)
n=1 m=1 n=1 m=1

where U, =u. (t) Vi =Vim (t), W, =W, (t) — are unknown time functions; gonm(x, y),

/. (X, y), Vom (X, y) s Wonm (X, y), n=12,..,.N; m=12,...M —known (basic) coordinate functions

that satisfy the given boundary conditions of the problem (described, for example, in Volmir's monograph
[4]).

As a rule, algorithms for solving dynamic problems for viscoelastic thin-walled structures are
standard ones. By choosing the basic functions that satisfy certain boundary conditions, the original
boundary value problem is reduced to the problem of oscillations of a system with a finite nhumber of
degrees of freedom, i.e. to a system of linear (or nonlinear) IDE with one independent variable (of time).
As a rule, trigonometric functions or beam functions are used as basic ones. It is known that the choice of
such basic functions in many cases limits the class of solved problems to structures of the simplest
configurations - beams of constant sections, rectangular plates, cylindrical shells [4].

For elastic structures of a more complex geometric form, it is very tempting to use as basic functions
Do (X, y), P (X, y), Vom (X, y), W onm (X, y) the eigenmodes of oscillations, which are, in a sense,

"native” and allow better consideration of all the features of these structures. For the first time, the
expansion of the solution in terms of eigenmodes of oscillations in solving problems of described class was
used in [29] (by V.N. Chelomei). Subsequently, the eigenmodes of oscillations in the process of expansion
of the sought for solution in the problem of forced oscillations of real elastic and viscoelastic structures
(including the shell type) were used in [30] (A.N. Ishmatov, M.M. Mirsaidov) and [31] (T.Z. Sultanov,
D.A. Khodzhaev, M.M. Mirsaidov).

In [32] (M.M. Mirsaidov, Ya. Mekhmonov), along with expansion in terms of eigenmodes of
oscillations, the problem of vibrations of three-dimensional bodies with associated mass was solved. As is
well known, the determination of eigenmodes of oscillations for any structures is a completely independent
and a very difficult task. That is why quite often a part of a complete system of known functions in analytical
form, that satisfies a particular boundary value problem, is used as a basic function.

Substituting (2) into the system (1) written in dimensionless parameters, and following the Bubnov-
Galerkin procedure for the functions u.. (t), v.. (t), w_(t) to be determined, a system of nonlinear IDE,
i.e. the basic resolving nonlinear IDE are obtained in the form:
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Twice integrating the obtained system (3) with respect to time t, it can be written in integral form, as
shown in the articles by A.F. Verlan, R.A. Abdikarimov, H. Eshmatov [33].

Assuming that t=t;, tj=IAt, i=12,... (here At is the step of numerical integration) and
replacing the integrals with quadrature formulas of trapezoid for -calculating the unknowns
Uinm = Yinm &)+ Viem = Vinm (G) + Winm = Winm (t;) . the following recurrence formulas are obtained for the

Koltunov-Rzhanitsyn kernel T'(t) = Ae ™™ -t**, 4>0, #>0, 0<a <1, described in the monograph
by M.A. Koltunov, A.S. Kravchuk, V.P. Mayboroda [34] and in A.R. Rzhanitsyn’s monograph [35].
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Here Aq , B, —are numerical coefficients that do not depend on the choice of integrands and could

be of different values depending on the quadrature formulas used.

3. Results and Discussion

Results of computational experiments corresponding to different physical and geometric parameters
of a viscoelastic isotropic plate are illustrated by the graphs shown in Figures 3-7. The dependence of the
change in thickness is taken in the form

h(x) :%ho(l—a*x).

Here h, =h(0) =const, & — is a parameter characterizing the change in thickness. Note that
this law leads to a liniar reduction in thickness of structural element in direction of OX axis (Figure 2).
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Figure 2. Changes in plate thickness depending on " parameter:
a)a' =02:b)a" =05

Figures 3 and 4 illustrate the effect of viscoelastic properties of material on dynamic behavior of the
plate.

For example, Figure 3 shows the time t variation of displacements of the midpoint (X=0.5,
y =0.5) for different values of rheological parameter A of the relaxation kernel of material. An analysis

of results has shown that in all the cases considered, at initial time, the oscillations occur near the
equilibrium (initial) state. Over time, the amplitude slowly increases and reaches the value comparable with
the one of plate thickness.

Curve 1 (A=0) corresponds to an elastic solution (without considering viscoelastic properties of
material); here the oscillations occur without attenuation. Note that in this case the amplitude of oscillations
does not increase, but the beating occurs, which is explained by the proximity of the frequency of natural
oscillations of the plate to the frequency of periodic effects.

Curve 2 (A=0.5) and curve 3 (A=0.1) are obtained considering the viscoelastic properties of
material. It is seen that damped oscillations occur near initial oscillations, but over time, oscillations occur
with practically constant amplitude, i.e. become steady. In this case, there is some deviation of oscillations
from the neutral axis, which is explained by the presence of initial imperfections in the shape.
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Figure 3. Graphs of variation with time t of displacements of the midpoint (X=0.5, y=0.5) of
the plate at different values of the relaxation kernel parameter A:
a=0.25;8=0.05; £=03;6=25:Wy=0.01;4=0;1=1; =05;5,=0:5,=05;0,=1.1;
A=0.0 (1); 0.05 (2); 0.1 (3)

Figure 4 shows the graphs of deflection versus time t for the midpoint (X =0.5, y =0.5) of the

plate corresponding to different values of the relaxation kernel parameter: at a =0.1 (curve 1); at
o =0.25 (curve 2); at a =0.5 (curve 3).

In all considered cases, oscillations occur near the equilibrium state in the proximity of initial time.
Over time, the amplitude slowly increases, and reaches the thickness of the plate. Then the pattern

described is periodically repeated at values of a = 0.25;0.5. At sufficiently large values of & and time,

the amplitude of oscillations decreases insignificantly. The amplitude of oscillations at a =0.1 at large
values of time increases, which is explained by the proximity to the resonance phenomenon, since the
difference between the eigenfrequency of vibrations of the plate and the frequency of excitations becomes
smaller, which completely corresponds to results described in the monograph by A.E. Bogdanovich [5].
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Figure 4. Graphs of dependence of deflection of the midpoint (X =0.5, y =0.5) of the plate on
time t at different values of the relaxation kernel parameter « :
A=0.01; #=0.05; u=0.3;0 =25; w, :O.Ol;q=0;/1=1;a*:0.5;50 =0;0,=05;0,=1.1;
a=0.1(1); 0.25 (2); 0.5 (3)

Figure 5 shows the graphs of deflection versus time t of the midpoint (X=0.5, y=0.5) of the
plate for different aspect ratios: at 4 =1.0 (curve 1); at 1.5 (curve 2); at 2 (curve 3). Results of calculations
Mirsaidov, M.M., Abdikarimov, R.A., Vatin, N.l., Zhgutov, V.M., Khodzhaev, D.A., Normuminov, B.A. Nonlinear
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show that for a square plate (with aspect ratio A =1.0), and for a rectangular plate with A =1.5 at initial
time, oscillations occur near the equilibrium state and, over time, approach harmonic oscillations. At

A =2.0, oscillations at initial period of time occur near initial state Wy, and over time, oscillation

amplitudes increase sharply, which is explained by the approach of eigenfrequency of the plate to the
frequency of excitation force.

Figure 5. Graphs of dependence of deflection on time t of the midpoint (X=0.5, y=0.5) of the
plate at different aspect ratios A:

A=0.05; @ =0.25; 8=0.05; £=0.3; §=25; W, =0.001;q=0;r =0.5;5,=0;8,=0.5;
0,=11; 1=1@1);15@©); 2 3
Figure 6 shows the graphs of deflection versus time t for the midpoint (X =0.5, y =0.5) of the

*
plate at various values of its thickness parameter « , taking into account viscoelastic properties of
*
material. Namely: at & =0 (curve 1); at 0.4 (curve 2); at 0.8 (curve 3). Note that an increase in the

*
parameter of ¢ according to the above law corresponds to a decrease in thickness of the plate along the
length of OX axis. This causes the resonance regime and an increase in oscillation amplitude of the plate

*
(curve 3). At other values of parameter &z (curves 1 and 2), the oscillations become steady.

w
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Figure 6. Graphs of dependence of deflection on time t of the midpoint (X=0.5, y=0.5) of the
plate at various values of the parameter of its thickness o : A=0.05; ¢ =0.25; £ =0.05;
u=03; 6=25; 1=1;wy=0.01;q=0;5,=0;5,=05;0,=1.1; & =0 (1); 0.4 (2); 0.8 (3)

Figure 7 presents results of studies on vibrations of a viscoelastic plate at various values of external
constant loads: at  =0.2 (curve 1); at q=0.5 (curve 2); at q =1 (curve 3). It is seen that as external
load increases, oscillations occur near the equilibrium state of the plate (Figure 7). At initial period of time,
Mupcaunnos M.M., A6aukapumos P.A., Batur H.1., XKrytos B.M., Xomxkaes JI.A., Hopmymusos b.A.
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the nonlinear parametric oscillations retain the beat character, with the passage of time they become less
pronounced, and approach stationary ones. Analogous qualitative results are described in Bogdanovich's
monograph [5].
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Figure 7. Graphs of dependence of deflection on time t for the midpoint (X=0.5, y=0.5)
of the plate at different values of external load Q:
A=0.05; «=0.25; #=0.05; ©=03; §=25; A1=1; w,=0.01; & =05; &,=0; &, =0.5;
0,=11;9=0.2 (1); 0.5 (2); 1 (3)

4. Conclusions

1. Mathematical model, technique for its investigation and computational algorithm for the problem
of parametric nonlinear oscillations of plates of variable thickness are developed taking into account
viscoelastic properties of material.

2. An appropriate computer software package is designed to effectively evaluate dynamic instability
of plates in question, depending on mechanical characteristics of their material, external excitation loads,
geometric parameters, eigenfrequency of vibration, and excitation forces.

3. As aresult of numerical experiments it was established that:

a. the presence of viscoelastic properties of material leads to a steady-state oscillation regime even
in resonance modes;

b. the presence of initial imperfections of the form leads to a deviation from the reference plane,
which is assumed to be neutral (due to the deviation of the latter);

c. adecrease in thickness of the plate along its length in some cases can lead to a resonance mode
of oscillations.

Besides, the dependences of some parameters of stable oscillatory process of the plates on the
amplitude and frequency of external transverse load are obtained.
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