W H:keHepHO-CTPOUTENbHBIN KypHaa, Ne 7, 2018

doi: 10.18720/MCE.83.15

Ultimate state of the support zone of reinforced concrete beams

[MpenenbHoe COCTOSAHME MPUOMNOPHON 30HbI XXENe306EeTOHHbIX
6anok

V.l. Travush,

GORPROJECT, Moscow, Russia

S.B. Krylov*,

D.V. Konin,

A.S. Krylov,

JSC Research Center of Construction, Moscow,
Russia

H-p mexH. Hayk, 2naeHbIli KOHCMPYKMOP,
3amMecmumerb 2eHepasibHo20 dupeKkmopa no
Hay4Hol pabome B.U. Tpaeyuw,

3AO0 «OPIPOEKT», Mockea, Poccusi

0-p mexH. HayK, 3aeedyroujull
nabopamopueli C.b. Kpbinoe*,

KaHO. mexH. Hayk, 3asedyrouw,uli CeKmopom

A.B. KoHuH,

Hay4HbIl compyOdHuk A.C. Kpbinoe,

AO «Hay4Ho-uccnedogamernbCKkuli yeHmp
«Cmpoumenbcmeo», Mockea, Poccus

Key words: concrete; reinforced concrete;
reinforcement; inclined cross-section; shear force;
strength; numerical simulation

KnioyeBble cnoBa: 0eToOH; Xene3obeToH;
apMaTypa; HaKIlOHHOEe cedeHue; nonepeyHas
cuna; NPoYHOCTb; YNCIIEHHOE MOAENUPOBaHMe

Abstract. A brief review of actual methods of calculation of the shear forces is performed; the
calculated dependences are analyzed and their estimation is given. The shortcomings of the methods are
noted, the main one is the empirical approach to the solution of the problem. The features of destruction of
reinforced concrete elements along an inclined section are considered; the mechanism of destruction, on
which the actual normative documents are based, is analyzed. A method of design of reinforced concrete
elements under the action of shear forces is proposed. The method is developed on the basis of analysis
of the stress-strain state of the support zone of a reinforced concrete beam of rectangular cross-section. In
the design work, two stages are distinguished. This made it possible to avoid empirical coefficients in the
equations. A numerical model was created. Stress distribution in the beam was obtained and analyzed.
Conclusions about the actual stress distribution in the compressed zone of concrete above the top of the
inclined crack and the actual compressive strength of concrete are made. The proposed design method
made it possible to describe the process of destruction of the inclined section in strict accordance with the
experimental data. The proposed approach allows to obtain accurate results not only for reinforced
concrete elements of simple cross-section (rectangular, T-section), but also for other shapes of sections of
a more complex configuration.

AHHoTaumA. BbinonHeH kpaTkuin 0630p COBPEMEHHbLIX METOOB pacyeTa Ha AeNCTBUE NONEPEYHbIX
Cvn; MpOaHanuM3nMpoBaHbl pacyeTHble 3aBUCMMOCTW, [faHa Wux oueHka. OTMeyeHbl HegocTaTKu
COBPEMEHHbIX METOAOB, MaBHbIM N3 KOTOPbLIX SABMASETCA SMNUPUMYECKMA NoAXO04 K peLueHuo 3agaudu.
PaccmoTpeHbl 0COGEHHOCTU paspyLleHUst Kene300eTOHHbIX 3MEMEHTOB MO HAKMOHHOMY CEYEHUID;
npoaHanuM3nMpoBaH MeXaHU3M paspylleHus, 3arioXeHHbIi B OCHOBY COBPEMEHHbIX HOPMaTUBHbIX
OOKYyMeHTOB. MpeanoxeH MeTod pacyeTa Xene3o0eTOHHbIX 3/1IEMEHTOB MpU AENCTBMU NONEepeYHbIX CUr.
MeToa pa3paboTaH Ha OCHOBe aHanu3a Hanps)XeHHO-AedOPMUPOBAHHOIO COCTOSIHUS NMPUOMOPHON 30HbI
ene3obeToHHOM 6anku NpsSMOYronbHOro cedeHus. B pabote KOHCTpyKLMKM ObINO BbligeNeHbl ABa aTana,
YTO NO3BONUMNO M30EexaTb IMMNUPUYECKMX KOIPPUUMEHTOB B pacyeTHbIX 3aBucumocTsax. CospgaHa
yncneHHas MoAenb, MosyyeHa U MpoaHanv3upoBaHa KapTUHa pacnpeferneHnsl HanpshkeHuin B Garnke.
CpenaHbl BbIBOObI O (haKTUYECKOM pacnpeneneHnn HanpshkeHni B cXkaTton 3oHe BeToHa Hag, BEPLUMHOM
HaKIOHHOWN TPELLUHbI U O (baKTMYeCcKon NPoYHOCTM BeToHa npu cxaTun. [peanoXeHHbIn MeToq pacyéTa
NO3BONUIT ONUCaTh NPOLECC pa3pyLUeHUs NO HAaKNOHHOMY CEYEHUIO B CTPOroOM COOTBETCTBUU C OMNbITHBIMU
OaHHbIMU.  [peanoXeHHbIn NoAXOo4 MNO3BOMSET MNOMYyYUTb TOYHble pesynbTaTbl He TOMNbKO And
Xene3obeTOHHbIX 3IEMEHTOB NPOCTOr0 MOMEPEYHOro ceyeHnst (NPsSIMOYrofibHOro, TaBpOBOr0), HO U ANs
OpYyrnx oopM CeyveHuit, umetoLnmx 6onee CrnoxHy KOHMUrypauuio.
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1. Introduction

The issue of calculation of structures under the action of shear forces is still actual, since an exact
analytical solution of the problem is not found. The methodologies underlying the major domestic and
foreign regulations have similar approaches to addressing this issue. However, the calculation introduces
various factors, and this leads to different results. Moreover, all design formulas without exception are
based on empirical and semi-empirical dependences [1], which allows to obtain the final result only with a
certain degree of accuracy and with a number of limitations. The purpose of this study is to develop a
method that does not have empirical dependencies at its core; the method should have an area of
application not only for reinforced concrete elements of simple cross-section (rectangular, T- section), but
also for other shapes of sections of a more complex configuration.

In the works of various authors, the issues of a general nature, such as the stress-strain state of
reinforced concrete elements in the area of shear forces, are considered, as well as a narrower range of
issues concerning one of the force factors acting in the inclined section [2, 3] or, for example, the loading
conditions [4], type of shear reinforcement [5]. There are works in which analysis of cracking is made [6].
In connection with the development of technological processes in the manufacture, creation and research
[7, 8, 9] of new types of concrete, many publications are devoted to the review of high-performance
concretes (HPC and UHPC) behavior [10-13] and fiber concrete [11, 13-16] under the action of shear
forces. A significant part of the publications includes experimental studies of the elements behavior along
an inclined section [17-20]. In addition to these, we can note the work on the study of reinforced concrete
elements in various environments, including under the influence of water [21]. There are publications in
which biaxial stress state is considered [22]. Special attention is paid to the behavior of composite steel
and concrete structures [10, 23]. Let us also mention the publications devoted to improving the methods of
computer modeling when considering the features of the calculation of structures under the action of shear
forces [24, 25]. Much of the work is aimed at developing theoretical bases of calculation under the action
of shear forces [26—28], most publications note the shortcomings of the empirical approach and suggest
new ways to resolve this issue [1, 29, 30].

2. Methods

In general, there are three possible variants of destruction of elements along an inclined section —
along a concrete strip between inclined cracks, along a compressed zone of concrete above the top of an
inclined crack, and along a stretched zone in case of violation of the anchoring or the yield strength in the
longitudinal reinforcement is reached (Figure 1).
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Figurel. Schemes of areinforced concrete element destruction along an inclined section

Let us consider in more detail the approach implemented in the Russian Standard SP 63.13330
“Concrete and won concrete construction. Design requirements” and consider the main design case — the
calculation along the inclined section for the action of the shear force. It corresponds to the case of
destruction in the compressed zone as a result of the concrete fragmentation over the crack (or its cutoff
in the direction of the inclined crack).

The main difficulty in the design is caused by determination of the magnitude of the transverse force
received by the concrete part of the cross section of the element. The main parameters, which determine
the magnitude of the shear force received by the concrete in an inclined section in accordance with Russian

Standard SP 63.13330, are the cross section width of the element b and the working section height ho, as
well as the concrete tensile strength Rpt:

2
— (prRbtbh’O (1)
c

Qp
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Thus, in the design formula there is only the value of Rpt, and the concrete compression strength Ry
is not used. This indicates that the inclined section reaches the limit state only due to the formation and
opening of the inclined crack. In fact, even after the formation of inclined cracks, reinforced concrete
element continues to receive the applied loads and does not immediately lose the load-bearing capacity.
In formula (1) this is taken into account by introducing the coefficient ¢,,. As a result, the destruction occurs
due to the destruction (fragmentation) of compressed concrete over the crack, where the deformation and
stress of the material exceed its compression limits. That is, the physical essence of the phenomenon
differs from the approach taken in regulatory documents.

It is also worth mentioning the significant similarity in the approaches to solving problems related to
the action of shear forces and the punching. The difference is the coefficient equal to 1.5.

Let us mention that the calculation dependences in the problems on the action of shear forces in
both domestic and foreign regulations are based on a similar principle — the behavior of a concrete tensile
area equal to the projection of the inclined section on the longitudinal axis of the element is considered.
The area of concrete that is entered into the design is represented as a product of the working height of
the section by its width, with the former being equal to the projection of the inclined crack with an angle of
its inclination 45°. In addition, the design formulas in Russian Standard and Eurocode 2 “Design of concrete
structures” include empirical coefficients that “transform” the basis of the formula (the product R,,;bh, — for
formula (1)) in the final result, which is confirmed by numerous experiments. Additionally, Standard
SP 63.13330 takes into account the influence of the distance from the support to the top of the crack on
the result of the calculation. In Eurocode 2, this effect is not taken into account, which makes the result less
accurate.

In the formulas of Eurocode 2, the value of the concrete tensile strength does not appear explicitly.
The value of the shear force received by the concrete section is determined by the formula:

1
VRd,c = CRd,ck(lOoplfck)§ + klo-cp bwdr (2)
where Crq ¢, k, k; — coefficients;
p, — percentage of the cross-section reinforcement;
o, — Stresses in the cross section caused by prestressing;
b,,, d — the element cross-section dimensions;

fex — the cylindrical compression strength of concrete.

Cube root of the value fex means transition from concrete compression strength to tensile strength
that is somewhat different from the table values. It looks close to the Feray formula. It can be directly verified
that the expression fck!3 is an averaged transition function from the normalized cylindrical compression
strength to the average tensile strength. For low-strength concretes, the tensile strength is somewhat
overestimated, and for high-performance concrete it is underestimated, with an error of up to 12 %.

Let us mention that the formulas for design of limit shear force received by the concrete section and
for determination of the load-bearing capacity in the punching calculation in Eurocode 2 coincide
completely, unlike Russian Standard.

A significant advantage of the domestic dependencies for determining the limit shear force received
by the concrete is the taking into account the value of the projection of the inclined section on the
longitudinal axis of the element, which greatly affects the final result (1).

The reason for the simplifications and empirical approach in the calculation dependencies in the
regulation documents is a consequence of the main problem in the calculation of the strength of the
concrete elements with respect to the action of transverse forces — the number of equations is insufficient
for determining all the unknowns. In the general case, the following forces act in the inclined section
(Figure 2):

+ in the concrete - the longitudinal Ny and the transverse Qp components;
+ in the shear reinforcement — Qsw;

« in the tension bars of longitudinal reinforcement — the longitudinal Ns and the transverse Qs
components;
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« the forces of bonding on the sides of the inclined crack Ferc — the longitudinal Nere and the
transverse Qcrc components.

In addition, in order to determine the entire complex of forces, it is also necessary to know the height
of the compressed section area.
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Figure 2. Forces acting in the inclined section

The modern approach in regulatory documents does not take into account the bonding forces along
the sides of the inclined crack (F... Q¢ Noe) @and the transverse component in the longitudinal
reinforcement (Q,). In the proposed method, these values, in the strength margin, also will not be taken
into account. Therefore, the following unknowns remain:

+ inthe concrete - the longitudinal Np and the transverse Qn components;
+ in the shear reinforcement — Qsw;
* in the stretched bars of longitudinal reinforcement — the longitudinal component N;

+ the reactive force at support Q.

In the general case, in order to determine all the unknowns, the design should be based on the joint
solution of the system of three equilibrium equations — the sum of the projections on the longitudinal and
transverse axes and the sum of the moments of all forces relative to the selected axis. Moreover, the
equations will still include the height of the compressed zone as an unknown value. Even in this simplified
form, the equilibrium equations alone are not sufficient to fully solve the problem.

3. Results and Discussion

Let us consider the most common case of destruction of the reinforced concrete element from the
action of shear forces - as a result of exhaustion of the bearing capacity of the compressed concrete over
the crack. We will consider an element that does not have shear reinforcement.

In order for the problem to have a mathematically correct solution, one more additional condition to
the existing system of equilibrium equations is necessary. To obtain the missing condition, we single out
two stages:

Stage 1. Inclined crack formation. Development and formation of cracks takes place. In the
compressed zone of the concrete above the crack, the main force factor is the longitudinal force; the state
of the compressed concrete can be considered as conditionally unidirectional and, accordingly, the strength
characteristics of the material will accurately correspond to the standard strength values. At this stage, we
determine the shear force at which the crack is initiated.

We introduce the assumption that the inclined crack is formed as a result of the separation of the
lower part of the concrete (located below the crack) from the upper part of the concrete (located above the
crack) — Figure 3.

Figure 3. Scheme of the inclined crack development

The presented mechanism of destruction is similar to the destruction at punching. Therefore, the
value of the shear force corresponding to the moment of crack development can be determined by a similar
formula for design the limit force received by the concrete during punching.

Travush, V.1., Krylov, S.B., Konin, D.V., Krylov, A.S. Ultimate state of the support zone of reinforced concrete
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Q1 = RptAp, ©))

where A, — is the calculated cross-sectional area defined as:

Ab = bC, (4)
where C — is the length of the inclined section projection onto the longitudinal axis of the element,

b - is the width of the cross section.

Let us direct our attention to the following features of the structure behavior: after the initiation of an
inclined crack and with a further increase in the load, its length varies slightly. In addition, the crack is not
strictly inclined. Its upper part, following the trajectory of the main stresses (Figure 4), smoothly approaches
the horizontal. This gives a ground to believe that the height of the compressed zone of the concrete after
the initiation of an inclined crack remains constant until the loss of the bearing capacity of the element.
Such assumption allows to determine the height of the compressed zone of the cross section from the
equilibrium conditions at the initial stage of the crack development (in fact, considering the reinforced
concrete element at the time before formation of the crack), when the strength characteristics of the
concrete have not changed much due to the complex stress state arising in the future as a result of the
biaxial compression over the top of the inclined crack.

--| ___compressed
section area

“~._inclined
crack

! " ;. :
\_contour lines of principal
compressive stresses

Figure 4. Schematics of the inclined crack propagation along the trajectory of the main
compression stresses

The schematics of forces, when considering the equilibrium of the reinforced concrete beam section,
are shown in Figure 5. From the equation of equilibrium of moments with respect to C (5), the height of the
compressed zone x is determined.

z M = 0; — Qc + Ny (hg — 0.5%) = 0, 5)
from which we obtain:
Qc
N, =——— 6
>~ hy — 0.5x ©)
On the other hand, the force in the compressed concrete is represented as
Nb = O'bbx = Rbbx (7)
We equate expressions (6) and (7):
Qc
———— = Rybx 8
hy—05x ©)
Qc
05x2 —hgx +—=0 9
" " Ryb ©

The value of x is determined from the solution of the square equation (9).

Knowing the value of the compressed section area, it is possible to determine from the available
equilibrium equations the value of the shear force. When it is reached, the loss of the load-bearing capacity
of the element occurs. But before that, we will analyze the stress-strain state of the concrete of the
compressed zone above the top of the inclined crack.
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Figure 5. Equilibrium of a section of the reinforced concrete beam with an inclined crack

Stage 2. Inclined crack propagation. In connection with the opening of the inclined crack, the
contribution of the bonding forces to the load-bearing capacity of the element decreases, the tangential
and normal stresses in the concrete of the element are mainly concentrated within the compressed section
zone. Here, a horizontal compression force is observed not only along the axis of the element, but also
across it (from the bending plane) — due to the arising expansion of the material (characterized by the
Poisson's ratio), which is resisted by the adjacent layers of concrete. Therefore, in the compressed section
area above the crack, the stress state of the concrete can be characterized as three-axial (Figure 6).
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Figure 6. Forces in the compressed concrete area above the crack before the loss of
the load-bearing ability of the element

Changing the stress-strain state of the material leads to a significant change in its strength and
deformation characteristics. The strength of the concrete will depend on the ratio of the existing forces in
the compressed zone (for different directions). To clarify this value, a numerical model is made in the
ANSYS software package. The modeling of a reinforced concrete hinged beam with a crack in the support
zone was performed. Solid 185-type volumetric finite elements were used in the creation of the model. The
reinforced concrete beam of rectangular cross-section having only longitudinal reinforcement in the
stretched zone is considered. A general view of the calculation scheme is shown in Figure 7. The inclined
crack is modeled by FE (finite elements) of small rigidity. To prevent unintended destruction, nonlinear FE
are introduced only in the study zone — around the top of the inclined crack. The nonlinear FE in Figure 8
are marked by red.

anse
s ANSYS
Rir

b) color representation of different types of
) elements (turquoise — concrete with linear
a) general view characteristics, red — concrete with non-linear
characteristics)

Figure 7. Computational model of areinforced concrete beam with an inclined crack

The results of calculations are given for the supporting beam fragment with nonlinear elements at
the top of the critical crack in Figures 8-10.
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Having obtained a stress distribution at triaxial stress state and referring to the data of [31], it is
possible to determine the actual value of the concrete strength in case of compression from the surface
limiting the area of strong resistance (Figure 11). A more detailed analysis of the stress-strain state shows
that the vertical stresses concentrated within the height of the compressed zone above the crack quickly
changes along the length of the beam and rapidly decreases along the height of the section. In addition,
their value is much lower (up to ten times) compared to the horizontal longitudinal stress. At the same time,
the horizontal stresses across the beam make up almost half of the longitudinal compression stresses. This
allows us to neglect the vertical stresses and to classify the condition of the concrete above the crack as
conditionally biaxial. This assumption simplifies the problem, allowing you to refer to the results of the study
of concrete in a biaxial stress state. According to data of [31], the strength limit with obtained the ratio

between principal stresses 01 and 02 rises up to 1.5 times (Figurel2). This means that the maximum
permissible transverse load will be 1.5 times higher than the one for the first stage of the element operation
— the case of crack formation. These data correspond to experimental studies and materials of Russian
Standard. Now, knowing the actual compression strength of the concrete and having the height of the
compressed zone, calculated at the first stage, it is possible to determine from the equation of equilibrium
of moments (5) the limiting shear force received by the concrete element.

_ Ny (ho — 0.5%)

Qpuir = (10)

c
where

Nb = O'bbx = 15Rbbx (11)

The value x in formulas (10) and (11) should be taken equal to the value determined at the first stage
of operation of the reinforced concrete element from equation (9).

(o2} oy
1'4er.u\t
R‘n.u\t
Figure 11. Surface limiting the area of strong Figure 12. Curve limiting the area of strong
resistance at triaxial stress state according to  'esistance at biaxial S[gﬁss state according to
[31]

The proposed method of calculation allows to describe the process of destruction of the inclined
section in strict accordance with the experimental data, in contrast to the methods adopted in the current
regulatory documents. For rectangular sections, the proposed approach does not provide any significant
advantages, except for the correct description of the physics of the phenomenon. But for cross-sections,
different from rectangular ones (T-shaped, I-beam, round and generally arbitrary symmetric sections), the
proposed approach allows to obtain much more accurate results compared to the known methods.
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In contrast to the classical approach of the stress-strain state of concrete over the top of an inclined
crack, realized in the calculated dependences in [1, 30], in this paper, a revision of the material RSS is
made, which became a prerequisite for the implementation of this method. Of course, the proposed method
needs some refinement and it is not the only alternative to modern normative documents. For a long time
both semi-empirical methods, such as the modified theory of compression fields [29], and methods
approaching the complete rejection of empirical dependences [1, 30] have been proposed. However, most
of the proposed methods have some scope of applicability, or have excessively complex dependencies in
relation to manual calculation. These methods are based on approaches different from those proposed in
this paper.

4. Conclusions

1. The existing methods for design structures under the action of shear forces are analyzed. The
shortcomings are noted, the main one being the approach based on empirical dependencies and the
inability to use them to determine the ultimate shear force in concrete for an arbitrary cross section.

2. A method of design of reinforced concrete elements under the action of shear forces is proposed.
It is based on the strict principles of mechanics. There are no empirical coefficients in the calculated
dependencies. The method is applicable not only to reinforced concrete elements of simple cross-section
(rectangular, T- section), but also for other shapes of sections of a more complex configuration.

3. A numerical model of a reinforced concrete element of a rectangular cross-section with an
inclined crack under the action of shear forces is created. The analysis of the stress-strain state of the
support zone of the beam is performed. A numerical substantiation of the accepted hypotheses and
assumptions is given.

4. A good agreement between the results of numerical calculations and the results of regulatory
documents for rectangular cross sections is obtained. The discrepancy is 5 %.
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