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Abstract. The work is devoted to the finite elements construction, based on the stresses approximation, for 
solving plane problems of the elasticity theory. Such elements are alternative to existing finite elements 
obtained using displacements approximation. Alternative solutions allow more accurate assessment of the 
structure stress-strain state. The proposed method for constructing finite elements is based on the principles 
of minimum additional energy and possible displacements. Various stress approximation variants are 
considered. All approximations variants satisfy the differential equilibrium equations for the case of no 
distributed load. A comparison is made of the solutions which are obtained by the proposed method with 
analytical solutions for the ring and the bent beam. The considered stress approximation variants show for 
test problems good accuracy and convergence, when we grind finite elements grid. It is shown that the best 
accuracy in calculating stresses and displacements is provided by the finite element with piecewise constant 
approximations of stresses. In addition, such finite element ensures the displacements convergence to exact 
values from above. Other finite element variants may be convenient for calculating branched and combined 
structures. The proposed equilibrium finite elements can be used to more accurately determine the stresses 
in the calculated structures. The proposed technique can be used to build volumetric finite elements. 

1. Introduction 
To the basics of the finite element method large number of fundamental studies are devoted, for 

example papers [1, 2]. These present various variational principles, based on which, finite element solutions 
can be constructed for the wide range of structural design problems. Alternative principles of minimum 
potential energy and additional energy are considered. In addition, various variants of hybrid and mixed 
variational principles are studied. It is noted that the solutions based on the principle of minimum potential 
energy make it possible to obtain, under certain conditions, the lower limit of displacements, and those 
obtained using the principle of additional energy can provide the upper limit of displacements. It is obvious 
that by applying various approximations for displacements in the area of finite element, we thereby forcefully 
reduce the number of system freedom degrees, which leads to an increase its rigidity [3]. Therefore, the values 
of displacements determined by the finite element method in displacements will always be less of accurate 
values. In addition, as rule, the approximations used for displacements do not ensure the deformations 
continuity, and hence the stresses continuity, along the finite element boundaries. This leads to the 
appearance of stress field discontinuities along the finite element boundaries. 

The finite element method is successfully used to solve various geometrically and physically nonlinear 
problems. It successfully used for calculating rods, plates, shells and volume problems of the elasticity theory 
[4, 5]. The finite element method is widely used to solve problems with geometric nonlinearity, shear 
deformations and for calculation thin-walled structures. The finite element method in displacements is the 
universal method for solving various problems of the construction’s stability and dynamics [6, 7]. 

The papers [8, 9] are devoted to mixed variants of the finite element method. In mixed methods, 
approximations of both displacements and stresses (forces) are used. In [9], to approximate displacements 
and stresses, low-order functions are used. Then two numerical examples are given to demonstrate the 
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stability and efficiency of the proposed approach. The solution obtained by the mixed method, when crushing 
the finite element's grid, can approach the exact solution both from the bottom and from the top and does not 
give any lower or upper boundaries of displacements [10, 11]. 

As an alternative to the finite element method in displacements, for certain structure’s types, numerical 
methods are used, which based on the decomposition of the displacement function into trigonometric series 
[12,13]. Such methods allow obtaining high-precision solutions for the certain class of problems and can use 
to testing of other numerical methods. 

Also, the boundary element method which use boundary displacement approximations is applied to 
calculate various constructions [14, 15]. In [16], solutions of three-dimensional problems of the elasticity theory 
near the border are investigated using modern computational technologies. In [17] for the analysis of 
axisymmetric elastic problems, the new hybrid finite element method was proposed. This technique uses 
fundamental solutions in combination with boundary integration method. The formulation uses two independent 
displacement fields. One field is used within the region of the element and the second is used on the element 
border, that combines the advantages of the traditional methods of finite and boundary elements. In [18], the 
Galerkin’s method in the weak form is used to reduce the approximating function orders. 

In [19, 20], finite element solutions were developed based on stress (force) approximations. At the same 
time, to build the solution the combination of principles of the minimum additional energy and the possible 
displacements was used. Such approach makes it possible to find solutions that are alternative of solutions 
obtained by the finite element method in displacements. It is known, the finite element method in 
displacements gives an approximate and one-sided solution of the problem. Therefore, despite the great 
success in using the finite element method in displacements, the search and development of additional, and 
alternative solutions are relevant. Alternative solutions make it possible to obtain the necessary assessment 
of the solutions accuracy, which obtained by the finite element method in displacements, and thus ensure the 
adoption of more reliable design solutions. In [21, 22], this approach is used to solve stability problems and 
free oscillations of rod systems. 

This work aim is to develop the method to solve the flat elasticity problems, which is based on various 
variants of stress approximations at finite element region. In this case, it is supposed to use various options 
for approximating stresses that satisfy homogeneous differential equilibrium equations in the finite element 
region. The method using stress approximations is an alternative to the standard, widely used, finite element 
method, which is based on the displacement approximations. The flat elasticity theory problems are 
encountered at the calculations of wide range of the modern building structures. Therefore, the improvement 
of their solution methods remains the urgent task. 

2. Methods 
The solution of the theory elasticity problems in stresses can be obtained based on the additional energy 

functional [1, 2]: 

{ } [ ] { } { } { }1c 1Π min.
2

T TE d T dSσ σ Ω ∆−= − →∫∫ ∫  (1) 

{ }∆  is the vector given displacements of nodes;  

{T} is the vector boundary forces;  

S is the boundary surface, on which the displacement nodes are given;  

Ω is the subject area;  

{ } ( )T
x y xyσ σ σ τ=  is the stresses vector;  

[E] is the material stiffness matrix. 

We shall obtain the necessary relations for an arbitrary quadrangular finite element (Figure 1). In Figure 
1, points A, B, C, D are located on the middles of corresponding sides. 

To approximate stresses over the finite element region, we shall use functions that satisfy homogeneous 
differential equilibrium equations for the plane elasticity theory problem: 

0, 0.xy y xyx

x y y x
τ σ τσ ∂ ∂ ∂∂

+ = + =
∂ ∂ ∂ ∂

 (2) 
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Figure 1. Converting an arbitrary quadrangular finite element into the square.  

a) areas with constant stresses for variant 4;  
b) points 1, 2 on the axes are the points for numerical integration on Gauss. 

To compare the solutions, we shall use four variants of approximating functions, which are presented 
in Table 1. 

Table 1. Variants of the approximating functions for the stresses. 
Variant σx σy τxy 

1 1 4 6a a y a x+ +  yaxaa 752 ++  xayaa 763 −−  

2 yaa 41 +  xaa 52 +  3a  

3 xaa 61 +  yaa 72 +  xayaa 763 −−  

4 ( ), , ,x i ix yσ Ω∈  ( ), , ,y i ix yσ Ω∈  ( ), , ,xy i ix yτ Ω∈  

Variants 2 and 3 are obtained from variant 1 by eliminating some unknown parameters. All the approximation 
functions satisfy equations (2). In variants 1–3, the unknown parameters 1 7a a÷  are independent for each finite 
element; therefore, the stress fields will have discontinuities along the finite elements’ boundaries. Variant 4 uses 
piecewise constant functions , , ,, ,x i y i xy iσ σ τ  that are nodal stress values. Thus, stresses are approximated by 

constant functions in each region 1 4Ω Ω÷  of the finite element (Figure 1a). Such stress fields are continuous at 
nodes and along the finite elements boundaries but have discontinuities inside the elements. Such approximations 
for rectangular and triangular finite elements are used in [19–22]. 

For the stress fields to satisfy the equilibrium equations for the entire subject area under the given load 
action, we construct the equilibrium equations for finite element grid nodes. For that we shall use the possible 
displacements principle. The unit displacements along the coordinate axes (Figure 2) are taken as possible 
displacements. In this case, only finite elements that are adjacent to the node are will deformed. 

 
Figure 2. Possible displacements of node i. 

Such equilibrium equations can be written as follows: 

{ } { }

{ } { }
, ,

, ,

0, ,

0, .

T
i x i i x x

T
i y i i y y

С P i

С P i

σ Ξ

σ Ξ

+ = ∈

+ = ∈
 (3) 

{σi} is the unknown parameters vector of stresses for finite elements that are adjacent to node i;  

,x yΞ Ξ  are the sets of nodes that have loose displacements along the X and Y axes, respectively;  

, ,i xP  ,i yP  are the generalized forces corresponding to the external loads potential on single possible 

displacements of the node i, which are directed along the axes X, Y;  
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{ } { }, ,,i x i yС С  are the vectors containing coefficients for unknown nodal stress parameters in the 
equilibrium equations of node i. 

Using any variant of the approximating functions (Table 1), the expression of the functional (1), when 
the given displacements are absent, can be written in the following matrix form: 

{ } [ ]{ }1 min.
2

Tc Dσ σ∏ = →  (4) 

The matrix [D] is the flexibility matrix of the entire system. Thus, we have obtained the problem of the 
quadratic function minimizing (4) with constraints, which are represented as the system of linear algebraic equations 
(3). Using for solving the Lagrange's multipliers method, we shall get the following extended functional: 

{ } [ ]{ } { } { }( ), , ,,
1 min,
2 j

TTc
i j i j i i jj x y iD u С P

Ξ
σ σ σ

= ∈
∏ = + + →∑ ∑  (5) 

ui,j is the displacement of node i in direction j. With this solution, additional unknowns appear in the 
form of nodes displacements. But we must accent, that displacements fields approximations in the finite 
element region are not used. 

Expression (5) can be represented in the more convenient to solve form: 

{ } [ ]{ } { } { } [ ]{ }( )1 min,
2

T Tc D u F Lσ σ σ∏ = + − →  (6) 

{u} is the global vector of unknown nodal displacements;  

{F} is the vector whose elements are equal to the works of external forces on the corresponding single 
displacements;  

[L] is the “equilibrium” matrix, the rows of which are formed from the corresponding vectors {Ci,j}. 

If we equate to zero the derivatives with respect to the vectors {σ} and {u}, we obtain the following 
algebraic equations system: 

[ ] [ ]
[ ] [ ]

{ }
{ } [ ]

0
.

0

TD L
FuL

σ     −    =     −−        
 (7) 

The first matrix equation in (7) is the strain compatibility equations, which are written in stresses. The 
second matrix equation is the equilibrium equations of nodes. The matrix is block-diagonal form for any 
approximation variant from Table 1 and is easily reversible. Therefore, the system of equations (7) is 
conveniently solved in the following sequence: 

[ ] [ ][ ] [ ]1 ,TK L D L−=  (8) 

[ ]{ } { } ,K u F=  (9) 

{ } [ ] [ ] { }1 .TD L uσ −=  (10) 

Thus, solving the algebraic equations system (9), we obtain the nodal displacements values {u}, and 
then we shall calculate the stresses parameters vector {σ} from (10). 

Next, we shall obtain the necessary expressions for [D], [L], [F]. For this we shall use variants stresses 
approximations, which are presented in Table 1. 

2.1. Variant of approximation of stresses 1. 
Let us introduce the notation for the unknown parameters vector of the finite element k 

{ } ( )1 2 3 4 5 6 7
T

k a a a a a a aσ =  and for the stress approximations matrix 

[ ]
1 0 0 0 0
0 1 0 0 0 .
0 0 1 0 0

y x
H x y

y x

 
 =  
 − − 

 (11) 
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Then, the stresses vector of finite element k 

{ } [ ]{ }.k

xy

y

x

H σ
τ
σ
σ

σ =















=  (12) 

Material stiffness matrix 

[ ]
( )

.
1200

01
01

1

















+
−

−
=−

µ
µ

µ

E
tE  (13) 

E is the material elasticity modulus;  

t is the plate thickness;  

µ is the Poisson's coefficient.  

The finite element flexibility matrix is defined by the following expression: 

[ ] [ ] [ ]1 d .TkD H E H Ω−  =  ∫∫  (14) 

To obtain the solution and calculate the integral (14), we shall use the well-known transformation of the 
arbitrary quadrilateral element (Figure 1a) to the square element (Figure 1b). Such coordinate transformation 
can be written in the following form: 

( ) ( ) ( ) ( )( )4 4
, ,1 1

1, , , , , 1 1 .
4i i k i i k i i ii ix N x y N y Nξ η ξ η ξ η ξ ξ ηη

= =
= ⋅ = ⋅ = + +∑ ∑  (15) 

, ,,i k i kx y  are the finite element nodes coordinates in the global coordinate system. The functions Ni(ξ, 
η) will later be used to specify the possible displacements over the finite element region (Figure 2). Therefore 
it is necessary to calculate the derivatives Ni(ξ, η) with respect to the coordinates x and y. 

For partial derivatives of the function ( ),iN ξ η  the following expressions can be written: 

, .i i i i i iN N N N N Nx y x y
x y x yξ ξ ξ η η η

∂ ∂ ∂ ∂ ∂ ∂∂ ∂ ∂ ∂
= + = +

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
 (16) 

Index i denotes the local number node of the finite element (Figure 1a). The equations (16) may be 
written in the following matrix form: 

[ ], .

i i

ii

N x y x yN
x

J
NN x y x y

ξ ξ ξ ξ ξ

ηη η η ηη

∂ ∂ ∂ ∂ ∂    ∂   
      ∂ ∂ ∂ ∂ ∂∂      = =   ∂   ∂ ∂ ∂ ∂ ∂         ∂∂ ∂ ∂ ∂∂      

 (17) 

Using relations (15), we shall obtain the expressions of the matrix [J] elements: 

( ) ( )( ) ( )( )

( ) ( )( ) ( )( )

( ) ( )( ) ( )( )

( )

4
11 , 2, 1, 3, 4,1

4
12 , 2, 1, 3, 4,1

4
21 , 4, 1, 3, 2,1

4
22 1

1 1 1 1 ,
4 4

1 1 1 1 ,
4 4

1 1 1 1 ,
4 4

1
4

i i
i k k k k ki

i i
i k k k k ki

i i
i k k k k ki

i i
i

xJ x x x x x

yJ y y y y y

xJ x x x x x

xJ y

ξ ηη
η η

ξ

ξ ηη
η η

ξ

η ξξ
ξ ξ

η

η ξξ
η

=

=

=

=

+∂  = = = − − + + − ∂

+∂  = = = − − + + − ∂

+∂  = = = − − + + − ∂

+∂
= =
∂

∑

∑

∑

∑ ( )( ) ( )( ), 4, 1, 3, 2,
1 1 1 .
4i k k k k ky y y yξ ξ = − − + + − 

 (18) 
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From relation (17), we obtain the expressions of the necessary derivatives: 

[ ] [ ]1 1 11 12

21 22
, .

ii

i i

NN
b bx

J J
N b bN

ξ

η η

− −

∂ ∂ 
   ∂  ∂   = =     ∂ ∂     

   ∂ ∂   

 (19) 

Matrix elements have the following expressions: 

22 12 21 11
11 22 12 21 11 12 21 22detJ , , , , .

detJ detJ detJ detJ
J J J JJ J J J b b b b− −

= − = = = =  (20) 

Using the expression (19) and (15), we get 

( ) ( )

( ) ( )

11 12

21 22

1 1
,

4 4
1 1

.
4 4

i i i ii

i i i ii

N b b
x

N b b
y

ξ ηη η ξξ

ξ ηη η ξξ

+ +∂
= +

∂
+ +∂

= +
∂

 (21) 

Using the introduced coordinate transformation, the integral (14) can be written as follows: 

[ ] [ ] [ ] [ ] [ ] [ ]1 11 1

1 1
d detJ d d .T TkD H E H H E HΩ η ξ− −

− −
  = = ⋅  ∫∫ ∫ ∫  (22) 

To determine the matrix (22) elements, it is convenient to precompute the following integrals: 

1 1 1 1
1 21 1 1 1

1 1 1 1 2
3 41 1 1 1

1 1 1 1 2
5 61 1 1 1

detJ d d , detJ d d ,

detJ d d , detJ d d ,

detJ d d , detJ d d .

i A i x

i y i x

i xy i y

η ξ η ξ

η ξ η ξ

η ξ η ξ

− − − −

− − − −

− − − −

= = = ⋅

= ⋅ = ⋅

= ⋅ = ⋅

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

 (23) 

Integrals (23) are calculated numerically using the four-point Gauss’ formula. The following integration 
points and weight coefficients were taken in the calculations: 

,1 ,1 1

,2 ,2 2

0.339981, 0.652145,
0.861136, 0.347855.

g g

g g

W
W

ξ η

ξ η

= = ± =

= = ± =
 (24) 

Using expressions (22) and (23), we get: 

3 2 2 3

3 2 2 3

3 2

6 5 5 6

4 4 5

4 6 5

6 4

0
0

2(1 ) 0 0 2(1 ) 2(1 )
.

2(1 ) (2 )
2(1 )

k

A A i i i i
A i i i i

A i i
t i i i iD
E

symmetrically i i i
i i i

i i

µ µ µ

µ µ

µ µ µ

µ µ

µ

µ µ

µ

− ⋅ − ⋅ − ⋅ 
 − ⋅ − ⋅ 
 + − + ⋅ − + ⋅
 

   − ⋅ − ⋅=   
− ⋅ 

 + + ⋅ + ⋅ 
 + + ⋅ 

 (25) 

The global flexibility matrix for the entire system [D] is formed from matrices flexibility [Dk] of finite 
elements. 

To calculate matrix [L] elements we use the possible node displacement δui of the finite element (Figure 
2) along the X axis: 

( ) ( )1( , ) 1 1 .
4i i i iu Nδ ξ η ξ ξ ηη= = + ⋅ +  (26) 
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Possible deformations that occur in the finite element are determined using expressions (21). 

( ) ( )

( ) ( )

11 12

21 22

1 1
,

4 4
1 1

.
4 4

i i i ii
x

i i i ii
xy

N b b
x
N b b
y

ξ ηη η ξξ
δε

ξ ηη η ξξ
δγ

+ +∂
= = +

∂
+ +∂

= = +
∂

 (27) 

We introduce the notation of the possible deformations vector of the finite element k 

{ }

( ) ( )

( ) ( )

11 12

21 22

1 1
4 4

0 .

1 1
4 4

i i i i

x

k y

xy i i i i

b b

b b

ξ ηη η ξξ
δε

δε δε

δγ ξ ηη η ξξ

 + +
+  

    = =   
   + +   +  

 (28) 

The work of internal forces is 

{ }{ } { } [ ]{ } { } { }1 1T
, ,1 1

d detJ d d .
k

TTk k
i x k k k i x kU t t H C

Ω

δ δε σ Ω δε σ η ξ σ
−

− −
= = =∫∫ ∫ ∫  (29) 

In (29) the notation is entered: 

{ } { } [ ]1 1
, 1 1

detJ d .
T Tk

i x kC t H dδε η ξ
−

− −
= ∫ ∫  (30) 

To calculate the vector { },
k
i xC  elements it is convenient to pre-compute numerically. For that we use 

the four-point Gauss’ formula, the following integrals: 

1 1 1 1 1 1
1, 1 , 1 ,1 1 1 1 1 1

1 1 1 1 1 1
2, 1 , 2 ,1 1 1 1 1 1

detJ d d , x detJ d d , y detJ d d ,

detJ d d , x detJ d d , y detJ d d .

i i i
i x i y i

i i i
i y i y i

N N Nt t t
x x x
N N Nt t t
y y y

α η ξ α η ξ α η ξ

α η ξ α η ξ α η ξ

− − −

− − − − − −

− − −

− − − − − −

∂ ∂ ∂
= = ⋅ = ⋅

∂ ∂ ∂
∂ ∂ ∂

= = ⋅ = ⋅
∂ ∂ ∂

∫ ∫ ∫ ∫ ∫ ∫

∫ ∫ ∫ ∫ ∫ ∫
 (31) 

Using (11), (28), (30) and (31) we get 

{ } ( ), 1 2 1 1 2 20 0 ( ) .
Tk

i x ,i ,i y,i x,i y,i x,iC α α α α α α= − −  (32) 

Next, we consider the possible displacement of finite element node along the Y axis 

( )( )1( , ) 1 1 .
4i i i iv Nδ ξ η ξ ξ ηη= = + +  (33) 

The possible deformations that occur in the finite element are determined using expressions (21). 

( ) ( )

( ) ( )

21 22

11 12

1 1
,

4 4

1 1
.

4 4

i i i ii
y

i i i ii
xy

N b b
y

N b b
x

ξ ηη η ξξ
δε

ξ ηη η ξξ
δγ

+ +∂
= = +

∂

+ +∂
= = +

∂

 (34) 

Performing similar transformations, which are given above, we shall get: 

{ } { }, , ,
Tk k

i y i y kU Cδ σ=  (35) 

{ } ( ), 2 1 2 1 1 20 0 ( ) .
Tk

i y ,i ,i x,i y,i x,i y,iC α α α α α α= − − +  (36) 
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We combine the internal force works at the possible displacements for all finite element nodes into the 
vector 

{ } ( )1, 1, 2, 2, 3, 2, 4, 4, .
Tk k k k k k k k k

x y x y x y x yU U U U U U U U Uδ δ δ δ δ δ δ δ δ=  (37) 

Rows (32) and (36) are combined into the matrix 

11 2 1 1 1 1 1 2 1 2 1

2 1 11 2 1 1 1 1 1 2 1

1 2 2 2 1 2 1 2 2 2 2 2

2 2 1 2 2 2 1 2 1 2 2 2

1 3 2 3 1 3 1 3 2 3 2 3

2 3 1 3 2 3 1 3

0 0 ( )
0 0 ( )

0 0 ( )
0 0 ( )

0 0 ( )
0 0

, , y, x, y, x,

, , x, y, x, y,

, , y, x, y, x,

, , x, y, x, y,k

, , y, x, y, x,

, , x, y,

α α α α α α
α α α α α α

α α α α α α
α α α α α α

L
α α α α α α

α α α α

− −

− − +

− −

− − +
  =  − −

− 1 3 2 3

1 4 2 4 1 4 1 4 2 4 2 4

2 4 1 4 2 4 1 4 1 4 2 4

.

( )
0 0 ( )

0 0 ( )

x, y,

, , y, x, y, x,

, , x, y, x, y,

α α
α α α α α α

α α α α α α

 
 
 
 
 
 
 
 
 − + 
 − −
 

− − +  

 (38) 

Using (37) and (38) we can write 

{ } { }.k k лU Lδ σ =    (39) 

The matrix [ ]L  is formed from the finite element matrices [Lk]. 

Since unknown stresses parameters { } ( )1 2 3 4 5 6 7
T

k a a a a a a aσ =  are independent for 

finite elements, the formation of the resolving equations system can be performed in the same way as it is done for 
the finite element method in displacements. In this case, for each finite element we can form the matrix 

.
Tk k k kB L D L       =         (40) 

Then, from the matrices [Bk], in accordance with the node numbering, the matrix [K] is formed for the 
equations system (9). The matrix [Bk] is an analogue of the finite element stiffness matrix. 

 To form vector {F}, it is necessary to calculate the work of loads distributed over the finite element at 
possible node displacements: 

k

1 1

, ,
1 1

d ( , ) detJ d d ,k k k k
i x x i x i x iV q u q N P

Ω

δ δ Ω ξ η η ξ
− −

= = ⋅ =∫ ∫ ∫  (41) 

k

1 1

, ,
1 1

d ( , ) detJ d d .k k k k
i y y i y i y iV q v q N P

Ω

δ δ Ω ξ η η ξ
− −

= = ⋅ =∫ ∫ ∫  (42) 

To calculate (41), (42) for each finite element node (i = 1, 2, 3, 4), the Gauss’ numerical integration 
procedure is used. In accordance with the nodes numbering forces k

ixP ,  and k
iyP ,  are summed with the 

corresponding elements of the vector {F}. The concentrated in the nodes forces Px, Py are also added to the 
elements of the vector {F}. 

2.2. Variants of approximation of stresses 2 and 3 
All solving equations for these variants coincide with the equations for variant 1. It is necessary to simply 

exclude some columns of the matrices [Lk], which is corresponding of the excluded parameters, and the same 
rows and columns of the matrices [Dk] (see Table 1). 

2.3. Variant of approximation of stresses 4 
As unknown parameters the stresses values in the nodes of the finite element grid σx,i, σy,i, τxy,i are 

used directly. In this case the stresses are constant values in each of the finite element regions 1 4Ω Ω÷  and 
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equal of the corresponding nodal stresses (Figure 1a). The unknown stresses parameters vector of finite 
element will have the following form: 

{ } ( ),1 ,1 ,1 ,2 ,2 ,2 ,3 ,3 ,3 ,4 ,4 ,4 .T
k x y xy x y xy x y xy x y xyσ σ σ τ σ σ τ σ σ τ σ σ τ=  (43) 

To simplify the expressions, we introduce auxiliary functions 

( )
( )
( )

1, ,
, .

0, ,
i

i
i

x y
x y

x y
Ω

ψ
Ω

∈= 
∉

 (44) 

Then the stress approximations matrix at the finite element region will have the simple diagonal form: 

[ ]

1
1

1
2

2
2

3
3

3
4

4
4

.H

ψ
ψ

ψ
ψ

ψ
ψ

ψ
ψ

ψ
ψ

ψ
ψ

 
 
 
 
 
 

=  
 
 
 
 
 
  

 (45) 

Calculating the integral (14), we obtain the obvious expression for the block-diagonal matrix  

[ ]
[ ]

[ ]
[ ]

1
1

1
2

1
3

1
4

.k

A E
A ED

A E
A E

−

−

−

−

 
 
   =   
 
  

 (46) 

1 4A A÷  are the areas of the respective regions 1 4;Ω Ω÷  [E]–1 is the material flexibility matrix (13). To 

determine elements of the vectors { },
k
i xC  and { }, ,k

i yC  in accordance with (30), it is necessary to calculate the 

following integrals: 
1 1 1 1

, j , j1 1 1 1
detJ , detJ d d , , 1, 2, 3, 4.x yi i

i j i j
N Nt d d t i j
x y

β ψ η ξ β ψ η ξ
− −

− − − −

∂ ∂
= ⋅ = ⋅ =

∂ ∂∫ ∫ ∫ ∫  (47) 

In calculating integrals (47), depending on the function ψj, only the integration points (ζg, ηg) from the 
corresponding area of the square are used, in the one where ψi = 1 (see Table 2). 

Table 2. Integration points. 

ψj ξg ηg 

ψ1 –0.339981 
–0.861136 

–0.339981 
–0.861136 

ψ2 +0.339981 
+0.861136 

–0.339981 
–0.861136 

ψ3 +0.339981 
+0.861136 

+0.339981 
+0.861136 

ψ4 –0.339981 
–0.861136 

+0.339981 
+0.861136 

Thus, when calculating integrals (47), four integration points are used (Figure 1b). Using the notation 
introduced in (47), we obtain: 

{ } ( )
{ } ( )

, ,1 ,1 ,2 ,2 ,3 ,3 ,4 ,4

, ,1 ,1 ,2 ,2 ,3 ,3 ,4 ,4

0 0 0 0 ,

0 0 0 0 .

Tk x y x y x y x y
i x i i i i i i i i

Tk y x y x y x y x
i y i i i i i i i i

C

C

β β β β β β β β

β β β β β β β β

=

=
 (48) 
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The matrix [Lk] consists of lines (48): 

1,1 1,1 1,2 1,2 1,3 1,3 1,4 1,4

1,1 1,1 1,2 1,2 1,3 1,3 1,4 1,4

2,1 2,1 2,2 2,2 2,3 2,3 2,4 2,4

2,1 2,1 2,2 2,2 2,3 2,3 2,4 2,4

3,1 3,1 3,2

0 0 0 0
0 0 0 0

0 0 0 0
0 0 0 0

0 0

x y x y x y x y

y x y x y x y x

x y x y x y x y

y x y x y x y x
k

x y xL

β β β β β β β β
β β β β β β β β

β β β β β β β β
β β β β β β β β

β β β
  = 

3,2 3,3 3,3 3,4 3,4

3,1 3,1 3,2 3,2 3,3 3,3 3,4 3,4

4,1 4,1 4,2 4,2 4,3 4,3 4,4 4,4

4,1 4,1 4,2 4,2 4,3 4,3 4,4 4,4

.
0 0

0 0 0 0
0 0 0 0

0 0 0 0

y x y x y

y x y x y x y x

x y x y x y x y

y x y x y x y x

β β β β β
β β β β β β β β

β β β β β β β β
β β β β β β β β

 
 
 
 
 
 
 
 
 
 
 
 
  

 (49) 

The global [L] matrix is formed from the all finite elements matrices [Lk]. Note that in this case the 
direct matrix [K] formation, by calculating the matrix [Bk] (see (40)) for each finite element, is impossible. The 
expressions of the load’s potential (41), (42) don't depend on the stresses approximations types. 

Note that the width of the nonzero elements tape for the matrix [K] is approximately two times the tape 
width of the equations system for the finite element method in displacements and the matrix [K] tape width 
for variants of stresses approximations 1–3. 

3. Results and Discussion 
An analytical solution for ring loaded with concentrated forces is given in [23]. Due to symmetry, a 

quarter of the ring was calculated. That is shown in Figure 3a. The ring has an inner radius r and an outer 
radius R = 2 ⋅ r. To solve the problem, the following ring parameters were taken: E = 10 000 kN/m2,   
µ = 0.3,  r = 3 m, P = 20 kN. In nodes are along the line AB, we excluded displacements which directed along 
the X axis, in nodes are along line CD, we excluded displacements which directed along the Y axis. 

 
Figure 3. A quarter of the ring (the grid of 5×10 finite elements).  

a) concentrated force P; b) uniform internal pressure q. 

Table 3 shows the displacements values of point C for different finite element grids. The values in the 
Table 3 show the displacements convergence rapid. For the case piecewise constant approximation of 
stresses (variant 4), there is strict displacements convergence to the exact value from above. 

Table 3. Displacement 100uc, m (Figure 3a). 

Grid Variants of the stress approximations 
1 2 3 4 

5×10 0.60274 0.61341 0.62238 0.66561 
10×20 0.61633 0.61902 0.62146 0.63407 
20×40 0.61993 0.62061 0.62123 0.62461 
30×60 0.62061 0.62091 0.62119 0.62272 

In [23], the analytically calculate stresses values are given for nodes which lay at the lines AB and CD 
(Figure 3a). Stress values are given in dimensionless form: 

( ) ( ).2x y x y
R
P

πσ σ=  (50) 
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For the solutions comparison, the stresses values at the indicated points, which were obtained for the finite 
element mesh 10×20, are given in Tables 4 and 5. Stresses were calculated for four stress approximations variants. 
For approximations 1–3, the stresses are discontinuous along the element boundaries. Therefore, in Table 4 for the 
grid internal nodes, two values are given. These values were calculated in the two finite elements which are adjoining 
at the node. In each finite element, stresses were calculated for the corresponding node point. To do this, node 
coordinates were substituted into the stress expressions (Table 1). For the variant 4, the stresses are calculated 
directly for the grid nodes, therefore one value was presented. 

Table 4. Stresses yσ  at nodes along the CD line. 

Node 
Variant of approximations 

Value of [23] 
1 2 3 4 

1-C –8.833 –8.819 –7.690 –8.391 –8.942 

2 –6.311 
–6.342 

–6.210 
–6.355 

–7.690 
–5.518 –6.412 – 

3 –4.561 
–4.519 

–4.483 
–4.538 

–5.518 
–3.892 –4.682 –4.610 

4 –3.183 
–3.105 

–3.116 
–3.121 

–3.892 
–2.559 –3.163 – 

5 –2.043 
–1.948 

–1.980 
–1.958 

–2.559 
–1.518 –2.052 –2.012 

6 –1.059 
–0.956 

–0.998 
–0.961 

–1.518 
–0.574 –0.999 – 

7 –0.179 
–0.073 

–0.118 
–0.073 

–0.574 
0.280 –0.133 –0.113 

8 0.632 
0.738 

0.694 
0.742 

0.280 
1.076 0.715 – 

9 1.396 
1.501 

1.459 
1.508 

1.076 
1.832 1.478 1.477 

10 2.129 
2.234 

2.192 
2.242 

1.832 
2.563 2.233 – 

11-D 2.842 2.903 2.563 2.798 2.940 

Table 5. Stresses xσ  at nodes along the CD line. 

Node 
Variant of approximations 

Value of [23] 
1 2 3 4 

1-A 9.818 9.807 8.144 9.399 10.147 

2 6.162 
6.050 

6.019 
6.075 

8.144 
5.086 6.216 – 

3 4.002 
3.778 

3.915 
3.797 

5.086 
3.173 4.200 4.002 

4 2.500 
2.231 

2.434 
2.234 

3.173 
1.804 2.421 – 

5 1.350 
1.055 

1.289 
1.037 

1.804 
0.749 1.299 1.24 

6 0.390 
0.065 

0.326 
0.020 

0.749 
–0.213 0.532 – 

7 –0.482 
–0.850 

–0.567 
–0.949 

–0.213 
–1.021 –0.546 –0.594 

8 –1.354 
–1.785 

–1.452 
–1.974 

–1.021 
–1.971 –0.433 – 

9 –2.423 
–2.893 

–2.679 
–3.394 

–1.971 
–3.370 –3.134 –2.185 

10 –4.164 
–5.005 

–4.273 
–5.757 

–3.370 
–3.187 –5.852 – 

11-B –13.562 –15.832 –3.187 –19.300 –3.788 

The results analysis, which is given in Tables 3–5, shows that less accurate stresses values were 
obtained for the third stress approximation variant. The stress values of the first and second variants are close, 
but the first variant gives closer stress values to the analytical solution at the extreme nodes. In intermediate 
nodes, the 1–3 approximation variants have discontinuities in the stresses, therefore, the deviations from the 
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analytical solution are more significant compared with the fourth variant. To improve the results accuracy for 
variants 1–3, it is necessary to calculate the average stresses values for intermediate grid nodes. The fourth 
variant of stresses approximations allows one to obtain stresses directly at the grid nodes and ensures the 
displacements convergence to exact values from above. It should be noted that point B is the point of 
singularity. At this node, the stresses tend to infinity, so it is impossible to compare values for this point. But it 
is obvious that the analytical solution [23] for this point does not provide the drastic change of the stress’s 
values. Therefore, the value , 3.788x Bσ = −  can’t serve as the reference of comparison with other solutions. 

In addition, the stress value ,9 2.185xσ = −  in the neighboring node is also unreliable, that is due to the 
inaccuracy of the analytical solution in the singularity zone. Note that the solutions of the approximation’s 
variants 1, 2 and 4 more accurately represent the stresses change at the singularity zone and allow us to 
obtain more accurate and consistent stress values. 

When using the finite element method in displacements, usually, the stresses are determined not at the 
nodal points, but at the finite element centers. If we want to improve the accuracy of their values, the finite 
element grid should be grinding. Tables 6–8 show the stresses at the finite element centers, which is adjacent 
to points C, D and A, for the considered stresses approximations variants, as well as those obtained using 
the LIRA-SAPR program. For variant 4, the stress values are given directly for the nodes. 

Table 6. Stress yσ  at the finite element closest to point C. Analytical value = –8.942.yσ  

Grid 
Variant of approximations 

LIRA-SAPR 
1 2 3 4 

5х10 –6.431 –8.437 –6.629 –8.078 –6.120 
10х20 –7.559 –8.819 –7.628 –8.391 –7.449 
20х40 –8.199 –8.908 –8.219 –8.618 –8.167 
30х60 –8.425 –8.917 –8.434 –8.698 –8.411 

Table 7. Stress yσ  at the finite element closest to point D. Analytical value = 2.940.yσ  

Grid 
Variant of approximations 

LIRA-SAPR 
1 2 3 4 

5×10 2.129 2.869 2.267 2.734 2.146 
10×20 2.549 2.903 2.589 2.798 2.547 
20×40 2.745 2.917 2.755 2.826 2.744 
30×60 2.807 2.921 2.812 2.888 2.807 

Table 8. Stress xσ  in the finite element closest to point A. Analytical value = 10.147xσ . 

Grid 
Variant of approximations 

LIRA-SAPR 
1 2 3 4 

5×10 6.301 6.359 6.501 8.977 5.850 
10×20 7.967 7.975 8.098 9.399 7.811 
20×40 8.980 8.980 9.007 9.679 8.931 
30×60 9.352 9.351 9.365 9.803 9.329 

The values given in Tables 6–8 show that approximation variants 2 and 4 provide the greatest accuracy. 
At the smallest grid, for point A by 5 % more accurate stresses values are calculated by the fourth version of 
approximations, and for points C and D by 2–3 % the second variant is more accurate. The stresses values 
obtained by the LIRA-SAPR program are less accurate compared to variants 2 and 4, by about 5–6 %, and 
their values are smaller. 

The analytical solution for ring loaded with uniform internal pressure (Figure 3b) is given in [15]. For the 
CD line, this solution can be written as follows: 

( )
( )
22 2 2 2 2

2 2 2 2 2 2 22 2

1
1 , 1 , 0, 1 2 .x y xy

qr xqr R qr R Ru
R r x R r x xE R r

µ
σ σ τ µ

     +
= − = + = = − +     

− − −     
 (51) 

To estimate the proposed method accuracy, quarter-ring calculations were performed (Figure 3b) with 
different finite element meshes for the stress approximation variants 1–4, as well as using the LIRA-SAPR 
program. The following ring parameters were used for calculations: E = 10 000 kN/m2,  µ = 0.3,  r = 3 m,  q = 
10 kN/m.  
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Table 9. Displacement 100uc, m (Figure 3b). 

Grid 
Variant of approximations 

LIRA-SAPR 
1 2 3 4 

5×10 0.5893 0.5925 0.5891 0.5943 0.5859 
10×20 0.5898 0.5907 0.5897 0.5913 0.5890 
20×40 0.5900 0.5902 0.5899 0.5903 0.5897 
30×60 0.5900 0.5901 0.5900 0.5902 0.5900 

Exact value 0.5720 

The displacements of point C for the four stresses approximation variants are given in Table 9. All 
variants show good accuracy and fast convergence of the displacement value. With the grid of 30×60, the 
solutions practically coincide for all the considered variants. Variants 2 and 4 demonstrate convergence to the 
exact value from above. 

Table 10. Stresses at points C and B (Figure 3b) for various approximation variants. 

Grid Variant , ,x Cσ kN/m2 
, ,y Cσ  kN/m2 

, ,y Bσ  kN/m2 

node f. e. node f. e. node f. e. 
5×10 1 –8.040 –7.598 16.919 14.383 6.580 7.004 

10×20  –8.961 –8.737 16.887 15.440 6.629 6.834 
20×40  –9.463 –9.352 16.804 16.028 6.650 6.750 
30×60  –9.637 –9.354 16.765 16.235 6.656 6.722 
5×10 2 –7.808 –7.668 16.572 14.252 6.559 7.091 

10×20  –8.794 –8.754 16.819 15.391 6.616 6.859 
20×40  –9.366 –9.355 16.802 16.013 6.642 6.757 
30×60  –9.570 –9.565 16.771 16.228 6.650 6.725 
5×10 3 –8.233 –7.605 14.739 14.480 7.030 6.948 

10×20  –9.102 –8.743 15.546 15.478 6.837 6.818 
20×40  –9.546 –9.354 16.058 16.040 6.750 6.746 
30×60  –9.698 –9.565 16.233 16.241 6.722 6.720 
5×10 4 –9.427  15.874  6.891  

10×20  –9.875  16.079  6.807  
20×40  –9.967  16.318  6.728  
30×60  –9.985  16.420  6.706  
5×10 LIRA-  –7.595  14.013  6.934 

10×20 SAPR  –8.739  15.325  6.817 
20×40   –9.352  15.996  6.746 
30×60   –9.569  16.224  6.722 

Exact value –10 16.6667 6.6667 

The stresses at points B and C for different finite element meshes are given in Table 10. The stresses for 
approximations 1–3 were determined twice. The first value (title column is “f. e.”) is the stresses at the center of 
the finite element, which is adjacent to the corresponding point. The second value (title column is “node”) is the 
stresses were determined by substituting the node coordinates into the expression for the stress approximation 
functions (see Table 1). Comparison of the obtained results with exact values shows that the fourth variant has 
the best accuracy. The remaining variants have similar stresses values. With the greatest error, approximately 
2.7 %, the stress values were calculated of third approximation variant and according to the LIRA-SCAD 
program. Of course, the stress values calculated for the nodes are more accurate. 

 
Figure 4. Half of hinged supported beam. Finite element grid 10×20. 
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Also, calculations were carried out of hinged supported beam on the concentrated force action. Figure 4 
shows half of the beam. The following parameters were adopted: span is 4 m, section height is h = 1 m, section 
width is b = 1.0 m, E = 10 000 kN/m2,  µ = 0.3, P = 10 kN. The book [23] provides analytical solutions for 
stresses in sections which is located near the concentrated force application point. The stresses values are 
presented in the following form: 

,
2 2, .x x b x y y

P P
h h

σ σ β σ β   = + =   
   

 (52) 

σx,b is the stress which was calculated by the beam theory in accordance with the Kirchhoff’s hypothesis. 
The stresses values calculated in accordance with (52) for points 1–4 are given in Table 11. 

Table 11. Analytical solution for the beam [23]. 

Point βx σx, kN/m2 βy σy, kN/m2 
1 0.428 –20.44 –1.230 –24.6 
2 0.121 2.42 –0.456 –9.12 
3 –0.136 27.28 –0.145 –2.90 
4 –0.133 57.32 0 0 

 

Figure 5. Stresses σx at the finite element centers, which lay on line 1–4,  
in the beam middle section (Figure 4). The blue line is the analytical solution. 

 

Figure 6. Stresses σy at the finite element centers, which lay on line 1–4,  
in the beam middle section (Figure 4). The blue line is the analytical solution. 

The Figures 5–6 present the solutions for the considered stresses approximations variants, when was 
using the rather coarse 10×20 grid. The obtained solutions are in good agreement with the analytical solution. 
The fourth stresses approximations variant which use the piecewise constant functions allows to obtain the 
most accurate solutions for stresses. For variants 1–3, the greatest difference from the analytical solution is 
observed at point 1 which is closest to the point of concentrated force application and is the singularity point. 
Table 12 shows the obtained by the proposed methods stresses values. 

Table 12. Stresses at point 1 (Figures 5–6). 

Stress 
Variant of approximations 

Exact value 
1 2 3 

σx, kN/m2 –22.58 –22.67 –23.91 –20.44 

σy, kN/m2 –21.09 –21.10 –21.03 –24.60 

As in the previous examples, the approximation variants 1 and 2 provide closer to exact stresses values 
(Table 12). The stresses σx differ from the exact ones by about 11 %, and the stresses σy – by 14 %. Note 
that the solution of variant 4 practically coincides with the analytical solution at all points which lay along the 
height of the section. 
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In [1], algorithm the stiffness matrix constructing of rectangular finite element, which was based on the 
second stresses approximations variant, is considered. To build the stiffness matrix at first the strains are 
expressed through the stresses. Then the displacement functions are determined by integrating the 
deformations expressions. As a result, the displacements expressions turn out to be dependent on the 
transverse deformations coefficient. It is noted that for such element the inter-element displacements continuity 
is not provided. On the example of the cantilever beam calculation, it is shown that this element provides fast 
displacements convergence to the exact solution. 

The approach proposed in this paper allows us to develop various equilibrium finite elements which are 
based on the fundamental principles of the additional energy minimum and possible displacements. These 
elements can be used for plane theory elasticity problems. The proposed method is based on stresses fields 
approximations. The considered stresses approximations variants showed good accuracy and convergence 
for test problems, when we grind the finite element grid. The best accuracy is demonstrated by stresses 
approximations variants 4, 1 and 2. 

4. Conclusion 
1. The method is proposed for constructing equilibrium arbitrary quadrangular finite elements for solving 

plane problems in the elasticity theory. The technique is based on the principles of additional energy minimum 
and possible displacements and it provides to use the necessary approximations of stresses. 

2. Comparison of the solutions which were obtained by the proposed method with analytical solutions 
for the ring and the bent beam is performed. The best accuracy is provided by the variant which use piecewise 
constant approximations of stresses over finite element region. The deviation calculated values from exact 
solutions does not exceed 2 %. Such stresses approximations can provide the displacements convergence to 
exact values from above. 

3. The stresses approximations which are based on variants 1 and 2 are discontinuous along the finite 
elements’ boundaries, but also provide good accuracy in the stress’ determination. Even we use coarse grids, 
the deviation calculated values from the exact solutions is 5–6 %. Such finite elements can be convenient 
when we must solve branched and combined structures. 

4. The proposed method can be further used to build equilibrium triangular finite elements and to solve 
bulk problems of the elasticity theory. 
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Аннотация. Работа посвящена построению конечных элементов на основе аппроксимации 
напряжений для решения плоских задач теории упругости. Такие элементы являются 
альтернативными существующим конечным элементам, полученным с использованием 
аппроксимации перемещений. Альтернативные решения позволяют более точно оценивать 
напряженно-деформированное состояние конструкции. Предлагаемая методика построения конечных 
элементов основывается на принципах минимума дополнительной энергии и возможных 
перемещений. Рассматриваются различные варианты аппроксимации напряжений, которые 
удовлетворяют дифференциальным уравнениям равновесия для случая отсутствия распределенной 
нагрузки. Выполнено сравнение решений, полученных по предлагаемой методике, с аналитическими 
решениями для кольца и изгибаемой балки. Рассмотренные варианты аппроксимации напряжений 
показывают для тестовых задач хорошую точность и сходимость при измельчении сетки конечных 
элементов. Показано, что лучшую точность вычисления напряжений и перемещений обеспечивает 
конечный элемент с кусочно-постоянными аппроксимациями напряжений. Кроме того, такой конечный 
элемент обеспечивает сходимость перемещений к точным значениям сверху. Другие варианты 
конечных элементов могут быть удобны для расчета разветвлённых и комбинированных конструкций. 
Предлагаемые равновесные конечные элементы могут быть использованы для более точного 
определения напряжений в рассчитываемых конструкциях. Предлагаемая методика может быть 
использована для построения объемных конечных элементов. 
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