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Abstract. A brief analysis of calculation methods to assess underground pipeline earthquake resistance, their 
advantages and disadvantages are given in the paper. The analysis of the models of underground pipeline-
soil interaction under seismic (dynamic) effect is given. The coupled problems of underground pipeline-soil 
interaction at seismic wave propagation in a soil medium with embedded pipeline are set. One-dimensional 
non-stationary wave problems for the soil medium and the pipeline are solved numerically using the method 
of characteristics and the finite difference method. Numerical solutions are obtained in the form of a change 
in longitudinal stresses over time in various sections of the pipeline. An analysis of the obtained numerical 
solutions shows a significant dependence of longitudinal stresses on wave processes in the soil medium, 
dynamic stress state of soil and mechanical properties of soil and the pipeline material. A factor of a multiple 
increase in longitudinal stresses in the underground pipeline under its dynamic interaction with soil is revealed. 
It is shown that the main reason for this increase in stresses is the dynamic stress state of soil around the 
pipeline under its interaction with soil. The results obtained are the grounds for the development of a new 
regulatory calculation of underground trunk pipeline strength under seismic effect. 

1. Introduction 
Usage of underground pipelines, which make up some of the most important backbone systems for any 

population, including water, gas, and oil pipelines, has been on a rise all over the world [1–5]. Their stability 
under various conditions (seismic ones, landslides, mudflows, transport and sea accidents, etc.) becomes a 
particularly urgent problem [1–7], since a rise in accident rate of underground pipelines leads to large economic 
and environmental losses [1]. To prevent this damage, it is necessary to determine the causes of underground 
pipeline damage under dynamic loads of different nature. 

Studies of underground pipeline strength and stability under static and dynamic loads have a long 
history and have been carried out by many researchers all over the world. The most significant results of the 
studies are given in [1–9]. 

Based on the results given in [1–12], the process of the stress state formation, which affects the strength 
of underground pipelines under dynamic (especially, seismic) loads, is a very complicated one as there are a 
lot of factors which define the basic determinant indices of this process. Among them are the factors of dynamic 
(wave) processes in the pipeline itself and dynamic behavior of an underground pipeline depending on its 
design features [1–4]; the underground pipe-soil interaction factor [1, 13–16]; the factor of surrounding soil 
with complex mechanical properties [8, 10, 17–31]; the factor of pipelines conveying fluid or gas (thermal and 
mechanical characteristics) [32, 33]; the factor of dynamic (seismic) load characteristics [32–34], etc. The 
consideration of all these factors in mathematical statement of the problem leads to complex equations, the 
solution of which is possible under significant simplifications [32–38]. The attempts to construct generalized 
models of underground pipeline strain considering complex ground and geological conditions, various models 
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of pipe-soil interaction and the effect of corrosive wear on the inside and the outside of the pipe were carried 
out in [8, 11, 12]. 

However, determining the qualitative and quantitative impact of each of the above factors is a separate, 
independent problem in evaluating the underground pipeline strength.  

The aim of this study, based on the above factors, is to determine the longitudinal stresses in 
underground trunk pipelines under longitudinal seismic effects, taking into account the pipeline-soil interaction 
forces. 

The objectives of the paper are: 

1. An analysis of existing methods for determining longitudinal stresses under seismic effects. 

2. A development of the models of underground pipeline-soil interaction. 

3. The statement of the problem of longitudinal underground pipeline-soil interaction under plane 
seismic waves. 

4. The method of solution of wave problem and its substantiation. 

5. Comparative analysis of longitudinal stresses in an underground pipeline at various models of 
pipeline-soil interaction under seismic loads. 

2. Methods 
2.1. Methods to determine longitudinal seismic stresses in underground pipelines 

Currently, there are three basic methods to determine longitudinal seismic stresses in underground 
pipelines. As described in [9] the first method is based on the hypothesis of the equality of longitudinal strains 
in the pipeline and soil under seismic loading. Here, the seismic load is taken in the form of plane elastic wave 
propagating in soil, changing according to a sinusoidal law. Such a statement allows analytical determining 
the maximum elastic strain in soil [9]. It is assumed that an underground long pipeline receives the strain equal 
to the maximum elastic strain of soil. Longitudinal stress is determined from Hooke’s Law at a known 
longitudinal pipeline strain. This simple method is laid as the basis for determining longitudinal seismic stresses 
in the regulatory documents (Building Code) in the Commonwealth of Independent States countries 
(SNiP 2.05.06-85* (RF) and in Uzbekistan (KMK 2.01.03-96). 

It is obvious that under seismic waves propagation in soil medium with embedded pipeline, the 
longitudinal strain of the pipeline cannot be equal to the soil strain, as it is assumed in [9]. 

As noted in [12–16], this method can estimate the upper limit of seismic stress in an underground 
pipeline. Calculations by this method [38] show that longitudinal stresses in underground steel pipelines, 
depending on ground conditions, reach values from 20 to 100 MPa. These values of longitudinal stresses do 
not exceed the tensile strength of steel pipe. This circumstance is corrected in [38] by introducing coefficient 
m3, which is determined by formula 

3 3 ,прm τ τ=  (1)  

where ,пр Nf cτ σ= +   

f is the coefficient of internal friction in soil,  

σN is normal stress, determined by the pipeline laying depth in soil,  

c is cohesion force in soil,  

τ3 is shear stress at the pipe-soil contact. 

The definition of τ3 in [38] is proposed experimentally, which is associated with many difficulties. 

In [38], a final value of longitudinal stress in the underground pipeline is estimated multiplying coefficient 
m3, determined by this method, by the value of longitudinal stress. Due to the complexity of determining shear 
stress τ3, this method of estimating longitudinal seismic stress in an underground pipeline has not found its 
wide application in practice. However, due to its simplicity, this method is still included into the regulatory 
documents of the CIS countries, without taking into account coefficient m3. 

The fact that the first method is based on an incorrect hypothesis on longitudinal strains equality of the 
pipeline and soil makes us look for other methods to determine longitudinal seismic stresses in an underground 
pipeline. As a result, the second method was proposed. 
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The second method for determining longitudinal seismic stresses in an underground pipeline was 
developed in [38]. This method is based on the hypothesis that a longitudinal seismic stress in an underground 
pipeline is generated by the interaction force at the pipe-soil contact, determined in the simplest case as  

,xK uτ =  (2)  

where τ is the force (shear stress) of interaction,  

Kx is coefficient of longitudinal interaction,  

u is relative displacement equal to u = u2–u1;  

u1 is absolute displacement of soil particles,  

u2 is absolute displacement of pipeline particles (section). 

In the general case, the values of u1 and u2, and, accordingly, u should be determined for each section of 
the pipeline, i.e. they are the variable values along the pipeline length. They also vary in time as seismic wave 
parameters and are the functions of time parameters t and coordinate x directed along the pipeline axis 

1 1 2 2( , ), ( , ), ( , ).u u t x u u t x u u t x= = =  (3)  

Relationship (2) in [13–16] is attributed to V.A. Florin (1938), and the ones in [10–12] to other researchers. 
Using the external surface force (2), solutions to a number of one-dimensional problems on the underground 
pipeline vibrations were obtained in [13–16], and longitudinal stresses in the pipeline were determined. 

The second method was further developed in [38]. Here, when solving one-dimensional problems of 
underground pipeline longitudinal vibrations, seismic load is considered to be known and taken in the form of 
function u1 = u1(t), i.e. the absolute soil displacement depends on time only. Such a simplification is equivalent 
to the fact that soil medium is a non-deformable body and moves as a rigid body. Obviously, this simplification is 
opposite to the hypothesis of the first method, where soil is considered a deformable medium. 

In [1–4, 13–16], many complex problems on underground pipeline longitudinal vibrations were 
considered and solved, the statements of which were similar or close to the ones of the second method. 

In [38], longitudinal stresses in the pipeline were determined from the solution of one-dimensional 
stationary problem of longitudinal plane seismic wave propagation in an elastic underground pipeline, using 
relationships (2), (3). In [38], the results of the first method are taken as the first approximation by solving the 
equations of pipeline longitudinal vibrations. In [38], the first method is referred to as a «static» method and 
criticized as an inaccurate one. 

Further, the solution of the first method is taken as the basis for determining longitudinal stresses in soil. 
Then in [38], a dynamic coefficient is introduced, which specifies the value of longitudinal stress in underground 
pipeline. The value of dynamic coefficient nD varies within nD = 0.2–3. As a result, the range of longitudinal 
stresses obtained in [38] varies from 4 to 300 MPa, which is an inaccurate value. 

Besides, the essence of dynamic coefficient nD and the problem statement on seismic vibrations of 
underground pipelines were not revealed in [38]. A number of significant drawbacks of the second method 
were noted in [13–16]. The second method, as well as the first one, does not lead to a more accurate and 
reliable determination of longitudinal stresses in the underground pipeline. This circumstance led to the 
formulation of the third method. 

The basics of the third method are given in [11]. In [11], longitudinal stress in an underground pipeline is 
determined from solving coupled wave problems. The third method includes the advantages of the first two 
methods. Since it is practically very difficult to determine experimentally the change in soil displacements 
u1 = u1(t, x) on soil-pipeline contact surface, it is proposed to determine function u1 = u1(t, x) based on the 
solution of the problem of seismic wave propagation in soil with embedded pipeline. 

In this case, firstly, it becomes possible to take into account not only the elastic properties, but dissipative 
(viscous, plastic) properties of soil as well. Secondly, in this case, dynamic stress normal to the outer surface 
of the pipeline σND(t, x) becomes known along the pipeline length.  

Obviously, the shear stress (friction) τ tends to Coulomb friction τnp at increasing relative displacement u. 
It follows that coefficient Kx in (2) should depend on σN; the latter, in turn, consists of two components 

,N NS NDσ σ σ= +  (4)  

where σNS is the static normal stress, determined by the pipeline laying depth in soil. 
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The fact that the value of σND may be greater than σNS, significantly affects the stress state of 
underground pipeline. Essentially, the value of σND varies in the range max max .ND ND NDσ σ σ− ≤ ≤  This means 
that on the pipe-soil contact surface, the soil separation from the pipeline may occur. 

In addition, in the second method, the direction of the interaction force is not explicitly taken into account 
(2). The sign τ can be precisely determined only from relation 

sgn( ) ( ) ,x Nv K uτ σ=  (5)  

where 2 1,v v v= −  v2 is the velocity of soil particles, v1 – velocity of pipeline particles on the contact surface. 
Obviously, at 0, sgn( ) 1,v v< =−  and at 0, sgn( ) 1.v v> =+  The case at v = 0 is considered as a special 
case [11]. 

As is shown in [10], at critical value of *,u u=  soil separation from the pipeline occurs and the shear 

stress on the surface of their contact is determined from the Coulomb-Amontons law, i.e. in this case τ = τnp. 
Experimental studies of the underground pipelines-soil interaction under static and dynamic loads in [11] show 
that in fact there is no clear boundary in the pipe-soil contact. 

A certain contact layer of soil is involved in the interaction, the thickness of which depends on the outer 
diameter and the roughness of pipeline outer surface and on strain properties of the pipeline and soil, on 
disturbed or undisturbed soil structure. 

As shown in [11], this contact layer of the pipeline-soil interaction is strained strongly – till the destruction. 
The soil beyond the contact layer may be strained elastically or non-elastically without destruction. 

Further, taking into account all the above factors and equations (3)–(5), the problem of seismic wave 
propagation in a pipeline is solved and the longitudinal (seismic) stress is determined. 

The third method, as you can see, is quite complicated. However, it is more accurate and reliable in 
contrast to the former ones [11, 12]. 

Thus, the development of the methods to determine longitudinal stresses led to the formulation of the 
third method. In this paper, longitudinal seismic stresses in an underground pipeline are determined by the 
third method. According to [11, 12], in the simplest case, when considering one-dimensional coupled problems 
on seismic waves propagation in soil and along the underground pipeline, the pipeline-soil interaction forces 
play a significant role. Therefore, we will consider this issue separately. 

2.2. Models of underground pipeline-soil interaction 
In essence, an interaction model is a pipeline response to seismic effects. Seismic load is transferred to the 

pipeline through soil. The soil is strained under seismic impact. Soil strains near the boundary of contact with the 
pipeline differ from the ones that occur far from this boundary [11, 12]. As a result, a contact soil layer is formed at 
this boundary. The existence of the contact soil layer is experimentally and theoretically shown in [11, 12]. In [11], 
various laws of strain of the contact layer are considered. In [12], the cases and limits of applicability of these 
interaction laws are discussed, which are, in essence, the laws of special strain of the contact layer. 

Based on the results of experimental and theoretical studies [11, 12], the process of underground 
pipeline-soil interaction is most reliably described by equations 

at *
*, 0N N u uσ σ> ≤ ≤    

( , , ) ( , , )
( , ) ( , )S N S S N S

xD N S xS N S

d duI u I u u
K I dt K I dt

τ τµ σ µ σ
σ σ

+ = +   (6)  

0du
dt

≥    

, 0
( , )xR N S

d du du
K I dt dt dt

τ
σ

= <  (7)  

at *
*,N N u uσ σ> >     

,Nfτ σ=  0du
dτ

≥  (8)  
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0,τ =  0du
dt

<  (9)  

at * , 0,N Nσ σ τ≤ =  (10)  

where KxD is the variable coefficient of dynamic interaction (at u →∞ );  

KxS is variable coefficient of quasistatic interaction (at 0u → );  

KxR is variable coefficient of interaction during reverse pipeline motion relative to soil;  

µS is variable shear viscosity of soil;  

u du dt=  is pipeline displacement rate relative to soil;  

*SI u u= is a parameter characterizing the structural destruction of the soil contact layer,  

0 1,SI≤ ≤  at IS = 0 the soil contact layer or contact bonds between the outer surface of the pipeline and 
soil are not destroyed, and at IS = 1 these bonds are completely destroyed;  

f is coefficient of internal friction of soil;  
*
Nσ  is tensile strength of soil (hereinafter, the compressive stresses are assumed to be positive). 

Parameter µS is related to shear viscosity coefficient ηS by relationship 

( ) .S xD xS xD xS SK K K Kµ η= −    (11)  

Interaction functions , ,xD xS xRK K K determined from the results of experimental studies in [11] have the 
following form 

( )*( , ) ( ) exp 1 ,xD N S xD N SK I K Iσ σ α= −    (12)  

( )*( , ) ( ) exp 1 ,xS N S xS N SK I K Iσ σ β= −    (13)  

( )*( , ) ( ) / 1 ,xR N S xDN N SK I K Iσ σ= −  (14)  

where *
xDK  and *

xSK  are the secant coefficients of dynamic and quasistatic interaction of disturbed soil with 

the pipeline at *;u u=  

KxDN and KxSN are initial values of the interaction coefficients;  

α and β are dimensionless coefficients characterizing the degree of change in KxDN and KxSN. 

For the disturbed (IS = 1) contact soil layer from (12) and (13) we obtain 
* *exp( ), exp( ).xDN xD xSN xSK K K Kα β= =  (15)  

It follows from (15) that 

*ln( / ),Nβ α γ γ= +  (16)  

where * *
* / ; / .xD xS N xDN xSNK K K Kγ γ= =  

Based on experimental results [11] we get 
* *( ) , ( ) .xS N NS N xD N ND NK K K Kσ σ σ σ= =  (17)  

In [11] it is stated that * ,Nγ γ≥  so 

( )

*
* *

* *
*

; ( ) ,
( )( )

( , , ) exp 1 ,

S
m

N N S

S N S S S

Bu u
u C

I u I

κ

β α µ γ
γ γ γ γ

µ σ µ ϕ

≥ =
= + −

= −  







 (18)  
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where *
mγ  is the limit value of *,γ   

κ and ϕ are the dimensionless coefficients. 

In [11], at σN > 1 MPa, it is recommended to replace formula (8) with the following formula 

( )( )0 * 01 ,N Nf fτ τ σ σ τ τ= + + −  (19)  

where τ0 is the cohesion force of the soil contact layer;  

*τ  is the limiting value of the friction force, *τ = 0.7–0.9 MPa. 

The parameters of the interaction model * *, , , , , , ,m
NSB K fu uγ α κ ϕ  considered in [11] are determined 

from experimental results and have the following values for loess soils of disturbed structure and for steel 
pipeline: 1.1; 0.5; 100N NSf Kγ = = =  m–1; 3

* 3 10u −= ⋅  m; * 0.15Nσ =  МPа; 0;ϕ =  3;α =  0.1;κ =  

* 10;mγ = 200; 100SB C= =  m/s; τ0 = 0. 

As can be seen, the interaction model described by equations (6)–(19) is more complicated than the 
one described by (2). However, an account for such determining factors, as the interaction rate, disturbance 
of the soil contact layer, cohesion forces and internal friction of soil leads to such cumbersome equations. In 
the simplest cases, not considering these factors, one can use equations (2) and (8) with the corresponding 
conditions as a model of interaction. 

The law of interaction (2) is often used [1–4, 12–16, 28] in longitudinal stress calculations of 
underground pipelines. It is considered that the coefficient of longitudinal interaction Kx, determined from the 
results of static experiments, takes into account the pipeline laying depth. However, in [12–16, 38], the fact 
that a further increase in relative displacement value in (2) leads to soil separation from the pipeline and the 
value of τ after separation does not depend on u, is not taken into account. The Coulomb Law (8) is satisfied 
at this stage of interaction. 

In [11] it was shown that the second stage of interaction for loess soils of disturbed structure occurs at 
3

* 3 10u −= ⋅ m. Such relative displacements between the underground pipeline and soil during strong 
earthquakes are possible [38, 69]. So in calculations it is necessary to take into account the entire interaction 
process for τ(u). In this case, to avoid the break between dependences (2) and (8) at point *,u u= it is 

necessary to express the interaction coefficient Kx depending on σN taking into account (4). 

In this case, the law of interaction (2) takes the form [11] 

( ) ( )1 SI
xS NK ue βτ σ  − =  at *

*, 0 , 0,N N
duu u
dt

σ σ> ≤ ≤ ≥  (20)  

where function KxS(σN) is determined from relationship (17). 

In this case, the entire interaction process is described by equations (20), (8)–(10), and the value of *u  
can be determined from the relationship 

* .NSu f K=  (21)  

In [38], the interaction law of a model analogous to Kelvin – Voigt one is used, which does not describe 
soil relaxation. However, due to its simplicity, a Kelvin – Voigt-type interaction model is often used in 
calculations. Given the above factors, the Kelvin-Voigt type interaction model has the form [11] 

( ) ( ), ,xS N S S N S
duK I u I
dt

τ σ η σ= +  at *
*, 0 , 0,N N

duu u
dt

σ σ> ≤ ≤ >  (22)  

where ( ),S N SIη σ  is the soil shear viscosity coefficient, determined from relationships  

( ) ( ) ( )( )

( )

*

*
*

, exp 1

, 1 / ,

S N S S N S S

S N N S ND
S

I I

duf C u f K
C dt

η σ η σ α

η σ σ

= −

 
= = − 

 

 (23)  
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where CS is the shear wave propagation in soil. In this case the interaction process is described by equations 
(22), (8)–(10). ( ),xS N SK Iσ  is determined from (13). 

From relationships (23) it is seen that at ,S
du C
dt

→  * 0;u →  which does not correspond to reality. 

Nevertheless, interaction models (20) and (22) in simplified versions are widely used in calculating the 
underground pipelines strength under seismic loads. 

The above analysis of the process and the laws of interaction show that they are quite complex. As will 
be shown below, longitudinal stress in an underground pipeline substantially depends on the correct choice of 
the interaction model. 

2.3. The statement of the problem of longitudinal interaction  
of an underground pipeline with soil when exposed  

to plane seismic waves and the method to solve them 
The problem of soil interaction with an underground pipeline laying on a certain depth from the surface 

is a three-dimensional one. With some simplifications it can be reduced to a two-dimensional problem. In these 
two cases, mathematical statement of the problem leads to complex partial differential equations describing 
the process of pipeline-soil interaction with many unknowns. Obtaining a solution to these equations is a rather 
laborious and complex mathematical problem. 

With some more powerful simplifications, the problem can be reduced to one-dimensional problem. 
Consider an underground pipeline as an extended rod with an x axis, on the outer surface of which an 
interaction (friction) force τ acts, defined by equations (2) or (6)–(10) or (20). When using these equations to 
determine interaction force τ, it is necessary to know the absolute value of soil displacement u1 as a function 
u1(t, x) and the dynamic pressure σND normal to the outer surface of the pipeline as a function σND(t, x). 

The value of σNS is determined by the pipeline laying depth in soil and is assumed constant over time and 
along the pipeline length. To determine the functions u1(t, x) and ( ) ( )2, ,ND t x K t xσσ σ=  (Kσ is the soil lateral 

pressure coefficient, σ2 – longitudinal stress in soil), consider the soil medium around an underground pipeline 
as a cylindrical rod with a radius R = H, where H is the pipeline laying depth in soil, determined by the distance 
from the outer (day) soil surface to the pipeline axis x, which is also the axis of soil cylinder. 

Initial sections x = 0 of the pipeline and soil coincide. Outer surface of the pipeline in contact with soil, 
in this case, is the surface of a cylindrical cavity with a diameter DB = DH, where DH is the outer diameter of 
the pipeline inside soil cylinder. Soil medium can also be considered as a half-space with an x axis coinciding 
with the pipeline axis with a cylindrical cavity of diameter DB along the x axis. In both cases, the one-
dimensional motion of soil is described by the same equations. 

At the section x = 0 (the initial section of the pipeline and soil), a load that generates a plane wave in 
soil half-space and the pipeline is defined by equations 

( )max sin , 0 ,

0, ,

t T t

t

σ σ π θ

σ θ

= ≤ ≤

= >
 (24)  

where T is the half-time of load,  

θ is load action time,  

σmax is load amplitude,  

σ is longitudinal stress acting along the x axis. 

Considered simplifications of the «soil medium-pipeline» system lead to a description of their motion 
under dynamic load (24) by equations 

0 0

0,

i i
i i i

i i

v
t x

v
x t

τ
σρ κ σ

ε

∂ ∂
− + =

∂ ∂
∂ ∂

− =
∂ ∂

 (25)  

where vi is the particle velocity (mass velocity) of the pipeline and soil on the same section x = xi;  
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ρ0i is the initial density of the pipe and soil material;  

( )vsgn1 =κ  for pipeline,  

( )vsgn2 −=κ  for soil;  

v = v2 – v1 is relative velocity;  

iτσ  is reduced friction force acting per unit length of the pipeline and soil; at i = 1 all parameters and 
variables of equation (25) refer to the pipeline, and at i = 2 – to soil. 

Values of iτσ  for the pipeline and soil are determined from relationship 

( )2 2
14 ,i H Hi BiD D Dτσ τ= −  (26)  

where τ is the interaction force (friction force) acting between the pipeline and soil;  

DHi is outer diameters of the pipeline and cylindrical soil rod;  

DBi is inner diameters of the pipeline and cylindrical soil rod; DB2 = DH1. 

In fact, the surface interaction force (friction) is reduced by equation (26) to volume force, which is a 
consequence of reducing the problem to a one-dimensional statement [10–16]. Equations (25) contains three 
unknown variables σi, εi and vi, for the determination of which (25) it is closed by the laws of strain of the pipeline 
and soil in the form 

,i i i
i i i

Di Sit E t E
ε σ σµ ε µ∂ ∂
+ = +

∂ ∂
 (27)  

where EDi is the dynamic compression modulus;  

ESi is static compression modulus;  

µi is volume viscosity parameter related to the volume viscosity coefficient ηi by the ratio 

( )
.Di Si

i
Di Si i

E E
E E

µ
η

=
−

 (28)  

Equation of state (27) is a model of a standard linear viscoelastic body that takes into account the creep 
and relaxation of deformable bodies. Note that the basis of the interaction law (6) is equation (27). To close 
the equation in the case of ground condition (i = 2), the elastic-viscoplastic law of soft soils strain proposed by 
G.M. Lyakhov, cited in [10], can be used. 

Thus, the solution to the problem of underground pipeline-soil interaction under plane seismic waves 
generated by a load (24) is reduced to solving two systems of differential equations of a hyperbolic type for 
the pipeline (i = 1) and soil (i = 2) [10]. These systems of equations are connected through the law of interaction 
(6)–(10), by means of relation (26). As a result, we have coupled boundary value problems with boundary 
conditions at x = 0, relation (24) and 0ix C t=  at the wave front 

( )1 2
0 0 0 0 0, , ,i i i i i i i i Di iC v v C C Eσ ρ ε ρ= = =  (29)  

where 0iC  is the velocity of longitudinal wave propagation in the pipeline (i = 1) and soil (i = 2). 

In the case of a load generating a wave (24), the jumps in stresses ,iσ  strains ,iε  and particle 

velocities iv  are equal to zero and the boundary conditions (29) take the form 

0, 0, 0vσ ε= = =  at  0 .ix C t=  (30)  

Note that the front end of the pipeline can be load-free (24), later the pipeline receives motion only 
through the effect of the interaction force, determined by relations (6)–(10), (26). 

The system of partial differential equations (25), (27) with boundary conditions (24), (30) is numerically 
solved. Equations (24), (27) are of hyperbolic type and have real characteristic relations, which have the form 
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 (31)  

In contrast to [10], in equations (25) and (31) there is an additional term related to κi and so, these 
equations are nonlinear. The wave fronts in the pipeline and soil are the lines of weak discontinuity, hence at 
the front τ = 0. This leads to linear equations of the wave fronts and characteristics in both media. The 
application of the method of characteristics to equations (25), (27) leads to ordinary differential equations (31). 
The application of numerical methods to the solution of ordinary differential equations increases the accuracy 
of solution when compared to their application in partial differential equations [10]. 

To increase the accuracy of solution [10], equations (31) are reduced to a dimensionless form through 
the relations 
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In these dimensionless variables, basic equations take the form 
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 (33)  

boundary conditions in dimensionless variables take the form 
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 (34)  

Characteristic relations take the form 
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 (35)  

In equations (33)–(35) at 1, 1.C vi K K K K Kρ ε µ= = = = = =  

Equations (35) at boundary conditions (34) (at zero initial conditions) are solved numerically by the finite 
difference method in an implicit scheme. The difference equations for system (35) are similar to the equations 
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given in [10]. The difference is the presence in (35) of nonlinear terms related to the interaction force .iτσ
  In 

contrast to [1], computer calculations are performed on two parallel characteristic planes t x   (Figure 1) (for 
the pipeline (i = 1) and for soil (i = 2). The axes ,t   x  and grids of discrete points are similar. 

The initial sections x = 0 for both planes coincide. Boundaries confined by wave fronts are different. In 
the pipeline, the wave propagates along the line 1( 1),Cx t K= =   and in soil – along the line 

2 2 02 01( 1,C Cx K t K C C= = <   02 01)C C<  (Figure 1). 

The time t∆   and space x∆   steps are chosen from the Courant stability condition for this case. 

1 2 .C Cx K t K t∆ ∆ ∆≥ > 



 (36)  

Condition (36) ensures that the characteristic lines on the calculated layer j do not go beyond the lines 
i–1 and i+1 (Figure 1) on which all wave parameters are considered known. On the line j + 1, the wave 
parameters are first determined in soil, then knowing the interaction force ,iτσ  the wave parameters in the 
pipeline are calculated. There are three types of calculation points in each time layer j + 1, point 1 at the initial 
section, point 2 inside the area, point 3 at the wave front. The wave parameters at these points are calculated 
according to their calculation algorithms. At points 1 and 3, they are calculated with account for the boundary 
conditions (34). 

 
Figure 1. Sampling scheme on the characteristic planes of numerical solution. 

At the intermediate points of type 9, the wave parameters are determined by interpolation method. The 
values of the known wave parameters in the time layer j at non-nodal points of 5, 6, 7 types are determined 
by interpolation too. In calculations, soil medium has an unlimited boundary. The wave front 2Cx K t=   can 

extend to infinity. The pipeline may have a finite length *x x=   or may have an infinite length (in calculations 

*x  = 1 000 000.0). In the case of a finite length of the pipeline after the front has traveled the distance * ,x x=   
the boundary conditions at the final section of the pipeline are set in the form: 

in case of a free end 

0σ =  at *x x=   (37)  
in case of a fixed end  
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0v =  at *.x x=   (38)  

Based on the compiled algorithm, a program has been developed in Pascal algorithmic language and 
implemented in Delphi programming for calculating the wave parameters in the pipeline and soil, taking into 
account the interaction forces. 

The reliability of the algorithm and computer program is proved by comparing the results of numerical 
solutions with the available experimental results on the underground pipeline-soil interaction under dynamic 
loading [11]. 

2.4. Reliability substantiation of the algorithm, program and numerical solutions 
In the statement considered here, even for the simplest cases (elastic soil, elastic pipeline, with the law 

of interaction (2)), the problem has no analytical solution. Experimental studies of the underground pipeline-
soil interaction in [4, 12–15, 38] were carried out under the iimpact of a static load on the pipeline. The soil in 
these cases remained undisturbed. In [11], field experiments were carried out, the statement of which 
coincides with the one considered in the paper. The difference lies in the fact that there the dynamic load was 
created by the explosion. The set-up and the diagram of the experiment are given in detail in [11]. 

The main objective of the experiment [11] was to determine the law of interaction of an underground 
pipeline with soil. In experiments, an asbestos-cement pipe of a length L = 3.9 m; DH1 = 0.32 m;  DB1 = 0.28 m; 
C01 = 5000 m/s; γ1 = 1.1; µ1 = 10 000 s–1; laying depth H = 1.7 m was used. Characteristics of loess soil were: 
volume density ρ02 = 1620–1760 kg/m3 (in calculations ρ02 = 1700 kg/m3); moisture content W = 18–21 %;  
C02 = 1000 m/s;  Kσ = 0.3; γ2 = 4; µ2 = 100 s–1. 

Load characteristics (24), according to experimental data [11] were: σmax 0.7 МPа, T = θ = 0.03 s. 

The laws of interaction (6)–(10) and its characteristics are given in paragraph 2.2. In the experiment, 
the end of the pipeline was rigidly fixed. Therefore, condition (38) is satisfied at the end of the pipe as a 
boundary condition. 

In the experiment in [11], the stresses generated by a plane blast wave were measured at the front and 
rear ends of the pipe, as well as the acceleration of the pipe and its displacement relative to soil and the stress 
normal to the outer surface of the pipe. The changes in shear stresses, relative displacements in time on the 
pipe contact surface with loess soil of a disturbed structure were determined according to the sensors records 
[11]; dependencies τ(u) were constructed. 

A numerical solution program allows us to consider a problem in the statement similar to that of an 
experiment in [11]. Using the above initial experimental data [11], the changes of u(t), τ(t) and τ(u) were 
obtained by numerical solution of a theoretical problem similar to the experiment based on the developed 
algorithm and software. 

 
Figure 2. Change of relative displacement in time on the pipe-soil contact surface. 
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Comparison results of the numerical solution with the experiment are shown in Figures 2–4. 

Figure 2 shows the changes in relative displacements in time. Curve 1 was obtained using the relative 
displacement sensor in the experiment [11] on a pipe section; the sensor was located at a distance of 
x = 3.625 m from the front end. Curves 2 and 3 were obtained by numerical solution and refer to the distances 
x = 1.95 m and 3.625 m, respectively, from the front end (initial section) of the pipe. 

As seen from Figure 2, the results of calculations on a computer well agree with the experimental results 
(the scatter is 5–10 %). 

Figure 3 shows similar comparisons of dependency τ(t). Here, curve 1 was obtained from the results 
of experimental measurements, and curves 2 and 3 – by numerical solution of a theoretical problem, the 
statement of which corresponds to the experimental statement. As seen from Figure 3, the experimental and 
theoretical curves coincide satisfactorily. Here, curves 2 and 3 relate to pipe sections at the distances of 
x = 1.95 m and 3.625 m from the initial section. 

Figure 3. Change of shear stress in time on the pipe-soil contact surface. 

Figure 4 shows a comparison of experimental and theoretical diagrams τ(u) plotted from dependences 
τ(t) and u(t) in Figures 2 and 3. Due to the short length of the pipe (L = 3.9 m) theoretical dependences τ(u) 
are identical (curves 2,3) in its sections x = 1.95 m and 3.625 m, The coincidence of theoretical curves 2 and 
3 at the initial stage of interaction, where the value of τ varies depending on u, with experimental one τ(u) is 
qualitatively satisfactory. Quantitatively, the scatter is 30–40 %. In the second section τ(u), where the pipe-
soil slippage occurs, the agreement between experimental and theoretical results is good. Here the scatter is 
about 3 %. 

In general, the agreement between experimental and theoretical diagrams τ(u) can be considered 
satisfactory (Figure 4). In the considered theoretical problem, one of the main components is the interaction 
law (6)–(10). A comparison of numerical solutions with the experiment, given in Figures 2–4, shows the 
reliability of the developed algorithms, computer programs and numerical solutions of the problem. 

3. Results and Discussion
3.1. Longitudinal stresses in an underground pipeline 

in the case of an interaction model of the Hooke's law type 
The interaction models considered above (6), (20), (22), are derived from the Hooke, Kelvin–Voigt laws, 

a law of a standard linear body for shear stresses and strains, respectively, [11]. So, they can be called the 
interaction models of the Hooke’s, Kelvin-Voigt laws and the law of a standard body. 
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Figure 4. Theoretical and experimental diagrams of changes of shear stress 
on the pipe-soil contact surface. 

In computer calculations, interaction models (6), (20) and (22) can be used separately or in combination 
with equations (7)–(10). In the case when interaction models (6), (20) and (22) between the pipeline and soil 
are used, excluding equations (7)–(10) and setting κ1 = κ2 = 1 in equation (25), an elastic or viscoelastic 
interaction force is obtained on the pipeline-soil contact surface. 

At κi = 1, the force of interaction does not serve as the friction force. After the relative displacement 
reaches u = umax or at du/dt < 0, the shear stress τ does not change the sign, but gradually decreases to 
zero and only at u < 0, τ < 0. The case κi = 1 is applicable when the value of the relative displacement is 
small, i.e. *u u<<  and the structural bonds between the particles of the pipeline and soil are not broken; here
the elastic forces act between them. 

The developed algorithm and a program for numerical solution to the problem under consideration allow 
us to obtain results both for the case when an elastic (viscoelastic) bond is held between the pipeline and soil 
in the interaction process, and when this bond is not held on their contact surface. In the latter case, the force 
of interaction serves as the friction force. 

The first case occurs when the structural bonds have been formed between the outer surface of the 
pipeline and soil; the bonds have a sufficient rigidity after the pipe has lain in soil for a long time. However, 
even in this case, at *,u u>  the contact layer of soil is destroyed and the pipeline separation from soil occurs;
under longitudinal interaction, the interaction force serves as the friction force. 

The second case occurs when the contact bonds are not formed between the pipe outer surface and 
soil (pipelines laid in soil of a disturbed structure) if the pipe-soil contact layer is disturbed (destroyed). 

Consider the results of computer calculations obtained for the above cases when only condition (20) is 
satisfied between the pipeline and soil on their contact surface. 

Let us start with the simplest case when the wave processes in soil surrounding the pipeline are not taken 
into account. In this case, in (4), σND = 0, and σNS is approximately determined by the pipe laying depth 

( )2 2
g 2 g1 1 1 14 ,NS H B HH D D Dσ γ γ π= + −  (39)  

where γg2 is the specific volume weight of soil, 

γg1 is specific volume weight of the pipeline material, 

H is the pipeline laying depth. 

The law of interaction (20) takes the form 
( )[ 1 ]SI

NS NSK ue βτ σ −= (40)  

and is fulfilled at all values of u. 
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The initial data are: DH1 = 0.2 m; DB1 = 0.18 m; γg1 = 780 кN/m3; µ1 = 104 s–1; C01 = 5000 m/s; H = 1 m; 
L = 1000 m; γg2 = 200 КN/m3; KNS = 100 m–1; σmax = 0.5 МPа; T = 0.01 s. 

Consider two calculation options at the above initial data: β = 2; κ = +1 and β = 0; κ = sgn(v). In the 
first option, the shear stress on the outer surface of the pipeline depends only on value of u. The structural 
bonds between the pipeline and soil are elastic ones and not broken at all values of relative displacement u. 
In the second option, the structural bonds between the soil particles and the outer surface of the pipeline are 
broken and the interaction force serves as the friction force. In this case, τ is determined from equations (40), 
(8)–(10). In these options, the relative displacement value is u = u1, and u2 = 0. The problems with similar 
statements are considered in [38]. 

Figure 5. Changes of longitudinal stresses in the pipeline at x  = 0; 15; 30; 45 m, not considering 
the wave processes in soil at σN = σNS = const in the case of interaction model of Hooke’s type.

Figure 5 shows the changes of longitudinal stresses related to these options. Here the solid curves are 
the calculations results of the first option, and the dashed curves – of the second option. Curves 0–3 refer to 
the distances x = 0; 15; 30; 45 m, respectively. Curves 0(x = 0) present the load given by the formula (24). In 
both options, the value of normal static soil pressure on the pipeline by formula (39) is equal to 
σNS = 0.023 MPa and is constant along the pipeline length. 

As seen from Figure 5, the amplitudes of the load, set at the front end of the pipeline, remain constant 
over time (curves 0). The stress amplitudes in the next sections of the pipeline in both options vary differently 
(curves 1–3). In the first option (β = 2; κ = +1), the oscillations amplitudes of the first stresses decrease more 
noticeably in comparison with the second option (β = 0; κ = sgn(v)). With an increase in time, this unloading 
decreases already in the next oscillations. 

In both options, the relative displacement, i.e. the displacement of the pipeline relative to soil occurs 
only as a result of a steel pipe strain under longitudinal seismic stress of the amplitude of σmax = 0.5 MPa. 
According to the data in [38], during 9 point magnitude earthquakes, longitudinal stresses in loess soils reach 
an amplitude of up to 0.5 MPa. Here, it is conditionally assumed that this load in the pipeline section x = 0 acts 
on the end of the pipeline. The change limits in shear stress and relative displacement are insignificant in the 
considered sections of the pipeline: in the first option: 100 100τ− ≤ ≤  Pа; 5 56 10 5 10u− −− ⋅ ≤ ≤ ⋅ m; in the 
second option: 20 20τ− ≤ ≤  Pа; 58 10 0u−− ⋅ ≤ ≤  m. Due to insignificant values of the relative 
displacement, and hence the shear stress, the amplitudes of longitudinal stresses along the pipeline practically 
do not change. A seismic stress wave of the amplitude of σmax = 0.5 MPa does not affect significantly the 
pipeline in the considered options. 

An increase in σmax at x = 0 leads to similar results in Figure 5, with an increase in the stress amplitude 
in the pipeline cross sections. 

Calculation results of considered options (Figure 5) show that it is impossible to determine and evaluate 
seismic stresses in the pipeline without account for the wave processes in soil. It follows that in the statement 
of the problem considered here and in similar problems [38], it is not possible to determine the longitudinal 
stresses in the pipeline not considering the wave processes in soil surrounding the pipeline. The results in 
Figure 5, of the changes in longitudinal stresses along the pipeline, correspond to the changes in wave 
parameters in viscoelastic rods [11]. This once again indirectly confirms the reliability of the obtained numerical 
solutions. 
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Figure 6. Change of longitudinal stresses in the pipeline at x  = 0; 5; 10; 15 m, considering 
the soil movement at σN = σNS = const in the case of interaction model of Hooke’s type. 

Now consider the change in longitudinal stresses in the pipeline taking into account wave processes in 
soil. Figure 6 shows the change of longitudinal stresses in the pipeline when a plane wave generated by the 
load (24) on section x = 0 of the pipeline and soil propagates through the soil surrounding the pipeline. 

The characteristics of the pipeline, soil and load remained unchanged as in the case shown in Figure 5 
(β = 2). Curves 0–3 in this case refer to distances x = 0; 5; 10; 15 m, respectively. In calculations, the soil 
pressure normal to the pipeline, determined by the pipe laying depth H = 1 m, remains along the entire length 
of the pipeline as in [38]. 

The dynamic component of normal pressure, σND, i.e. σN = σNS = const is not taken into account. 
When determining the longitudinal stress in the pipeline, only the soil displacement is taken into account, 
determined from the solution of equations (25), (27) at i = 2. Soil displacement values further enter equation 
(40) when determining the shear stress (interaction force) on the pipeline-soil contact surface. 

Curve 0 in Figure 6 is the set load generating the wave. The amplitude of this load, σmax = 0.5 MPa, remains 
constant over time. In the following sections x = 5; 10; 15 m (curves 1–3), the amplitudes of longitudinal stress 
increase significantly, from about 12 to 18 times, compared with the amplitude of σmax = 0.5 MPa. This is due to 
soil displacement under wave propagation through it. Since the soil stiffness is approximately five times less 
(C01 = 5000 m/s; C02 = 1000 m/s) than the pipeline material, the soil displacement is significantly greater than the 
pipeline displacement as a result of their strain under the load (24). 

As a result, the pipeline stress state actually determines the soil motion. Even in the case when the front 
end of the pipeline is load-free (24), the pattern in Figure 6 practically does not change, which confirms the 
significant and determinant role of soil medium in longitudinal stress formation in the pipeline. The value of 
relative displacement in the case shown in Figure 6 varies within 3 30.5 10 1 10u− −− ⋅ ≤ ≤ ⋅  m, and the value of 
shear stress varies within 2 22 10 2 10τ− −− ⋅ < < ⋅  MPa. As seen, in this case, the values of relative 
displacement are an order of magnitude greater, and the values of shear stress are three orders of magnitude 
greater than in the previous case. In addition, in the case shown in Figure 5, the interaction force on the outer 
surface of the pipeline is always a passive resistance force, which leads to the wave amplitude attenuation 
over time. 

In Figure 6, this interaction force due to the large strain in soil, hence, a greater displacement of soil relative 
to the pipeline, turns from a passive force into an active one. Under this active force, longitudinal stress in the 
pipeline increases too. The action of an active force occurs along the entire outer surface of the pipeline along 
its length. Therefore, the value of the interaction force dominates when comparing with the load at the front end 
of the pipeline. Due to this circumstance, the load (24) at the front end of the pipeline does not play a significant 
role at σmax = 0.5 MPa. The results in Figure 6 are obtained at * ,u →∞  i.e. in this case, equation (20) is used
and not equations (7)–(10). Note that with the above values of the initial data, an account of equations (7)–(10) 
does not practically affect the change in longitudinal stresses (Figure 6). 
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Figure 7. Change of longitudinal stresses in the pipeline at x = 0; 5; 10; 15 m, considering 
the soil movement at σN = σNS + σND in the case of interaction model of Hooke’s type. 

Consider the case of changes of longitudinal stresses in the pipeline with dynamic changes in the stress 
state of soil (Figure 7). In this case, the stress normal to the outer surface is N NS ND constσ σ σ= + ≠

according to (4). The value of ( )2 ,ND K t xσσ σ=  is determined by longitudinal stress in soil σ2(t, x). Lateral 

pressure coefficient is Kσ = 0.3. The values of all other initial data of the problem remain unchanged. As seen 
from Figure 7, the amplitude of longitudinal stresses in comparison with the case at σN = σNS = const (Figure 6), 
increases by two or more times. In Figure 7, just as in Figure 6, curves 0–3 relate to the distances from the initial 
section x = 0 (curve 0), x = 5; 10; 15 m (curves 1–3), respectively. 

Calculations of longitudinal stresses for pipeline sections x = 30; 60; 90 m show that the amplitude σ1max 
increases asymptotically. At x = 90 m, σ1max = 27 MPa and in the next sections of the pipeline this value of 
longitudinal stress remains unchanged. An account of dynamic component of the normal stress leads to a 
three-time increase in longitudinal stresses in the pipeline, compared with the case when it is not taken into 
account. At the maximum stress in soil surrounding the pipeline, σ2max = 0.5 MPa, longitudinal stress in the 
pipeline increases (σ1max = 27 MPa) by 54 times. 

In this case, the relative displacement and shear stress on the pipeline profile vary within 
31.5 10 0u−− ⋅ < <  m and 2 22 10 4 10τ− −− ⋅ < < ⋅  MPa. Compared to Figure 6, the value of relative 

displacement is of the same order (abs(u) = 1.5 ⋅ 10–3 m), and the value of shear stress, on account of the 
addition of σND, increases by about 2 times. As a result, an increase in the pipeline longitudinal stress is three 
times greater in Figure 7 than in the case shown in Figure 6. 

In the above options, the frequency of longitudinal waves in soil is taken as 10.5 50f T −= =  s–1. Under 
low-frequency seismic loads, at f = 1–10 s–1, the value of longitudinal stresses in the pipeline increases to 
100 MPa or more. The determination of longitudinal stresses in the pipeline under low-frequency seismic wave 
propagation in soil is beyond the limits of this investigation. 

3.2. Longitudinal stresses in an underground pipeline in the case 
of an interaction model of the Kelvin-Voigt law type 

Consider the effect of laws (22) and (6) on the values of longitudinal stresses in the pipeline. 

The interaction model (22) is constructed by analogy with the Kelvin – Voigt law [11]. In this case, the 
shear viscosity function ηS(σN, IS) is determined from relations (23). According to (23), the shear viscosity 
coefficient of disturbed soil on the underground pipeline-soil contact surface is determined by formula 

( )* .S N N Sf Cη σ σ=  (41)  

At the pipe laying depth H = 1 m, according to (39), σNS = 0.23 ⋅ 105 Pa. Taking the values of the 
coefficient of internal friction as equal to f = 0.5 and CS = 500 m/s, we get τnp = 0.115 ⋅ 105 Pа, 

*
Sη =  23 Pа⋅s/m.
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The initial data for calculations in this case are KNS = 100 m–1; αS = 1.2; β = 2; C01 = 5000 m/s; H = 1 m; 
T = 0.01 s; L = 1000 m; γg1 = 780 kN/m3; γg2 = 200 kN/m3; µ1 = 104 c–1; DH = 0.2 m; DB = 0.18 m; CS = 500 m/s; 
σmax = 0.5 МPа. 

The values of initial data for equation (40), in this case, are supplemented by the values of the 
parameters of equations (22), (23). 

 

Figure 8. Change of longitudinal stresses in the pipeline at x = 0; 15; 30; 45 m, not considering  
the wave processes in soil at σN = σNS = const in the case of interaction model of Kelvin-Voigt type. 

First consider the case when the wave processes in the soil surrounding the underground pipeline are 
not taken into account β = 0; αS = 0. This case corresponds to the linear law of interaction of the Kelvin-Voigt 
type. Calculation results are given in Figure 8 (dashed curves 0–3). Here, curve 0 is the set load at x = 0 
changing according to equation (24). As seen from Figure 8, the wave amplitude at distances x = 15; 30; 45 m 
(dashed curves 1–3, respectively) attenuates slightly. In this case, the viscosity coefficient is *

Sη  = 23 Pа⋅s/m. 

Shear stress of the interaction τ determined by equation (22) varies within 20 10τ− < <  Pa; relative 
displacement varies within 5 58 10 2 10u− −− ⋅ < < ⋅  m, i.e. these parameters are the same as in the case shown 
in Figure 5, at elastic interaction. Therefore, the change of stress over time at fixed sections of the underground 
pipeline is identical when using interaction models (20) and (22). 

To identify the effect of shear viscosity of soil *
Sη  on the stress state of an underground pipeline, the 

value of CS in calculations was assumed to be artificially undervalued and equal to 0.5 m/s. The values of the 
remaining parameters did not change. Solid curves 1–3 in Figure 8 belong to this case. Here 

* 323 10Sη = ⋅ Pа⋅s/m, i.e. 1000 times more than in the former option. In this option, the amplitude of the first 

entry of longitudinal stress into the pipeline decreases by 10–15 % compared to the case when CS = 500 m/s 
(dashed curves in Figure 8). 

Weak effect of the viscous component of equation (22) is explained by small values of the relative 
displacement velocity du/dt ( 2 23 10 2 10du dt− −− ⋅ < < ⋅ m/s). 

It follows that at an underground pipeline-soil interaction under seismic load, it is impossible to ignore 
the wave processes occurring in soil. 

Consider the case of an underground pipeline-soil interaction according to model (22), taking into 
account the wave processes in soil medium. The initial data for the calculations are the same as in the former 
case (Figure 8, dashed curves). 

First assume that ,N NS constσ σ= =  i.e. the pressure normal to the outer surface of the pipe along 
the entire length of the pipeline is considered as constant. The calculation results of this case are shown in 
Figure 9 in the form of graphs of change in longitudinal stress over time for sections x = 0; 15; 30; 45 m 
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(curves 0–3, respectively). In contrast to Figure 8, there is 1.2–2 times increase in stress amplitude in the 
pipeline sections. This is due to an increase in soil displacement relative to the pipeline caused by soil strain. 

 

Figure 9. Change of longitudinal stresses in the pipeline at x  = 0; 5; 10; 15 m, considering  
the wave processes in soil at σN = σNS = const in the case of interaction model of Kelvin-Voigt type. 

 

Figure 10. Change of longitudinal stresses in the pipeline at x  = 0; 15; 30; 45 m, considering  
the wave processes in soil at σN = σNS + σND in the case of interaction model of Kelvin-Voigt type. 

The values of relative displacement in this option of calculation vary within 4 410 10u− −− < <  m, and 
the shear stresses vary within 200 200τ− < <  Pa. As noted above, here a stress increase in the pipeline 
occurs due to the transformation of interaction force from a passive force into an active one. 

An account for dynamic component of normal stress on the pipeline σND leads to an even greater 
increase in longitudinal stress in the pipeline (Figure 10). In Figure 10, where N NS ND constσ σ σ= + ≠  is 
taken in calculations, the longitudinal stress is doubled compared with the case shown in Figure 9, where 
σN = σNS = const.  

However, the results obtained in calculations using the Hooke’s type (Figures 5–7) and the Kelvin-Voigt 
type interaction models (Figures 8–10) are quantitatively identical. An account for shear viscosity of soil 
according to the Kelvin-Voigt model does not noticeably affect the maximum stress values. The results of 
calculations of longitudinal stresses in an underground pipeline in the case of the Hooke’s type interaction 
model and in the case of the Kelvin-Voigt model are quantitatively and qualitatively identical (Figures 5–10). 

3.3. Longitudinal stresses in an underground pipeline interacting  
with soil according to the model of a standard viscoelastic body 

Consider the results of calculations of longitudinal stresses in an underground pipeline interacting with 
soil, taking into account the volume viscosity of soil. In this case, equation (6) is used as a model of interaction. 

The initial data for the reference dependencies (8)–(18) and calculations are given above. For clarity, 
we will give them again: C01 = 5000 m/s; γg1 = 780 kN/m3; γN = 1.5;  *

mγ = 4; β = 2.5; ϕ = 1.2; KNS = 100 m–1; 

CS = 500 m/s; T = 0.01 s; H = 1 m; DH = 0.2 m; DB = 0.18 m; L = 1000 m; σmax = 0.5 МPа. 
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The results of computer calculations of longitudinal stresses in the pipeline, obtained only with equation 
(6) taken as the law of interaction, are shown in Figure 11. Curves 0–3 here relate to distances 
x = 0; 5; 10; 15 m, respectively. In this option of calculations, similar to the cases of the Hooke and  
Kelvin-Voigt types of interaction model the wave processes in soil are not taken into account at first. Curve 0 
in Figure 11 refers to the change in stress at cross section x = 0 (initial section), i.e. this is a load generating 
a wave. As seen from Figure 11 at a distance of x = 5 m from the initial section, the amplitude of longitudinal 
stress decreases by ≈ 50 % (curve 1). 

 
Figure 11. Change of longitudinal stresses in the pipeline at fixed values of x  = 0; 5; 10; 15 m,  

not considering the wave processes in soil at σN = σNS = const in the case of interaction model  
of a standard body type. 

 
Figure 12. Change of longitudinal stresses in the pipeline at fixed values of x  = 0; 5; 10; 15 m,  

not considering the wave processes in soil at σN = σNS = const in the case of interaction model  
of a standard body type. 

The stress in the subsequent sections of the underground pipeline at x = 10 and 15 m substantially 
attenuates (curves 2 and 3). Compared to the interaction models of the Hooke’s and Kelvin-Voigt types, the 
stress wave attenuation along the underground pipeline is significant. This shows the effect of considering the 
volume viscosity of soil in the pipe-soil interaction. In this case, the stress amplitudes attenuate in subsequent 
stress fluctuations as well, which correspond to the results of known experiments [11]. 

The account of wave processes in soil medium according to the law of interaction (6) at 
σN = σNS = const is shown in Figure 12. Curves 0–3 refer to the same sections of the underground pipeline 
x = 0; 5; 10; 15 m, respectively. Compared with the case when the laws of interaction of the Hooke’s (Figure 6) and 
Kelvin-Voigt types (Figure 9) were used, a significant increase in the amplitude of longitudinal stresses is observed 
here. In all sections, the amplitudes of longitudinal stresses are almost two times higher than the results in Figures 6 
and 9. This effect is further enhanced at N NS ND constσ σ σ= + ≠  (Figure 13). An account for dynamic 
components of dynamic stress normal to the outer surface of the pipeline leads to 30–35 % increase in the 
amplitude of longitudinal stresses in the same sections x = 5; 10; 15 m from the initial section x = 0. 
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The results of calculations using the interaction model (6) of a standard body type show that in this case 
the change limits of the relative displacement 4 44 10 9 10u− −− ⋅ < < ⋅ m and shear stress 

3 365 10 60 10τ− ⋅ < < ⋅  Pa are greater than for the laws of interaction of the Hooke’s and Kelvin-Voigt types. 

In all cases, an account for the wave processes in the soil surrounding the underground pipeline by the 
changes in dynamic normal stress σND and soil displacement u2 leads to 40–50 times increase in the amplitude of 
longitudinal stress in the pipeline as compared with the amplitude of initial stress αmax =  0.5 MPa. 

 

Figure 13. Change of longitudinal stresses in the pipeline at x = 0; 5; 10; 15 m, considering  
the wave processes in soil at σN = σNS + σND in the case of interaction model of a standard body type. 

The greatest increase in the amplitude of longitudinal stress is observed in the case of using the law of 
interaction of a standard viscoelastic body type. 

3.4. Longitudinal stresses in an underground pipeline interacting  
with soil according to a generalized interaction model 

Changes in longitudinal stresses in the underground pipeline when using the law of generalized interaction 
(6)–(10) are shown in Figure 14. The values of the initial parameters remained the same as in Figure 13. 

Here, curves 0–3 relate to sections x = 0; 5; 10; 15 m. In this case, the amplitude of longitudinal stresses 
in the pipeline is approximately 20 % less than in the case when only the interaction law (6) was used. This is 
explained by a decrease in the value of active shear stress – the interaction force in the case of the complete 
law (6)–(10). 

According to estimated data [38], during the Gazli earthquake (1976), longitudinal stresses in 
underground gas pipelines amounted to σ1 = 83.5–167.0 MPa. These values of longitudinal stresses are  
3–7 times higher than the longitudinal stresses obtained above. However, the period of seismic wave 
vibrations in the Gazli earthquake was T = 0.5 s [38]. As noted above, the determination of longitudinal 
stresses for low-frequency seismic waves is considered separately. 

 
Figure 14. Change of longitudinal stresses in the pipeline at x  = 0; 5; 10; 15 m, considering  
the wave processes in soil at σN = σNS + σND in the case of a generalized interaction model. 
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Thus, the values of longitudinal stresses in underground pipelines interacting with soil by various 
interaction laws and at the frequency of incident seismic wave f = 50 s–1 are given in this paper, with and 
without an account for the wave processes in soil medium. 

4. Conclusions 
1. The coupled wave problems of the underground pipeline-soil interaction under the influence of a 

seismic load were formulated taking into account the strain characteristics of the pipeline and soil and various 
laws of interaction. 

2. For the numerical solution of the stated coupled wave problem, the method of characteristics with 
the subsequent application of the finite difference method in an implicit scheme was used. The chosen method 
of numerical solution and its advantages and disadvantages were substantiated. 

3. An algorithm and program for solving numerical solution of coupled wave problems for an extended 
underground pipeline and for soil medium were compiled. Numerical solutions of test problems were obtained, 
the results of which were compared with experimental results and the reliability of the developed algorithms 
and a program for numerical solution of the problems under consideration were shown. 

4. The analysis of the obtained numerical solutions, in the form of a change in longitudinal stresses in 
the underground pipeline, related to the statement of wave and dynamic theory of earthquake resistance of 
underground structures was carried out. The advantages and disadvantages of the considered theories were 
shown. 

5. The results of calculations of longitudinal stresses in underground gas pipelines during the Gazli 
earthquake were considered and compared with the results of numerical solutions. 

6. Longitudinal stresses of underground pipelines at their interaction with soil were determined 
according to non-linear laws of interaction of Hooke’s type, Kelvin-Voigt type and a standard body. The 
advantages and disadvantages of the considered laws of interaction of underground pipelines with soil and 
their influence on the stress state of underground pipeline were shown. 

7. The application of the developed method for calculating the stresses in underground pipelines 
improves the regulatory method by refining the KMK-2.01.03-96 (Building Code). 
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Прочность подземных трубопроводов  
при сейсмических воздействиях 
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свойства, численные методы, скорость деформации, напряжения 

Аннотация. Приводится краткий анализ методов расчета на сейсмостойкость подземных 
трубопроводов, их преимущества и недостатки. Приведен анализ моделей взаимодействия подземных 
трубопроводов с грунтом при сейсмических (динамических) воздействиях. Поставлены связанные 
задачи о взаимодействии подземного трубопровода с грунтом при прохождении сейсмической волны 
в грунтовой среде, включающей трубопровод. Одномерные нестационарные волновые задачи для 
грунтовой среды и для трубопровода решены численно с применением метода характеристик и метода 
конечных разностей. Получены численные решения в виде изменения продольных напряжений по 
времени в различных сечениях трубопровода. Анализом полученных численных решений показана 
существенная зависимость значения продольных напряжений от волновых процессов в грунтовой 
среде и динамического напряженного состояния грунта, а также механических свойств грунта и 
материала трубопровода. Обнаружен фактор многократного возрастания продольного напряжения в 
подземном трубопроводе при его динамическом взаимодействии с грунтом. Показано, что главной 
причиной такого возрастания напряжения является динамическое напряженное состояние грунта 
вокруг трубопровода при его взаимодействии с грунтом. Полученные результаты являются основой 
для разработки нового нормативного расчета прочности подземных магистральных трубопроводов при 
сейсмических воздействиях. 
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