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Abstract. Steel plate shear walls are usually designed by devoting total story shear to plates and designing 
peripheral frames for total transferred forces from the plates to the peripheral frames. Therefore, the 
participation of frames in the story shear neglected conservatively. In this research, a design methodology is 
presented based on the real sharing of steel walls and peripheral frames in story shear. Steel walls are 
designed using Plate-Frame Interaction (PFI) theory for different percentages of story shear and their seismic 
parameters compared together by numerical modeling in nonlinear analysis software. The obtained results 
indicated that using the conventional design methods, devoting total story shear to the steel walls and 
neglecting the shear capacity of the peripheral frame could lead to the over-designed (conservative) sections. 
In contrast, if the seismic design of this system was performed considering the sum of the capacity of steel 
plate and peripheral frame and their real sharing in story shear, the system design would be efficient and 
economical. 

1. Introduction 
Numerous studies have been conducted on Steel Plate Shear Walls (SPSW) in recent years. Roberts 

and Sabouri-Ghomi [1] tested 16 steel shear panels at the University of Wales and showed that all the panels 
had sufficient ductility during large inelastic cycles. The Plate-Frame Interaction (PFI) theory introduced for 
analyzing SPSW with and without stiffener and opening [1, 2]. In this theory, the behavior of the frame and 
plate are investigated independently and their interactions are taken into consideration. Gholhaki [3] tested 
two specimens of SPSW with hinge and rigid connections for end of beams and found that the effect of the 
beam-column connection type on the initial stiffness of the walls could be ignored. But, the strength of the 
specimen with rigid connection was higher than that of the hinge one by almost 26 percent. Furthermore, the 
energy absorption capacity of the specimen with rigid connection was higher than that of the specimen with 
hinge connection. Moreover, the effect of the beam-column connection on the angle of the diagonal tension 
field was insignificant. Darvishi et al. [4] tested three models with the panel width-to-height ratio of smaller than 
1, equal to 1, and higher than 1 and concluded that, in the first case, the increased stiffness of the column 
increased the ductility of the overall structure as well as the over-strength factor. In the second case, had no 
significant effect, while in the third case, reduced ductility and over-strength factor. Based on the studies 
conducted by Alinia and Dastfan [5–7] on SPSW, it can be concluded that high energy absorption of the steel 
shear wall system depends on the stiffness of the boundary elements. Several laboratory studies were 
conducted at the laboratory of Assessment and Planning Center of Construction and Transportation Industry 
in South Korea in order to investigate the bearing capacity variations of the shear walls made of steel plates 
with various construction details [8]. Kharrazi et al. [9] proposed the Modified Plate-Frame Interaction (M-PFI) 
theory, in which the effect of -bending on the SPSW system response was taken into account in the load-
displacement diagram. Chen and Jhang [10] examined the effect of using steel with Low Yield Point (LYP) on 
designing steel shear walls and demonstrated that limiting the plate’s width-to-thickness ratio to below 80 
would improve the wall’s performance. In addition, the use of beam-column moment connection, instead of 
shear connection, would increase the system’s strength and energy dissipation capacity by 28 % and 18 %, 
respectively. Hosseinzadeh and Tehranizadeh [11] studied SPSW with different stories and width-to-height 
ratios. They concluded that the plate yield in the panels with a smaller number of stories would occur greatly 
earlier than the peripheral frame, while in the case of more number of stories, the full yield of plates would be 
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postponed. Furthermore, since the steel walls could only work in tension, not compression, the axial tensile 
forces in the columns would be less than their axial compressive forces. Moradinejad et al. [12] investigated 
the effect of the location of the SPSW on progressive collapse. The results of the nonlinear static analyses 
showed that the location of SPSW at the corner of the plan improved the structure’s behavior against the 
progressive collapse. Ebadi et al. [13, 14] examined the effect of the steel wall contribution to the lateral load 
transfer and represented that the more the plate’s contribution to the lateral load, the more the thickness of 
the plate and the more non-economic and conservative design of the structure would be. Purba and Bruneau 
[15] tested a 1/3-scale model of three-story SPSW specimen and suggested that development of in-span 
hinges should be explicitly avoided in the design of Horizontal Boundary Elements (HBE) and mentioned that, 
in some instances, the ordinary-type connection specified by the code to be used in SPSWs might not be 
sufficient to sustain large rotation demand that could occur in the connections. Moghimi and Driver [16] studied 
performance of SPSW under accidental blast loads and found that despite the inherent slenderness of the 
steel members, the SPSW system would be an effective potential protective structure in industrial plants. The 
side wall subjected to in-plane blast load is a strong and reliable system, and the front wall subjected to out-
of-plane blast load can be sized to provide acceptable design for industrial plant applications. Guo et al. [17] 
studied the influence of hinged, rigid and semi-rigid beam-column connection types on the behavior of SPSW 
structures. They concluded that the semi-rigid composite frame with SPSW is an effective lateral load resisting 
system. So that, the semi-rigid frame and the shear wall work together to satisfy higher safety margins. 

Du et al [18] made Pseudo-static test on SPSW specimen and studied method of anchoring stiffeners 
to the steel plate to reinforce the structure. 

Wang et al [19] observed that the lateral stiffness and bearing capacity of horizontal corrugated SPSWs 
are higher than those of vertical corrugated SPSWs, in contrast to the case of corrugated steel plate reinforced 
concrete composite shear walls. 

Jalali and Darvishan [20] enhanced modelling of self-centering steel plate shear walls. They used a set 
of 44 earthquake ground motions by comparative nonlinear response history analyses. 

Yu et al [21] investigated SPSWs with different types of stiffener and found that the performance of 
SPSWs enhanced by using multiple ribs and precast concrete panel. In addition, out-of-plane deformation of 
plate decreased by increasing restraining stiffness. 

Pachideh et al [22] analyzed 27 frames, including 18 frames with thin steel plate shear walls, as lateral 
load resisting system along with 9 special moment-resisting frames with three different heights in short, 
intermediate and tall configurations. The observations demonstrated that the damage index for SPSW in taller 
frames led to better results and higher safety compared to other frames. 

Hajimirsadeghi et al [23] conducted a full scale cyclic experiment on an enhanced modular shear wall 
SPSW and continued up to fail. Test results revealed high initial stiffness, excellent ductility, and significant 
energy dissipation capacity of the system. 

Mu and Yang [24] proposed SPSWs with oblique channel-shaped stiffeners. They studied Seismic 
behaviors of obliquely stiffened SPSWs with openings. They observed that the multi-oblique stiffening form 
could effectively improve the buckling load of plates and delay the formation of tension field. 

In Seismic Provisions for Structural Steel Buildings [25] and Steel Plate Shear Wall Design Guide [26], 
the design of the beams and columns depends on tension field forces resulted from the plates. In other words, 
the increased thickness of the steel plate would lead to the increased transitional force caused by the plate’s 
tension field on the wall’s boundary elements, resulting in the increased size of the columns. In the 
conventional design methods for steel walls, the steel plate is designed for the total story shear and the effect 
of the frame on the story shear is ignored, while the peripheral frame can transfer a considerable lateral force. 
Thus, it is expected that assigning total story shear to the plate would increase the thickness of the plate, 
imposes additional forces to the beams and columns, and finally, leads to the over-designed (conservative) 
sections of the beams and columns. 

In this paper, in order to evaluate the lateral load bearing capacity of stories in conventional design 
methods, a 10-story steel building designed. Then, the sketched PFI diagrams for different stories indicated 
much higher capacity of each story relative to the required story shear. Afterwards, a repetitive trial-and-error 
design philosophy was proposed by precisely determining the contribution of the steel plate and its’ peripheral 
frame to the total story shear of SPSW. At the next stage, in order to examine the effect of the contribution of 
the wall and frame to the story shear, the steel walls and peripheral frames re-designed for 75 % and 50 % of 
the demand story shear. Therefore, the transferred tension field forces from the steel wall to peripheral frame 
decreased. At the final stage and according to the proposed design method, the actual contribution of the steel 
walls to the story shear was calculated and the optimal design contributions was presented. PFI diagrams 
sketched for all the specimens and the seismic parameters of the frames, including ductility, response 
modification factor, over-strength factor, and energy absorption capacity were calculated. 
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2. Methods 

2.1. Plate-Frame Interaction (PFI) theory 

The PFI theory is one of the most powerful tools for calculating the capacity of SPSW. Thus, it was used 
to evaluate the capacity of the studied frames. In PFI theory, the capacity diagrams of the frame and plate are 
evaluated separately, and the capacity of SPSW is calculated by summing up the capacity diagrams of the 
plate and frame. PFI parameters for the frame are defined in Fig. 1. 

 

Figure 1. PFI parameters [1]. 

Where Fwu is the ultimate shear strength of plate, Uwe is the shear yield displacement of the plate, Ffu 

is the ultimate shear strength of the frame, and Ufe is shear yield displacement of the frame, calculated using 

Eq (1–4). 

(1)                                                            ( ). 0.5 sin 2wu cr yF bt   = +     

(2)                                                                       
2

sin 2
y

we d
E

U



= 

(3)                                                                         

4 fp
fu

M
F

d
= 

(4)                                                                         

2

6
fp

fe
f

U
M d

EI
= 

Where b and d indicate the panel’s width and height, respectively, t is the plate’s thickness, E is the 

steel plate modulus of elasticity, σy is the uniaxial yield stress of the steel plate, τcr is the plate’s critical shear 

stress, and θ is the angle of tension field inclined respect to the horizontal line, Mfp is the plastic moment of 

columns, If is the moment of inertia of columns, Ffu and Fwu are shear capacity of peripheral frame and steel 

plate, respectively, and Uwf and Uwe are lateral yield displacement of peripheral frame and steel plate, 
respectively. 

The system’s total capacity (Fpu) is calculated by Eq (5). 

(5)                                                              pu fu wuF F F= +
 

2.2. Optimal design of SPSW 

In the conventional design method of SPSWs, total story shear is allocated in the wall. Therefore, the 
peripheral frame’s contribution to the story shear is neglected conservatively. 

However, in the optimal design of the SPSW, which was investigated in this paper, the lateral load capacity 
of the peripheral frame is also considered. In other words, the trial-and-error method implemented to determine the 
actual contribution of the steel wall and peripheral frame in the story shear. It should be noted that the contribution 
of steel wall and frame is not constant on all the stories. Accordingly, since the dimensions of the lower columns 
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depend on the thickness of the steel wall in the upper stories, it is necessary to start the optimization from the 
highest stories and, eventually, end it on the ground story. 

According to Clause-17.2 of AISC341 [25], the nominal shear strength for the SPSW is calculated by 
Eq (6). 

(6)                                            0.42 sin 2n y cf wV F L t =     
 

Where φ is the strength reduction factor and is equal to 0.9, Fy, Lcf, tw, and α indicate specified minimum 
yield-stress of steel, clear distance between columns, steel wall thickness, and angle formed by tension field 
on the vertical wall, respectively.  

According to PFI equations, the shear strength and displacement corresponding to the plate, frame, and 
panel are obtained by Eq (1–4). 

AISC has considered the ratio of the expected tensile strength to the specified minimum tensile strength 
( tR =1.2) in Eq (6); in other words, being divided by 1.2. Therefore, the coefficient of 0.5 in Eq (1) from PFI 

theory has been changed to 0.42 in Eq (6) from AISC341 (0.5/1.2= 0.42). Furthermore, the plate’s critical 
shear stress (τcr) is insignificant in Eq (1), which has been neglected in AISC equations. Thus, if Eq (1) is 

multiplied by (φ/1.2)=(0.9/1.2)=0.75 and also τcr = 0 is taken into account, Eq (1) and (6) will be equivalent. 

Since the AISC load method and ultimate strength have been used in designing the wall, it is necessary 
to apply the following changes for drawing the PFI diagrams: 

(7)                                                                     
0.9

( )
1.2 demandPFI V        

Where Vdemand is the design base shear from building code. In other words, Eq (7) can be rewritten as 
follows: 

(8)                           
                                     

1.33pu wu fu demandF F F V= + =     

Thus, in order to use PFI in design, demand shear (Vdemand) should be multiplied by 1.33 and the steel 
wall and frame must be designed such that their total capacity exceeds the required base shear of the story 
by 1.33 times. 

The process of the optimal design of the SPSW is as follows: 

1. Optimization is started from the highest story and ends on the ground story. 

2. Assumption of the certain percentage of the plate and frame sharing on each story shear is 
considered. 

3. Thickness of the steel wall is determined by Equations (6), (7), and (8). 

4. The maximum force transferred from the steel wall to the peripheral frame is determined and 
combined with gravitational loads. 

5. Frames are designed for the applied loads in Step 4. 

6. The capacity of the frame and wall is calculated and compared with the story’s required base shear. 

7. If the calculated capacity in Step 6 is higher than the story’s required capacity, the wall thickness 
must be reduced and steps 2–6 must be repeated; however, if the capacity is less, thickness of the wall must 
be increased and the aforementioned steps must be repeated. 

8. After optimizing the story, the optimization process is carried out for the lower stories, respectively. 
It should be noticed that the forces of the upper stories are transferred to the lower stories after optimization. 

2.3. Design of frames 

The studied building was a 10-story residential building with local soil type 3 (shear wave velocity of 
175~375 m/s), story height of 3 meters and located in a high seismic hazard zone. Plans of the stories are 
shown in Fig. 2 and the steel walls were located around the plan. By assuming the uniform lateral load 
distribution according to the structure’s weight on each wall, only a part of the structure plan with the affected 

weight for design of one of the walls is shown in Fig. 2. 
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The materials of the SPSW were of the S235J type with the minimum yield strength of 235 MPa and 
materials of the beams and columns were of the S350J type with the minimum yield strength of 350 MPa. Dead 
load of the stories and roof, live load of the stories, and live load of the roof were equal to 5, 2, and 1.5 kN/m2, 
respectively. Structural response modification factor was considered equal to 7 in accordance with Minimum Design 
Loads for Buildings and Other Structures (ASCE7-10) [27]. Cross-section of the columns was considered as a 
hollow square section; besides, to ensure the plastic hinge in the beams (strong column-weak beam principle), the 
beam-column connection of RBS1 type was used. The SPSW was designed based on the requirements of Seismic 
Provisions for Structural Steel Buildings (AISC 341) [25] and AISC Design Guide 20 [26] using Load and Resistance 
Factor Design (LRFD) method. 

 

Figure 2. Plan of buildings. 

The studied frames were named as SPSW-xx, where xx indicate the portion of the total shear load of 
the story (in percent), which was used for the wall design and was selected equal to 50, 75, and 100 percent. 
The optimal design was also shown by "opt" symbol. Furthermore, in order to prevent increased seismic 
demand of the system, the computational thickness was used for the steel walls. 

In Table 1, the wall’s contribution to the lateral load transfer is specified for four studied specimens on 
various stories. It can be seen that in the optimal design, the plate’s contribution to the system shear strength 
was much less than the conventional design method, which is on average about 33 % (instead of 100 %). In 
addition, on the highest story, the contribution of the plate was reduced compared to other stories, which was 
due to using larger dimensions for columns because of executive problems. According to Table 1, by reducing 
the plate’s contribution to the story shear, the thickness of the plate and dimensions of the boundary elements 
reduced. As will be discussed in the following sections, the system’s capacity in specimens SPSW-100, 
SPSW-75, and SPSW-50 was still higher than the story shear, while in the optimal frame, the capacity of the 
system became equal to the structural story shear demand. 

In Table 2, the designed sections of the frame on axis 1 between axes B and C are shown (see Fig. 2). 
The designed sections were named based on the nominal dimensions and the thicknesses of the sections. 
For instance, in the third column of this Table, B360x25 refers to the Hollow Square Section (HSS) with outside 
dimension of 360 mm and thickness of 25 mm. In addition, in the fourth column, b600x-310x-25x-12 indicates 
the plate girder with the height of 600 mm, flange width of 310 mm, flange thickness of 25 mm, and web 
thickness of 12 mm. 

Table 1. Percentage of the plate’s contribution in shear strength of each story. 

Story 
SPSW-100 SPSW-75 SPSW-50 SPSW-Opt 

Percentage of the Plate’s Contribution (%) 
10 

100 75 50 

13 

9 28 

8 34 

7 38 

6 34 

5 33 

4 33 

3 33 

2 32 

1 34 

 
1 Reduced Beam Section 
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Table 2. Design sections of frames*. 

Story Plate 
Thickness Column Beam Story Plate 

Thickness Column Beam 

SPSW-100 SPSW-75 
10 1 B360x25 b600x-310x-25x-12 10 0.8 B300x25 b600x-220x-25x-10 
9 2 B360x25 b600x-310x-25x-12 9 1.5 B300x25 b600x-250x-20x-10 
8 2.8 B400x30 b600x-310x-25x-12 8 2.1 B350x30 b600x-250x-20x-10 
7 3.6 B400x30 b550x-280x-25x-10 7 2.7 B350x30 b550x-250x-20x-10 
6 4.2 B450x35 b550x-280x-25x-10 6 3.1 B400x30 b550x-250x-20x-10 
5 4.7 B450x35 b550x-220x-20x-10 5 3.5 B400x30 b450x-260x-20x-8 
4 5.2 B500x35 b550x-220x-20x-10 4 3.9 B450x35 b450x-260x-20x-8 
3 5.5 B500x35 b450x-210x-20x-10 3 4.1 B450x35 b400x-190x-20x-8 
2 5.7 B550x40 b450x-210x-20x-10 2 4.2 B500x35 b400x-190x-20x-8 
1 5.8 B550x40 b450x-150x-20x-10 1 4.3 B500x35 b400x-190x-20x-8 

SPSW-50 SPSW-Opt 
10 0.5 B250x20 b550x-210x-20x-10 10 0.1 B210x20 b350x-200x-20x-6 
9 1 B300x25 b550x-210x-20x-10 9 0.5 B260x20 b450x-280x-20x-8 
8 1.4 B300x25 b450x-280x-20x-10 8 0.9 B290x20 b450x-280x-20x-8 
7 1.8 B340x30 b450x-280x-20x-10 7 1.3 B290x25 b450x-280x-20x-8 
6 2.1 B340x30 b450x-280x-20x-10 6 1.4 B320x25 b450x-240x-20x-8 
5 2.3 B340x30 b400x-220x-20x-8 5 1.5 B320x30 b450x-240x-20x-8 
4 2.5 B360x30 b400x-220x-20x-8 4 1.7 B330x30 b450x-240x-20x-8 
3 2.7 B360x30 b350x-200x-20x-8 3 1.8 B340x30 b450x-240x-20x-8 
2 2.8 B410x35 b350x-200x-20x-8 2 1.8 B350x30 b400x-150x-15x-8 
1 2.9 B410x35 b350x-180x-15x-8 1 1.9 B360x30 b400x-150x-15x-8 

* All dimensions are in mm. 

3. Results and Discussion 
3.1. Force-displacement diagrams 

3.1.1. First story 

Force-displacement diagrams of the first, fifth, and tenth stories for the studied panels are shown in 
Figures 3 to 5. Diagrams of the other stories and system behavior were the same and neglected in order to 
summarize the paper. In these diagrams, the PFI theory is used, where P, F, and W indicate Panel, Frame, 
and Wall, respectively. Therefore, the total capacity of the structure in SPSW-100 in Fig. 3a was almost 3 
times as the required shear capacity of the story. 

In Fig. 3b and 3c, in which the plates were designed for 75 % and 50 % of the story shear, the total 
capacity of the structure was obtained equal to 8482 and 4989 kN, which was 2.3 and 1.3 times as the story’s 
shear demand (equal to 3681 kN), respectively. In Fig. 3d, the optimal value for the plate’s shear sharing 
(equal to 34 %) is calculated using the trial-and-error method. Besides, the total capacity of the structure in 
SPSW-100 was 1.3 times of SPSW-75. It is also 2.3 and 3 times of SPSW-50 and SPSW-Opt specimens, 
respectively. As shown in Fig. 3d, the total capacity of the structure was equal to the story’s shear demand. 

Panel’s stiffness in SPSW-100 was 1.4, 2.8, and 4 times as those of SPSW-75, SPSW-50, and SPSW-
Opt specimens, respectively. The plate-to-frame initial stiffness ratio in SPSW-75, SPSW-50, and SPSW-Opt 
was equal to 0.7, 0.8, and 1.1, respectively. 

As observed, the less the wall plate contribution to the story shear capacity, the smaller the peripheral 
frame and the higher the yield deformation of the frames would be. Therefore, by increasing the distance 
between the yield deformations of the frame and wall, the system’s energy absorption capacity would be 
increased as well. It is also notable that by allocating the whole story shear to the steel wall, the frame’s initial 
stiffness in Fig. 3a was more than that of the wall, and the dominant behavior of the system would be the 
peripheral frame. 
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Figure 3. PFI diagram of the first story and comparison with design story shear demand;  
a) SPSW-100, b) SPSW-75, c) SPSW-50, d) SPSW-Opt. 

3.1.2. Fifth story 

In order to summarize the results, some stories investigated as a sample. In this section, the results for 
the fifth story are discussed. Force-displacement diagram of the fifth story for the studied frames is shown in 
Fig. 4. According to Fig. 4a, the total capacity of the structure was 2.6 times of the story’s shear demand. It 

indicates that the design of steel wall for the total base shear of the story and neglecting the bearing capacity 
of the peripheral frame leads to over-design procedure. In Fig. 4b and 4c, the total capacity of the structure 
was obtained equal to 5706 and 3884 kN, which was 1.8 and 1.3 times of the story’s demand shear (equal to 

3053 kN), respectively. The percentage of the plate’s contribution to the fifth story of the optimum specimen 

was calculated as 33 percent. 

Panel stiffness on the fifth story in SPSW-100 was 1.5 times of that in SPSW-75, and 2.5 and 3.5 times 
of SPSW-50 and SPSW-Opt, respectively. The total capacity of the structure in SPSW-100 was 1.4, 2.1, and 
2.6 times of those in SPSW-75, SPSW-50, and SPSW-Opt, respectively. The plate-frame stiffness ratio in 
SPSW-100 was equal to 1. Furthermore, in SPSW-75, SPSW-50, and SPSW-Opt specimens, it was equal to 
1.2, 1.4, and 1.1, respectively. 

Frame-to-plate yield stress ratio in SPSW-100, SPSW-75, SPSW-50, and SPSW-Opt specimens was 
equal to 1.7, 1.9, 2.2, and 2.4, respectively. In other words, by reducing the wall’s contribution to the story 

shear, this ratio was increased, which was consistent with the philosophy of the peripheral frame contribution 
in the story shear. 

 

Figure 4. PFI diagram of the fifth story and comparison with design story shear demand;  
a) SPSW-100, b) SPSW-75, c) SPSW-50, d) SPSW-Opt. 

3.1.3. Tenth story 

Force-displacement diagrams of the tenth story for the studied specimens are shown in Fig. 5. Total 
capacity of the structure in Fig. 5a was 4.7 times of the demand shear capacity of the story. In Fig. 5b and 5c, 
the structure’s total capacity was obtained as 2185 and 1244 kN, which was 3.2 and 1.8 times of the demand 
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shear capacity of the story (681 kN), respectively. In Fig. 5d, the percentage of the plate’s optimal contribution 

to the story shear was calculated equal to 13 percent. Panel stiffness in SPSW-100 was 1.7, 3.3, and 9.1 times 
of the ones in SPSW-75, SPSW-50, and SPSW-Opt, respectively. Furthermore, the structure’s total capacity 

in SPSW-100 was 1.5, 2.6, and 4.7 times of the ones in SPSW-75, SPSW-50, and SPSW-Opt, respectively. 

The plate-to-frame stiffness ratio in SPSW-100, SPSW-75, SPSW-50, and SPSW-Opt was 0.4, 0.7, 1, 
and 0.5, respectively. As expected, by reducing the plate’s contribution to the lateral load, the plate-to-frame 
stiffness ratio was increased. The reduction in the plate-to-frame stiffness ratio in SPSW-Opt was due to the 
application of executive limitations on the minimum dimension size of the columns in 10th story as well as the 
plate’s low contribution (13 %) to the panel shear strength. The frame-to-plate yield stress ratio in SPSW-100, 
SPSW-75, SPSW-50, and SPSW-Opt was 1.9, 2.3, 2.9, and 3.7, respectively. 

 

Figure 5. PFI diagram of the tenth story and comparison with design story shear demand;  
a) SPSW-100, b) SPSW-75, c) SPSW-50, d) SPSW-Opt. 

3.1.4. Comparison of the design methods 

Fig. 6 represents the comparison between the panel force-displacement diagrams on the studied 
sorties. It can be seen that by reducing the wall’s contribution to the story shear capacity, the stiffness of the 

panel reduced. Moreover, the system’s capacity in the optimum specimen (SPSW-Opt) was equalized with 
the demand story shear. Interestingly, in the studied diagrams, the steel plate’s yield displacement was almost 

constant, while the yield displacement of the frame was increased. In other words, the increase in the distance 
between the yield displacement of the steel plate and frame led to the increased energy absorption capacity 
in this region. Details of the calculations of these displacements on different stories of the studied specimens 
are presented in Table 3. 

 

Figure 6. Comparing panel force-displacement diagrams in the studied specimens. 

As seen in Table 3, owing to the 25 % reduction in the plate’s contribution to the lateral load, the average 

plate yield displacement (Uwe) and average frame yield displacement (Ufe) were increased by 3 % and 20 %, 
respectively. 

Regarding the investigation of the PFI diagrams on the stories of the structure, in contrast to the 
conventional conservative design method, shear capacity of the frame was much higher than that of the steel 
plate. In other words, the plate’s contribution to the story shear was less than the peripheral frame and 
neglecting the frame shear capacity in calculations might result in the overdesigned sections. It should be 
noted that the lateral stiffness of the frame was also higher than that of the steel plate. 
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Table 1. Plate-frame yield displacement in PFI diagrams*. 

Story Uwe Ufe Uwe Ufe Uwe Ufe Uwe Ufe 
SPSW-100 SPSW-75 SPSW-50 SPSW-Opt 

10 5.3 10 5.5 13 5.7 16.5 6 22.1 
9 5.3 10 5.6 13.3 5.8 14.2 6 17.3 
8 5.4 9.5 5.6 11.6 5.9 14.8 5.8 14.7 
7 5.5 10 5.7 11.9 5.9 13.1 5.9 15.6 
6 5.6 9.2 5.7 10.6 5.9 13.2 5.9 14 
5 5.6 9.4 5.8 11 5.9 13.3 6 14.5 
4 5.6 8.5 5.8 9.9 6 13 5.9 13.7 
3 5.6 8.5 5.9 10.1 6.1 13.6 6 13.5 
2 5.7 7.7 5.8 9 6.2 12.1 6 13.4 
1 6.3 9.3 6.4 10.6 6.6 13.7 6.5 15.1 

* All dimensions are in mm. 

3.2. Seismic evaluation of system 

The major seismic parameters of the system, including ductility, response modification factor, over-
strength factor, and energy absorption capacity of the frames, are calculated in this section and the effects of 
the design philosophy are investigated based on determining the actual contribution of the steel plate and 
frame to these parameters. 

3.2.1. Ductility 

According to ATC-24 [28], the displacement ductility factor of a system can be calculated using Eq. 9. 

(9)                               

                                 

max

y

U

U
 = 

Where μ is ductility factor, Umax is a maximum inelastic displacement that the system can experience 
before failure (supposed to be 0.02h in accordance with ASCE7-10 [27]), and Uy is the system’s yield 

displacement. 

The ductility of the frames in various stories is shown in Fig. 7. As can be seen, the less the plate’s 
contribution to the story shear-capacity, the less the system’s ductility would be. In other words, by reducing 
the plate’s contribution from 100 % to the optimal value in different stories, the average ductility would be 
reduced from 8 to 6.3. According to Fig. 7, for every 25 % reduction in the plate’s contribution relative to the 
SPSW-100 specimen, the system’s ductility would be reduced by 9 %. 

 

Figure 7. Ductility of the frames in different stories. 

3.2.2. Energy absorption capacity 

The area under the force-displacement diagram was equal to the system’s energy absorption capacity 

[29]. In Fig. 8, the structure’s energy absorption capacity on various stories for the studied specimens was 

calculated up to the displacement of 2 %. 
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The reduction in the steel plate’s contribution to the story shear capacity led to the significant reduction 

of the system’s energy absorption, which was mainly due to the reduction in the size of the peripheral frames 

as well as a reduction in the steel plate’s thickness. In other words, the conventional overdesign (conservative) 

method would lead to a significant increase in the size of the columns and the thickness of the middle plate. It 
can be seen that in the optimal design, energy absorption capacity was less than the one in the conventional 
design, which does not mean the structure’s inefficiency for earthquake energy absorption, and the energy 

absorbed by the system should be compared with the structural demand for various earthquakes. It should 
also be noted that the reduced frame dimensions and steel plate thickness would result in the reduced system 
stiffness and seismic demand. As previously mentioned, in this research, the designs were carried out by 
assuming the equal seismic requirements for the studied frames. According to Fig. 8, it can be seen that for 
every 25 % reduction in the plate’s contribution relative to SPSW-100, the system’s energy absorption capacity 

was reduced by 27 %. 

 

Figure 8. Energy absorption capacity of the frames in different stories. 

3.2.3. Ductility reduction factor 

One of the common methods to determine the reduction caused by ductility factor (Rμ) is Newmark and 

Hall method, which is calculated using Eq. 10. The median values of the periods (T) are calculated through 
interpolation [30]. 
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Ductility reduction factors for the studied frames are shown in the second column of Table 4. It can be 
seen that by reducing the plate’s contribution to the story shear, the ductility reduction factor would be also 
reduced. Therefore, the ductility reduction factor of the structure would be decreased by 6.8 on average for 
each 25 % reduction in the plate’s contribution to the story shear. 

Table 4. Seismic parameters of the frames. 

Specimen Rμ Ω0 Ru 
SPSW-100 5.01 1.4 7.01 
SPSW-75 4.67 1.5 7.01 
SPSW-50 4.33 1.6 6.93 
SPSW-Opt 4.2 1.65 6.94 

 

3.2.4. Over-strength factor 

Over-strength factor (Ω0) is the strength that the structure demonstrates after forming the first plastic 

hinge (Cs) up to the mechanism (Cy), which is obtained using Eq. 11. 
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The over-strength factors were calculated for each story considering the PFI diagrams and, then, the 
average values were proposed on various stories of the studied frames in the third column of Table 4. It can 
be seen that by reducing the plate’s contribution to the story shear capacity, the over-strength factor was 
increased so that, for every 25 % reduction in the plate’s contribution to the story shear, the over-strength 
factor was increased by 7 %. 

3.2.5. Response modification factor 

Response modification factor in LRFD level was determined according to the following equation. 

)12(                                
                              

0uR R=  

Where Ru and Ω0 indicate the ductility reduction and over-strength factors of the system. The mean 
values of the response modification factor on different stories of the studied frames are presented in the fourth 
column of Table 4. In this table, the behaviors of SPSW-100 and SPSW-75 were equal to 7.01, while for 
SPSW-50 and SPSW-Opt, they were 6.93 and 6.94, respectively. The interesting point about the mean values 
of the response modification factor in the studied frames was that, despite the reduction in the steel plate’s 

contribution to the story shear capacity and the significant reduction in the size of the columns, beams, as well 
as the steel plate’s thickness, the value of the computational response modification factor did not change 

significantly. In other words, the reduction in the value of the ductility reduction factor in the specimens with 
less contribution of the steel plate was compensated for by the increased over-strength factor of the structure. 

3.3. Numerical study 

Finite element analysis of the studied specimens was used to investigate the distribution of the forces 
in the steel wall and its peripheral frame at various drifts as well as the accuracy of the PFI diagrams and the 
obtained results. 

For this purpose, ANSYS finite element software was used to model and investigate the specimens 
undergoing nonlinear static analysis (pushover). The thickness of the wall plate was very low in SPSW-50 and 
SPSW-Opt specimens. Furthermore, since the specimens were modeled with small computational 
thicknesses and actual dimensions of the frames in the software, the lateral deformations of plate were 
relatively too high. Therefore, it was so difficult to converge the models. In addition, due to the huge volume 
of the calculations in modeling a 10-storey structure in software, only the first two stories were modeled for 
two SPSW-100 and SPSW-75 specimens in the software in order to investigate the shear behavior of the first 
story. It was necessary to model the second story to investigate the correct beam role for the tensile force of 
the lower and upper stories due to tension field in steel walls. Therefore, the two-story model was used for 
studying the ground story. 

3.3.1. Finite element modeling 

The steel wall and frame elements were selected by SHELL181 element type, which included 4 nodes 
with 3 degrees of transitional freedom as well as 3 degrees of rotational freedom. Besides, it was capable of 
modeling large buckling deformations. The column base-to-ground connection, plate-to-beam and column 
connection, as well as beam-to-column connections were continuous. The out-of-plane deformation of the 
frame was prevented. The S350J steel materials with the minimum yield strength of 350 MPa were used for 
the beams and columns and S235J steel with the minimum yield strength of 235 MPa were used for the steel 
wall. The reason for using the steel with higher yield stress for the peripheral frame was to reduce the size of 
columns and beams to the minimum possible dimensions. Materials were considered bilinear with the strain-
hardening slope of 1 % and the optimum mesh size was considered equal to 200 mm. Fig. 9 shows the two-
story model built in software. As demonstrated in this figure, due to the use of RBS in the beam-column 
connection, meshing at the end of the beam and also at the points adjacent to the columns was finer. 
Moreover, in order to prevent the concentration of the stresses in the panel zone, the continuity plates were 
used in the columns. 
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Figure 9. Finite element model. 

3.3.2. Force-displacement diagrams 

The force-displacement curves of the software models and the PFI diagrams of the studied specimen 
are compared in Fig. 10. As can be seen, the diagrams obtained from the software were compatible with PFI 
diagrams. 

 

Figure 10. Comparing software and PFI pushover diagrams. 

3.3.3. Stress distribution in steel wall 

Fig. 11 and 12 represent the distribution and the values of stresses (in MPa) inside the steel wall at 
different drifts. As shown in these figures, the stresses began to increase from the corner of the plate toward 
center. A larger area of the plate was yielded by increasing the lateral story drift. Finally, a major part of the 
wall was yielded at 1 % drift in SPSW-100 and SPSW-75 specimens. 

First yield point of the plate in SPSW-100 occurred at 0.13 % drift, while the yield point in the SPSW-75 
was at 0.09 % drift. In other words, the reduction in the contribution of the steel wall led to smaller drifts for the 
first yield of the steel plate. For example, the total yield point of the wall in SPSW-100 occurred at the 
displacement of 4.3 mm, while the yield point in SPSW-75 was at the displacement of equal to 5 mm. 
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Figure 11. Von-Mises stress distribution in various drifts in SPSW-100. 

 

Figure 12. Von-Mises stress distribution in various drifts in SPSW-75. 

3.3.4. Behavior of RBS connection 

In order to follow the strong column-weak beam philosophy in accordance with AISC358 [31] 
requirements, the RBSs were provided at the ends of beams. 

The Von-Mises stress distribution in RBS connections at various drifts is shown in Fig. 13. The average 
stress values are written on the figure. The use of RBS led to the increased stress in the reduced area, 
formation of plastic hinges in the beams, as well as prevention of the formation of the plastic hinge in the 
columns. It can be seen that the first yield point of the RBS connection was occurring at 0.4 % drift, which 
protected the column against unfavorable effects of stress concentration adjacent columns' face. 
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Figure 13. Von-Mises stress distribution in RBS connections at various drifts. 

3.3.5. Out-of-plane displacements of steel wall 

The out-of-plane deflections of steel wall is shown in Fig. 14. In SPSW-100, the thickness of the steel 
plate on the first story was 5.8 mm, where the maximum out-of-plane displacement at 1 % drift was 40 mm. In 
SPSW-75, the thickness of the steel plate on the first story was 4.3 mm, while the maximum displacement at 
1 % drift was 36.5 mm. It is observed that, despite the considerable reduction in the steel plate’s thickness in 

SPSW-75 compared to SPSW-100, the value of the out-of-plane deformation of the plate did not change 
significantly. In other words, by reducing the wall’s contribution to the lateral load transfer, the number of the 

out-of-plane deformation waves of the plate (number of protrusions and indentations of the plate) was 
increased, while the maximum displacement value along the out-of-plane direction of the steel plate was 
reduced. 

 

Figure 14. Out-of-plane deflection of steel wall in 1 % drift, a) SPSW-100, b) SPSW-75. 

3.3.6. Tension field angle 

As shown in Fig. 14, the diagonal tension field angles in both SPSW-100 and SPSW-75 were 41°. 

Therefore, by decreasing the plate’s contribution to the lateral load transfer, the value of the tension field angle 

did not change significantly. 

3.3.7. Contribution of steel plate and peripheral frame in the story shear 

To determine the value of transferring shear by the steel wall and its peripheral frame, the value of 
horizontal forces of the wall at the wall’s node connection to the foundation at various drifts was added and 

the remaining shear was tolerated by the peripheral frame (see Fig. 15). 

According to Fig. 15, by increasing the structure’s drift, the contribution of the steel plate to the story’s 

shear transfer was reduced. Furthermore, the contribution of the plate in SPSW-75 was more. Therefore, in 
SPSW-100, the steel plate and its peripheral frame transferred about 54 % and 46 % of the total story’s shear 
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at the beginning of loading, respectively, while at 1 % drift, the steel plate and its peripheral frame transferred 
about 38 % and 62 % of the shear, respectively. In SPSW-75, the steel plate and its peripheral frame 
transferred about 54 % and 46 % of the total story's shear (similar to SPSW-100), respectively, while at 1 % 
drift, the steel plate and its peripheral frame transferred about 33 % and 67 % of the story's shear, respectively. 
In other words, by increasing the structure’s drift, the contribution of the steel wall to the story’s shear capacity 

in SPSW-75 was decreased much more than the one in SPSW-100. It should be noted that in designing 
SPSW-100, the total story shear was allocated to the steel wall, while the contribution of the steel wall varied 
only between 38 % and 54 %. Similarly, in SPSW-75, in which the steel wall was designed to transfer 75 % of 
the total story shear, the contribution of the steel wall was between 33 % and 54 % of the system’s total 

capacity. The diagrams indicated that the shear percentage allocated for designing the steel walls was over-
estimated and, in practice, the walls had less contribution in story shear. Furthermore, a large amount of the 
story shear was transmitted by columns and neglecting the role of peripheral frame in the story shear would 
lead to the non-economic design of the SPSW system. 

 

Figure 15. Contribution of steel plate and peripheral frame in the story shear versus drift. 

4. Conclusion 
Four specimens of steel shear wall in a 10-story building were designed for 100, 75, 50 %, and the 

optimal percentage of shear transfer and the capacity of each frame was compared with the demand shear 
capacity of each story. According to the results, designing the wall for higher shear percentage and neglecting 
the role of columns in the story shear capacity would increase the frame’s thickness and the peripheral frame 

dimensions, leading to the non-economic system. Furthermore, according to the PFI diagrams and finite 
element modeling of the specimens, in the specimens with less contribution of the steel plate to the story 
shear, the value of the ductility reduction factor was decreased and the structure over-strength factor was 
increased, while the mean value of the structure’s response modification factor did not change significantly. In 

general, it can be concluded that by determining the precise contribution of the steel plate and its peripheral 
frame for the earthquake demand story shear, it would be possible to design SPSW for more optimized 
sections. 

Finite element analysis of the studied specimens also indicated much less contribution of the steel plate 
to the story shear. In order to complete the discussions presented in this research, it is necessary to conduct 
further studies on the structures with different numbers of stories as well as on the behavior of the structures 
under nonlinear time history analysis and incremental dynamic analysis (IDA). Moreover, providing an optimal 
design requires further studies in this regard. In addition, the accurate definition of earthquake demands 
considering the reduced stiffness of the system and decreased base shear may result in more optimized 
system. 
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Abstract. Fire protection of timber structures and finishing structural materials is actual due to the high 
combustibility of these materials. The technical characteristics for protected timber structures in case of fire, 
determined by the single burning item test (SBI), are considered in the paper. Nine thin-layered lacquers and 
paints fire protections, which were differed by the type of fire resistance and chemical contents, were analyzed. 
The timber specimens treated by such fire protections as the paints, impregnations, lacquers and water glass 
were tested by SBI method. It was shown, that the lacquer on the base of the acryl resin has a significant 
influence on the fire growth rate indices FIGRA and smoke growth rate SMOGRA on the initial stage of 
combustion (FIGRA – 2948.78 W/s, SMOGRA – 101.28 m2/s2). Traditional fire protection by the water glass 
shows the high fire growth rate indices FIGRA (268.63 W/s) and total smoke production TSP600s (163.13 m2). 
The low levels of the both values did not confirm a classic consideration of the water glass as effective fire 
protection of timber members. Type of timber base and assembling method (with or without air gap) has a 
significant influence on the effectiveness of fire protection. Analogous results obtained for the intumescent 
paint and two types of lacquers. The modern water impregnations that contains phosphoric acids characterized 
by the low expenditure (mean value 250 g/m2) and low values of smoke growth rate and total smoke production 
in 3MJ and 33 m2, correspondingly. These impregnations provides a class Bs1d0 of fire protection by the 
European classification. 

1. Introduction 
The methods for determination of technical characteristics of finishing structural materials in case of fire 

actions and it classification by the fire hazard are differed in Russian Federation and Europe at the present 
moment [1]. A lack of direct correlation of European and Russian codes regulating determination of fire hazard 
of structural materials is the major difficulty in the harmonization of the methods [1–4]. 

European method Single Burning Item (SBI) [5] is used for determination of technical characteristics of 
structural materials in case of fire and class of fire-resistance [6].  

Two sub-systems (structural and finishing materials so as ceiling coverings) includes the seven classes 
of the fire hazard starting from the class A (noncombustible materials) until the class F (highly combustible 
materials).  

The SBI method is considered in current work for the determination of technical characteristics of timber 
structures in case of fire action because timber is a structural material, which is characterized by the variety 
of shapes and dimensions and widely used for the structural purposes now [7–10]. The low fire resistance and 
high ability for ignition are the critical disadvantages of the timber as a structural material. The timber member 
treated by the fire protective agents, including fire-retardant treatment, must strongly corresponds to the 
requirements of standards by the heat and smoke growth rate so as the fire protective agents can increase 
the fume developing ability of the base. It is very significant in the cases, if the timber member is placed in the 
probable ways of the evaquation. So, structural products are classified basing on the determined class and 
additional class by the smoke growth rate [6]. The SBI method cannot be considered as an etalon in some 
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unstandardized cases, when the national standards enables to obtain the results with the increased precision 
[11–19]. 

A special attention should be payed to assembling process and fasteners so as both the factors have 
the significant influence on the obtained results. The methods of fastening should be reflected in the 
specifications. Assembling in accordance with the standard provides determination of fire hazard class with 
the increased precision. Several deviations during the assembling leads to misrepresentation of the 
classification [18, 19]. Results of the classification can be differed dependently from the type of the base. 
Therefore, the results obtained in the case of the gypsum boards base without air gap can be different from 
the results obtained in the case of clearances existence between the specimen and noncombustible base. 
Conditions of the test will be more rigid in the second variant with the air gap. The timber, non-treated by the 
fire protective agents, products with the minimum thickness in 22 mm and minimum density in 350 kg/m2, are 
classified without the further testing in accordance [20]. Structural timber relates to the class D-s2, d0 in 
accordance with [20]. The class of fire hazard of the timber increases until the B2 by the using of fire protective 
agents [21]. The unprotected timber structures are related in Russian Federation to 5th class of fire hazard 
(strongly combustible materials with the highest rates of ability to ignition, combustibility, total smoke 
production, gase toxicity rate and fire growth rate) [1–4]. Intermediate variants from class A to class F are 
characterized by the lack of correlation with the adopted in Russia classification and methods of confirmation 
of the classification. Toxicity of buring products is determined by the laboratorian mouses in Russia and by the 
gas analysers in SBI method, for example [1, 2]. 

The target of current paper is to analyses the technical characteristics of the fire protected timber 
structures by the SBI method. Nine different fire protection agents for wood and plywood with different 
chemical nature are considered in order to understand the best fire-technical characteristics. 

2. Methods 
The SBI method suppose fire action from one side on the external surface of the whole specimen of the 

structure (Fig. 1 and 2). A chamber for the tests is the closed space (room) with the single source of ignition 
(gas burner) in one of the corners and air hole system with sensors for taking the indications. The material is 
subjected by the flame with the exposure rate in 100 kW in course of the first ten minutes and in 300 kWt in 
course of the next ten minutes [5]. The indications of materials behavior (expenditure of oxygen, output of 
carbon dioxide, and values of temperatures) are determined. The behavior than can be used for the 
determination of parameters for the classification of materials. The parameters give the full-scale information 
about the dynamic of the fire development including the heat emission and capability of the smoke production. 

- THR – total heat release (MJ) from the specimen in the first 600 seconds of exposure to the main 
(primary) burner flames. 

- HRR – heat release rate (kW/m2) – velocity of heat emission from the combustion of specimen and 
gas in the burner. 

- FIGRA – fire growth rate indices (W/s) – maximum of the quotient of heat release rate from the 
specimen and the time of its occurrence. 

- TSP – total smoke production from the specimen (m2) – the value, which characterize the total smoke 
production from the specimen in the first 600 seconds of exposure to the main (primary) burner flames. 

- SMOGRA – smoke growth rate (m2/s2) – maximum of the quotient of smoke production rate from the 
specimen and the time of its occurrence. 

- LFS – lateral flame spread on the long specimen wing – the length of the flame spread on the long 
specimen wing. 

The results enables to evaluate the fire growth rate indices and critical heat emission. The values 
enables to classify the material in accordance with the standard EN 13501-1 and to determine a class of the 
fire hazard of the structural material. The algorithm of the classification of structural material is consists from 
three components: 

1. Classification on the base of the total heat release and fire growth rate indices. Class A-F is 
determined on the base of the values of parameters FIGRA and THR. 

2. Additional classification by the smoke growth rate. Class s1-3 is determined on the base of the 
values of parameters SMOGRA and TSP. 

3. Additional classification by the development of firing drops/particles. Class d0-2 is determined 
dependently on the development of the firing drops/particles in course of the 600 s during the test. 
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Figure 1. Scheme of the chamber for the tests. Figure 2. Process of the samples testing. 

Timber or plywood boards made of such spieces as a pine, spruce or a larch with moisture 8–10 %. 
The small board with dimensions 1.5×0.5 m and big board with dimensions 1.5×1.0 m developing the direct 
angle. 

Products perfomance determinned on gypsum plasterboard substrate A2-s-1-d0 reaction to fire class 
and classification is valid for product mounting on substrates at least reaction to fire class A2-s-1-d0. 

 

 

Figure 3. Sample 1 before the test. Figure 4. Sample 1 at the tenth minute of the test. 

Plywood and timber of such spices as a larch and spruce were used as the materials of the samples. 
The spices of timber were indicated in the laboratorian protocols. Thickness of the samples changes within 
the limits from 17 to 19 mm. The following types of the fire protection were considered: 

1. Aqueous alkaline solution of sodium silicate Na2O(SiO2)n is a viscous substance of the grey colour 
without admixtures. It decrease the fire hazard of timber and it efficiency depends on the amount of 
the borrowed layers. The samples shown on Fig. 3-5 were treated by three layers. 

2. Priming on the base of water glass in two layers and lacquer on the base of stirol-acryl resin, melamin 
and paraffin chlorine (three layers). 

3. Lacquer with the decreased combustability consisting from the stirol-acryl resin, ammonoum 
poliphosphat melamin and paraffin chlorine (three layers). The lacquer is analogous to the same for 
the sample 2. 

4. Lacquer on the base of carbomideformaldehyde resin with the admixture of classic fire retardants 
(three layers) [22]. A homogeneous suspension with the colours from white to pale yellow without 
external admixtures. The completed finishing has a lustre and is turbid. The charing of the fire-
protective layer occours under the fire action. The fire protective layer gat a structure of the foamed 
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coil and the surface of the material is protected from the influence of oxygen (Fig. 6). So, process of 
combustion is retarded. 

  

Figure 5. Sample 1 at the end of the test. Figure 6. Sample 4 – bloating of the lacquer. 

5. Intumescent water based paint (two layers). The high porous foamed coil is developed at the 
tempherature in 300°С and it protect the structure from the further heat action.The paint is a white 
color finedispersion suspension of functional admixtures and a pigment in the polivinilacetate 
dispersion or an acryle latex with admixture of several additional agents [22]. 

6. Traditional impergnation on the base of the soluble salts which are based on the roasted carbonate 
of potassium. The fire retardant is a color-less liquid with non-sufficient precipitate. The fire retardant 
is applied on the surface or the protected material is deeply impergnated under pressure. It fire 
retarding action is joined with ability of the fire retardants to develop the protective layer on the 
surface of the timber and to produce non-combustable gases which prevents expansion of the fire 
and it penetration in the protected material. The effect is obtained by the retarding if the fire 
expansion by the surface of protected material in the case if surface impergnation. 

7. Impergnation «NEOHIM», produced by the Russian company «NEOHIM» LTD, is the water based 
solution with the fire retardants. Impergnation «NEOHIM» possess an effect of intumescention 
(Fig. 7). The samples shown on the Fig. 7 are made of the larche. 

  

Figure 7. Development of foamed coil after the testing of sample 7. 

8. Impergnation Palonot. The content is patented [23], it includes the water based solution of the fire 
retarding material «PALONOT F1», which is produced by the company Palonot, Finland. It contains 
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acids with the high content of phosphorus (30.1 %). Using of the ethanolamine as the nitrogen 
containing compounds is in the base impergnation Palonot application. The components are used 
in the proportion which possess a synerhism in case of the fire protective action.The specimens 
treated by the fire retardant Palonot F1 were produced of the birch plywwood FSF. Peculiarities of 
assembling in accordance with the protocol of the test: valid for product mounting with air gap 
between product and substrate. Valid also product mounting on substrates without air gap. 

9. Water based impergnation Flamex, which is produced by the Norvegian company Thermax as. The 
water based impergnation Flamex contains amino phosphates (30–60) %, amino chlorides (1–5) %, 
carbomide (5–10)%, glycerine (1–5)% and other admixtures. The specimens with the thickness in 
21 mm were made from the spruce timber. Peculiarities of assembling in accordance with the 
protocol of the test: valid for product mounting with or without air gap between product and substrate, 
for ventilated and unventilateted applications. 

The authors possess the following information about group of combustability for the tested 
specimens [23]. One of the targets for the test was determination of one of the four group of combustability. 
The groups were determined as follows: 

− Group of combustability 1 – slightly combustable materials, which are not burning without source of 
fire. The materials produce the smoke gases with the temperature up till the 135°С in case of burning. 
The length of the damaged area does not exceeds the 65 %. Only 20% of the material mass can be 
destroyed by the fire action.  

− Group of combustability 2 – medium combustable materials, which are burning without source of fire 
not longer, than half of the minute. The nominal tempherature of the developed smoke gases is equal 
to 235°С. The length of the damaged area does not exceeds the 85 %. Only 50 % of the material 
mass can be destroyed by the fire action. 

− Group of combustability 3 – normally combustable materials, which are burning without source of 
fire not longer, than five minutes. The nominal tempherature of the developed smoke gases is equal 
to 450°С. The length of the damaged area does not exceeds the 85%. Only 50 % of the material 
mass can be destroyed by the fire action. 

− Group of combustability 4 – strongly combustable materials, which are burning without source of fire 
not longer, than five minutes. The nominal tempherature of the developed smoke gases exceeds 
450°С. The length of the damaged area does not exceeds the 85 %. Only 50 % of the material mass 
can be destroyed by the fire action. 

Unfortunately, such parameters as a combustability, total smoke production, fire growth rate and gase 
toxicity rate (on the combustible timber and noncombustible asbestos plates) are unknown. So the class of 
the fire hazard from 0 to 5 in accordance with the Russian classification can not be determined. The tests for 
the determination of the group of combustability should be conducted for the structural materials exclude the 
finiching coverings of the ceilings and carpet coverings in the case if the material should be certified in the 
field of the fire safety. 

The considered in the course of current study samples related to 1–2 groups of combustability. It is 
slighty combustable materials on the noncombustable base. 

The parameters determined by the SBI method and by the method of determination of combustability 
groups [23] are shown in the Table 1. Several parameters determined by the SBI method are shown on the 
Fig. 8–13 dependently from the duration of the tests.  
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3. Results and Discussion 
Table 1. Results of the specimens testing by the method SBI and it comparison with the group of combustability [23]. 

Investigated parameters and 
classification in EN and 

Russia 

Sample 1. 

 

Sample 2. Sample 3. 

 

Sample 4. 

 

Sample 5. Sample 6. 

 

Sample 7. Sample 8. 

 

Sample 9. 

 

Expenditure on the board 
(g/m2) 

big / small 
336 / 346 

252+542 / 
261+486 410 / 400 486 / 393 691 / 533 303 / 253 250 / 250 240 / 240 200  

FIGRA 0.2 

- fire growth rate indices 
(W/s) 

268.63 2948.78 2729.07 76.40 49.78 200.83 31.6 21.9 95.0 

FIGRA 0.4 (THR(t) threshold 
of 0.4MJ) 268.63 2659.13 2729.07 74.76 30.41 186.35 30.5 21.9 66.7 

THR600 

- total heat production (МJ) 
20.101 13.997 6.531 11.70 2.602 21.483 3.8 3.0 5.4 

SMOGRA 

- smoke growth rate (m2/s2) 
15.82 101.28 88.28 32.93 13.58 9.94 - 1.4 7.9 

TSP600s 

- total smoke production (m2) 
163.13 60.88 79.89 152.91 48.66 97.33 33.0 34.9 41.9 

Group of combustibility 
GOST 32244 [24] 1 2 2  1 1 2 - - 1 

Supposed class EN 13501-1 D s2 d0 E s2 d0 E s2 d0 C s2 d0 A2/B s1 do D s2 do A2/B s1 do A2/B s1 do B s1 d0 

 

Note. The results for the sample 9 were absent in the protocol of the tests; «-» – results are unknown; FIGRA – maximum relation HRRср.(t)/(t – 300), multiplied 
by 1000. The maximum relation should be determined when the threshold levels of HRRср. and THR were exceeded only. Indice of FIGRA is equal to zero if one or the 
both of it threshold levels were not exceeded during the time of action. Two different THR threshold values are used, which give finally FIGRA 0,2MJ and FIGRA 0,4MJ. 
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Basing on the results shown in Table 1, three types of fire protection are strongly differed: the water 
glass (nonorganic material), lacquers with the decreased combustibility and paints, which are close to water 
impregnations so as water impregnations. 

Traditional impergnation on the base of the soluble salts which are based on the roasted carbonate of 
potassium (sample 6) possess the worst fire protective properties among the recently developed 
impregnations. The maximum smoke growing rate (SMOGRA), as it was expected, was observed for the fire 
protections with the organic components. The water glass also shows high maximum smoke growing rate 
(sample 1), what can be explained by the rapid combustion of the specimen made of pine wood. 

The specimens 2, 3 and 6 are related to the medium combustable materials of group of combustibility 
2 and possess the enough high fire rate growth indexes FIGRA 0.4. But the specimen 1 also possess the fire 
rate growth index equal to 268.63 W/s. Foamed paint containing the organic combustible components, which 
was used for treatment of the sample 5, have the low values of all the parameters due to the bloating effect. 

 

Figure 8. Fire growth rate indices FIGRA as a function of the time for the samples 1 and 4-8. 

The fire growth rate indices FIGRA as a function of the time has a shock type shape for all the samples. 
The sample 1 is characterized by the highest fire growth rate indices probably due to the combustibility of the 
pinewood, which was used as a base material. 

 

Figure 9. Fire growth rate indices FIGRA as a function of the time for the samples 2 and 3. 

The base of the water glass does not have a significant influence on the fire growth rate indices FIGRA. 
The rapid shock in 300-540 s corresponding to the heat emission in 2.5–3 kW/s was observed at the initial 
stage. Than the fire growth rate indice tends to zero due to the fusion of the top layer and development of 
noncombustible gases. The water glass protective layer did not allows the heat emission. The small shock in 
360 s than slightly decreased 2 times with the small oscilations, as it is shown on the chart. The similar 
character of the chart with the shock in 350 swas observed for the sample 6. The chart of the sample 4 has 
the shock starting from zero on the 360-th second and than it developed with the small oscilations from 46 to 
97 Wt/s. The chart of the sample 8 has the similar shape with the shock on the 540-th second up to 22 W/s 
and than the value of the fire growth rate was stable. The graph for the sample 5 has two shocks at 360-th 
and 420-th seconds and than it has the shape similar to the grapf for the sample 4 with the mean value of the 
fire growth rate indices FIGRA equal to 30 W/s. 
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Figure 10. Total heat release THR as the function from the time. 

All the charts shown on the Fig. 10 shows that the totel heat releases are the directly proportional to the 
time. The maximum heat release was observed for the sample 1 and sample 6 with the fire protection of the 
water glass and salt impregnation due to the constant heat release. The least heat release and least 
temperature of combustion were observed for the sample 4. 

The fire growth rate indices quickly decreases and process of combustion developed more slowly for 
the samples 2 and 3. The samples 5 and 8 have the minimum fire growth rate indices and, correspondingly, 
minimum total heat releases. 

The direct dependence between the fire growth rate indices and total heat release was not observed 
for the sample 7. The mean value of the total heat release corresponds to the minimum value of the fire growth 
rate indices. 

 

Figure 11. Total heat release rate HRR as the function from the time. 

The total heat release rate for the samples 1, 6 and 8 is growing gradually with the time due to warming 
and damages of the protective layer. The charts for the samples 2 and 3 repeat the dependences of FIGRA 
on the time, which are shown on the Fig. 9. The shock in 300-360 s was observed at combustion and then the 
fire growth rate indices rapidly decreases due to the limiting of the oxygen level due to the changing of the 
structure of the protective layer. 

The rapid increase of the fire growth rate indices was observed at the final stage of the testing of sample 
3 (1380–1500 s), which is based by the charring of the protective layer and ending of it functions. 
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The dependence obtained for the sample 4 shows that the total heat release rate id directly proportional 
to the time until the 1260-th second and start to decrease than. 

The sample 5 was characterized by the constant in the time total heat release rate with the slight 
increase starting from the 1320-th second. The total heat release rate for the sample 7 is growing till the 700-
th second and then was constant with the non-sufficient oscillations. 

 

Figure 12. Smoke growth rate SMOGRA as the function from the time. 

The smoke growth rate as a function from the time for the samples from 1 to 8 are shown on the Fig. 12. 
The dependences obtained for the samples 2 and 3 repeat the shape of the dependences obtained for the fire 
growth rate indices due to the charring of the upper layer and decrease the amount of the oxygen on the 
surface of the protected material. The smoke growth rate impetuously decreases in the case. 

The dependence obtained for the sample 1 shows the slight increase of the smoke growing rate due to 
the surface warming with the further decrease. The dependences obtained for the samples 4, 5 and 6 have 
the shocks from 360 to 420 s. The smoke growth rate is slightly decrease until zero at the 1500-th second for 
the sample 4. The smoke growth rate is equal to zero starting from the 420-th second and slightly increase 
from 1340-th second for the specimen 5. The dependence of the smoke growth rate is slightly decreases with 
the no significant oscillations for the sample 6. The dependence obtained for the sample 8 is characterized by 
the small shock on the 1100-th second. It reaches a maximum in 1.8 m2/s2, what is the minimum value of the 
smoke growth rate in comparison with the other tested specimens. 

The dependence for the sample 7 was not shown, so as smoke growth rate is insufficient and threshold 
sensitivity was not obtained. 

 

Figure 13. Total smoke production TSP as the function from the time. 
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The maximum total smoke production observed for the sample 4 due to the existence of the organic 
substances in the content of the fire protective material. The rapid increase of the total smoke production for 
the sample 1, which was treated by the water glass, on the 540-th second can be explained by the charring of 
the protective layer and firing of the base made of the pine wood with the high content of the resin. 

Investigations conducted by the SBI method of the timber samples of the same type and assembling 
scheme probably, will enebles to identify the content of fire protective impergnations (paints and lacquers) at 
the same methods of the specimens treatment. Research on fire retardants for wood–plastic composites has 
been attracting more attention in recent years; however, most results are preliminary because of the difficulty 
in identifying or formulating a fire-retardant system that is effective for both wood and plastics [25–29]. 

4. Conclusions 
1.  Correlation between the parameters determined by the European and Russian standards for 

classification of the fire hazard of the structural materials is difficult for evaluation due to the difference in the 
choice of the values of the criterias, which are necessary for the classification. The additional data 
characterizing combustibility, smoke growth rate, fire growth rate indices and materials toxicity are necessary. 
Additional tests should be conducted at the similar conditions to get the information for the more precise 
comparison of the materials. The type of base, existence or absence of the air gap, spice of timber, it treatment 
should be considered as the conditions for the test. 

2. Composition on the base of the acryl resin has a significant influence at the fire growth rate indices 
FIGRA (W/s) and the smoke growth rate SMOGRA (m2/s2) at the initial stage of fire. The maximum values of 
the FIGRA and SMOGRA observed for the nine specimens differed by the base materials and fire protection, 
were equal to 2948.78 W/s and 101.28 m2/s2, correspondingly. 

3. The minimum values of the parameters were obtained for the water based bloated paint used as the 
fire protection. The paint expenditure which is necessary for the treatment of the board was the maximum at 
the same time and equal to 691 and 533 g/m2 for the big and small boards, correspondingly. 

4. The impregnations NEOMID 450-1 and Palonot have enough high characteristics as the fire 
protection which is characterized by the minimum smoke growth rate. It was equal to 1.4 m2/s2 for the Palonot 
and low undetermined on the chart value of smoke growth rate for the NEOMID 450-1. 

5. The further investigations are necessary for the determination of fire protective materials 
consumption, defining of their types by the development of protective films and influence of the content on the 
technical characteristics of protected timber structures in case of fire, getted by the SBI method. 
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Abstract. In the present paper the planar stability of fixed-fixed shallow circular arches is investigated. The 
arches are made of linearly elastic, functionally graded material and are subject to a concentrated radial or 
vertical dead force at an arbitrary position. To describe the behaviour, the one-dimensional Euler-Bernoulli 
kinematic hypothesis is used. The effect of the bending moment on the membrane strain is incorporated into 
the model. The related coupled differential equations of the problem are derived from the principle of virtual 
work. Exact solutions are found both for the pre- and post-bucking displacements. Closed-form analytical 
solution is given for the buckling load when the load is radial while for vertical force, the solution is numerical. 
It is found that for fixed-fixed members, only limit point buckling is possible. Such shallow arches are not 
sensitive to small imperfections in the load position or in the load direction. It turns out that the material 
composition and geometry have significant effects on the behaviour and buckling load. If the load is placed far 
enough from the crown point, the load bearing abilities become better than for crown-load. Comparisons with 
an analytical literature model and commercial finite element software confirm the validity of the new findings. 

1. Introduction 
Curved members (arches, shells) are often used in engineering applications, e.g., in aerospace 

structures or in civil engineering structures [1, 2]. These elements are preferred because of their advantageous 
mechanical behaviour under various loading conditions and partially because of their favourable design. 

Compared to classical homogeneous materials, composites have such advantageous properties like 
the increased durability or reduced weight [3–5]. Functionally graded materials (FGM) have a further notable 
benefit, that is the smooth stress distribution because of the continuously changing material properties. For 
these previous reasons, such composite materials are being used more and more frequently [6–9] by civil 
engineers. Thus, it is important to be able to predict the mechanical behaviour of such members. 

Buckling is a well-known phenomenon, which can occur for various structural members [10–12]. Thus, 
the in-plane stability of arches is not a new topic as there is a bunch of available works, like [13–15] in the 
open literature. It is well-known that their behaviour is nonlinear since the pre-buckling deformations are 
significant. There are many arch problems that have been solved either analytically or by means of a numerical 
method [16–22]. These issues involve the effect of the foundation stiffness, remote unconnected equilibria, 
inclusion of geometric imperfections, elastic horizontal and rotational end restraints. The preferred numerical 
methods include the analog equation method, the modified Riks method and the Galerkin method as well. 

Studies [23–27] report about analytical solutions on the stability of shallow arches with multiple stiffness 
regions along the centroidal axis. The Euler-Bernoulli hypothesis is considered and various load and support 
conditions are investigated. Articles [28–30] focus on FGM arches analytically using the classical shallow arch 
theory. 

It is found that simple crown-point loads are preferred in the literature. However, in practice, other load 
positions are also possible. Early articles [31, 32] investigate the effect of the load position on arches but the 
later one neglects the effect of the axial compressive force. There is a recent article series about the in-plane 
stability of arches under arbitrary concentrated radial load [33–35] by using the same hypotheses as in [36–
37]. These works present analytical investigations for homogeneous material but the effect of the bending 
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moment on the membrane strain is neglected. An improved kinematical hypothesis is presented and evaluated 
in the likes of [38–40]. 

According to the literature review, it is an open question how fixed-fixed FGM shallow arches behave 
under a radial or vertical dead load at an arbitrary position. The aim of the current article is to find the answer 
to this issue. The related tasks, therefore, are: 

1. to introduce a new geometrically nonlinear beam model, incorporating the effect of the bending 
moment on the membrane strain; 

2. to find the related static equilibrium equations using a suitable variational principle and to solve these 
coupled equations in closed-form; 

3. to derive the buckling equations and investigate the possibility and conditions of bifurcation and limit 
point buckling; 

4. to show the effect of various geometrical and material parameters on the buckling load; 

5. to verify the outcomes, i.e., compare the new results with the literature and finite element 
computations. 

2. Methods 

2.1. Kinematics 

A fixed-fixed shallow FG circular arch is considered. Its ( E -weighted) centroidal axis is shown in Fig. 1. 
The axis   coincides with the circumferential direction, while the cross-sectional coordinates are ;  . The 

cross-section is symmetric to  , i.e.,   is a principal axis. The initial radius of the centroidal axis is   and 

the included angle of the arch is 2  with   being the angle coordinate. The external load Q  is a dead 

concentrated force at  =  and is either radial ( 0 = ) or vertical ( = ). The FG material composition is 
a mixture of metallic (subscript m ) and ceramic (subscript c ) phases. The material constituents – like the 

Young modulus E  are assumed to follow a power-law distribution (e.g., the Voigt rule of mixture) along the 
thickness as  

 
( ) ( )

k

c m mE E E E
b




 
= − + 

 
 

 

(1) 

with b  being the height of the cross-section and k  is the volume fraction index [42]. 

 

Figure 1. A fixed-fixed shallow arch with radius   and  
included angle 2  under a concentrated radial/vertical load Q. 

Using the Euler-Bernoulli hypothesis, the longitudinal strain at an arbitrary point is [41] expressed by 

 22

2

1
,

2

du w du d w u dw

ds ds dsds



 

    

    
= + + − + −     +     

 

 

(2) 

with the nonlinear membrane strain – 0 =  – and the cross-sectional rotation being 
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du w u dw

ds ds
  

 
= + + = −  

 

(3) 

The circumferential and lateral displacements are denoted by u  and w . 

According to the Hooke law, the axial force and bending moment are as follows [41]: 
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E du d w
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= = − −   

 

 
 

(4a) 

 2

3 12 2
, .A
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= = − + + =   

 

 
 

(4b) 

Thus, clearly, the effect of the bending moment on the membrane strain is accounted, unlike in some 
previous models. In the expressions of the inner forces the various stiffnesses are defined by  

1j
j AE E dA −=  . (5) 

At the points of the centroidal axis 2 0E = . 

2.1.1 Equilibrium equations 

The principle of virtual work is used to find the nonlinear pre-buckling equilibrium configuration. It 
requires that equation 

 0dVV  
  

−  = =
Q w  (6) 

to be satisfied by any kinematically admissible virtual field () . Due to the shallowness of the arch, only the 
virtual work done by the external force on the radial displacement field is accounted. From the above principle, 
the following coupled differential equation (DE) system can be found [40]: 

 1
0,

0.

dN dM M
N

ds ds

d dM M N
N

ds ds


 


 

  
+ − + =  

  

  
− + − =  
  

 

 

(7) 

 

(8) 

These equations can be given in terms of the dimensionless displacement /W w =  and the notation 

( )() /d ds


=  as 

 
( )2 2 20, 1 1,''W W W      = + + + = −  (9) 

with the strain- and geometrical-material parameters being defined as 

 2 2
2 2 31

2
3 1

1 ; ; .
EE

r
E Er

 
  = − = = =  (10) 

So, the effect of the material composition is incorporated into the model through these quantities. 
Furthermore, it is found that the membrane strain is constant. Equilibrium equations are comparable to, 
e.g., [28, 43]. 

Focusing now on the post-buckling equilibrium state, the typical increments – noted by a hat symbol (̂ )  
– are [38] 

 ˆˆ ˆ ˆ ˆ
ˆ ˆ ˆ, ,

du w d u dw

ds ds ds

 
   

   

 
= + + + = − 

+  
 

 

(11) 
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(13) 

From the principle of virtual work for the buckled equilibrium configuration, equation  

 
0dVV    

 
   −  =

=
Q w  (14) 

is to be satisfied. Here ˆ() () () = +  is the sum of the pre- and post-buckling components of any quantity. The 
following DEs are found from this principle [41]: 
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(15b) 

which are actually  

 ˆ 0,' =  

 

(16) 

 
( )2 2ˆ ˆ ˆ ˆˆ ˆ( 1) 1 , / .W W W W W W w      + + + = − + =

 
 (17) 

These results are again comparable to previous models, like [28, 44]. 

3. Results and Discussion 

3.1. Solution – pre-buckling state 

The following closed-form general solution was found to satisfy Eq. (9) 2  

 2
3 4

1 22 2 2

1
( ) cos sin cos sin ,i i i

i i i i
i i i

C C
W C Ci


      

  

−
= + + − −  

 

(18) 

with 1 4i iC C−  being integration constants, 
i

  being the membrane strain parameter defined by  

1i i = −  (19) 

and furthermore, here and now on, subscript { , }i r l=  if   is { ; }   . 

When the load is radial, the strain is constant on the whole centroidal axis while for vertical load, the 
strain has a jump at  = . The jump (discontinuity) magnitude is found from the variational principle as 

 2
2 2

3

2 sin
;

2l r
P Q

P
E

  
 


= + =  

 

(20) 

with P  being a dimensionless load. Thus, the average membrane strain – recalling (19) and (20) – is  

 ( )( ) ( )( )2 21 11

2

l r     


 

− + + − −
= −  

 

(21) 

with l r =  for radial load. As a consequence, the solution for the displacement field is sought separately on 

the two sides of the external load. Based on the virtual work principle, the following boundary, continuity and 
discontinuity conditions are valid for the arch: 
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(24) 

All these above fields are continuous except the third derivative, which is proportional to the shear force. 
It has a jump for both radial and vertical load. Substituting here solutions (18), the system of linear equations 
is found: 
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The coefficients C
ji

 can now be calculated in closed-form. 

Because of equilibrium Eq. (9)1 , the membrane strain is constant on the centroidal axis, so it is equal 

to the average membrane strain given by:  

 1 1
( ) ( ) constant.l rd d 

 
       

   −
= = + =

+ −
   (25) 

Recalling Eq. (3) and assuming w u  due to the shallowness, which is generally accepted in the 

literature [33], a quadratic equation in P  is established for fixed-fixed shallow arches under arbitrary radial 
( ; 0l r  = = ) load as: 
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2
0 1 2 0.G G P G P+ + =  (26) 

 

The constants G0-G2 are functions of , , ,    . This previous equation can be solved analytically for 
any given strain-, geometrical and material parameter. 

When the load is vertical – ;l r    =  – the above equation becomes strongly nonlinear in the 

dimensionless load because of Eq. (20) and 

0( , , , , , , ) 0l rH P      =  (27) 

can only be tackled numerically. 

3.2. Buckled equilibrium 

The general solution to the inhomogeneous post-buckling equilibrium equation (17) is  

 
1 2 3 4

3 43
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ˆ 2
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with the unknown constants 
1 4

D D
i i
− . The related boundary and continuity conditions are 

 ˆ ˆ ˆ ˆ 0,l l r rW W W W
  

 

− −
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ˆ ˆ ˆ ˆ, ,l r l rW W W W
  

 = =  (30) 

 
ˆ ˆ ˆ ˆ,l r l rW W W W

  

  
= =  (31) 

with all the typical fields being continuous at  =  as there is no load increment ( ˆ 0Q = ). These conditions 
determine an inomogeneous linear equation system which can be solved in closed-form. According to (16), 
the strain increment is constant, thus, with (12) and the inequality uw ˆˆ   used on (16) it is found that 

 
( )1 ˆ ˆ ˆˆ .

2
U W W W d

 
 −

  = + +  (32) 

It is again a quadratic equation in the dimensionless load when the force is radial:  

2
0 1 2 0J J P J P+ + =  (33) 

with 1 2 3; ;J J J  being functions of , , , ,P     and it leads to a strongly nonlinear relationship for vertical load:  

0( , , , , , , ) 0.l rK P      =  (34) 

Solution for limit point (of snap-through) buckling can be evaluated for any geometry and material 
distribution by solving simultaneously nonlinear Eqs. (26); (33) for radial load and (27); (34) for vertical load. 
Or, alternatively, since limit points are local maxima on the equilibrium path [42], the very same results can be 
found by differentiating Eq. (26) or (27) with respect to the strain parameter. 

In theory, it is also possible for fixed-fixed shallow arches under concentrated load to undergo bifurcation 
buckling [38]. During bifurcation, the load and membrane strain remain constant [36] and the arch buckles to 
an infinitesimally close bifurcation equilibrium configuration. In this case, solution to DE (17) with ˆ 0 =  is 

 
1 2 3 4

ˆ ( ) cos sin sin cos .i i i i i i iW S S S S      = + + +  (35) 

This solution and the conditions (29)–(31) determine a homogeneous linear system of equations. 
Nontrivial solution exists if the determinant of the coefficient matrix vanishes, therefore 
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This determinant, in fact, yields the critical strain for bifurcation buckling. However, recalling the 
solutions of [33] and [38], it is clear that, for fixed-fixed shallow arches under a concentrated load, bifurcation 
buckling is possible only when 0 =  and in this case, the bifurcation point is always located on the unstable 
equilibrium branch. It means that only limit point buckling can occur. 

3.3. Analytical and numerical solutions 

 
Figure 2. The critical load ratio for non-crown and crown loads in terms of the relative load position 

parameter /   for arches with: a – S/r = 75; b – S/r = 200. 

First, the effect of the load position   on the lowest critical load is investigated for multiple semi-vertex 
angles  . Results are plotted in Fig. 2a and 2b for two S/r ratios – S is the length of the centroidal axis and r 
is the E-weighted radius of gyration. P( 0 = ) is the critical dimensionless load at the crown and P( 0  ) 
is the critical load when the force is placed elsewhere. Different line types are drawn for radial load while 
markers are used to show the findings for vertical force. When the load is in the small vicinity of the crown 
point 2   the buckling load changes (decreases) slowly for all the selected geometries. Thus, fixed-fixed 
arches, unlike pinned-pinned members [39], are not sensitive to small imperfections in the load position. In 
general, replacing the load from the crown makes the buckling load decrease for a while. Then it is always 
followed by an increase and if the load is exerted sufficiently far from the crown point, the load bearing abilities 
become better than for 0 = . Overall, smaller included angle means smaller change in the buckling load. 
When / 75S r = , the semi-vertex angle and load position have greater effects compared to / 200S r = . Above 
a certain angle, the behaviour seems to become independent of the angle as well. 

It is also found that in the investigated range it does not really matter if the load is vertical or radial, i.e., 
fixed-fixed shallow arches are not sensitive to small imperfections in the load direction in relation to the radial 
one. 

 
Figure 3. Dimensionless load vs membrane strain parameter to depict the effect of load position   

on the behaviour of arches with S/r=200: a –  =0.26; b – =0.87. 
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Next, it is investigated how the load position can affect the behaviour of arches as shown in Fig. 3a and 
3b. Here, str  is the buckling strain of a straight column under compression with the same material 

composition, length and cross-section as the arch. Independently of the angle, it is common in the diagrams 
that as the strain is increased from zero, there is a possible stability loss where the tangent is horizontal. 
Furthermore, increasing   makes the strain ratio decrease at the moment of buckling and at the same time 
the dimensionless buckling load gradually becomes greater. One branch always starts from the origin and the 
other one from a different level. The later one is greater in the dimensionless load P if   is greater and   is 
smaller. These diagrams are plotted for radial load but can be considered valid for vertical force also with a 
good accuracy. 

Fig. 4-5 give information about the effect of the ratio /S r  on the in-plane behaviour when the load is 
radial. The dimensionless displacement at the application point of the force is ( )W W  = = . As /S r  

decreases, the loop always becomes smaller with lower critical load and strain ratio as well. The different 
branches start from a same point, independently of /S r  and intersect each other again at a same point as 
shown in Fig. 4a and 4b. This later intersection point is close to the strain ratio 1. In Fig. 5a and 5b, there are 
three equilibrium branches: a primary stable, a remote stable and an unstable between them. (When there is 
no possibility of buckling, there is only one stable branch.) It is somewhat different to pinned-pinned members 
[39, 40] as then, the number of equilibrium branches showed an increases with   and could reach a number 
quite more than three, but for fixed-fixed members the number of equilibrium branches seems to be always 
three. It is set down to the fact that fixed supports are stiffer. When 0 = , the unstable branches are very flat 
but still there is limit point buckling at smaller dimensionless displacement compared to 0.2 = . 

 

Figure 4. Dimensionless load vs membrane strain parameter to depict the effect of ratio S/r  
on the behaviour of arches with  =0.35 when: a – =0; b –  =0.2 . 

 

Figure 5. Dimensionless load vs dimensionless displacement at  =  to depict th effect  

of ratio S/r on the behaviour of arches with  =0.35 when: a – =0; b –  =0.2 . 

In what follows, the lowest buckling loads are plotted in terms of the included angle as shown in Fig. 6a 
and 6b. The various lines represent radial load and markers are used for vertical force. Clearly, the buckling 
load increases with /S r . It makes no real sense if the load is radial or vertical – the maximum difference 
between them is only a few percent at most. Increasing /S r  makes the typical curves shift to the left – the 
possibility of buckling appears for smaller included angles. 
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Figure 6. Lowest critical loads for multiple load positions in terms of the semi-vertex angle:  
a – S/r=75; b – S/r=200. 

3.4. Verification of the results 

For radial load, comparisons were carried out with [33] assuming homogeneous material. Results for 
arches with the same geometrical and material parameters are gathered in Table 1. The correlation is really 
good. Differences are greatest when   and   are greatest. Since the new model of this article accounts for 
the effect of the bending moment on the membrane strain, it is assumed to be more reliable. 

The new results for vertical load are also verified by the commercial finite element software 
Abaqus 6.13. A geometrically nonlinear model was used with the Riks method to find the limit points on the 
equilibrium path. A one-dimensional model was created with eighty B21 beam elements. A doubly symmetric 
I-section was selected [34]. The related geometrical data were the following: depth 256 mm, flange width 
146 mm, flange thickness 10.9 mm, web thickness 6 mm. The moment of inertia is 54,255,292 mm4 and the 
modulus of section is 423,869.469 mm3 to the bending axis   while these values are 5,657,929 mm4 and 
77,505.875 mm3 to the other principal axis  . So the radius of gyration r  to the bending axis is 108 mm. 

Since S/r = 200 was selected, the centerline legth is 21,600 mm. The Young modulus was 210 GPa. 
Comparisons of the models with some further geometrical data are gathered in Table 2, indicating that the 
results of the current model are reliable. 

Table 1. Comparison of the lowest radial dimensionless buckling loads with [33] for arches with 
S/r = 75 and 200. 

 
Table 2. Comparison of the lowest dimensionless buckling loads for vertical load with Abaqus 

for arches with S/r=200. 

  P P, Abaqus 

/ 200,S r = {0.1/ 0.2 / 0.3} =   

0.38 6.42/6.40/6.88 6.30/6.29/6.78 

0.69 6.61/6.54/7.09 6.72/6.62/7.04 

1.05 6.76/6.77/7.30 7.07/6.93/6.84 

    [m] span [m] altitude [m] P P in [33] 

/ 75,S r = {0 / 0.2 / 0.4} =   

0.38 10.65 7.90 0.76 5.20/5.61/7.62 5.15/5.56/7.35 

0.69 5.87 7.47 1.34 6.67/6.35/8.14 6.57/6.26/7.89 

1.05 3.85 6.69 1.94 7.16/6.68/8.67 7.06/6.41/7.99 

,200/ =rS }4.0/2.0/0{=   

0.38 28.42 21.08 2.03 6.92/6.38/8.05 6.92/6.37/7.97 

0.69 15.65 19.92 3.58 7.29/6.54/8.42 7.28/6.49/8.05 

1.05 10.28 17.84 5.17 7.39/6.76/8.74 7.34/6.51/8.07 
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4. Conclusion 
1. In this article a new geometrically nonlinear model was established to investigate the in-plane 

behaviour and stability of fixed-fixed shallow arches under the effect of a concentrated radial or vertical 
dead load. The arches are made of functionally graded material. The Euler-Bernoulli kinematical 
hypothesis was applied. Account for the effect of the bending moment on the membrane strain was 
made. 

2. The related pre-buckling and buckled equilibrium equations were derived from the principle of virtual 
work. Analytical evaluations were carried our for radial load and numerical ones for vertical force. 

3. It was found that only limit point buckling is possible with three equilibrium branches: two stable and 
one unstable for any geometry and material composition. 

4. Unlike pinned-pinned arches, fixed-fixed members are not sensitive to small imperfections in the load 
position and in the load direction. 

5. At the same time, the load position can have a significant effect on the buckling load. Generally, the 
buckling load decreases for a while when the force is moved from the crown point but as it is placed 
close enough to the supports, the load bearing abilities become even better. 

6. In limit case, the presented model is also capable of predicting the buckling load for homogeneous 
materials. 

7. The new results were confirmed by comparisons with literature and finite element computations.  
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Abstract. The article is devoted to the identification of the patterns of deformation and destruction of powder-
activated concrete under the action of power loads. As research concrete, powder-activated concrete of a new 
generation was considered in comparison with materials of the old and transitional generations. To carry out 
such studies, laser holographic interferometry methods were used, the physical essence of which consists in 
recording wave fields synchronously with the application of the load reflected by the surface under study at 
various points in time and then comparing these wave fields with each other. Using the complete equilibrium 
deformation diagrams and 3D graphs, we determined the parameters of the diagram (cyclicity, ultimate tensile 
strength), and the parameters of surface deformation (photographs with waves of strains and cracks). Using 
laser interferometry methods, it was found that the introduction of microquartz, especially in combination with 
amorphous active silica fume, significantly delays the onset of microcrack formation in cement samples, which 
exhibit a uniform deformation field up to a stress level of 0.90–0.95 from destructive. A sample based on a 
cement-sand mortar without finely dispersed fillers distinguishes a lower level of crack formation, 
corresponding to a stress level of 0.5–0.6 from destructive ones, and with an increase in load, the fracture of 
the sample has a block character. 

1. Introduction 
The composition of concrete in various proportions includes aggregates, a binder, water and modifying 

additives (plasticizing, reactive microbiological, etc.), included depending on the required strength and its 
functional purpose [1–8]. High-quality concretes (HQC) classification combine a wide range of concretes for 
various purposes: high-strength (HSB, HochfesterBeton – HFB) and ultrahigh-strength (UVB, 
UltrahochfesterBeton – UHFB), self-compacting (SUB, Selbstverdichtender Concrete); joint-stock powder, 
dispersion-reinforced (ReaktionspulverВeton – RPB or ReactivePowderConcrete – RPC) and others. These 
types of concrete satisfy the high requirements for compressive and tensile strength, crack resistance, impact 
strength, wear resistance, corrosion resistance, frost resistance and other key performance indicators [2, 6, 
9–12]. 
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The development of concrete science is connected with the concept of highly functional concretes (High 
Performance Concrete – LDC). One of its developers, the Canadian scientist P.-K. Aichin notes its difference 
from the concept of high-strength concrete (High Strength Concrete (HSC). P.-K. Aichin and his followers [13, 
14] saw the development of high-functional concrete technology [13, 14] when they achieved the highest 
possible strength indicators (Rs = 140 MPa), manufacturability, density and durability. The use of high-strength 
concrete is the most effective way to reduce the mass of structures, the complexity and cost of their 
construction, which necessitates the creation of new types of them with increased strength and durability. 
Important in this case is the physicochemical dispersion of highly concentrated mineral powders of various 
chemical and mineralogical nature for the production of building materials with extremely long aggregate 
stability. 

Experimental evidence of the achievement of water-reducing effects equal to 8–15 versus 1.8–2.0 in 
cement dispersions is given in [5]. In these experiments, the gravitational fluidity of plasticized mineral 
suspensions was maintained while reducing water consumption by 8–15 times! It is such cardinal changes in the 
rheological properties and water-reducing effects that served as the basis for the creation of high-strength and 
ultra-high-strength concrete of the new generation [5, 14–16]. A new progress strategy was formulated in 
obtaining highly filled and highly economical concrete of ordinary grades M200–M600 and high-strength 
concrete M600–M1000, high-strength and ultra-high-strength: “Through a rational rheology into the future of 
concrete” [14, 15]. For enhanced implementation of the construction of new varieties of concrete in practice, it is 
necessary to take into account all their advantages in comparison with traditional materials. For the successful 
implementation of the construction of new varieties of concrete in practice, it is necessary to take into account all 
their advantages in comparison with traditional materials, in connection with which an important direction is to 
conduct research on materials to optimize them in terms of static and dynamic strength, durability. At the same 
time, along with the establishment of physic-mechanical parameters of cement composites, it is necessary to 
identify the patterns of their deformation and fracture under the action of power loads [17–21]. 

Traditional methods for studying the mechanics of concrete fracture involves loading the test sample 
and recording its deformation response depending on the magnitude of the load. This approach is quite simple 
and convenient, but gives information only about the limiting states of the object. At the same time, for 
specialists in the field of mechanics of a deformed solid and the calculation of building structures, an important 
role is played by an understanding of the process of destruction of a material and its behavior at all stages of 
testing. 

The objects of research were powder-activated concretes with a high proportion of the suspension 
component, which included, along with cement, sand and water, superplasticizer, rheologically active and 
reactive additives. Concrete of transitional and old generations were considered as compared materials. Old-
generation concretes were formed from a cement-sand mixture, with a superplasticizer, of a transitional type 
– with the addition of a reactive active additive – silica fume. 

The goal of our work was to study the stages of development of the processes accompanying the 
destruction of samples, with the fixation of the fields of deformation movements synchronously with the 
application of the load. 

The objectives of the research were: 

1. Investigate the stage of destruction of samples of powder-activated concrete; 
2. To compare the performance of powder-activated concrete with concrete of the old and transitional 

generations; 
3. To identify the effect of water-cement ratio, the content of superplasticizer, finely dispersed fillers on 

crack formation. 

2. Methods 
The tests were performed using laser holographic interferometry methods, the promisingness of which 

for the study of building materials of complex structures was confirmed by a number of successful experimental 
studies that revealed previously unknown features of the fracture mechanics of various building materials, 
including those based on cement binders [22–27]. 

Cement composites were made on CEM I 42.5 N cement of the Ulyanovsk cement plant of the Russian 
Federation: cement composite with Melflux 1641F hyperplasticizer filled with sand of fractions 0–0.63 and 
0.63–2.5 mm (composition No. 6); cement composite with Melflux 1641F hyperplasticizer, filled with sand 
fractions 0–0.63 and 0.63–2.5 mm with the addition of microquartz (composition No. 4); cement composite 
with Melflux 1641F hyperplasticizer filled with sand of fractions 0–0.63 and 0.63–2.5 mm with the addition of 
microquartz and silica fume (composition No. 5). 

To load the samples, a press with a force of up to 200 kN equipped with a power hydraulic cylinder was 
used. 
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The analysis of interferograms was performed according to the method described in [8, 22], where the 
displacement at a point was determined by the formula: 

                                                                        ( )i od r r n  ,                                                            (1) 

where d  is the vector of displacement of a point on the investigated surface;  

ir  is a single vector of illumination of the investigated surface;  

or  is a single observation vector of the investigated surface;  

  is wavelength of laser radiation;  

n  is the order of the interference band.  

The experimental data were processed using the AutoCAD graphic complex. In Fig. 1 shows one of the 
interferograms at the stage of decryption.  

 

Figure 1. Interpretation of the interferogram with the construction of graphs of the field of movement 
along the sections. 

For a more visual representation of the deformation of the sample, 3D visualization of the displacement 
field, shown in Fig. 2, which significantly reduces the analysis time of interferograms. 

 

Figure 2. Presentation of data on the field of movement of the sample in the form of 3D graphics. 

The effect of microquartz (composition No. 4) or a mixture of microquartz with silica fume (composition 
No. 5) on the properties of sand concrete was studied by comparison with a control composition that does not 
contain finely dispersed quartz (composition No. 6). In all the studied compositions, in addition to cement and 
water, Melflux 1641F brand hyperplasticizer and two-fraction quartz sand were used. To ensure equal mobility 
of the cement-sand mortar, the water-cement ratio of the control composition was 14 % lower than that of the 
composition on microquartz, and 9.5 % lower than that of the composition on a mixture of microquartz and 
silica fume. The latter is explained by the plasticizing effect of microquartz. 
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3. Results and Discussion 
Interferograms, 3D-graphs, surface deformations and deformations for samples of compositions 6, 4 

and 5 are shown in Figs. 3, 4 and 5. 

 

Figure 3. Interferograms (A–C, E, G), 3D-graphs (D, F) of surface deformations and a photograph (H) 
complete equilibrium deformation diagram (I) of sample No. 6 (Δσ = 1.53 MPa,  

other explanations are given in the text). 

 

Figure 4. Interferograms (A–C, E, F) and 3D-graph (D) of surface deformations, complete equilibrium 
deformation diagram (G) of specimen composition No. 4 (Δσ = 1.53 MPa,  

other explanations are given in the text). 
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Figure 5. Interferograms (A–C, E, G–I), 3D-graphs (D, F) of surface deformations and a photograph 
(K) complete equilibrium deformation diagram (l) of sample No. 5 (Δσ = 1.53 MPa,  

others explanations are given in the text). 

In concrete without quartz micro-filler (composition No. 6) at a stress level of 0.27σ size. Deformation 
of the sample is observed as an isotropic body with minor anomalies in the zone of its contact with the loading 
plates of the press (Fig. 3). With an increase in load to 0.59σ a zone of increased plastic deformations is 
identified, identified as a visually unobservable crack, and a slight anomaly appears in the zone of local 
deformation of the sample, which, with an increase in stresses up to 0.72σ, develops with the formation of new 
anomalous zones. At a stress level of 0.82σ the vertical zone of plastic deformation almost completely 
intersects the surface of the sample, dividing it into two blocks, but is inhibited by the structural element of the 
material. In the lower left part of the sample, a zone of high gradient deformation develops, parallel to the 
crack, dividing it into two subunits. The previously observed anomaly forms a local crack. The formed blocks 
behave as separate elastic elements with substantially different deformation fields. At a stress level of 0.95σ 
the main crack develops along the entire length of the sample. 

A fragment in the lower left corner of the sample undergoes continuous movement. The abnormal zone 
in this case generates a third vertical crack, which provides freedom of movement to the newly formed block. 
The destruction of the sample is observed, in which large blocks are held by a geometric closure at the 
boundary of their surfaces before its physical disintegration into fragments by a main crack. 

In samples with microquartz at a stress level of 0.15σdestr local microfractures are observed in the zone 
of their contact with the loading plates, associated with roughnesses in the end surfaces and their hugging 
with increasing load, which develop with increasing load and manifest themselves at a stress level of 
 0.5σdestr, leading to the onset of the formation of a main crack along the compressive load and initially not 
visually detectable even at a stress level of 0.91σdestr, and then clearly observed on the interferogram at a 
stress level of  σdestr. 

For a sample with microquartz and silica fume with an increase in the load from the stress level 0.13σdestr 
до 0.26σdestr the field of displacements over the entire surface of the sample remains uniform, without local 
anomalies. 

At a stress level of 0.47σ the local annular structure of interference fringes in the upper left corner of the 
sample indicates a shift in the contact forces to this zone, which is explained by the ongoing pressure testing 
of its surfaces in contact with the press plate. For most of the sample, uniform deformation is observed without 
signs of abnormal plastic deformations. Increment of stresses by 38 % – from level 0.47σdestr до 0.65σdestr 
caused deformation of the central part of the sample, which is explained by the manifestation of the "cage 
effect" – its cramped deformations in the zone of contact with the press plates. 

At this level of stress, zones of abnormal plastic deformations are still not observed, in contrast to the 
composition with microquartz, which has a stress level of  0.5σdestr the beginning of the formation of a main 
crack, or a control composition, was observed, in which, at a stress level of 0.59σdestr, a zone of increased 
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plastic deformation appeared, identified as a visually unobservable crack and a zone of local deformation of 
the sample. 

At a voltage level of 0.78σdestr up to 0.91σdestr the nature of the displacement field does not change 
significantly – there are no local anomalies, there are no signs of crack nucleation, which fundamentally 
distinguishes the behavior of the composition with microquartz and silica fume from other studied 
compositions. In this case, the loss of contrast of the interference bands in the upper and lower parts of the 
sample is explained by the beginning of its destruction in the contact zone with the reference and loading plate 
presses. Such a uniform deformation of the sample up to a load of more than 0.9σdestr resulted at a stress 
level of 1.0σdestr spontaneous development, apparently, from the zones of contact of the sample with the 
support and loading plates of the press of a vertically directed main crack, which divided the sample into two 
equal fragments. 

4. Conclusion 
1. The relevance of researching the durability of concrete is shown, since structures based on them 

are subject to cracking during operation. The purpose of the study was to study the stages of development of 
the processes accompanying the destruction of concrete samples by laser interferometry with fixation of the 
fields of displacements synchronously with the application of the load. 

2. As a result of the research revealed the following: 

 A decrease in W / C causes a more elastic behavior of the material under load, a significant (4–5 
times) lengthening of the descending branch of the full equilibrium diagram of the deformation of 
cement stone and a change in the fracture mechanism of the material, with W / C 0.267, through the 
formation of a main crack in the early stages of loading and its subsequent development up to the 
fragmentation of the sample, and at W / C 0.350 – through the formation of a block structure with the 
subsequent closure of transverse cracks in the blocks and the merging of longitudinal block cracks 
into a main crack;  

 Laser interference studies generally confirmed the block nature of the prefracture of the specimen 
with the Melflux 1641F hyperplasticizer, followed by the formation of a main (main) crack, leading to 
its physical destruction and fragmentation into separate plates. 

Using laser interferometry methods, it was found that the introduction of microquartz, especially in 
combination with amorphous active silica fume, significantly delays the onset of microcrack formation in 
cement samples, which exhibit a uniform deformation field up to the stress level of 0.90σdestr – 0.95σdestr 
Cement-sand stone without finely dispersed quartz distinguishes a lower level of crack formation, 
corresponding to a stress level of 0.5σdestr – 0.6σdestr from destructive ones, and with an increase in load, the 
fracture of the sample has a block character. 
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Abstract. The paper presents the solution of the wave equation describing the attenuation of the vibration 
amplitude in the soil during pile driving. It is suggested that in the soil there is the area around the pile where 
the energy dissipates due to plastic deformations, and then the areas of the elastic state where surface waves 
propagate. In the framework of the wave model, the connections have been determined between vertical 
vibrations of the embedded solid body circular in plane and the motions in the area of the elastic soil state 
which is described by an integrity of infinitely thin layers. The interaction of the pile and soil in the plastic 
deformations area is beyond our consideration, though its size is of high importance for the problem solution. 
The formula has been derived, which permits, having the result of amplitude measurement in any point by a 
vibrometer and the position of surface wave propagation boundary, evaluating the soil vibrations at different 
distances from the pile driving point. The quantitative and qualitative agreement of the measured amplitudes 
and results of analysis obtained during test pile embedment performed during field measurements and found 
in references proves that the proposed model can be used to increase the accuracy of evaluation of the vertical 
soil vibrations. 

1. Introduction 
Equipment used in construction works is usually the source of vibrations propagating around. Regarding 

the type of the dynamic loading, the vibrations with high amplitudes and low frequencies may appear (for 
example, pile embedment in the soil), or the vibrations with relatively low amplitudes and high frequencies (for 
example, vibration embedment of pile curtains, vibrating rollers performance, etc.) Builders often do not have 
enough data on the choice of the equipment for pile or sheet pile embedment, nor on the parameters of the 
equipment performance needed to minimize the action of the propagating vibrations on buildings and people. 
Along with it, according to [1], the accuracy of vibration prediction by modern methods is insufficient. Errors in 
the choice of the equipment generating vibrations and the distance to the pile embedment site may cause not 
only worse conditions of existing buildings and constructions performance, but also the damages provoking 
the faster wear of these objects. Each worksite is unique, so one must take into account its specific conditions. 
Calculations and predictions, along with the dynamic monitoring of soils, buildings and constructions prevent 
troubles related with vibrations in building objects. 

Thus, the modern standards [2–5] specify the requirements limiting the level of vibrations for neighboring 
buildings. In the case when the pile driving is performed close to them, there are restrictions of the velocity 
and acceleration of the foundation vertical vibrations with due regard to the soil type and construction 
peculiarities of the building and structure. However, according to [6], damages of buildings are related with the 
maximal shears which area not necessarily coincides with the area of the maximal values of the shear 
velocities. Today, any information about the minimal distances safe for the neighboring buildings foundations 
during the pile driving is missing. In spite of the fact that vibrations during the pile driving or sheet pile vibrating 
embedment are being studied for quite a long time [6–38], further investigations of the wave propagation in 
the soil from the source are still needed.  

Bornitz [8] offers the Golitsin formula [7] for the evaluation of the varying vibration amplitudes of the 
surface waves A between two points within the distances 0r  and r  from the embedded pile 
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0 ,r rr

A A e
r

δ− −=  (1) 

where 0A  is the amplitude, for example at 0r = 0.5 m, δ  is the vibration damping coefficient which varies 

within the range of 0.02–0.10 m-1 regarding the soil properties. Formula (1) was initially found for the evaluation 
of damping low-frequency Rayleigh waves with big lengths generated by earthquakes, for which the damping 
coefficient δ  weakly depends on the properties of the upper soil layers. However, from 1930ties, the formula 
is used for the evaluation of the soil shear amplitudes during the vibrations propagating from the pile driving 
[8], and the long-term practical verification of this formula showed the satisfactory agreement with the full-
scale research data [9].  

Today, there is no common approach in the aspect of evaluation of the soil vibration parameters during 
the impact pile embedment. There are however certain problems in the Golitsin formula application for the soil 
vibration determination during building from various industrial sources, since the generated waves have higher 
frequencies and shorter length as compared to the surface waves from earthquakes; the first ones propagate 
in the upper soil layers near the earth surface [10]. The information resulting from the researches shows that 
the coefficient δ  depends on the vibration source energy, frequency of the waves propagating in the soil, the 
distance from the vibration source, and soil formation thickness. Experimental data show that the values of δ  
may vary by more than one order and even change the sign in different points on the earth surface.  

According to [11], the parameter δ  can be evaluated by the formula 

2 ,fD Vδ π=  (2) 

where D  is the soil damping (Hz⋅s)-1 (D<<1), f is the vibration frequency (Hz), V is the velocity of wave 

propagation (m/s), which depends either on the surface wave velocity RV , or on the transversal wave velocity 

sV .  

It follows from (2) that δ  reduces along with the decrease of the vibration frequency and increase of 
the wave propagation rate, i.e. the low-frequency wave damps less than the high-frequency one [12]. The 
dependence of δ  on the material characteristics is evident. With the aid of measurements in [13] it is shown 
that soft soil decreases the vibration level faster than the hard soil. According to [14], the soil damping value 
depends on the vibration amplitude, soil type, humidity and temperature. For example, humid sand damps the 
vibrations weaker than dry sand, and frozen soil weakens the vibrations worse than thawed soil. 

The authors of [6, 15–17, 33] consider the soil vibration during the impact pile embedment and detect 
two zones – the near one (nonlinear-plastic) and the far one (elastic). It is believed that the energy dissipates 
in the near zone due to the plastic flows in the soil. In the far zone, the vibrations mainly consist of the surface 
waves, and the soil works in the elastic state [18, 19]. In [20–23] it is shown that near the source causing the 
vertical vibrations, the vertically polarized shear waves dominate, but, as the distance from the source rises, 
the Rayleigh waves are generated faster. In the near zone, the amplitude attenuation is stronger, than in the 
far zone.  

The near zone is not studied well enough. Neither wave propagation inside this zone, nor its boundaries 
are detected precisely. As a rule, the width of the near zone is evaluated to range from one to several meters 
from the pile embedded [6, 20, 24]. It was found in [17] by means of simulation that the calculation results 
agreed better with the experimental data when the distance from the far zone start was equal  to the half of 
the Rayleigh wave length 0.5f Rr L= , which coincides with the conclusions of [25]. The Rayleigh wave length 

is determined as  

,R
R

V
L

f
=  

f  is the pile vibration frequency (Hz), RV  is the Rayleigh wave velocity which can be found with the aid of 

[26] 
 

0.87 1.12
,

1R sV V
ν

ν
+

≈
+

 

where sV  is the transversal wave velocity (m/s), ν  is the Poisson ratio. The value sV  is calculated in 

accordance with [27]  
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Here, µ  is the Lame coefficient equivalent  to the shear module G , (Pa), ρ  is the soil density (kg/m3), 

E  is the elasticity module (Pa).  

When detecting the distance from the far zone start, the following approach is also applicable [28]. As 
the pile is being embedded in soil, the boundary fr  position changes. Each section of the pile lying at the 

depth h , is and source of longitudinal and transversal waves which impact over the earth surface and 

transform a part of energy into the Rayleigh waves. The distance from the pile to the point on the soil hr , 

where the Rayleigh waves come from the source at the depth h  is found by the expression 

2 2
,R

h

p R

V
r h

V V
=

−
 

where pV  is the longitudinal wave velocity calculated according to 

2
, .
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In this case, the position of the elastic zone boundary can be evaluated as f Hr r< , 

2 2
,R

H

p R

V
r H

V V
=

−
 

where H  is the depth of pile embedment in the soil. 

Thus, since the evaluation of the dynamic actions is an important and urgent engineering task not only 
for the pile foundations construction but also for the design of the foundations for machines with dynamic 
loadings, the more accurate solutions of this task remains topical [29–31, 38]. In practice, it is desirable to 
have reliable results using quite simple relations in calculations. In this context, the present paper offers the 
formula to determine the law of vibrations attenuation as the distance from the source rises. The calculation 
results obtained by the formula are compared both with the experimental findings presented in [6, 24] and with 
the authors’ results. 

2. Methods 

2.1. Theoretical method 

We assume that, according to [6], the maximal soil shears are caused mainly by the waves propagating 
from the side pile surface. To determine the vibration attenuation law in the far zone, the wave model is used; 
in the framework of this model, we detect the links between the motions at the vertical vibrations of the 
embedded circular in plane absolute solid body and the motions in the surrounding soil. The contact with the 
medium is realized through the side surface of the embedded body. The medium described by the integrity of 
infinitely thin layers is considered as the soil. Hence, we solve the task of the vertical vibrations of the infinite 
plate with a circular cut. 

 

Figure 1. Schematic of the circular cut position in the vibrating thin plate: 
1 – cut, 2 – nonlinear-plastic (near) zone, 3 – elastic (far) zone.  
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Let us consider the warping axisymmetric vibrations of the infinitely thin layer with one circular cut, it 
radius pr  (Fig. 1). In this case, the equation of elastic medium motion without volume forces in the cylindrical 

system of coordinates ( , , )r tθ  is written as:  

2 2

2 2

1 1
( ) .

2
w w w

r
r r r tr

µ ρ
θ

∂ ∂ ∂ ∂
+ =

∂ ∂ ∂ ∂
 (3) 

Here, ( , , )w w r tθ=  is the motion along the axis z , ρ  is density. Proceeding from the medium motion 

character, presuming that every point remains on its straight line during the vibration ( , )r constθ = , and the 
distance between them does not change, the equation (3) can be transformed as 

21
,

2
w w

r
r r r t

ρ
µ

∂ ∂ ∂
=

∂ ∂ ∂
 (4) 

under the condition of the space 0 pr r≥  in a certain point 

0 0( , ) .i tw r t w e ω=  (5) 

Since we consider the vibrations of the absolute solid body, every point of which in plane (0 )pr r≤ ≤  

shear by the same value, let us pass to the coordinate pr r r= − . In this case, the equation (4) remains as it 

is written. This would be enough when considering the embedded solid body under the dynamic loadings, 
assuming the properties of the elastic medium in the near and far zones. If we presume the presence of the 
near (nonlinear-plastic) zone with the external boundary fr r= , it is advisable (4) to consider in the area 

fr r≥  at 0 fr r≥  and to pass to the new coordinate like fr r r= − . 

The solution of (4), (5) is carried out by the variable separation method and, according to [39], can be 
presented as 

(1) (2)

0
[ ( ) ( )].i t

n n n n
n

w e A H kr B H krω ∞

=
= +∑  (6) 

where / /k ω µ ρ= , (1)
nH , (2)

nH  are the first and second kind Hankel functions , and ,nA nB are the 

constant coefficients to be determined. 

Since we consider the plane with one cut, and there are no other source of vibration, then (6) describes 
only divergent waves at r →∞ . It follows from the asymptotic expansions of the Hankel functions [39] that 

this conditions at the time factor i te ω is satisfied by the function (2)
nH  and hence, 0nА = . It follows from the 

axial symmetry condition that 0n = . Then we have (2)
0 0 ( )i tw e B H krω= , where, according to (5)  

(2)
0 0 00 ( ) ,B w H kr=  

and hence, 

(2) (2)
0 00 0( ) ( ).i tw e w H kr H krω=  

Let us evaluate the relative motion of the soil 0w w  using the relation 

(2) (2)
0 00 0/ ( ) / ( )w w H kr H kr= = ( ) ( )R IS kr iS kr+ , 

where 
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In the initial system of coordinates, ( )RS kr  and ( )IS kr  look like 
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Thus, the varying vibration amplitudes can be described by the formula 

2 2 0.5
0 ( ) ,R IA A S S= +  (7) 

where 0A  is the amplitude in the point 0r . Fig. 2 shows the results obtained in accordance with (7) at different 

dimensionless frequencies 0 0ra k=  in the case ,f pr r=  0 pr r= . The calculation data illustrate the dynamics 

of amplitude variation in the medium, and particularly show that the low-frequency wave damps weaker than 
the waves with higher frequencies, which agrees with [12]. 
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Figure 2. Attenuation of vibration amplitudes at various dimensionless frequencies 0a . 

2.2. Experimental method 

Experiments were carried out to analyze the dynamic actions occurring during the pile driving. Three 
similar-procedure series of tests were carried out. In each case, one prismatic assembled reinforced-concrete 
pile СP-1, СP-2, СP-3, the length 7.0 m, the cross section 30×30 cm, was embedded by the hydraulic hammer 
ROPAT. The vibration amplitudes and frequencies were registered on the soil surface in four points 
simultaneously with the embedment. The distances from the embedded pile center to the probe 1 was 1.5 m, 
to the probes 2, 3, 4 it was 10 m, 20 m, and 30 m, respectively. Every test pile was embedded directly in the 
soil from the ditch bottom.  

The soil in the worksite from the ditch bottom surface down to the depth of 3.6 m consisted of non-
subsiding solid sand clay with the average water saturation degree and density ρ = 1.78 t/m3, the deformation 

module 0E = 8.5 МPa and Poisson ratio ν =0.33, subsoiled with fine uniform sand with the density 

ρ =  2.01 t/m3, the deformation module 0E = 17.6 MPa. The subterranean water at the test moment was at 

the depth of 3.5 m from the ditch bottom surface. 

To register the vibration amplitudes and frequencies we used the vibration-measuring apparatus  
АVМ-1, which includes 3D probes with vibrating accelerometers ADXL, AD/DA converter and PC. АVМ-1 
permits registering the vibrations and simultaneously process the gathered information. The probe presents a 
metal case shaped as a cube which can be fastened on the soil surface, with boards with integral two-channel 
accelerometers inside. The probes were connected to the AD/DA converter via cables. The external module 
Е14-140 made by L-CARD was used as the AD/DA converter. The major engineering characteristics of the 
used apparatus are presented in the Table below. The data were registered for each embedded pile.  
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Table 1. Engineering characteristics of apparatus. 

Frequency measurement range, Hz 1 – 100 

Amplitude measurement range, mm 0.0005–20 

The limit of allowed main relative error in the amplitude measurement, % ± 3 

The limit of allowed main relative error in the frequency measurement in 
the range of 1–100 Hz ± 0.2 Hz 

Amount of axis in the vibrating probe  3 

Probe amount, pcs. 4 

Process temperature range From –10°С to +80°С 

3. Results and Discussion 
Fig. 3 shows the measurement and calculation results obtained by the formula (7): the rated vibration 

amplitudes max/A A  for various distances from the source r = 1.5; 10; 20; 30 m. The point within 10 m from 

the vibration source is used as 0r , for maxA  we used the amplitude values at r = 1.5 m. The start of the 

elastic medium zone fr = 1 m was chosen in the same way as in [24], where the soil vibration was studied 

during the embedment of the similar size pile. The solid lines in Fig. 3–5 show the calculation results obtained 
with the aid of (7), the dotted lines present the results obtained with the formula (1). 

0 10 20 30
0.0
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ax
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Figure 3. Attenuation of the relative vibration amplitude of the soil at various  

k =0.1 (1), 0.5 (2), 2 (3)  ,  ,   – measurement data.  

Fig. 3 demonstrates the satisfactory agreement between the calculations and measured data. It follows 
from the results of the full-scale and numerical experiments that, as the distance from the vibration source 
increases, the vibration amplitudes decrease monotonically. The fastest decreases of the amplitude takes 
place in the area close to the vibration source. For example, in respect to the nearest measurement point 
( r = 1.5 m) within 5 m from the vibration source, the amplitude decreases approximately by three times, by 
4 times within 10 m, by 7 times within 20 m and by 10 times within 30 m. The strongest effect of the parameter 
k  on the amplitude variation is observed at r ≤ 8 м. At low k  (for example, at the constant frequency and low 
density of the medium), the vibrations damp faster. As k  rises, the damping is slower, and at k ≥ 0.5, the 
obtained solutions feasibly coincide. In the area at r > 8, the attenuation does not depend on k . The curves 

in the figure going above maxA A = 1 describe the variations of the vibration amplitudes in the area between 

r = 1.5 m and fr r= . The results obtained by the formula (1) at δ = 0.03 m-1 [6] agree satisfactory with the 

data obtained during the measurements at r ≥ 10 m. In the area of 3 m r≤ ≤ 9 m, the discrepancy between 
the results given by the formulas (1) and (7) ranges from 20 to 30 %. However, no experimental data makes 
impossible to confirm the advantages of any method. 

To evaluate the applicability of (7), the results of soil vibration amplitudes presented in [6, 24] were 
used. Fig. 4 demonstrates the measurement results [24] within different distances from the source  
r = 1.5; 5; 10; 15; 20; 25; 30 m and calculations of the rated vibration amplitudes max/A A . Similarly to the 

above version, 0r = 10 m. The amplitude values at r = 1.5 m were used as maxA . The start of the elastic 

medium zone fr = 1 m as determined in [24] in accordance with the results of research of the soil vibrations 

during the pile driving. The calculations by the formula (1) were performed at δ = 0.04 m-1 [6]. 
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Figure 5 illustrates the measurement results from [6] at the distances from the source  
r = 3, 5, 10, 20, 30 m and calculations, according to (7), of the rated vibration amplitudes max/A A . The 

amplitude values at r = 3 m were used as maxA . Again, 0r = 10 m. The start of the elastic medium zone 

fr = 2 m was chosen in [6] in accordance with the results of research of the soil vibrations during the pile 

driving. According to [6], the calculations with the formula (1) were carried out at δ = 0.07 m-1. 
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Figure 4. Attenuation of the relative vibration  
amplitude of the soil at k =  0.1 (1), 0.5 (2), 2 (3) 

,  – measurement data [24]. 

Figure 5. Attenuation of the relative vibration 
amplitude of the soil at k =  0.1 (1), 0.5 (2), 2 (3)

, ,  – measurement data [6]. 
According to the results presented in Fig. 4, 5, there is the satisfactory agreement between the data 

calculated by the formula (7) and the data from [6, 24] to describe the variations in the vertical soil vibration 
amplitude versus the distance from the vibration source. The Golitsin’s formula (1) gives a discrepancy 
between the exprerimental and calculation data; to reduce this discrepancy, one need information to correct 
the vibration attenuation coefficient δ  which varies versus the distance from the source. Extra analysis of the 
soil vibration is needed. Thus, the wave model solution has an advantage over the formula (1). 

4. Conclusions 
The following conclusons are derived from the performed investigation: 

1. The solution (7) of the wave model describes the variation in the soil vertical vibration amplitude 
versus the distance from the vibration source. To use this solution, it is enough to have the data of only one 
measurement of the vibration amplitude and the size of the non-linear-plastic area around the driven pile. The 
vibration amplitude should be measured within the distance exceeding the width of the non-linear-plastic zone, 
or on its boundary. The size of the non-linear-plastic area around the pile is evaluated approximaterly either 
by the half of the Rayleigh wave, or as a distance from 1 to 3 m. 

2. Application of the formula (7) gives the satisfactory agreement of the calculation and measurement 
data in the field measurement and solutions of elastic-plastic problems involving big soft packages. 
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Abstract. The object of investigation hinged facade systems (HFS) used in buildings. Characteristic violations 
of the HFS technology were identified. The heat loss which depends on a range of structural features of HFS, 
such as geometrical, thermal, and physical properties of HFS elements, was analyzed. The effect of HFS 
properties on changes in heat flow and temperature fields was studied. An experiment was designed, 
computer simulation and laboratory tests were conducted. Different types of HFS defects were analyzed. 
Finite-element models were developed in the software ELCUD. Laboratory tests proved the adequacy of finite-
element models. The comparative results obtained from tests and numerical models were consistent. 
Mathematical models of the joint effect of these factors were developed. An analysis of the factors’ effect on 
heat loss through HFS elements was performed. An effective way to ensure the energy efficiency of buildings 
– energy certification with control at the construction stage, was considered. The results can be used for the 
energy classification of buildings. 

1. Introduction 
The object of study was the hinged facade systems of civil buildings. The purpose of the study was to 

determine the effect of defects in the HFS on heat loss. Scientific findings were used to improve the quality 
control of the HFS and increase the energy efficiency of buildings. 

The objectives of the study were: 

• to analyze damage to the structure of HFS affecting the heat-shielding properties of structures, and 
the rationale for computer simulation of defects; 

• to determine the combined effect of defects of HFS on the level of thermal protection of building 
envelopes; 

• to develop organizational and technological solutions for HFS aimed at ensuring standardized 
indicators of energy efficiency of buildings. 

Recently, more and more attention has been paid to studying the energy efficiency of buildings, the 
temperature and humidity conditions of building envelopes, as well as improving their heat-shielding 
properties [1–41]. The variety of applied hinged facade systems (HFS) and materials for their elements is 
noted [1, 5, 12, 13, 16, 17, 21, 25, 28–31]. In the construction industry of Russia, the number of tenders for 
the construction of HFS is 16 %, and the total area of the facades erected in one year reaches 20 million 
square meters [32]. At the same time, studies of the influence of design features of HFS on the amount of heat 
loss have become important [2, 11, 13, 22, 27, 29, 33, 36–40], including when taking into account the operation 
of ventilated channels [20, 24, 26, 30]. In addition to the estimated energy efficiency of buildings with 
consideration of their life cycle [2, 9, 10, 31] experimental analysis and construction control are required [3, 4, 
6–8, 18, 19, 36–40]. 

During the construction of new buildings or thermal renovation of old buildings, it is necessary to confirm 
the class of their energy efficiency by various methods [3, 6–8, 14, 15, 19, 23, 36, 38]. As practice shows, in 
the applied HFS there are numerous violations of the project during construction which negatively affect the 
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energy efficiency of buildings [1, 18, 19, 31–34, 36–40]. Construction control during the installation of building 
envelopes is often carried out without the use of scientifically based quality control cards or quantitative 
assessments of the effects of defects on the level of thermal protection. 

The analysis of the results of the statistical processing of thermovision control data [36–39] shows that 
more than a half of the structures examined (62 %) have defects, which indicates their massive occurrence. 
The overwhelming majority of defects (90 %) are traced at the connection nodes of window units and wall 
apertures [34, 37]. 

Neglecting thermal bridges presence can lead to significant underestimation of actual heat flows which 
can account for 5 % to almost 20 % of total heat flows through the building envelope [40]. Studies have shown, 
that the value of the point thermal transmittance, which depended on the thermal properties of the envelop 
and thickness of the layers, might increase to 35 % [39]. 

The thermograms obtained through thermovision control [34, 36–40] allowed revealing thermotechnical 
defects: 

• local defects of building envelope; 

• defects of translucent building envelope elements; 

• temperature anomalies in the junction nodes of external wall; 

• defects of erection joints in the connection nodes of window units and wall apertures. 

The joint effect of defects on heat loss through HVF has not been studied enough. The study [34] was 
based on similar methods, but focused on a different structure HVF. 

It is necessary to conduct research on the assessment of construction discrepancies due to the need 
to establish a balance between the design decisions made and the actual execution. The compliance of the 
actual values of the energy passport of the building with design decisions is established by the results of field 
tests after construction has been completed. The existing practice of applying energy passport, as a rule, boils 
down to determining heat loss. Defects in thermal protection must be identified in the process of construction 
control and their significance must be evaluated promptly. 

2. Methods 
The study of the effect of defects on the thermal protection of HFS was carried out using computer 

simulation in the ELCUT software package (certificate of compliance for use in construction No. 
RU.SP15.H00904). 

To confirm the adequacy of the computer calculation, the most characteristic defects in the laboratory 
were simulated on a fragment of the HFS. The tests were carried out in a certified research laboratory at South 
Ural State University (Chelyabinsk, Russia). The test procedure was in accordance with State Standard of 
Russia 56623-2015 “Non-destructive testing. The method for determining the heat transfer resistance of 
building envelopes”, State Standard of Russia 54853-2011 “Buildings and structures. The method for 
determining the heat transfer resistance of enclosing structures using a heat meter”, and State Standard  
25380-2014 “Buildings and structures. The method for measuring heat fluxes passing through a structural 
enclosure.” These standards establish methods for measuring the density of heat fluxes through single-layer 
and multi-layer building envelopes and their resistance to heat transfer in laboratory and field conditions. 

The conditions of stationary heat flow were provided by the LTHC-24.0 climatic chamber with a useful 
volume of 24 m3. The experiment was carried out in the climactic conditions of the city of Chelyabinsk, Russia 
(55 degrees N, heating degree-day of 6000). The temperature in the room was 21 °C and -34 °C in the 
chamber. The set of instrumentation equipment included: a FLIR E60 thermal imager; a ITP-MG4.03.10 Potok 
10-channel device; a TGTs-MG4 thermohygrometer; a TEMP-3.2 thermohygrometer; a ISP-MG4 Zond heat 
conductivity meter, etc.  

The object of the laboratory study was a fragment of the building envelope of the HFS. Fragment 
dimensions: height – 1275 mm, width – 1255 mm, thickness – 300 mm, usable area – 1 m2. As a carrier layer, 
masonry from tongue-and-groove aerated 625×250×200 mm D500 concrete blocks was used. Vertical and 
horizontal masonry joints were made with 5 mm thick Ceresit CT 21 glue. LINEROCK mineral wool boards 
γ = 80 kg/m3 of 1000×500×100 mm were used as the heat-insulating layer. To fasten the insulation, 160×8 mm 
Mungo MDD-S plate-shaped dowels with a metal nail were used. The HFS guide rails were fastened using a 
150-50×50 mm KR Alternative bracket and wall dowel with a 10×100/50 MBK-STB screw. The values of the 
thermal conductivity coefficients of the materials used: D500 gas concrete block – 0.181 W/(m °C); insulation 
– 0.037 W/(m °C). 

After obtaining the results of the laboratory experiment, numerical simulation was performed using the 
ELCUT software package and the consistency of the results was evaluated. 
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3. Results and Discussion 
Industrial studies of the quality of the HFS were performed on 20 precast-monolithic, monolithic, and 

brick civil buildings in Chelyabinsk (Russia). The main defects of thermal protection were established: gaps in 
the joint of insulation boards; gaps at the junction of the bracket with the insulation board; detachment of the 
insulation from the foundation; gaps in the expansion joint between the foundation and the floor slab; 
deviations of insulation thickness; and deviations of thermal conductivity coefficients of foundation materials, 
heat-insulating layer, bracket, and expansion joint. Industrial studies have established that the first four defects 
are the most characteristic (Fig. 1). 

 

Figure 1. Defects in thermal protection: from top to bottom and from left to right: gap  
at the junction of the insulation boards; gap at the junction of the bracket with insulation;  

detachment of the insulation from the foundation; defects in materials; level defects. 

The defectiveness characteristics for technological deviations from tolerances were studied during the 
construction of the HFS (Table 1). The defect level in some parameters reaches 35–45 %. The identified 
defects can reduce the level of thermal protection of walls to 30–50 %, which is confirmed by research data 
[7, 11, 18, 22, 31, 32, 37] on significant differences between the design and actual thermal characteristics of 
building shells. 

Table 1. Defectiveness in some quality parameters. 

Monitored parameters X  Sx δXn Q 
Gap at the junction of insulation boards 0.63 0.70 2.00 0.45 

Gap at the junction of the bracket with the insulation board 1.47 0.62 5.00 0.41 

Peeling of insulation boards from the foundation 1.58 0.52 6.00 0.35 

Gap in the expansion joint between the foundation and the floor 
slab 3.36 0.25 30.00 0.43 

Notes: X is average value of the parameter; Sx is standard deviation; δXn is standard deviation of the parameter; 
Q is defective level. 

Simulations were carried out in the program ELCUT o study the effect of these defects on the level of 
thermal protection. The adequacy of the simulation was verified through laboratory studies and subsequent 
analysis of the reliability and consistency of the results. The influence of thermal protection defects was 
modeled using typical HFS defects: gaps (t = 10 mm) at the junction of the insulation boards, gaps (t = 15 mm) 
at the junction of the bracket with the insulation board, and peeling (t = 10 mm) of the insulation boards from 
the load-bearing foundation (Fig. 2). 
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Figure 2. Tested wall fragments with defects in thermal protection: 
1) gap at the junction of the insulation boards;  

2) gap at the junction of the insulation boards and the bracket;  
3) peeling of insulation boards from the foundation;  

a) fragment of the enclosing structure; b) thermogram of the fragment;  
c) temperature field of the cross section of the fragment. 

Computer modeling of the wall fragments was carried out subject to the equality of geometric and 
physical and technical characteristics, boundary conditions of the computer model, and the experimental 
fragment. Generalized results of the level of thermal protection were obtained through laboratory research and 
modeling (Table 2). The reduction in the heat transfer resistance was from 5 to 52 %, which correlates with 
research data [32] on the influence of such defects – up to 52–55 %. The discrepancy between the results of 
laboratory studies in the climate chamber and computer simulation ranged from 0.65 to 6.64 %. Thus, we can 
conclude that the numerical models used are adequate. 

Table 2. Generalized results of the assessment of the impact of separate defects. 

Object of study 
exp, 

(m2⋅°C)/W 

ELCUT, 

(m2⋅°C)/W 
Discrepancy, % 

Fragment of structure without defects 3.24 3.39 4.63 

Fragment with peeling of insulation boards from the 

foundation (t = 10 mm) 
1.56 1.58 1.28 

Fragment with a gap at the junction of insulation boards  

(t = 10 mm) 
2.26 2.41 6.64 

Fragment with a gap at the junction of the bracket with the 

insulation board (t = 15 m) 
3.08 3.10 0.65 

 

np
oR np

oR
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Based on the results obtained on the reliability of computer modeling in ELCUT, a mathematical 
experiment was conducted to determine the combined effect of the main defects of thermal protection. 

A numerical experiment was conducted for a blank section of the outer wall (Fig. 3a) and for a plot in 
the zone of the floor slab (Fig. 3b). Based on the results of calculating the temperature field and the heat flux 
power, the reduced heat transfer resistance of the HFS wall fragment was determined.  

a.  b.  

Figure 3. Fragment of the outer wall with the HFS: 
a) scheme of the blind section; b) scheme of the section in the area of the floor slab. 

A multifactor model was implemented by the methods of planning the experiment, in which the 
characteristic defects of the thermal protection of the HFS were taken as factors. The values of the levels of 
variation of factors were determined based on the results of production studies of the quality of work, as well 
as from analysis of regulatory documents and technical certificates for HFS. 

After eliminating insignificant factors, mathematical models were constructed of the combined influence 
of significant defects on the level of thermal protection of the blind section of the HFS wall (1) and the section 
in the zone of the floor slab (2). The adequacy of the constructed mathematical models is proved using the 
Fisher criterion: 

1 2 3 4

5 6 7 1 3 1 5

1 6 1 7 3 4 3 5

3 6 3 7 4 5

0.6684 0.0837 0.0163 0.1761 0.0287

0.0768 0.1676 0.0829 0.0441 0.0266

0.0471 0.0165 0.0160 0.0324

0.0698 0.0503 0.0334

Ik X X X X

X X X X X X X

X X X X X X X X

X X X X X X

= − ⋅ − ⋅ − ⋅ + ⋅ −

− ⋅ − ⋅ + ⋅ + ⋅ ⋅ − ⋅ ⋅ −

− ⋅ ⋅ + ⋅ ⋅ + ⋅ ⋅ − ⋅ ⋅ −

− ⋅ ⋅ + ⋅ ⋅ − ⋅ ⋅ + 4 60.0229 X X⋅ ⋅

   (1) 

 

1 3 5 6

7 10 1 3 1 6

1 10 3 6 3 7 3 10

5 6 5 10 6 7

0.4920 0.0896 0.1696 0.0687 0.1683

0.0736 0.1003 0.0497 0.0391

0.0236 0.0425 0.0336 0.0433

0.0284 0.0531 0.0232

IIk X X X X

X X X X X X

X X X X X X X X

X X X X X X

= − ⋅ − ⋅ + ⋅ − ⋅ +

+ ⋅ − ⋅ + ⋅ ⋅ − ⋅ ⋅ +

+ ⋅ ⋅ − ⋅ ⋅ + ⋅ ⋅ + ⋅ ⋅ −

− ⋅ ⋅ + ⋅ ⋅ − ⋅ ⋅

    (2) 

where kI is the coefficient of the combined influence of factors on the thermal protection of the blind part of the 
outer wall of the HFS; kII is coefficient of the joint influence of factors on the thermal protection of the HFS wall 
section in the area of the floor slab; X1 is the gap at the junction of the insulation boards; X2 is the gap at the 
junction of the bracket and insulation board; X3 is detachment of the insulation from the foundation; X4 is 
deviation of the thickness of the foundation; X5 is deviation of the coefficient of thermal conductivity of the 
foundation material; X6 is deviation of the thickness of the insulating layer; X7 is deviation of the coefficient of 
thermal conductivity of the material of the insulating layer; X8 is deviation of the thickness of the bracket; X9 is 
deviation of the coefficient of thermal conductivity of the material of the bracket; X10 is gap in the expansion 
joint between the foundation and the floor slab; X11 is deviation of the coefficient of thermal conductivity of the 
material filling the expansion joint between the foundation and the slab. The influence of these factors on the 
level of thermal protection is presented in Fig. 4. 

X1, X2 and X3 are significant defects for the blind sections of the HFS walls and X1, X3, and X10 for 
sections of HFS walls in the area of the floor slab. Of the characteristic defects, the greatest influence on the 
reduced heat transfer resistance is exerted by: peeling of 10 mm of insulation boards from the foundation is 
52 %; a gap of 10 mm at the junction of insulation boards is 15 %; a gap of 15 mm at the junction of the bracket 
and insulation is 3 %, and combined defects. The results obtained nearly coincided with the data of [32] – a 
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decrease in heat transfer resistance by 10–16 % with a gap at the junction of 8 mm single-layer insulation 
boards. 

In addition to the defects studied, a great influence on the thermal protection of HFS is exerted by: 

• filling masonry voids with mortar using hollow brick – a decrease of 13–41 % [18]; 

• use of single-layer thermal insulation with an increase in the gaps between the insulation boards to 
4–8 mm – a decrease of 4–16 % [32] as calculated by taking into account the highly ventilated gap 
according to DIN EN ISO 6946 [35]; 

• heat engineering heterogeneities of the mounting frame (substructure) [12, 13, 31, 33] – reduction 
by 30–40 % (coefficient of heat engineering heterogeneity r = 0.6–0.7); heat loss through window 
sills [34]; 

• geometric and thermophysical characteristics of the ventilated gap – the effect depends on the 
conditions of heat and moisture transfer in the gap [1, 30, 33]. 

 

Figure 4. Dependence of the reduced heat transfer resistance of the external wall with the HFS on the 
factors X1–X11: X1 is gap at the junction of the insulation boards; X2 is gap at the junction of the 

bracket with the insulation plate; X3 is peeling of the insulation boards from the foundation;  
X4 is deviation of the thickness of the foundation; X5 is deviation of the thermal conductivity of the 
foundation material; X6 is deviation of the thickness of the insulating layer; X7 is deviation of the 

coefficient of thermal conductivity of the insulation material; X8 is deviation of the thickness of the 
bracket; X9 is deviation of the thermal conductivity of the bracket; X10 is gap in the expansion joint 
between the foundation and the floor slab; X11 is deviation of the coefficient of thermal conductivity 

of the material filling the expansion joint between the foundation and the slab. 

To reduce the defectiveness of the HFS, it is necessary to develop organizational and technological 
measures: strengthen technological discipline; regulate operational control using special control cards; justify 
tolerances and confirmation of energy passport data taking into account technological deviations. 

In the course of construction, checklists for the registration of thermal protection defects should be 
drawn up. These sheets are part of the as-built documentation for the HFS, represented by sections of three 
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types: I – the blind section of the outer wall; II – the section of the outer wall in the area of the floor slab, 
III – sections of the wall with a window. The sheets indicate: controlled work zones; type of section of the 
outer wall; thermal conductivity coefficients of wall materials; wall layer thicknesses; window construction; and 
defects of thermal protection with an indication of their values and quantity on a controlled work zone. If defects 
are corrected, sheet inspection should be repeated. 

Upon receipt of the work zone, the coefficient of the combined influence of significant heat protection 
defects is calculated and the actual value of the reduced heat transfer resistance is determined: 

, ,w i w j iR R k= ⋅ .                                                          (3) 

where wR  is calculated value of the reduced heat transfer resistance of the outer wall; i is work zone number; 

,w iR  is value of the reduced heat transfer resistance of the outer wall, taking into account the combined 

influence of significant defects on the i-th work zone; ,j ik  is coefficient of joint influence of significant defects 

on the i-th work zone of the j-th wall section (type I, II or III). 

For example, for the wall sections of type I and II: 

31 2
, , , , ;XX X

I i I i I i I ik k k k= ⋅ ⋅      3 101
, , , , ,X XX

II i II i II i II ik k k k= ⋅ ⋅                (4) 

where 31 2
, , ,, , XX X

I i I i I ik k k  are coefficients of influence factors X1, X2, X3 on thermal protection of the i-th work zone 

of a blank section of the outer wall the HFS; 3 101
, , ,, ,X XX

II i II i II ik k k  are coefficients of influence factors X1, X3, X10 

on thermal protection of the i-th work zone of the HFS wall section in the area of the floor slab. 
Tolerances in the performance of work are assigned based on the conditions: 

31 2 ;XX X
calI I Ik k k k⋅ ⋅ >  3 71 ,X XX

calII II IIk k k k⋅ ⋅ >                                            (5) 

where calck  is calculated boundary value of the coefficient of influence of defects, at which the heat-shielding 

properties of the outer walls satisfy the requirements of thermal protection established by the norms: 

{ }minmax , /cal req wk R R R= ,                                                       (6) 

where minR  is minimum permissible value of reduced heat transfer resistance; and reqR  is boundary value 

of the reduced heat transfer resistance, which provides a sanitary-hygienic indicator of thermal protection. 

Acceptance control for HFS is carried out through construction control by the client as part of the 
assessment of the compliance of building envelopes with the requirements of design documentation, including 
the requirements of thermal protection and energy efficiency. In some cases, by decision of the client or the 
state construction supervision body, continuous or selective instrumental control may be assigned to 
determine the actual values of the monitored parameters and for filling out the energy passport of the building 
upon commissioning. 

Due to the design features of HFS, instrumental control of thermal protection of external walls is time-
consuming and expensive. It is possible to complete this control with satisfactory error level only after the 
completion of construction. An alternative is to calculate the value of the reduced heat transfer resistance 
during the construction process, which makes it possible to quickly make decisions to eliminate possible 
violations. In case of violations during construction control that affect the thermal protection of the external 
walls, it may be necessary to recalculate the value of the reduced resistance to heat transfer of the external 
walls, which is entered in the energy passport. 

The results of this study are reflected in the standard “Union of construction companies of the Urals and 
Siberia” 02–2013 “Assessment of the energy efficiency of buildings. Monitoring compliance with the 
requirements of thermal protection of building envelopes.” Energy certification with control at the construction 
stage made it possible to increase the reliability of assessing the compliance of buildings with energy saving 
requirements. The research results can be used for the energy classification of buildings, both in Russia and 
abroad (taking into account the requirements of national standards). 

4. Conclusions 
1. We studied the main defects of thermal protection through HFS which have a significant impact on 

the energy efficiency parameters of civil buildings. Production studies of defects were carried out in the city of 
Chelyabinsk (Russia, 55 deg. N) in summer and winter conditions. The main defects: gaps in the junction of 
insulation boards; gaps at the junction of the bracket with the insulation plate; detachment of the insulation 
from the foundation; gaps in the expansion joint between the foundation and the floor slab. For some 
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parameters, the level of defectiveness reaches 35–45 %, which, given combined manifestation of defects, can 
significantly reduce the heat transfer resistance of the shell. Laboratory experiments in the climate chamber 
on fragments of real structures substantiated the reliability of the assessment of the influence of defects on 
the level of thermal protection by numerical simulation in ELCUT. 

2. The dependencies of the influence of the main defects on the reduced heat transfer resistance of 
the wall are revealed and mathematical models of the combined effect of the defects of the HFS on the level 
of their thermal protection are constructed. The reduction in reduced heat transfer resistance was from 5 to 
52 %. Models make it possible to quickly assess the significance of defects, substantiate regulatory tolerances, 
and draw up scientifically based quality control cards. 

3. Organizational and technological solutions for quality control of the device of enclosing structures 
are proposed, aimed at increasing the energy efficiency of buildings. Based on these solutions, regulations 
were developed to confirm the energy passport of the building, taking into account the real-world execution of 
design decisions. The methodology for assessing manufacturing defects with corrections to buildings’ energy 
passport of can be used not only in Russia, but also in other countries, taking into account national standards 
for energy saving in construction. 
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Abstract. The article considers the issues of assessing the reliability of structures of an industrial building 
equipped with bridge cranes. The implementation of the research concept is based on a probabilistic approach 
as the most appropriate to the random nature of technogenic and extreme impacts. A mathematical model is 
constructed that takes into account the random nature of the formation and perception of the framework 
structure of the totality of loads. To substantiate the method, an extensive amount of statistical data was 
generated on the loads of bridge cranes of various types and meteorological information on wind and snow 
for individual climatic regions of Russia. The stationary probabilistic models for crane and quasistationary 
models for snow and wind loads are substantiated. The proposed algorithms for their implementation are 
adapted for the automation of calculations using the software developed by the authors of the article “DINCIB-
new”. Numerical calculations of the operability of the frame structures of the operated buildings of production 
shops under the action of a combination of loads. A comparative analysis of the obtained results with the 
normative allowed us to conclude that it is necessary to include when forming combinations of loads that affect 
the change in the stress-strain state of the frame structures of an industrial building, lateral forces. As a result 
of experimental and theoretical studies, refinements were made to the previously proposed calculation 
schemes and calculation methods, allowing to design the supporting structures of the frames in accordance 
with the actual conditions of their actual work. 

1. Introduction 
One of the main tasks in the design of industrial buildings and structures is to ensure their durability, 

reliability and stability against both external influences and the impacts that directly arise during their operation 
[1–8]. The purpose of this study is to clarify the design schemes and methods for calculating an industrial 
building for crane and atmospheric loads under the real conditions of the actual operation of the frame 
structures, taking into account the random nature of their manifestation. 

During the study of changes in the stress-strain state of an industrial building equipped with bridge 
cranes, it is necessary to consider internal technological factors that have a significant impact on the 
performance and safe operation of framework structures. Impacts caused by these factors may be static and 
dynamic. Their weight in the magnitude of the generalized load is significant and depends on a large number 
of conditions and parameters of operation of bridge cranes when transferring vertical and horizontal loads on 
the structures of an industrial facility [9]. In [7], a method was proposed for solving a dynamic problem from 
the influence of a harmonic load on structures, based on the static accounting of higher vibration modes. 

The calculation of industrial buildings for various types of impact correlates with their pronounced 
random properties. Among the main parameters of the presented perturbations, the following should be 
highlighted: 

− the maximum amplitude of oscillations; 

− spectral composition; 

− the focus of action; 

− duration of the intensive phase. 
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When designing and operating such facilities, it is possible to provide the required security with a certain 
degree of probability. As correctly noted in the article [10], the development of probabilistic methods for 
calculating building structures follows the path of accumulating factual material on the statistical properties of 
impacts, while nothing new appears in the formulation of the goals of probabilistic calculation and methods for 
its implementation. And that's why, when implementing the research concept of authors’ article, preference is 
given to methods for calculating the maximum permissible risk using probabilistic models and reliability theory 
methods. 

For the possibility of constructing a probabilistic calculation of structures with joint application of loads, a 
promising model for correlating a sequence of random loads [11] based on the generalized covariance method [12, 
13]. For the numerical implementation of the calculation algorithm, it is necessary to construct generalized probabilistic 
models of crane, snow, and wind loads that actually act on the frame of an industrial building. The results of modeling 
the aerodynamic parameters of structures obtained in [8] were taken into account in the course of this study, since 
they allow excluding unreasonable reserves of wind load. 

To achieve the goal set for the study, the following tasks are required: 

1. to identify beyond design basis impacts on the frame of an industrial building arising from the 
operation of bridge cranes, and their weight in the amount of the generalized load; 

2. to clarify the design schemes and methods for calculating the components of the crane load and the 
components of the atmospheric effects in a probabilistic setting, as the most appropriate for the random nature 
of their manifestation; 

3. adapt the calculation algorithms of an industrial building to the effect of snow and wind loads for 
software implementation using computer tools. 

2. Methods 
It is extremely rare that individual elements and the frame of a building as a whole are affected by only 

one load. In most cases, when calculating, you must immediately take into account several components iQ  
[10], the combination of which in accordance with the objectives of the study is considered as the sum of 
stationary and quasistationary random processes: 

1
i i

n

i
Q c Q

=
= ∑  , (1) 

where ic  is the proportion of the i load when converting to the component of the design effort. 

Numerical characteristics of the generalized load, presented in the form of a mathematical expectation 
and a standard, can be defined as: 

1
i i

n

i
Q c Q

=
= ∑ , ( )( )2

1
Q i i i

n

i
s c QVar Q

=
= ∑ , (2) 

where ( )iVar Q  is the coefficient of variation of a random variable iQ . 

Its effective frequency in the absence of a correlation dependence between the individual components 
of the aggregate, according to the conclusions of V.V. Bolotin [14], expressed as: 

( )( )

( )( )

2

2

1

1

i i i i
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c QVar Q

c QVar Q
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ω
ω ==

∑

∑
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Industrial building under the action of a combination of a large number of loads involved in the oscillatory 
process. Each of the components of the load factor makes its more or less significant contribution to the joint 
work of a set of interrelated structures that determine the physical model of the object of study [15–23]. 

The components of the dynamic load vector vary at different points in time. As one of the options in the 
automation of calculations, the entire possible range of values may arise from the generation of random 

numbers according to the normal distribution law with a known expectation X  and standard s . Because of 
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this approach to determining the range of variation, the random value of the crane load X  most fully described 
by a probabilistic model of a normal stationary random process. In this case, the normalized load deviation γ
can be defined as: 

( )X X

s
γ

−
= , (4) 

and the corresponding emission frequency of random crane load values: 

( )

2
 

2 
,

2

e
γ

ων γ
π

−

+ =  
(5) 

where ω  is the effective frequency of stationary random process. 

The probability of exceeding the normalized level of crane load over time t: 

( ) ( )
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2  
,  .

2

t e
Q t t

γ

ωγ ν γ
π

−

+≅ =  
(6) 

In addition to crane loads, both at the design and construction stages and at the stage of their operation, 
a quantitative risk assessment of buildings and structures can be given only when carrying out probabilistic 
calculations, especially when it comes to extreme impacts on the structures of buildings. When conducting 
research, the calculated values of crane loads are considered by the authors in the form of random parameters, 
while assumptions are made about the stochastic representation of their potential deviations determined based 
on numerous field tests [24, 25]. 

Except for the considered crane load industrial building is experiencing a number of influences, wearing 
the natural character of education. These include snow load and wind pressure on the lateral surface of the 
object. 

The value of the snow load has a random nature of changes over time both during a single winter and 
during long-term seasonal fluctuations of climatic conditions. Consequently, the most acceptable form of its 
mapping is a probabilistic model of a random process, the parameters of which vary depending on the territorial 
affiliation of a specific snow region. 

According to the results of numerous studies [26] to all known models formalizing a probabilistic 
approach to the formation of snow load, the most preferred revealed. It consists of presenting a selective 

sequence of annual highs ( ) m iS  in the form of a continuous random variable distributed according to the 

Gumbel law. Its probability density is defined as: 

( ) 1
exp expm m

m
S S

f S
α α

β β β
 − − 

= −  
  

, (7) 

and the corresponding distribution function: 

( ) exp exp m
m

S
F S

α
β

 − 
= −  

  
. (8) 

In the study of the wind load, the preferred form of representation of a turbulent flow is the decomposition 
of its velocity into two components:  

υ υ υ′= +  (9) 

where υ  is the average wind speed, υ′  is the flow rate pulsations. 

Any obstacle in the path of the turbulent flow is affected by the corresponding wind load. It refers to the 
number of short-term loads that do not have a low regulatory value. To assess the forces caused by wind on 
the object of study, the corresponding load, as in the case of the velocity of the turbulent flow, is decomposed 
into the sum of two components: the average and the pulsating. 

To find the average wind load at a height z  above the surface of the earth it is regulated to use the 
formula 
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0   Mw w k C= , (10) 

where 0w  is the standard wind pressure at 10 m above the ground; k  is the coefficient to estimate the change 

in wind pressure in height; C  is the aerodynamic coefficient. 

The value 0w  determined in accordance with the map of territorial zoning, which shows the distribution 

of zones of calculated values of wind pressure when choosing the averaging interval 10 mint∆ = , exceeded 
on average once every 50 years. This map is the result of the implementation of a probabilistic model 

presented in the form of a nonstationary random velocity field of wind flow at a height 0z  above ground. It 

displays the territorial variability of the parameter under study, the mathematical expectation of the values of 
which is the result of smoothing the data of long-term observations of meteorological stations, and the standard 
– the result of processing deviations during such smoothing. 

The currently existing methods [2, 10, 27] and the software and settlement systems developed on their 
basis do not consider all possible components of external influences. They do not always allow one to take into 
account the spatial work of the structures of buildings and structures, as well as the calculations under the 
simultaneous action of a whole set of components of the generalized load in a probabilistic formulation. 

3. Results and Discussion 
The results of experimental studies of vertical crane loads in existing production workshops, processed 

in the technique of random variables and random processes, revealed their probabilistic features [28]. These 
should include: 

1. stationary random crane load, which is manifested in rapid stabilization and further immutability 
distributions ordinate and the numerical characteristics; 

2. consistency of emission frequencies and frequency characteristics of random processes; 

3. the insignificance of deviations of the crane load ordinate (solid line), considered as a continuous 

random variable Х , from the Gauss curve (dashed line), which displays a graph of the probability density 
function according to the normal distribution law (Fig. 1); 

 
Figure 1. Example of distribution of vertical crane load. 

Designations: Х  is the average value, Х̂  is the coefficient of variation, 
   A  is the asymmetry index, E  is the excess. 
 

4. high-frequency mixing of random crane load and the absence of a periodic component; 

5. allocation of the extreme tail parts corresponding to operations with loads close to the carrying 
capacity in the distribution of loads caused by the operation of bridge cranes with a flexible suspension. 

The analysis of statistical data also indicates the random nature of the dynamics of changes in the 
magnitude of horizontal loads during the movement of bridge cranes for various purposes [28]. As in the case 
of vertical loads, these distributions are characterized by the properties of stationarity, elongation of tail parts 
and normality of statistical representations (Fig. 2). 
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Figure 2. Examples of horizontal crane load distributions: 
1 – for cranes with flexible load suspension in areas with a normal gauge; 

2 – for cranes with flexible suspension with narrowing and widening of ways; 
3 – for cranes with a rigid load suspension. 

When analyzing the statistical data obtained during surveys, on the joint distribution of vertical and 
horizontal crane loads, the following was revealed: 

− for sections of tracks with a normal gauge, there is a correlation between the components of the 
crane load; 

− for sections with narrowing and widening of paths, a similar correlation dependence is absent. 

It is revealed that between the values of the mathematical expectations of the vertical F  and horizontal 

H components of the crane load are linear [28]. The equation of this dependence can be represented as: 

H kF= , in which k  is the coefficient of proportionality. 

The values of the proportionality coefficients for the main groups of bridge cranes according to the 
results of processing a large amount of statistical data obtained from surveys of industrial buildings are 
determined in intervals: 

− 0.133 0.167k = 
for a crane with a hard suspension; 

− 0.050 0.061k = 
 for a multi-wheel crane with a flexible suspension (the number of wheels is 8 

or more); 

− 0.16 0.46k = 
 for the four-wheel crane with flexible suspension. 

Expected value X  and standard s  random vertical crane loads were obtained by summarizing the 
results of the experiments performed with a security of 0.99: 

− – for cranes with a rigid suspension, a dependence is revealed 

0 00.66 0.243 ;  0.131 ,    s s

cr tr

Q
X F s F

Q Q

 
= − = + 

 (11) 

where 0
sF  is the standard vertical pressure on the crane wheel; Q is the crane capacity; ,   cr trQ Q are the 

weight of the crane bridge and crane truck, respectively;  

− for cranes with flexible hanger 

0 00.758 ;   0.274s sX F s F= = . (12) 

These characteristics with the effective frequency ω , completely describe the random vertical crane 
load and allow solving the problems of probabilistic calculation and evaluation of the reliability of structures 
under these influences. 

So, for example, for a two-span, equal-height building of the ship's hull workshop of the Astrakhan 
Marine Plant, equipped with bridge cranes with a lifting capacity of 50 tons each with flexible suspensions, the 
results on the action of vertical crane loads are obtained. Fig. 3 shows the values of bending moments that 
occur at the vertical pressure of two cranes in probabilistic (solid line) and normative (dashed line) calculations. 

 

70



Magazine of Civil Engineering, 95(3), 2020 

Zolina, T.V., Sadchikov, P.N. 

 

Figure 3. Diagram of bending moments from the vertical pressure of the crane (kN m). 

Based on the analysis of experimental data, generalized numerical characteristics of the probability 
distributions of horizontal loads of the main groups of bridge cranes also were obtained – expectation values 

X  and coefficient of variation ( )Var X . 

In the case of loads caused by the braking of the crane truck, the parameters were calculated using the 
formulas: 

s
cr

1 1.64 ( )

T
X

Var X
=

−
, s

cr
0

9.81
0.05 ,trQ Q

T
n

⋅ +
=  ( ) 0.1Var X = , (13) 

where s
crT  is the standard value of the brake load on the wheel; 0n  are number of wheels on one side of 

the crane. 

In the course of calculations, there is also the question of the magnitude and direction of the load in the 
case of simultaneous braking of crane trucks at once by several contiguous cranes. Depending on the time of 
the beginning and end of the braking of each of them, several options are possible for the change over time 
of their total impact on the frame of an industrial building [9]. Therefore, the authors of the article consider it 
necessary to carry out calculations for all known options and to organize the search for the highest values of 
bending moments, based on which to carry out the design. 

The proposed approach allows you to reliably design the load-bearing structures of an industrial building 
in accordance with the actual conditions of their work during the perception of loads caused by the braking of 
crane trucks. 

The results of numerous theoretical and experimental studies conducted by the authors [9, 24, 28] prove 
that the physical nature of horizontal impacts from bridge cranes on the frame structure of an industrial building 
is associated not only with the braking of the crane truck but also with their movement. The kinetics of such a 
movement causes the appearance of lateral frictional sliding forces. These forces result from the mismatch of 
the plane of rotation of the crane wheel with the direction of its movement. Theoretically, the movement of a 
bridge crane on the traveling wheels, installed in the direction of an ideal rail track, is considered as 
straightforward. However, if such a movement is possible, then it is unstable. With a slight deviation from the 
listed conditions, the equality between the pulling forces of the drive wheels and the resistance forces of the 
respective sides of the crane is violated. Failure to comply with this equality indicates the presence of skew 
forces and transverse reactions of the track, acting on the driving wheels, which leads: 

− to the appearance of rotational and transverse movements of the crane within the gaps between the 
flanges and the heads of the rails; 

− to additional loading of metal structures of the crane, traveling wheels and crane rail track. 

With regard to accounting and determining the magnitude of lateral forces arising from the movement 
of the crane with a bias, there is no consensus. Moreover, their values calculated by the formulas proposed 
by various authors [9] differ several times. 

An analysis of the results showed that the values of the lateral forces exceed the braking forces acting 
on the transverse frames in the plane of which the bridge crane works, and the numerical characteristics of 
the corresponding random variables are determined: 

− for cranes with a hard suspension 

( )0.1 ;        0.5midX F Y Var X= =∑  (14) 
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where midF  is the vertical wheel pressure without load with a cart located in the middle of the bridge; Y∑  

is the sum of the ordinates of the influence line when accounting for one crane; 
− for multi-wheel cranes with flexible suspension (the number of wheels is 8 and more) 

• on track sections with normal gauge 

( )0.08 ;        0.45midX F Y Var X= =∑ ; (15) 

• in areas with narrowing and extending paths exceeding 40 mm 

( )0.12 ;        0.36midX F Y Var X= =∑ ; (16) 

− for four-wheel cranes with flexible suspension 
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max min,F F  are the mathematical expectations of vertical pressure on the wheel, respectively, on the 

most and least loaded side of the crane; α  is the coefficient is taken to be 0.03 at the central drive of the 
mechanism and 0.01 – with the separate drive; a  is the minimum approach of the crane hook to the axis of 
the crane rail. 

In the course of the probabilistic calculation of the effect on the frame of the building of the ship's hull 
workshop of the Astrakhan Marine Plant of horizontal forces caused by the operation of bridge cranes, the 
values of the numerical characteristics of bending moments are determined. A graphical interpretation of the 
results of the study on the individual components of the crane load in the most loaded transverse frame is 
presented in the form of corresponding diagrams. In figure 4, the solid line shows the values obtained in the 
probabilistic calculation of the lateral force arising from one crane, the dotted line in the normative calculation 
for the braking of crane trolleys of two cranes. 

 

Figure 4. Diagram of bending moments from lateral force  
and braking of the crane truck (kN m). 

Analyzing the obtained data on horizontal crane loads, we can see that the values of bending moments 
under the action of the lateral force of one crane, determined in the probabilistic setting, are 25 % higher 
compared to the values of bending moments obtained in the normative calculation from the braking of crane 
trucks of two cranes at once. The demonstration of the calculation results proves the need to take into account 
when forming combinations of the simultaneous action of the loads of all the considered components of the 
crane load. Each of them makes a significant contribution to the total load. 

Thus, as a result of experimental and theoretical studies, refinements have been made to the previously 
proposed design schemes and methods for calculating industrial loads on crane loads, allowing to design the 
supporting structures of frames in accordance with the actual conditions of their actual operation. 
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In probabilistic modeling, snow load values are taken as the initial distribution of a continuous random 

variable of a sequence of annual maximums ( ) m iS  by Gumbel distribution law (7)-(8). Its parameters α  and 

β  are calculated through mathematical expectation 
mS

m and the standard 
mS

σ  of a sample of data from 

meteorological observations: 

m mS S
m kαα σ= −   

mS
kββ σ=  (18) 

Considering the known volume of the specified aggregate ( ) m iS  as N, Gumbel table coefficients kα  

and kβ  are approximated as: 

0.690.45 0.34k Nα
−= +    0.750.78 1.54k Nβ

−= +  (19) 

Therefore, their limit values are equal to: 0.45kα =  and 0.78kβ = . 

For the possibility of carrying out probabilistic calculations for the perception of the snow load structure 
by the frame of an industrial building, we express the numerical characteristics of the random value of its 
annual maximums through the Gumbel distribution parameters α  and β . 

Taking as the value of the maximum weight of snow cover exceeded on average once 0T = 25 years, 

the provision of snow load will be: 

( )
0

1
1 0.96gF S

T
= − = . (20) 

Expressing from (8) the magnitude of the load, we obtain: 

( )( )ln lng gS F Sα β  = − −    (21) 
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Considering the value of the reliability index 
gS

β  in the following form: 

g

g
g

g S

S
S

S m
β

σ

−
= , (23) 

considering the derived dependences (22) and the limit values of the Gumbel coefficients kα  and kβ  we 

have: 

( )
0

1
ln ln 1 0.45 0.78 ln ln 0.96 2.045

gS
k k

Tα ββ
  

= − − − = − ⋅ − =     
 (24) 

When substituting a numerical value 
gSβ  in (23) a probabilistic model of snow cover weight, evenly 

distributed over a horizontal surface, is displayed as: 
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 = + = + ⇒
 
 

 ( )( )gSg SVarmS
g

⋅+= 045.21  (25) 

where ( )gVar S  is the coefficient of variation of annual maximums of snow cover weight for a specific area. 

Taking the average value of the coefficient of variation for most of the snow regions of the Russian 
Federation equal to 0.4, a numerical implementation of the presented model is obtained (Table 1). 

Table 1. Indicators of the distribution of snow load. 

No of snow 
district 

Numerical characteristics Gumbel distribution 
parameters 

gS
m  

gS
σ  α  β  

I 44 17.6 36.08 13.73 

II 66 26.4 54.12 20.59 

III 99 39.6 81.18 30.88 

IV 132 52.8 108.24 41.18 

V 176 70.4 144.32 54.91 

VI 220 88.0 180.40 68.64 

VII 264 105.6 216.48 82.37 

VIII 308 123.2 252.56 96.11 
 

Most of the industrial buildings, the work of which framework for the action of various combinations of 
loads was studied in the course of research by the authors of the article, are located on the in the territory 
belonging to the I snow region. A graphical representation of the distribution law of the random value of annual 
maxima for the calculated values of the parameters (Table 1) for a given area has the following form (Fig. 5): 

 

  

a) Distribution density b) Distribution function 

Figure 5. The random distribution of annual maxima of snow cover weight ( )2 gS kgs m  for the 

territory belonging to the I snow region. 

The magnitude of the total snow load on the floor of a building or structure, in addition to the weight of 
snow cover on a horizontal surface of the earth, is influenced by a large number of other factors. They are 

considered in the total snow load on the coating of an industrial building by introducing coefficients ,     ecµ
and  tc  into the design model: 

( )( )       0.7 1 2.045
g

snow e t e t f gS
S c c S c c m Var Sµ µ γ = = + ⋅  

, (26) 

where µ  is the coefficient taking values on the choice of the form of coverage, ec  is the coefficient taking 

into account the drift of snow from the surface under the action of wind and other factors, tc  is the thermal 
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coefficient taking into account snow thawing on non-insulated coatings of workshops with increased heat 
generation at roof slopes of over 3 % for removal of meltwater. 

The snow load model obtained in the course of the study is in good agreement with the probabilistic 
approach to determining the components of the load factor based on mathematical expectations and indicators 
of variation of their values. It is adapted for software implementation by means of a computer through the 
“DINCIB-new” computational complex developed by the authors of the article. 

The appearance of wind, as a natural phenomenon, is explained by the movement of air masses from 
high zones to lower pressure zones. The level of friction between the air flow and the surface depends on the 
height and density of the obstacles, which determines the magnitude and direction of the corresponding load 
on a particular object. Moving away from the surface of the earth, the wind speed gradually increases until a 
gradient level is reached, i.e. to the level at which the friction force ceases to influence the movement of air 
masses.  

The mathematical expectations of a random wind pressure field when determining the regularities of 

the territorial variability of the calculated parameter are presented in the form of standard values 0w  at a height 

of 10 m above the ground. For example, in accordance with the standards adopted in the Russian Federation, 
their values can be presented in Table 2. 

Table 2. The standard value of wind pressure in the regions of the Russian Federation. 

Wind areas Ia I II III IV V VI VII 

0w , kPa 0.17 0.23 0.30 0.38 0.48 0.60 0.73 0.85 

 

On the territory of each selected zone of the Russian Federation, there are areas of different type of 
belonging, and, consequently, different gradient levels. 

To obtain calculated values and automated processing of the wind load on the blown surface area of 
an industrial building located at a height z, in the course of this study, the profiles of wind flow velocity at 
various heights were approximated (Table 3). A functional dependence has been obtained, which has a clearly 

expressed power-law character, since the determination coefficient 2R  is close to 1. 

Table 3. Wind flow velocity at height z depending on the type of terrain. 
Type A Type B Type C 

0 10 mz =  

0.31

0

z
k

z

 
=  
 

, 
2 0.9883R =  

0 30 mz =  

0.39

0

z
k

z

 
=  
 

, 
2 0.9976R =  

0 60 mz =  

0.46

0

z
k

z

 
=  
 

, 
2 0.9855R =  

 
The regression dependences of the wind pressure on the height of the stretched area of the industrial 

building (Table 3) obtained during the study provide a convenient form for automating the calculations. 

The proportion of the velocity head of the wind, turning into pressure on the surface of the building, is 
expressed as the aerodynamic coefficient. Its value C is determined by: 

− the direction of the undisturbed flow; 

− the nature of the flow around the geometric forms of the building by the air flow; 

− location of the zones of vortex formation and turbulence; 

− the presence near the object of study of other obstacles, both natural and man-made. 

The distribution of aerodynamic coefficients varies significantly with a small change in the force and 
direction of the wind flow. This fact orients further research of aerodynamic characteristics on the use of 
computer-aided design and simulation, implemented by a computer. 

To describe the dynamic parameters of the process, presented in the form of the pulsation component 
of the wind load and the reactions of the structural elements of the building caused by it, the study examined 

random functions by the time parameter. They display the energy spectrum ( )S ω  of the fraction of the power 

of the wind flow falling on an infinitely small frequency range dω . The standards adopted in the Russian 
Federation are based on the use of the spectrum proposed by A. Davenport: 
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where ω is the circular frequency of exposure, 
02

L
u

ω
πυ

=  is the dimensionless design frequency, 

1200 mL =  is turbulence scale, 0υ  is the average wind speed at a height of 10 m. 

This representation of the spectral density considers only the change in the velocity of the wind flow in 
the time parameter. If we also take into account the spatial dependence, then the mutual spectrum of 
pulsations at two specific points in the space i and j can be analytically described [29], as: 
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2  
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3  1
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χπω χ

ω

−=

+

, 
(28) 

where ijχ  is the reduced distance between points i and j. 

The aggregate of mutual spectral densities ( ),ijS ω χ  when choosing points of space, each of which 

determines the closeness of the relationship between the states of a random process ( )i tυ′  and ( )j tυ′  in the 

frequency range [ ],   dω ω ω+ , allows you to set the value of the correlation coefficient of the pulsations of 

the wind pressure ν  for the entire surface of the building, perceiving the appropriate load. 

An industrial building is a technical system with a large, but finite, number of degrees of freedom. For 
such a system, the dynamic calculation of the pulsation component of the wind load for all s-forms of natural 

oscillations, the frequencies of which do not exceed the limiting value lf , i.e. the condition is met: 

1s l sf f f +< <  . (29) 

All the buildings of the shops, the change in the stress-strain state during the operation of which was 
studied in the course of this study, are located in the territory of the Astrakhan region, correlated to the third 
wind region. Since they all belong to the class of objects with a steel frame in the presence of enclosing 
structures, the logarithmic decrement of oscillations is assumed to be 0.3δ = , and the corresponding 

frequency limit is 1.2 lf Hz= . The study found that for each of these industrial buildings 1s > . 

So, for example, for the building of the ship hull workshop of the Astrakhan marine shipbuilding plant, 
the distribution of the first 10 circular frequencies of natural vibrations is shown in Table 4. 

Table 4. Own circular oscillation frequency of the building of the ship hull workshop. 

i – form 
number 

 
1 2 3 4 5 6 7 8 9 10 

( )1, seciω
−  

 
4.13 4.39 24.57 25.4 25.55 25.67 25.71 25.92 26.11 27.78 

 
Consequently, 2s = , insofar as: 

1
1 22 7,536 sec                 l l l lf иω π ω ω ω ω−= ⋅ = ⇒ < < . (30) 

For the adopted design schemes of single-storey industrial buildings equipped with bridge cranes, when 
wind load is included in the complex loading, its pulsation component at the level of z, corresponding to i-form 
of natural oscillations, was determined by the formula: 

i
p i i iw M Yξψ=  (31) 
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where M are mass of the building to which the load is applied; iξ  is the dynamic factor for i form period; iψ  

is the main indicator that determines the magnitude of the load; iY  is the horizontal movement of the frame 

with i-waveform. 

The magnitude of the coefficient of dynamism at known values of the logarithmic decrement of vibrations 
0.3δ =  and wind load reliability indicator 1.4fγ =  becomes dependent on the parameter 

0 0    

940 150 

f f
i

i i

k w k w

f ω

γ γ
ε = =  (32) 

graphical interpretation (Fig. 6) of which for the possibility of software processing by computer with varying iε  

in the range of [0; 0.2] approximate as: 

222.82 10.32 1.03i i iξ ε ε= − + +  (33) 

 

 

Figure 6. The coefficient of dynamic. 

A dependency graph ( ),ξ ξ ε δ=  is correlated on the assumption of the uniformity of the distribution of 

pulsations of wind speed over the entire surface, perceiving the load. 

Value iψ  depends on the parameters r plots sW8plitting the industrial building, within each of which the 

wind load value is taken constantly. These include the resultant ripple of the specified load on the  
k-segment, which is determined by the product 

  pk mk k kw w vζ=  (34) 

average static wind load mkw  (10), wind pressure ripple factor kζ  and its spatial correlation of mutual spectral 

densities kv  (28) on this area. 

Considering in the calculations the mass of each section km  and horizontal movement of its center  

ky , the dependence between the parameters when searching for an indicator iψ  is taken as: 
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When studying the effects of wind load on the work of the frame of an industrial building, the 

corresponding reactions of the system elements were determined separately from the average ( )s
MX X w=  

and the sum of the pulsating components 
1

id
p

s

i
X X w

=

 
=   

 
∑ . The cumulative effect corresponding to the most 

unfavorable load value is achieved in case of coincidence of their signs: 

ξ

ε
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( )s s dX X sign X X= + ⋅ .    (36) 

The considered approach to the assessment of forces caused by the action of the wind, and reactions 
to them by the research object, is the basis of the calculation methodology, as one of the components of the 
generalized load, causing movements of the nodes of the design scheme, and, as a result, the change in 
stresses in the structural elements. 

The implementation of the research concept is based on the probabilistic approach as the most 
appropriate for the random character of technogenic [9, 10] and extreme impacts [26, 29]. Generating the 
values of random variables applied crane loads, subject to the normal distribution law with known parameters 
of the expectation and standard deviation, each of the corresponding embedded calculation algorithms is 
repeated a large number of times, which allows achieving high accuracy of the results. To be able to compare 
them with the standard values under equal conditions, the algorithm also implies an appropriate calculation 
without considering the random nature of the manifestation of disturbing influences. 

4. Conclusions 
As conclusions on the results of the study, we highlight the following: 

1. Clarifications have been made to the previously proposed design schemes and the methodology for 
calculating industrial buildings for crane and atmospheric loads, allowing to design the supporting structures 
of the frames in accordance with the actual conditions of their actual operation; 

2. The necessity of calculating bending moments for all variants of the time variation of the total braking 
force of the trolleys of two adjacent cranes and the choice of the largest of them for loading design is 
substantiated; 

3. The assumption is confirmed that the oscillations caused by the lateral forces during the tilted 
movement of the crane, directed across the rail tracks, have significantly larger amplitudes than when braking 
the crane truck; 

4. Demonstrated good consistency of the proposed models of snow and wind loads, adapted for 
software implementation by means of computers, with a probabilistic approach to determining the components 
of the load factor. 
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Abstract. Object – reinforced ground array stability analisis. We have not found straight and general method 
of analysis in theory of limit equilibrium of soils (TLES). Methods – theory of stability (Culman method), method 
of limit parameters of TLES. A general scheme for solving the problem of the stability of vertical slopes 
reinforced with horizontal rods (rough and smooth) is developed, which takes into account the behavior of 
reinforcing elements not only in pulling and tension, but also in the vertical direction, whereby part of the weight 
of the wedge of failure is transferred over its boundaries to a fixed array. 

1. Introduction 
Horizontal reinforcement of the soil mass with rods of circular cross-section is most often used in two 

cases – when fastening the sides of excavation pits – the so-called dowel fastening – and when fastening the 
excavation face during tunneling. 

Dowel fastening became widespread first in the domestic metro construction, and then moved from 
there to industrial civil construction. 

The technology of tunnel excavation face shoring using horizontal rods (advance support) has received 
the greatest industrial development in Italy. Typical examples are: Alpine tunnels (Italy-France), tunneling of 
the Prapontin road tunnel (Italy); construction of a single-crown station “Ubaldi” (Italy) and others. In those 
tunnel structures an approach was used, which was called ADECO-RS – Analysis of Controlled Deformation 
in Rocks and Soils. Being successfully used in various types of soils, this approach allowed to find solutions 
in numerous difficult tunneling situations where the application of traditional methods could no longer justify 
itself. 

So, in [1], it is recommended that the soil of the tunnel be pre-strengthened by introducing fiberglass 
reinforcing elements into the core using the following methods: 

 reinforcing of the tunnel working space using fiberglass elements; 

 reinforcing of the tunnel working space using fiberglass elements simultaneously with creating 
advance temporary shotcrete shells around the working space; 

 reinforcing of the tunnel working space using fiberglass elements simultaneously with creating 
advance temporary shells around the working space of the tunnel in the form of horizontal jet 
grouting; 

 a combination of reinforcing the tunnel working space using with fiberglass elements and jet grouting 
of the soil mass, as well as simultaneously creating advance temporary shells around the tunnel 
working space in the form of horizontal jet grouting with fiberglass elements. 

Thus, horizontal reinforcement is effectively used to strengthen the tunnel working space in underground 
construction, to increase the stability of the tunnel working space and has a similar principle of working with 
the dowel fastening of vertical slopes of excavation pits. 
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It should be noted that in water-saturated soils, the use of this type of reinforcement in underground 
construction is undesirable. 

Turning to the existing methods for calculating reinforced soils, the article of V.G. Fedorovsky and 
S.G. Bezvolev [2] should be noted, where the one-dimensional problem of the theory of calculating vertically 
reinforced foundations was formulated. Then it received significant development in the works of domestic and 
foreign scientists. Unfortunately, it is not directly applicable to the horizontal reinforcement problem, and here 
a number of issues remain, including those of a fundamental nature. 

Soil reinforcement of underground structures is closely related to the problem of loss of soil stability. 
Comparing the methods for calculating the slope stability (for example, [3]) and the various forms of soil 
stability loss ahead of the face during the construction of underground structures (for example, [4, 5-8]), it is 
clearly seen that, in fact, very similar processes take place, therefore, similar methods for solving problems 
can be applied. 

The papers [9, 10] are devoted to issues related to the numerical analysis of the stability of transport 
tunnels faces reinforced with horizontal elements [11, 12], and the work [13] is devoted to the analysis of the 
tunnel reinforcement schemes with horizontal reinforcing elements in cohesive soils. Additionally, the work 
[14] should be emphasized, in which the loss of face stability by the kinematic method of the theory of ultimate 
equilibrium of soils is considered. 

The behavior of rods in linearly deformable media is considered in sufficient detail in [15, 16]. Of interest 
there is also a study [17] which examines the effect of the stress-strain state of soil located behind a face on 
the stability of the face. The same authors analyzed the stability situation during stepwise excavation of the 
face [18]. 

It should be noted that to date, a fairly large number of studies have already been performed, in which 
an analysis of a variety of contact problems in a nonlinear setting is performed [19, 20]. These solutions find 
quite wide practical application, however, they contain some uncertainty regarding the correctness of the 
description of the limit state of soil. Namely, at this state, soil masses reinforced with horizontal rods work in 
pits and in the faces of tunnels. And here, while one of the most popular methods are the methods of the 
classical Coulomb's wedge theory. 

In addition to the classical Coulomb's wedge theory methods, which have received recognition and 
numerous experimental confirmation, for example, [21] and others, to date, linear programming methods [22], 
which show stable convergence with well-tested results of Coulomb's wedge theory solutions and with 
experimental data, are increasingly gaining confidence. 

Separate consideration deserves issues related to the preparation of reinforcing elements [23], 
especially during tunnel face shoring. It should also be noted that in tunnel construction there are a number of 
technologies competing with the advance support [24, 25]. 

Reliability assessment of a single system "reinforcing element-soil" can be performed by standard 
methods of reliability of building structures [26]. 

The issues of assessing the stability of rocky massifs are still one of the most difficult in geomechanics 
and, in addition, differ in a variety of design schemes [27, 28] and force effects [29, 30]. Often they are solved 
only in conjunction with an analysis of the monitoring results throughout the entire tunneling [31]. 

Thus, a theoretical analysis of the method of fastening of soil massifs with horizontal reinforced rods, 
given its comparative youth, is a relevant object. So, we have to solve next tasks: 

 To develop a general scheme for solving the problem of the stability of vertical slopes reinforced with 
horizontal rods (rough and smooth), which takes into account the behavior of reinforcing elements 
not only in pulling and tension, but also in the vertical direction, whereby part of the weight of the 
wedge of failure is transferred over its boundaries to a fixed array. 

 To develop a technique for determining the force of active pressure on the retaining structures for 
two cases – with the presence between the horizontal reinforcing elements and the shotcreting 
reinforcement and the absence of such bond. 

 To develop a practical recommendations for the calculation of soil massifs reinforced with horizontal 
or slightly inclined reinforcing elements. 

2. Methods 
Let us consider a solution to the stability problem of a vertical slope reinforced by horizontal rod elements 

of a circular cross-section, on the basis of statics equations and the Coulomb law [32]. 
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The following designations are adopted: ,  and c are specific weight, angle of internal friction and soil 

specific cohesion; H is the slope height; p is external pressure on the edge; li, hi and d  2r are the length, 
depth and diameter of the i-th reinforcing element; ah, a are horizontal and vertical spacing of reinforcing 
elements. The horizontal spacing should ensure the stability of the tunnel face between the vertical rows of 
reinforcing elements. 

The general behavior scheme of the reinforced soil and the failure area formation pattern is determined, 
first of all, by the reinforcement density. With a very high reinforcement density, the sliding surface is formed 
outside the reinforced soil massif, which consequently acts as a quasi-solid gravity wall [33] (Fig. 1, a). 

 

Figure 1. Failure schemes of the reinforced soil slopes with high (a), low (b), and "operating" (c) 
reinforcement density (FS-surface surface;   /4  /2;  < ). 

At a very low reinforcement density, the stability loss form of the soil massif will hardly differ from that 
of a homogeneous unreinforced slope, and the surface of failure intersects the reinforcing rods (Fig. 1, b). With 
a certain intermediate (conditionally speaking – "operating") reinforcement density, the failure can go along 
one of the two possible sliding surfaces – the first one crosses the reinforcing elements, and the second forms 
outside the reinforced soil mass (Fig. 1, c). 

The intermediate scheme is of practical interest (see Fig. 1, c), since the first two are, in fact, limiting 
cases. Well-known methods of stability calculation can easily be performed along slip surfaces that form 
outside the reinforced soil massif. The main problem is considering the influence of reinforcing bars on the 
stability when collapsing surface crosses the reinforcing elements. 

To solve this problem, we will consider the basic behavior scheme of a horizontal reinforcing element 
in a vertical tunnel face (Fig. 2). At the moment of the slope’s stability loss, the reinforcing bar "cuts through" 
the wedge of failure. The force interaction of the reinforcing element and the wedge of failure is characterized 
by limit stresses – vertical pu and shear u, with: 

τ σ tanψu u , (1) 

where u is the component of the limit pressure pu normal to the reinforcing element surface; tan is the 
friction coefficient of the reinforcing element against the ground. 

As a result, the force of the "cutting" will be transmitted to the fixed soil mass: 

u prQ p A , / 2prM Q l  , τu prN A , 

where Apr  lprr is the contact area of the ground and reinforcing element within the wedge of failure. 

Consequently, the work of the horizontal reinforcing bar will consist of transferring a part of the load 
from the weight G of the wedge of failure to a fixed soil mass [32]. 

Fig. 3 shows the design model of a reinforced slope. As mentioned above, each reinforcing element will 
transfer the forces Qi, Mi, Ni to the fixed part of the foundation. 
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Figure 2. Principal behavior model 
of the reinforcing element (hatching 

shows a deformed view). 

Figure 3. The design model of a vertical slope 
reinforced with horizontal rods. 

Projecting the external forces and reactions acting on the prism at the wedge of failure at the moment 
of its collapse on the vertical and horizontal axes, we obtain the following equations [32]: 

sinθ cos( θ) 0;

cosθ sin( θ) 0,

с i

с i

E T R N

P G T R Q

    

     




 (2) 

where G  0.5γahH2tan, P  pahHtan, Tc  cahH/cos, Ni  ulpr,ir, Qi  pulpr,ir. 

The equation of moments establishes a correspondence between the coordinates of the points of 
application of the forces E and R, and is not considered here. 

Solving the system (2) with respect to E, we obtain 

( )cot ( θ) cos / sin( θ)i i сE P G Q N T         . (3) 

The strength of the active pressure (along the length of the slope of ah) is equal to: 

max (θ)aE E .  (4) 

For absolutely smooth rods, the position of the dangerous slip line is determined by the angle 
  /4/2; for rough ones, a numerical search of  is performed. 

If Ea  0, then the ground face is retained only by reinforcing rods, and retaining structures are only 
needed to ensure local soil stability (against "caving" between rods). 

If Ea > 0, then in order to retain the ground face, in addition to reinforcement, a shotcreting reinforcement 
is required, but at the same time reinforcing elements reduce the value of E as compared to the unreinforced 
ground face. Here it seems possible to consider two design cases – when the shotcrete is connected with 
reinforcing elements, and when they work independently. 

In the first case, collapse will not occur until the load-carrying capacity of the reinforcing elements for 
pulling out of the fixed ground is exceeded (it is assumed that the strength of the reinforcing elements bonds 
and shotcrete is sufficient): 

, ,a i an i u an iE N N A      . (5) 

where Aan,i  lan,ir is the area of contact, which is equal to the half-surface of the reinforcing element, since 
it, being in a fixed array, undergoes significant bending deformations under the forces Qi and Mi (see Fig. 2); 

u is the same as in formula (1). 

When the condition (5) is satisfied, the retaining wall works virtually only for local stability. If condition 
(5) is not satisfied, then it is necessary to perform the calculation of the shotcreting reinforcement for the impact 

of the force Ea  Nan,i. 
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In the second case (the shotcreting reinforcement and the reinforcing element are not connected), the 
retaining shotcreting reinforcement should be calculated for the active pressure with the resultant Ea. 

The next important question is that of the value of lan,i of embedding of the reinforcing bar into a fixed 
soil massif. In principle, the value lan,i must provide two conditions: the rod behavior in pulling by the force Ni 
and the rod stability against "reversing" by the forces Qi and Mi. 

The check for pulling is carried out according to the formula 

, ,i an i u an iN N A   . (6) 

The check against "reversing" is expressed in ensuring the equilibrium of the part lan,i of the length of 
the reinforcing element in the embedding by the forces Qi and Mi. This can be done in accordance with one 
of three schemes. 

In the first scheme, it is assumed that the reinforcing element deforms in a fixed array according to the 
Fuss-Winkler theory, and the contact stresses reach the limit values pu,b at only one point (Fig. 4, a). In the 
second scheme, it is assumed that the contact stresses reach the limit values in individual sections, with the 
bottom and top limit values obviously being different – they will be denoted by pu,b, and pu,t (Fig. 4, b). In the 
third scheme, the following limiting case is considered: in the region where the reinforcing element is pressed 
into the soil, stresses are equal to pu,b, and in the region where the reinforcing element is bending upwards, 
"cutting" the overlying soils stresses are equal to pu,t (Fig. 4, c). The third scheme gives the minimum allowable 
amount of embedding. 

 

Figure 4. Schemes for determining the value of embedding the reinforcing element:  
a – completely safe embedding, b – with limiting pressure regions, c – minimal embedding. 

In all three cases, the embedding value lan i is determined from the static equilibrium of the beam, on 
which the force Qi, the moment Mi and the contact stresses, whose determination has been considered 
earlier. 

Thus, for numerical realization of the method proposed here, it is necessary to know the values of the 
limiting stresses at the contact "reinforced element-ground" pu, pu b and pu t. 

3. Results and Discussion 
Let us consider solutions to the theory of limiting soil equilibrium of soils (TLES) to determine the values 

of the limiting stresses at the "reinforced element-ground" contact and their components – vertical pu, pu,b, pu,t 

and normal u, u,b, u,t to the contact surface. 

Since the sequence of boundary-value problems plays the determining role in the solutions of the TLES, 
it is necessary to have some initial understanding of the geometry of the limiting equilibrium regions to come 
up with the solution. For this purpose, we make experimental and numerical studies to investigate the 
formation of zones of collapse in an array around the reinforcing elements when they “cut” the soil [32]. 

The numerical simulation is justified by the fact that for a wide range of practically important problems 
of the finite element method (FEM), which does not always allow reliable values of the ultimate load to be 
obtained, can still give a fairly correct picture of the deformed state. Therefore, in this case, FEM can be used 
in combination with the experiment results for a ground failure qualitative assessment. 
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In both cases (both the "cutting" of the wedge of failure and the "pushing" of the fixed soils by the 
reinforcing element), the formation of the limiting equilibrium regions proceeds from the reinforcing element 
upwards, which served as the basis for further theoretical analysis by the TLES methods, determining the 
sequence of boundary-value problems of the TLES (Fig. 5). 

  

Figure 5. Solution sequence of boundary value problems: a – for pu (or pu t), b – for pu b. 

The solution was achieved by integrating the canonical system of equations of the static state of the 
granular medium, compiled from the characteristics (failure lines) of two families: 

( )dx dz tg  ,  2 tan ( tan )d d dz dx       , 

where tan   2xz/(z  x) is the angle between the direction of 1 and the Oz axis;   (x  z)/2  c 
cot  is the reduced average stress. 

A feature of these schemes is the construction of a field of limiting stresses in the boundary value 
problem’s zone III. 

Fig. 6 shows the grids of the failure lines obtained for both schemes. 

In both cases, the solution was detailed for two types of boundary conditions: first with taking into 
account the depth of the reinforcing element, if x(z)  (hi  z) at the boundary AD (where  is the lateral 

pressure coefficient); and the second without accounting for depth, if x(z)  0 at the boundary AD, which 
guarantees a certain margin of safety. 

 

  
Figure 6. Examples of failure line grids: a – for pu (or pu,t), b – for pu,b. 
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An analysis of the results showed that the obtained limiting stresses can be approximated by 
expressions in the form of the classical three-term K. Terzaghi formula. For the problem of "cutting" of the 
above-located soil by a reinforcing element, the expressions for the vertical and normal (to the surface of the 
contact) components of the limiting stresses are: 

u ut q i cp p N d N h N c      , (7) 

22 2 ( 6.63 7.978 3.393) tan[( 0.193 0.127 0.32) (0.159 1.521 0.488) ] /N e     
          

3.207 tan(2 ) /qN e    , 2.372tan(2.13 4.222 ) /cN e    . 

u ut q i cN d N h N c        , (8) 

2[(0.0884 0.634 0.526)N       

22 ( 6.673 8.327 3.806) tan(1.122 3.935 1.219) ] /e          , 
 

3.207tan(3.14 ) /qN e    , 2.858tan(4.414 6.97 ) /cN e    . 

Herewith the depth of the reinforcing bar must be greater than the maximum height of the development 
of the marginal equilibrium regions: 

2.38813tan(0.206 0.609 )ih e d  . 

Similar relations were obtained for the case of pushing the reinforcing element into the underlying soil. 
The required components of the ultimate stresses can be calculated by the formulas: 

ub q i cp N d N h N c     , 

2[( 56.28 58.504 2.202)N        

22 ( 11.414 14.96 7.835)tan(2.581 4.393 1.341) /e           

2 7.085tan[(0.193 0.805 ) (2.14 )] /qN e        , 

4.826tan(8.279 5.985 ) /cN e    . 

ub q cN d N h N c      , 

2[( 62.036 64.106 1.969)N        

22 ( 11.356 14.875 7.761) tan(3.011 5.129 1.565) ] /e          , 

2 6.891tan[(0.222 0.067 ) (3.04 )] /qN e        , 

4.648tan(12.381 8.318 ) /cN e    . 

Herewith the depth of the reinforcing bar must be greater than the maximum height of the development 
of the marginal equilibrium regions: 

2.945tan( 0.497 1.333 )ih e d   . 

At a lower value of hi, the contact stresses should be considered equal to the natural pressure. 

To confirm the obtained theoretical data, a full-scale field experiment in the Novosibirsk region was 
carried out in a specially organized testing area adjacent to the construction site of a tunnel-type overpass on 
the Baryshevo-Orlovka-Koltsovo highway. This experiment was carried out to correct preliminary design 
decisions, particularly the parameters of the soil reinforcement with horizontal rods ahead of the tunnel slope 
(the outstripping support) and the fastening of the near-slope part of the embankment [34]. 
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The pressure was calculated according to the proposed procedure was 32.6 kPa, and the collapse of 
the slope occurred when the actual loading of the pit edge was equal to 37 kPa. Since the design pressure 
from the external load was 70 kPa, the results of the experimental-theoretical studies were corrected 
accordingly. 

On this basis, practical recommendations were developed for pit edge and soils calculations ahead of 
the tunnel face reinforced with horizontal elements. The main calculation stages in the developed practical 
recommendations are: 

1. Collecting loads on the edge of the slope and locating them along the width of the edge (for designing 
the outstripping tunnel support – according to the hypothesis of arching or the scheme of natural stresses in 
the calculated level). 

2. Preliminary assignment of geometric reinforcement parameters (diameter of reinforcing elements, 
vertical and horizontal spacing of reinforcing elements). 

3. Determination of the limiting pressures and their components at "reinforcing element-ground" contact 
(see the formulas (7) ... (8)). At the same time, within the wedge of failure, the calculation of the limiting 
pressure for pu,t should be performed at ξ = 0. 

4. Determination of the most disadvantageous position of the failure surface and the value of the 
resultant active pressure (see the formula (4)). 

5. Correction of reinforcement parameters depending on the adopted slope reinforcement scheme (with 
or without a retaining wall). 

6. Determination of the embedding length for reinforcing elements in the fixed ground (see Fig. 4, c). 

7. Checking the reinforced soil massif as a quasi-solid retaining wall for shear along the underlying 
unreinforced soil. 

8. Checking the reinforced soil massif as a quasi-solid retaining wall for overturning. 

9. Testing the overall stability (deep-seated shift) of the reinforced soil massif as a quasi-solid retaining 
wall. 

10. Checking material strength of the reinforcing element, as well as the wall and its connection with 
reinforcing elements (if available). 

By varying the parameters da, ah, a based on the above calculation scheme, an optimization algorithm 
is constructed for the entire retaining structure for one or another selected optimization parameter. 

The proposed technique can also be used if the reinforced elements have a small angle of inclination 
to the horizon – up to 15 °. 

In [14] the method face stability analysis of tunnel face is described, but tunnel face is not reinforced by 
beams. A finite difference procedure for deep tunnels is presented in [9]. The aims in geomechanics solved 
by finite element or finite difference methods have to be verified by TLES formulas. 

4. Conclusions 
1. A general scheme for solving the problem of the stability of vertical slopes reinforced with horizontal 

rods (rough and smooth) is developed, which takes into account the behavior of reinforcing elements not only 
in pulling and tension, but also in the vertical direction, whereby part of the weight of the wedge of failure is 
transferred over its boundaries to a fixed array. 

2. A technique has been developed for determining the force of active pressure on the retaining 
structures for two cases – with the presence between the horizontal reinforcing elements and the shotcreting 
reinforcement and the absence of such bond. The reinforcement sufficiency condition of a soil massif is 
formulated without additional retaining structures. 

3. In order to quantitatively evaluate the interaction between the soils of the wedge of failure and the 
fixed region of the foundation, on the one hand, and the reinforcing elements on the other, new rigorous 
solutions of the TLES are applied to the limiting state of the soil surrounding the reinforcing element of circular 
cross-section (with and without depth of its location). The solutions obtained are reduced to the standard form 
of the three-term Terzaghi formula. 

4. Practical recommendations for the calculation of soil massifs reinforced with horizontal or slightly 
inclined reinforcing elements are developed for two main practical schemes: the stability of the foundation pit 
edges and the stability of the ground ahead of the face during tunnel excavation. 
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Abstract. The paper proposes the method for calculating of thin plates stability by the finite element method 
based on piecewise constant approximations of the moments’ fields. Using this approach may allow us to 
obtain the lower limit of critical stresses. We build the solution based on the extended functional of additional 
energy. The functional, using the method of Lagrange multipliers, includes algebraic equations of nodes 
equilibrium of the finite elements mesh. Using the possible displacements principle, we get equilibrium 
equations. The plate vertical displacements function after stability loss, is combination of linear basis functions. 
For rectangular and triangular finite elements there are the necessary expressions for the stresses work, acting 
in the plate median plane, from bending deformations. There are critical stress calculations for rectangular 
plates with different supporting conditions. The options for the action of compressive and shear stresses are 
considered. It is shown, that when the finite element mesh is refining up, the critical stress value in all the 
considered examples tends to the exact value from below. We perform comparison of the obtained solutions 
with the analytical solutions and the solutions by the program based on the finite element method in 
displacements. Comparison of solutions showed good accuracy in determining critical stresses by the 
proposed method. 

1. Introduction 
An analysis of elastic stability is necessary when we design many structural elements, especially thin 

plates. The study of the stability of elastic systems basically comes down to determining the magnitude of 
critical compressive loads which will lead to buckling of the structure. To ensure the margin of stability of 
structures, it is important to determine the lower limit of critical loads. The finite element method is one of the 
main methods for solving problems of stability theory, because it can be used to consider irregularities in 
constructions that cannot be allow in analytical methods [1, 2]. On the other hand, analytical methods using 
uniform approximations of displacements for the entire subject area make it possible to obtain more accurate 
and continuous solutions for plates with simple shapes [3, 4]. The solutions of stability problems for various 
structures by the finite element method in displacements are widely used [5, 6]. Such solutions are based on 
various functionals and use displacements fields approximations which may to allow the different deformations 
of structural elements [7, 8]. 

In [9], the solution of stability problem for spatial rod systems was obtained by the finite element method 
based on the forces approximations. This approach allowed to obtain the convergence of the critical load 
approximate value to exact value from below. To analyze the stability of the plates, the Ritz method is also 
often used [10–11]. Valid functions used to approximate displacements are a series of regular orthogonal 
polynomials which supplemented with special functions. The analysis performed in [11] shows the 
effectiveness and potential of the method which provides accurate results in combination with a reduced 
number of freedom degrees and simplified data preparation. 

The stability analysis is great importance for the design of various steel plates [12–13]. In [13], the model 
was proposed for stability analysis of a corrugated steel plate. The proposed procedures only allow the linear 
elastic behavior of the material. The paper [14] is devoted to the analysis of the stability of variable thickness 
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plates. To modeling plate thickness variability, quadratic functions and the same nodal parameters are used, 
which approximate the displacements. To confirm the reliability of the proposed method, numerical results of 
stability plates calculations are presented. To analyze the stability of skew plates, a differential quadrature 
method was proposed in [15]. A complete set of equilibrium equations, in an inclined coordinate system, of 
bending and torques moments, equivalent transverse forces and angular forces is obtained. The accuracy of 
the solution was checked by comparing the results of inclined plates calculations, which had different boundary 
conditions, with the results obtained by the finite element method using very fine grids. 

The use of analytical methods for solving the stability problems of plates is still relevant [16–17]. The 
main advantage of the analytical method is that it is simple and universal and does not require any 
predetermined deformations functions. In [17], the generalized integral transformation method was first used 
to obtain an exact analytical solution to the stability loss of a rectangular thin plate. In the article [18] it is given 
an idea of the implementation and using of the Ritz method for the analysis of free vibrations and loss of 
composite plates stability. Attention was paid to the selection of approximation functions depending on the 
degree and type of plates anisotropy. An efficient calculation method of Ritz integrals is proposed, which allows 
one to process a set of admissible functions. The effect of various forms of elastic bonds, boundary conditions 
and the material anisotropy variants on the convergence and accuracy of the solution was investigated. 
Various sets of admissible functions were used - Legendre and Chebyshev polynomials, as well as 
trigonometric type functions. The tasks of studying shallow shells stability [19] and plates of variable stiffness 
[20, 21] remain relevant. Alternative variational principles, in particular the Castilian’s principle [22], are also 
used to solve various problems of elasticity theory. An important task is to study of plates stability during 
heating. In [23], experimental and theoretical studies of round plates during axisymmetric heating are 
presented. 

In articles [24, 25], piecewise constant approximations of the moment fields were used to calculate 
bending plates by the finite element method. It was shown, that in this case when the finite element mesh is 
reducing the displacements values tend to exact values from above. This shows that the solution obtained 
using this technique is always more flexible than accurate. Thus, it can be assumed that the use of such 
approximations to analyze the stability of plates will allow us to obtain the lower boundary of the critical load. 

The aim of this work is to develop a method for calculating the thin plates stability, which is based on 
piecewise constant approximations of the moment fields. The main tasks of paper are: obtaining the necessary 
resolving equations for rectangular and triangular finite elements; performing test calculations of critical forces 
for plates with different boundary conditions; comparison of the obtained solutions with analytical solutions 
and solutions obtained by programs which are based on the finite element method in displacements. 

2. Methods 
The solution to the stability problem of thin plates corresponding to Kirchhoff’s theory will be built based 

on the additional energy functional [1]: 

( )( )2 2 2
3

1 12
2 2 1 d .

2
c

x y x y xyM M M M M
E t

Π = + − + + Ω∫
⋅ Ω

ν ν  (1) 

E is the elastic modulus of the plate material; t is the plate thickness; ν  is Poisson's ratio; M
x  is 

bending moment directed along the X axis; M y  is bending moment directed along the Y axis; M xy  is torque. 

Bending moments are positive if they stretch the lower fibers of the plate. We write the functional (1) in matrix 
form: 
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The following notation is introduced in expression (2): 
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We shall represent the subject area as a set of rectangular and triangular finite elements. In the region 
of the finite element for the moments fields we use piecewise constant approximation functions (Fig. 1) [24–
26]. 
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Figure 1. Piecewise constant approximations of the moments’ fields.  
Areas with constant moments are shown in the same color. 

We introduce the notation for unknown nodal moments , y, ,, ,x i i xy iM M M  and for the vector of the 

nodal moments to the rectangular finite element 

( )T
,1 y,1 ,1 ,2 y,2 ,2 ,3 y,3 ,3 ,4 y,4 ,4 .k x xy x xy x xy x xyM M M M M M M M M M M M=M  (4) 

To simplify the notation of expressions, we introduce auxiliary unit stage functions 

( ) ( )
( )

1, ,
, .

0, ,
i

i
i

x y
x y

x y

∈Ω=  ∉Ω
ψ  (5) 

Also, we introduce the corresponding diagonal matrices which correspond to the element nodes 

.
i

i i

i

 
 =  
  

ψ
ψ

ψ
ψ

 (6) 

Then the approximation matrix of moments in the region of the rectangular finite element will have the 
simple form: 

[ ]1 2 3 4 .k =Z ψ ψ ψ ψ  (7) 

For a triangular finite element, expressions (4) and (7) are written similarly. Then 

.k kΩ =M Z M  (8) 

Using (8), we shall express the additional strain energy of the finite element in the following form: 

( )T T 11
d .

2
k

c
k k k k k

−

Ω

Π = Ω∫ M Z E Z M  (9) 

We introduce the notation for the local flexibility matrix of the finite element kD : 

T 1 d .

k

k k k
−

Ω

= Ω∫D Z E Z  
(10) 

Note that the matrix is calculated analytically and has a block-diagonal form. Expressions of the matrix 
elements can be found in article [24]. 

From the flexibility matrices of finite elements kD , the global flexibility matrix of the construction D  is 

formed, and from the vectors kM  global vector of nodal moments M  is formed. Using the introduced 

notations, we obtain the following expression of the functional (2): 

T1
.

2
cΠ = M DM  (11) 
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It is important that the matrix D  is block-diagonal and consists of square matrices measuring 3 by 

3. Therefore, the matrix D  is easily analytically reversible. This fact greatly simplifies construction of the 
problem solution. 

In accordance with the Castigliano's principle, the moment fields must satisfy the equilibrium equations 
and static boundary conditions. To provide the equilibrium of the moment’s fields, we compose the algebraic 
equilibrium equations of a grid nodes using the principle of possible displacements [24, 25]. 

 

Figure 2. Possible of the node displacements:  
a) possible of the node displacement for the rectangular element;  

b) rotation angles of the sides which lie along the axis Х1;  
c) rotation angles of the sides which lie along the axis Y1;  

d) possible displacements and rotation angles of the sides of the triangular element. 

In Fig. 2 possible displacements of the node are shown. Linear functions are used to represent possible 
displacements at the finite element region. Therefore, the second derivatives of the possible displacements’ 
functions will be equal to zero. Therefore, the moments which are normal to the finite element boundaries will 
be to do work on the corresponding rotation angles of the sides. But for a rectangular finite element, additional 
work will be performed by torques which will be constant over the element region. 

Such equilibrium equations for finite element grid nodes are written as the system of linear 
homogeneous algebraic equations: 

T
, 0, .i i eq zi= ∈ΞC M  (12) 

,i eqM  Is vector of nodal moments included in the equilibrium equation of node i. The equilibrium 

equation for a node will include unknown moments for nodes belonging to finite elements which are adjacent 

to node i. iC  is vector of coefficients at unknowns which are entering the equilibrium equation. In article [24] 

algorithm and necessary formulas for triangular and rectangular finite elements are presented. 

When solving stability problems, at nodes, which are lying on some boundaries of the subject domain, 
the moment normal to the boundary (13) or the moment directed along boundary (14), or both, can be equal 
to zero. 

2 2
, , , ,cos sin 2 sin cos 0.n i x i i y i i xy i i iM M M M= + − =α α α α  (13) 

( ) ( )2 2
, , , ,sin cos cos sin 0.ns i x i y i i i xy i i iM M M M= − + + − =α α α α  (14) 

iα  is the angle between the tangent to the boundary at node i and the global axis X;  
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Using the Lagrange's multipliers method, we add the equilibrium equations (12) and the static boundary 
conditions (13–14) to the functional (11): 

TT
, , , , ,

1
.

2
z n

c
i i i eq i n n i i s ns i

ii i
ns

w M M
Γ∈Ω∈Ω ∈ΩΓ

Π = + + +∑ ∑ ∑M DM C M ϕ ϕ  
(15) 

iw  Is displacement of the node i; ,i nϕ , ,i sϕ  are the Lagrange multipliers, which are additional nodal 

unknowns; zΩ  is set of nodes in which the vertical displacement is not equal to zero; ,
n nsΓ ΓΩ Ω  is the 

sets of nodes which are lying on the boundary where the corresponding moments are equal to zero. 

Expression (15) can be represented in the simpler matrix form: 

T T1
.

2
cΠ = +M DM w LM  (16) 

L  is the "equilibrium" matrix of the whole system nodes. The number of this matrix rows is equal to the 
sum of number unknown nodal displacements and the number of static boundary conditions (13–14). The 

vector w includes unknown nodal displacements and Lagrange multipliers ,i nϕ , ,i sϕ . 

To reduce the number of unknowns, one can use the penalty function method to include static boundary 
conditions. Then we get the following expression: 

 
2 2T T
, ,

1
.

2
n ns

c
n i ns i

i i

M M

Γ Γ∈Ω ∈Ω

Π = + + +∑ ∑M DM w LM α α  
(17) 

α  is a large number, which is penalty parameter. In this case, the terms associated with the penalty 

functions are added to the elements of the matrix D . Note that in this case, the matrix remains block-diagonal, 
and the expression of the functional takes the form (16). 

If the boundary of the region is parallel to one of the global coordinate axes, then the static boundary 
conditions (13–14) can be allowed by excluding the corresponding unknown nodal moments. In further 
transformations, we will use for functional the expression (16). 

As is known [1], when we solve the problem of plates stability it is necessary to consider additional 
tensile-compression deformities which are arising, when the plate is bending: 

22

, , ,
1 1

, , .
2 2o x o y o xy

w w w w

x y x y

 ∂ ∂ ∂ ∂ = = =  ∂ ∂ ∂ ∂   
ε ε ε  (18) 

Deformations (18) correspond to the work of internal stresses , ,x y xyσ σ σ  acting in median plane of 

the plate. To obtain an expression of such work, we consider the rectangular finite element (Fig. 1). The vertical 
displacements of the plate, when one loss of stability, are represented by linear basis functions: 

( )( )4

1

1 1 2 2
( , ) , .

4
,i i

i
i

x y
w x y w

a b=

+ +
= = =∑

ξξ ηη
ξ η  (19) 

iw  is displacement of node i. Then we obtain the following expressions for derivatives included in expressions 

(18): 

( ) ( )4 41 1
.

2 2
1 1

,i i i i
ii

w w
w w

ax y b
i i

+ +∂ ∂
= =

∂ ∂= =
∑ ∑

ξ ηη η ξξ
 (20) 

The work of stresses , ,x y xyσ σ σ  is expressed by the integral over the finite element area 

*
, , ,0 0 ( ) .o

a b
x o x y o y xy o xyU t dxdy= + +∫ ∫ε σ ε σ ε σ ε  (21) 
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In further transformations we will use the vector of unknown nodal displacements kw  and the vectors 

,k xN , k y,N  for finite element with index k: 

( )

( )

( )

( )

( )

( )

( )

( )

1 1 1 1

1 2 2 2 2

2
,

3 3 3 3 3

4

4 4 4 4

1 1

2 2
w 1 1
w 2 2, , .
w 1 1

w 2 2
1 1

2 2

k k x k y

a b

a b

a b

a b

+ +   
   
   

  + +   
          = = =     

+ +     
          

+ +   
      

,w N N

ξ ηη η ξξ

ξ ηη η ξξ

ξ ηη η ξξ

ξ ηη η ξξ

 (22) 

Using (22) we obtain the following matrix expressions for strains (18): 

( ) ( ) ( )T T T T T T
, , , , ,y ,y , ,x ,y

1 1
, , .

2 2o x k k x k x k o y k k k k o xy k k k k= = =w N N w w N N w w N N wε ε ε  (23) 

Next, we obtain the expression for the work of stresses , ,x y xyσ σ σ : 

( ) ( ) ( )1 1 T T T T T T*
, , , , ,x ,1 1

1 1
d d .

4 2 2
o x k k x k x k y k k y k y k xy k k k y k

ab
U t− −

 = + +∫ ∫  
 

w N N w w N N w w N N wε σ σ σ ξ η  (24) 

To simplify we introduce the notation for the following matrices: 

1 1 1 1T T
, , , , ,y ,y1 1 1 1

1 1 T
, , ,1 1

d d , d d ,
4 4

d d .
4

k x x k x k x k y y k k

k xy xy k x k y

abt abt

abt

− − − −

− −

= =∫ ∫ ∫ ∫

= ∫ ∫

H N N H N N

H N N

σ ξ η σ ξ η

σ ξ η
 (25) 

After integration, we obtain the following expressions for matrix elements: 

, , ,

2 2 1 1 2 1 1 2 1 1 1 1

2 2 1 1 1 2 2 1 1 1 1 1
, , .

1 1 2 2 1 2 2 1 1 1 1 16 6 4

1 1 2 2 2 1 1 2 1 1 1 1

y xyx
k x k y k xy

at tbt

a b

− − − − − −     
     − − − − − −     = = =
     − − − − − −
     − − − − − −     

H H H
σ σσ  (26) 

( )*
, , ,

1
.

2
o

T T
k k x k y k k k xy kU = + +w H H w w H wε  (27) 

Calculating the derivative of additional energy, we obtain: 

( )
*

, , , ,

1 0 1 0

d 0 1 0 1
, .

1 0 1 0d 2

0 1 0 1

o xy
k k x k y k xy k k xy

k

U t

− 
 − ′ ′= = + + =
 −
 − 

H H H H w H
w

ε σ
 (28) 

From geometric matrices of finite elements kH , the global geometric matrix H  is formed for entire 

system, and from vectors kw  is formed the global vector of nodal displacements w . 

Using the notation introduced, we obtain the matrix expression for the work of internal stresses acting 
in the plate middle plane 

T* 1
.

2
oU = w Hwε  (29) 
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Next, we obtain expressions of geometric matrices for a triangular finite element. The vertical 
displacement function for the triangular finite element of the plate is represented using the triangular 
coordinates: 

( ) ( ) ( ) ( )

1 2 2 1 1 2 2 1

3

1

1
, , , , ,

2

, , .

i i i ii

i i i i i i i i i i i

i
w x y L x y w L x y a b x c yi A

a x y x y b y y c x x+ + + + + + + +

=
= = + +

= − = − = −

∑
 (30) 

,i ix y  is coordinates of the nodes of the finite element in the global coordinate system; iw  is vertical 

displacement of the node; A  is area of the finite element. The partial derivatives of the displacement functions 
(30) will be constant functions: 

3 3

1 1

1 1

2 2
, .i i i i

i i

w w
b w c w

x A y A= =

∂ ∂
= =

∂ ∂
∑ ∑  (31) 

Vectors like (22) will have the following view: 

1 1 1

2 , 2 ,y 2

3 3 3

w
1 1

w , , .

w
k k x k

b c

b c
A A

b c

     
     = = =     
     
     

w N N  (32) 

The stresses work in this case is calculated as an integral over the triangle area: 

*
, , ,( ) .o x o x y o y xy o xyAU t dA= + +∫ε σ ε σ ε σ ε  (33) 

Substituting expressions for deformations (18) in (33), we obtain expressions for the geometric matrices’ 
elements of the triangular finite element (which are like the matrices (25)): 

2 2
1 1 2 1 3 1 1 2 1 3 1 1 1 2 1 3

2 2
, 1 2 2 2 3 , 1 2 2 2 3 , 2 1 2 2 2 3

2 2
3 1 3 2 3 31 3 2 3 3 1 3 2 3 3

, , .
4 4 4

y xyx
k x k y k xy

b b b b b c c c c c b c b c b c
t tt

b b b b b c c c c c b c b c b c
A A A

b c b c b cb b b b b c c c c c

             = = =              

H H H
σ σσ

 (34) 

Calculating the derivative of additional energy *oUε , we obtain: 

( )
1 1 1 2 2 1 1 3 3 1*

, , , , 1 2 2 1 2 2 2 3 3 2

1 3 3 1 2 3 3 2 3 3

2
d

, 2 .
d 4

2

o xy
k k x k y k xy k k xy

k

b c b c b c b c b c
U t

b c b c b c b c b c
A

b c b c b c b c b c

+ + 
 ′ ′= = + + = + + 
 + + 

H H H H w H
w

ε σ
 (35) 

Thus, to solve the stability problems of Kirchhoff plates, it is necessary to add to the functional (16) the 
work of internal stresses acting in the middle plane which is multiplied by the critical load parameter 

cr
λ . 

Summing up (16) and (29), we obtain the following functional for solving the plate stability problem: 

T T T1
.

2 2
c crΠ = + +M DM w LM w Hw

λ
 (36) 

To obtain solving equations, we equate to zero derivatives (36) with respect to the vectors M  and w : 

0,

0.

T

cr

+ =
+ =

DM L w

LM Hwλ
 (37) 

Expressing the vector from the first equation and substituting it into the second equation, we obtain: 

1 0.T
cr

− − =LD L w Hwλ  (38) 

We introduce the notation for the product of matrices: 

1 .T−=K LD L  (39) 

Using (39), we obtain the algebraic equations system for determining the critical parameter crλ : 

.cr=Kw Hwλ  (40) 
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As noted above, the matrix D  is block-diagonal form and is easily reversible analytically. The matrix 
1−D  will also is block-diagonal form, therefore, the matrix K  is a tape structure of nonzero elements, which 

significantly reduces the computational cost of solving the equations system. To calculate the elements of the 

matrix K , you can use special algorithm to reduce the computational operations number for its formation. 

To determine the critical value of the parameter, we apply the well-known reverse iterations method, 
which includes the following steps: 

0

1

max ,

,
max

max

1

, , 1

,

set the vector , 0;

cycle 1;

;

max , 1.. ;

1
;

1
;

;
2

cycle end, if .

i i

i j

cr i

i i

i i
i

cr i cr i

cr i

i

i i

w w j n

w

w

−

−

−

=
 = +
 =


= =

 =

 =


+ =


−
≤



w

Kw Hw

w w

w w
w

λ

λ λ
ε

λ

 (41) 

In (41), maxw  is the maximum element of the nodal displacements vector iw  by modulus. Parameter 

ε  determines the calculation accuracy of the critical parameter. 

3. Results and Discussion 
In [27], analytical solutions are given for the Kirchhoff plates stability problems with different supporting 

conditions. For comparison with analytical solutions, calculations were carried out to determine the critical 
stresses xσ  for the hinged plates shown in Fig. 3. The calculations were performed for grids consisting of 

rectangular and triangular finite elements (see Fig. 3). 

 

Figure 3. Hinged plates under the action of compressive load along the X axis:  
a) square hinged-supported plate on all sides; b) square plate hinged-supported on three sides;  

c) rectangular plate hinged-supported on three sides and the short side is free;  
d) a rectangular plate hinged-supported on three sides and the long side is free. 
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In the calculations, the following parameters were taken for the plate: 
21 , 10 / , 0.3t m E kN m= = =µ . 

The hinged-supported sides of the plates are indicated by dashed line in Fig. 3. In the nodes, lying on the 
hinged-supported sides, moments directed perpendicular to this side were taken zero. In the nodes lying on 

the free side, also torques were taken zero. Tables 1–4 show the critical stress values xσ  calculated by the 

proposed methodology (SFEM), using the LIRA-SAPR program and obtained analytically [27]. 

Table 1. The critical stress 
2, /x kN mσ  for the plate in Fig. 3a. 

Grid 
SFEM LIRA-SAPR 

    

10х10 0.97938 0.99845 0.99373 1.01433 

20х20 0.99796 1.00270 1.00157 1.00675 

30х30 1.00144 1.00353 1.00305 1.00535 

40х40 1.00266 1.00383 1.00357 1.00487 

[27] 1.00423 
 

Table 2. The critical stress 
2, /x kN mσ  for the plate in Fig. 3b. 

Grid 
SFEM LIRA-SAPR 

    

10х10 0.33991 0.33376 0.35202 0.35360 

20х20 0.34703 0.34898 0.35193 0.35231 

30х30 0.34890 0.35365 0.35190 0.35207 

40х40 0.34975 0.35582 0.35189 0.35199 

[27] 0.361525 
 

Table 3. The critical stress 
2, /x kN mσ  for the plate in Fig. 3c. 

Grid 
SFEM LIRA-SAPR 

    

5х10 1.06470 1.06311 1.09547 1.10081 

10х20 1.08211 1.08490 1.09432 1.09538 

15х30 1.08660 1.09150 1.09392 1.09436 

20х40 1.08859 1.09457 1.09376 1.09404 

[27] 1.10465 
 

Table 4. The critical stress 
2, /x kN mσ  for the plate in Fig. 3d. 

Grid 
SFEM LIRA-SAPR 

    
10х5 1.17417 1.11743 1.33114 1.37259 

20х10 1.27265 1.26725 1.33916 1.34975 
30х15 1.29980 1.30917 1.34055 1.34504 
40х20 1.31193 1.32751 1.34103 1.34259 
[27] 1.38584 

 
In Fig. 4, the data from Tables 1–4 are presented in the form of graphs of the critical compression stress 

value. The divisions number of the plates long side is shown at the horizontal axis. The divisions number of 
the short side was half as much. 
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Figure 4. Graphs of the critical stress dependence on the divisions number of the plates long side, 
which are shown in Figure 3. Red lines are solutions obtained by the proposed SFEM method.  

Blue lines are LIRA-SAPR solutions. Solid lines are solutions obtained for the grid of rectangular 
elements. Dotted lines are solutions obtained for the grid of triangular elements. Green lines are 

analytical solutions [27]. 

The results show that the critical stresses calculated by the proposed method, when grinding up the 
finite elements mesh, tend to exact values from below. Thus, the proposed calculation method, based on 
piecewise constant approximations of the moment functions, provides the lower boundary of critical 
compressive stresses for the consideration plates. Such results are expected, since it was shown in [24, 25] 
that, using such approximations to calculate bending plates, we obtain convergence of displacements values 
to exact magnitudes from above. The proposed finite element model reduces the plate flexural rigidity, 
compared with the real rigidity, so we get lower values of critical compressive stresses. We also note that for 
the smallest grids, the critical stresses obtained based on the stress approximation for three plate options are 
closer to the analytical solutions that the solutions using the LIRA-SAPR program. Only for the plate in Fig. 3d 
the solution obtained by the LIRA-SAPR program is closer to the analytical one. But at the same time, when 
mesh grinding up the critical stress decreases and the solution moves away from the analytical one (Table 4). 

Also, calculations were carried out to determine the critical stresses for plates in which one side is 
pinched (Fig. 5). The material characteristics were taken to be the same as in the previous example. 

 

Figure 5. Plates with two hinged support sides and with one pinched side and one free. 
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Table 5. The critical stress 
2, /x kN mσ  for the plate in Fig. 5a. 

Grid 
SFEM LIRA-SAPR 

    

10х10 0.39418 0.39879 0.41440 0.41720 

20х20 0.40658 0.41798 0.41477 0.41543 

30х30 0.40986 0.42321 0.41483 0.41512 

40х40 0.41131 0.42545 0.41485 0.41501 

[27] 0.42680 
 

Table 6. The critical stress 
2, /x kN mσ  for the plate in Fig. 5b. 

Grid 
SFEM LIRA-SAPR 

    

10х10 1.17417 1.11745 1.33114 1.37259 

20х20 1.27265 1.26725 1.33916 1.34975 

30х30 1.29980 1.30917 1.34055 1.34504 

40х40 1.31195 1.32757 1.34103 1.34259 

[27] 1.38584 
 

 

Figure 6. Graphs of the critical stress dependencies on the plate long side divisions number  
(Figure 5). 

The calculation results for the plate with pinched side (Fig. 5) confirm the conclusions which made at 
discussing the previous example results. The critical stress values obtained by the proposed method (SFEM), 
when grinding up the finite element mesh, approach the analytical solution from below. This direction of 
solution convergence provides the critical stress lower boundary. Note that in the proposed method for the 
displacement approximations in the finite element region, after loss of stability, simple linear functions are 
used. Therefore, with coarse grids, the critical forces values are calculated with a larger error, compared with 
the values obtained using the LIRA-SAPR program which uses displacements approximations a higher order. 
But, as the calculation results show, when we solve using the LIRA-SAPR program which is based on the 
displacements approximations we do not have a certain direction of approximate solution convergence to the 
exact one. In some cases, when the mesh of finite elements is refined up, the value of the critical force 
increases, but in many cases, it decreases (see blue lines in Fig. 4 and Fig. 6). 

Also, stability calculations of hinged-supported plates by the tangent stresses action were performed 
(Fig. 7). The square plate (Fig. 7a) and the plate with one to two aspect ratios (Fig. 7b) were calculated. For 
the subject area discretization rectangular and triangular grids of finite elements were used. Calculation results 
comparison with the analytical solutions [27] is presented in Table 7–8 and in Fig. 8. 
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Figure 7. Hinged-supported plates. The action of tangent stresses. 

Table 7. The critical stresses 
2, /xy kN mσ  for the plate in Fig. 7a. 

Grid 
SFEM LIRA-SAPR 

    

10х10 2.23904 2.24885 2.27247 2.38643 

20х20 2.22525 2.31822 2.32265 2.35250 

30х30 2.33737 2.33081 2.33273 2.34610 

40х40 2.34287 2.34045 2.35057 2.34368 

[27] 2.36497 
 

Table 8. The critical stresses 
2, /xy kN mσ  for the plate in Fig. 7b. 

Grid 
SFEM LIRA-SAPR 

    

10х6 1.50975 1.56137 1.55895 1.69831 

20х12 1.62150 1.63299 1.62299 1.65734 

30х16 1.64095 1.64727 1.63322 1.65022 

40х40 1.64921 1.65315 1.63753 1.64754 

[27] 1.65698 
 

 

Figure 8. The critical stresses dependence graphs on the number of the long sides divisions  
of the shown in Figure 7 plates. 

The graphs in Fig. 8 shows that the critical tangent stresses values obtained based on the stress 
approximation (SFEM) tend to analytical values from below when the finite element mesh is refined up. The 
critical tangent stresses which obtained using the LIRA-SAPR program for the triangular finite elements 
decrease when mesh is refined up. Thus, approximate solutions which are obtained based on the 
displacement approximations can converge to the exact solution from different sides. 
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4. Conclusion 
1. The stability analysis method of thin plates, which is based on piecewise constant approximations of 

the moments, is proposed. The solution is based on the additional energy functional. For the finite element 
grid nodes, using the principle of possible displacements, algebraic equilibrium equations are formed, which 
are then added to the functional of additional energy by using Lagrange multipliers. 

2. To calculate the work of the stresses acting in the plate median plane, the plate vertical 
displacements function after stability loss, is represented by linear basis functions. The necessary solving 
relations for rectangular and triangular finite elements are obtained. 

3. According to the proposed method, critical stress calculations were performed for rectangular plates 
with different supporting conditions. The options for the action of compressive and shear stresses are 
considered. It is shown, that when the finite element mesh is refining up, the critical stress value in all the 
considered examples tends to the exact value from below. That direction of the solution convergence provides 
the lower boundary of the critical stress value. 

4. The obtained solutions are compared with the analytical solutions and the solutions obtained by the 
LIRA-SAPR program. The solutions comparison showed good accuracy in determining critical stresses which 
are calculated by the proposed method. 
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Abstract. The subject of the experimental research is concrete with cold-bonded fly ash aggregate from fly 
ash of Novosibirskaya GRES Thermal Power Plant (Novosibirsk, Russia). Cold-bonded fly ash aggregate has 
the true specific gravity of 2.50 g/cm3, an average density of 1.53 g/cm3, water absorption by weight of 18.4 %, 
and an opened porosity of 28.15 %. Concrete with cold-bonded fly ash aggregate has a compressive strength 
after 28 days of 37.8 МPa, a flexural strength of 4.9 MPa, a coefficient of linear expansion of 14.8*10-6 K-1 and 
modulus of elasticity of 18*109 Pa. The water presoaking of lightweight aggregate did not affect the kinetics of 
heat emission and, consequently, the kinetics of hydration of cement. The shrinkage of concrete with dry 
aggregate was higher than concrete with presoaking lightweight aggregate. Moreover, the evaporation loss 
was also less for concrete with dry aggregate. The shrinkage of concrete with presoaking aggregates is much 
less than the shrinkage of concrete with dry aggregates with the same evaporation loss. The usefulness of 
presoaking aggregates in working conditions, as “internal curing”, has been confirmed. This will reduce the 
likelihood of shrinkage cracks during concrete drying. 

1. Introduction 
One of the focus areas of processing ash and slag waste from thermal power plants is their use as raw 

materials for concrete, as well as for the production of artificial aggregates. The use of ash and slag waste in 
concrete technology is relevant due to the lack of natural aggregates such as gravel and crushed stone as 
well as the depletion of their deposits. And also, this reduces contamination of the environment. 

One of the valuable components of ash and slag waste is fly ash, used in particular in the form of artificial 
aggregate (granules and pellets), as aggregate for concrete. 

Fly ash aggregates are synthesized in two ways. The first one is the pelletization of fly ash, followed by 
a sintering fresh aggregate pellets at high temperatures in furnaces (sintered fly ash aggregates). The second 
one is the cold bonding pelletization of fly ash through moistening in a revolving tilted pan (cold-bonded fly ash 
aggregates). 

Cold-bonded fly ash aggregate was investigated for high-performance concrete, self-compacting 
concrete, and lightweight concrete. 

The combined use of sintered fly ash aggregate and cold-bonded fly ash aggregate in the concrete mix 
is considered in the study [1]. Studies [2–5] investigated the differences between properties of the lightweight 
concretes including either cold-bonded or sintered fly ash aggregates. 

The results of studies of cold-bonded fly ash aggregate concretes are presented in [6–15], [16–24]. 

The results of studies of sintered fly ash aggregate concretes are presented in [25–43]. 

Some of the above reviewed articles use silica fume [4, 19, 23, 24, 28, 41], nanosilica [9], 
superplasticizer [14, 28, 41]. Also in [44, 45] steel fiber or polypropylene fiber is added to the concrete mix with 
fly ash lightweight aggregates. 

The workability of the concrete mixture was studied in researches [1, 11, 14, 16, 21, 27, 41, 43]. 

The concrete properties discussed in the articles are shown in Table 1. 
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Table 1. The concrete properties discussed in the articles. 

Concrete property Link to article 

compressive strength [2–4, 6, 7, 9–13, 15–17, 19–24, 26–38, 40, 41, 43]  

split tensile strength [7, 12, 13, 19, 22–24, 27, 29, 32, 36, 38, 40, 43]  

flexural tensile strength [13, 24, 29, 30, 32, 36, 43]  

freeze-thaw resistance [2, 38] 

water penetration [2, 9, 28, 32] 

modulus of elasticity [2, 12, 13, 22–24, 27, 29, 36, 38, 40] 

long time performance [4, 33]  

water absorption [4, 11, 17, 43]  

gas permeability [4, 6, 9]  

chloride ion permeability [4, 6, 27, 32, 38, 39]  

corrosion resistance [4] 

porosity [17] 

bond between concrete and steel [18, 19]  

drying shrinkage [7, 20, 22, 23, 29, 33, 36, 41]  

creep [22–24]  
We have done a more detailed review in [46]. Two new works have been published since the publication 

of this review. One of them studies the concrete mixture and properties of cold-bonded fly ash aggregate 
concretes [47] and the second one studies the strength assessment of fly ash lightweight aggregate concretes 
[48]. 

During the extensive studies in recent years, the basic properties of fly ash lightweight aggregate 
concretes were researched. The influence of the addition of fiber, superplasticizers, silica fume, and nanosilica 
on the characteristics of concrete mixtures and concretes was revealed. Besides, mathematical models for 
mechanical properties of concrete have been obtained. These models are based on empirical data, such as 
the modified Bolomey equation and regression dependencies. However, the reviewed papers contain no 
strong theory for the formation of the basic properties of such concretes depending on the design formula, 
which allows predicting properties in a wide range of variable parameters of the matrix and concrete 
aggregates. 

We did not find studies on the heat of concrete hardening and studies on water presoaking lightweight 
aggregate concrete. 

This provides a strong reason for further research. 

The subject of our further research is cold-bonded fly ash aggregate concrete made from fly ash of 
Novosibirskaya GRES Thermal Power Plant (Novosibirsk, Russia). 

The goal of the research is the development of lightweight concrete formulations based on porous 
aggregate which is cold-bonded fly ash aggregate and cementitious binder. Moreover, the results will be 
generalized to the application of fly ash from different combined heat power plants and thermal power plants. 

The objectives of the work are: 

1. Experimental studies of cold-bonded fly ash lightweight aggregate concretes (true specific gravity, 
average density, water absorption, opened porosity and other characteristics). 

2. Experimental studies of mechanical properties of cold-bonded fly ash lightweight aggregate 
concretes (compressive strength, flexural strength, the coefficient of linear expansion, and modulus 
of elasticity). 

3. Comparison kinetics of heat emission, kinetics of cement’s hydration for concrete mixture with water 
presoaking lightweight aggregates, and with the dry ones. 

4. A comparison deformation of shrinkage for concrete mixture with water presoaking lightweight 
aggregates and with dry ones. 

5. Development of proposals for the use of presoaking cold-bonded fly ash aggregate in the concrete 
mix. 
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2. Materials and Methods 

2.1. Testing laboratory 

Fly ash aggregates were tested in Polytech-SKiM-Test laboratory of Peter the Great St. Petersburg 
Polytechnic University (Russia). 

2.2. Concrete materials 

For the production of concrete, the following materials were used: 

Сement. Portland cement CEM I 42,5N manufactured by Heidelbergcement from Slantsev Cement 
Plant "Cesla" (Russia). Ballast content is not more than 5 %, Blaine fineness is 400 m2/kg, the medium activity 
of cement at the age of 2 days is 26.2 MPa, normal consistency is 24.6 %. 

Fine aggregate. Sand from the Ostrovskoye deposit (Russia). Fineness modulus is 2.17 and true 
specific gravity is 2.79 g/cm3. Flour and clay particles content is not more than 2.0 %. 

According to tests the sand meets the requirements of Russian State Standard GOST 8736-2014 “Sand 
for construction works. Specifications”. 

Coarse aggregate. Cold-bonded fly ash aggregate based on fly ash from the Novosibirskaya GRES 
Thermal Power Plant was made at Ural Federal University (Ekaterinburg, Russia). Pellets have a gray color, 
a rounded shape, and a rough surface (Fig.1). The content makes up to 99.5 % of granule fractions 5-20 mm, 
density grade is M900, strength grade is P200, and frost resistance grade is F15. 

 

Figure 1. Cold-bonded fly ash aggregate used in the experiment. 

Admixtures. The superplasticizer MC-PowerFlow 2695 manufactured by MC-Bauchemie was used in a 
mixture. It was used to provide the necessary workability and working life of concrete mix, with the minimum 
allowable quantity of Portland cement. 

Water of mixing. Water meets the requirements of Russian State Standard GOST 23732-2011 “Water 
for concrete and mortars. Specifications”. 

2.3. Tests of concrete mix components 

2.3.1. Determination of grain size of sand 

The test was carried out following Russian State Standard GOST 8735-88 “Sand for construction work. 
Testing methods”. Three sand samples were tested. The test results of the samples are presented in Table 2. 

In terms of size composition, sand meets the requirements of Russian State Standard GOST  
8736-2014 “Sand for construction works. Specifications”. Sand refers to medium-sized sand. Fineness 
modulus is 2.15 (norm 2-2.5). Grain content larger than 10 mm – 1.06 % (norm ≤5); the content of grains larger 
than 5 mm – 3.69 % (norm ≤15); total rest on a sieve 0.63 – 37.3 % (norm 30-45); grain content less than 
0.16 mm – 11.3 % (norm ≤15). 
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Table 2. Grain size of sand. 

Grid opening size [mm] 10 5 2.5 1.25 0.63 0.315 0.16 0 Total 

Residue [g]. Sample 1 47.5 35.9 159.3 259.2 445.3 885.2 504.1 288.1 2624.6 

Residue [g]. Sample 2 22.5 95.7 22.5 305.8 698.2 922.2 400.9 301.5 2769.3 

Residue [g] Sample 3 14.0 76.6 139.5 323.9 488.8 620.2 551.8 307.7 2522.5 

Residue [g]. Average 28.0 69.4 107.1 296.3 544.1 809.2 485.6 299.1 2638.8 

Residue [%] 1.06 2.63 4.06 11.23 20.62 30.67 18.40 11.33 100.0 

Rest on a sieve [%]  0 4.21 11.66 21.41 31.84 19.11 11.77 100.0 

Total rest on sieves [%]  0 4.21 15.87 37.28 69.12 88.23 100.00 215 

Undersize [%]  100 95.79 84.13 62.72 30.88 11.77 0.00 - 
     Fineness modulus 2.15 

 
Sand belongs to the sands of medium grain size in terms of fineness modulus. 

2.3.2. Determination of average density sand grains 
The test was carried out following Russian State Standard GOST 8735-88 “Sand for construction work. 

Testing methods”. Three sand samples were tested. The test results of the samples are presented in Table 3. 

Table 3. Average density sand grains. 

Sample number Mass [g] Volume [cm3] Density [kg/m3] 

1 1000.0 379 2639 

2 1000.0 385 2597 

3 1000.0 388 2577 

Average 1000.0 384 2604 
 
The average density of sand grains is 2604 kg/m3. 

2.3.3. Determination of the content of flour and clay particles of sand and clay content in 
lumps 

The test was carried out following Russian State Standard GOST 8735-88 “Sand for construction work. 
Testing methods”. Three sand samples were tested. The test results of the samples are presented in Table 4. 

Table 4. Flour and clay particles of sand and clay content in lumps. 

Sample 
number 

Sample mass 
before 

sedimentation [g] 

Residue mass after 
sedimentation [g] 

Clay content in 
lumps [%] 

Flour and clay particles content [%] 

Actual Norm 

1 1000 982.8 Not 1.72 

2.0 
2 1000 986.2 Not 1.38 

3 1000 985.2 Not 1.48 

Average 1000 984.7 Not 1.53 
 

In terms of the content of flour and clay particles of sand and clay content in lumps, sand meets the 
requirements of Russian State Standard GOST 8736-2014 “Sand for construction works. Specifications”. 

2.3.4. Determination of normal consistency of cement-water paste and cement setting up 
time  

The test was carried out following Russian State Standard GOST 30744-2001 “Cements. Methods of 
testing with using polyfraction standard sand”. Three samples were tested for each type of test. The test results 
of the samples are presented in Table 5. 

Table 5. Normal consistency of cement-water paste and cement setting up time. 

Sample number Normal consistency [%] 
cement setting up time [h-min] 

Initial setting time Final set 

1 25.25 2:55 6:15 

2 25.75 2:50 6:30 

3 25.25 3:00 6:40 

Average 25.40 2:55 6:28 
In terms of cement setting up time, cement meets the requirements of European Standard EN 197-1 

“Cement – Part 1: Composition, specifications and conformity criteria for common cements”. 
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2.3.5. Determination of sounding of cement 
The test was carried out in accordance with Russian State Standard GOST 30744-2001 “Cements. 

Methods of testing with using polyfraction standard sand”. Two samples were tested. The test results of the 
samples are presented in Table 6. 

Table 6. Sounding of cement. 

Sample number 
Distance between pointers [mm] 

Indicator of sounding of cement [mm] 
Before the test After the test 

1 14 15 1 
2 12 12 0 

Average 0.5 
 

In terms of indicator of sounding of cement, cement meets the requirements of Russian State Standard 
GOST 31108-2016 “Common cements. Specifications”. 

2.3.6. Determination of fineness of cement 
The test was carried out following Russian State Standard GOST 30744-2001 “Cements. Methods of 

testing with using polyfraction standard sand”. Three samples were tested. The test results of the samples are 
presented in Table 7. 

Table 7. Fineness of cement. 

Sample number 
Sample mass [g] 

Rest on a sieve No.009 [%] 
Before sieving After sieving 

1 10.00 8.95 10.5 
2 10.00 8.73 12.7 
3 10.00 8.81 11.9 

Average 11.7 
 

In terms of fineness of cement, cement meets the requirements of Russian State Standard GOST 
31108-2016 “Common cements. Specifications”. 

2.3.7. Determination of flexural strength and ultimate compressive strength of test cement 
beam 

The test was carried out in accordance with Russian State Standard GOST 30744-2001 “Cements. 
Methods of testing with using polyfraction standard sand”. 

Specimens with dimensions of 40x40x160 mm were tested at the age of 2 and 28 days. Three 
specimens used for bending under tension test and six specimens used for the compressive strength test. The 
test results of the specimens at the age of 2 days are presented in Table 8. The test results of the specimens 
at the age of 28 days are presented in Table 9. 

Table 8. Flexural strength and compressive strength of test cement beam at the age of 2 days. 

Specimen number Flexural strength [MPa] Compressive strength [MPa] 

1 1.94 18.0 
2 2.06 19.4 

3 2.00 19.0 
4 - 18.6 
5 - 18.3 
6 - 19.4 

Average 2.00 18.8 
 

Table 9. Flexural strength and compressive strength of test cement beam at the age of 28 days. 

Specimen number Flexural strength [MPa] Compressive strength [MPa] 

1 5.06 48.2 
2 4.95 48.4 
3 5.16 49.1 
4 - 48.8 
5 - 49.0 
6 - 48.4 

Average 5.06 48.7 
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This cement meets the requirements of European Standard EN 197-1 “Cement – Part 1: Composition, 
specifications and conformity criteria for common cements” and refers to strength class 42.5 R. 

2.3.8. Assessment of efficiency of superplasticizers 
Assessment of efficiency of superplasticizers was carried out on a Southard viscosimeter for the spread 

of cement-water paste. The admixtures of the Muraplast, Power Floy, Glenium, Sika ViscoСrete series were 
tested. The most effective admixture was PF2695 produced by MS Bauchemi Russia. 

Aggregates in concrete affect the behavior of polycarboxylates. It was for these reasons that the 
effectiveness of the selected admixtures in a sand-cement mortar with a composition of 1: 3, W/C = 0.50 with 
the reference sand of the Volsky field (Russia) was tested. The mortar of cement was made following Russian 
State Standard GOST 30744-2001 “Cements. Polyfraction sand test methods.” The admixture was introduced 
in addition to the total number of components. The effect of the admixtures was assessed by the Hegermann 
cone flow after 15 drops on a flow table. The measurements were made immediately after the preparation of 
the mortar mix and after 2 hours. The results of these tests are presented in Table 10. 

Table 10. Efficiency of superplasticizers. 

Type of admixtures 

The content of 
admixtures  

in % by mass 
of cement 

spread after 15 shakes [mm] 
density, 
[g/cm3] 

air entrainment 
[%] Right after After 2 hours 

Power Flow PF-1130 0.9 220 170 2.13 7.4 

Muraplast FK-63.30 0.9 245 205 2.06 10.5 

Power Flow PF-2695 0.9 235 215 2.40 0 

Power Flow 3100 0.9 210 175 2.38 0 

Glenium 430 0.9 205 200 2.41 0 

Muraplast FK-88 0.9 220 210 1.94 15.5 

Power Flow PF-1180 0.9 206 190 2.10 9.0 

Sika ViscoСrete 571 0.9 230 200 2.25 5.9 
 

In terms of plasticization of concrete mix, the admixture Power Flow PF-2695 was the most effective 
according to Table 10. At the same time, this admixture showed a lack of air entrainment. It should be noted 
that the plasticizing ability of Muraplast FK-63.30 is slightly higher, but this should be attributed to air 
entrainment, which increases the workability of the concrete mix. 

3. Results and Discussion  

3.1. Types of tests for cold-bonded fly ash aggregate as an unconventional component 
of concrete mix 

The following tests of the materials used were carried out following Russian State Standard GOST 
9758-2012 “Non-organic porous aggregates for construction work. Test methods”: 

• determination of the true specific gravity of cold-bonded fly ash aggregate; 
• hygroscopy of cold-bonded fly ash aggregate; 
• water presoaking of aggregate depending on time; 
• the average density of cold-bonded fly ash aggregate; 
• water absorption of cold-bonded fly ash aggregate by weight and volume; 
• the porosity of cold-bonded fly ash aggregate (including open and closed). 

3.2. Physical and mechanical properties of cold-bonded fly ash aggregate 

We carried out several tests of physical and mechanical properties earlier and published it in [46]. It is 
re-listed in Table 11 for readability. 
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Table 11. Physical and mechanical properties of cold-bonded fly ash aggregate. 

Characteristics Units Values 

Size fraction mm 5-15 

Bulk density kg/m3 970 

Bulk crushing resistance MPa 6.2 

Grading, aggregate size 

 

20 mm 

15 mm 

12.5 mm 

10 mm 

5 mm 

less than 5 mm 

% 

0 

4.8 

26.6 

29.7 

37.2 

1.7 

Resistance to freezing and thawing on Russian standard GOST 
9758-2012 - not less than F25 

 

The size fraction of 5-15 mm is a characteristic of cold-bonded fly ash aggregate and it is close to the 
size fraction in the investigations [24, 28]. 

The bulk density of 970 kg/m3 corresponds to the grade of density М1000, the bulk crushing resistance 
of fly ash aggregate of 6.2 MPa corresponds to the grade of the strength of P250 following Russian State 
Standard GOST 32496-2013 “Fillers porous for light concrete. Specifications”. 

According to EN 13055:2016 “Lightweight aggregates”, the granular material of a mineral origin has a 
particle density not exceeding 2000 kg/m3 or a loose bulk density not exceeding 1200 kg/m3. Thus, the fly ash 
aggregate meets the requirements of the European Norm as a lightweight aggregate for concrete. 

Сold-bonded fly ash aggregate approximately corresponds to the aggregate in works [6–24] on the size 
fraction and bulk crushing resistance. 

The results of new tests of cold-bonded fly ash aggregate as a coarse aggregate for concrete are 
presented in Table 12. 

Table 12. The test results of cold-bonded fly ash lightweight aggregate. 

Characteristics Units Values 

True specific gravity kg/m3 2.50 

Hygroscopy % 8.52 

Average density kg/m3 1.53 

Water absorption by weight % 18.4 

Water absorption by volume % 28.15 

True porosity 

% 

38.8 

 
opened 28.15 

closed 10.65 
 

The true specific gravity of other lightweight coarse aggregates (for example, porous rock crushed 
stone, furnace clinker, and blast furnace slag, light expanded clay aggregate, expanded perlite aggregate, 
haydite) is usually 2.6–2.7 g/cm3. Table 12 shows that the true specific gravity of the cold-bonded fly ash 
aggregate is slightly lower than the listed aggregates. It demonstrates the possibility of creating lightweight 
concrete with the coarse aggregate as the cold-bonded fly ash aggregate. 

The water absorption by weight of the fly ash aggregate is significantly greater than that of other types 
of traditional aggregates, except for light expanded clay aggregate. This value of expanded clay aggregate 
varies over a wide range from 8 % to 20 %. Thus, certain types of expanded clay aggregate may have slightly 
greater water absorption by weight than the fly ash aggregate. 

The true porosity of the cold-bonded fly ash aggregate is 38.8 %. Most of the pores are open for access 
to water. These results show the possibility of using water presoaking lightweight aggregates in concrete, 
which can lead to a decrease in cracking and shrinkage of concrete during the initial gain in strength. 

3.3. Сold-bonded fly ash aggregate concrete mix proportion 

Concrete mix proportion was carried out following Russian State Standard GOST 27006-86 “Concretes. 
Rules for mix proportioning”. Two mixes were prepared from the previously listed materials (Table 13) for 
testing concrete mix and concrete specimens. The peculiarity of preparation of mix No. 2 was water presoaking 
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fly ash aggregate. In the beginning, mix proportion parameters were determined by calculation. Then the 
obtained parameters were corrected by the preparation of a trial batch of the concrete mix. 

Table 13. Concrete mix proportion. 

Materials 

Materials consumption [kg / m3] 

Mix No. 1 
Mix No. 2 

(with water presoaking 
aggregate) 

Cement 360 360 

Sand 720 720 

Cold-bonded fly ash aggregate 780 770 

Water 160 180 

Superplasticizer MС-PowerFlow 2695 2 2 

Total 2022 2032 

W / C ratio 0.44 0.50 
 

A section of a 7×7×7 cm cube was made (Fig. 2) to check the distribution of сold-bonded fly ash 
aggregate over the volume of concrete mix. 

 

Figure 2. A section of the concrete cube after compression test. 

It can be seen that сold-bonded fly ash aggregate as a coarse aggregate for concrete was evenly 
distributed over the volume of the concrete mix. 

3.4. Types of testing сold-bonded fly ash aggregate concrete specimens 

The following specimens were prepared from four concrete mixes for subsequent tests (Fig. 3): cubes 
with a size of 7×7×7 cm (mix No. 1, No. 2), beams with a size of 4×4×16 cm (mix No. 1, No. 2), beams with a 
size of 7×7×28 cm (mix No. 1) and cylindrical specimens in a metal cup (mix No. 1, No. 2). 

   

Figure 3. Cold-bonded fly ash aggregate concrete specimens. 

The following tests were made on the products listed above (Table 14). 
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Table 14. Tests of concrete specimens. 

Test type Specimen 
Dimensions 

[cm] 
mix No. Standard 

Compressive strength 

Cube 

(at the age of 7, 28, 65 days) 
7×7×7 1, 2 GOST 10180-2012 

Half beam 4×4×8 1 GOST 10180-2012 

Flexural strength Beam 4×4×16 1 GOST 10180-2012 

Coefficient of linear 
expansion Beam 7×7×28 1 - 

Modulus of elasticity Beam 7×7×28 1 GOST 24452-80 

Shrinkage Beam 4×4×16 1, 2 GOST 24544-81 

Heat emission Cylindrical specimens  
in a metal cup 

 1, 2 - 

 

The test results of the concrete specimens are shown below. 

3.5.  Workability of concrete test results 

The workability of concrete was measured in centimeters by the immersion depth in the concrete mixture 
of the reference cone following Russian State Standard GOST 5802-86 “Mortars. Test methods”. 

The workability of concrete is shown in Fig. 4a. The maximum mobility of 10.4 cm is achieved in 20 
minutes after the addition of water to a concrete mix. The mixture becomes less workable than the original 
one in 80 minutes after the addition of water to a concrete mix and the hardening of the concrete mixture 
begins. 

 

Figure 4. The effect of mixing water absorption by aggregate on the change in workability  
of concrete over time: a) the change in workability of concrete; 

b) the aggregate mass gain during water presoaking. 

A decrease in the amount of free water in the concrete mixture as a result of water absorption by dry 
aggregate should lead to a loss of workability. However, from the diagrams in Fig. 4, it can be seen that 
workability of concrete increases during the first 30 minutes, and only after that workability of concrete begins 
to decrease. The effect of concrete mixture dilution in the first minutes after creation is typical as a result of 
using polycarboxylates. In this case, the dilution effect possibly combats the loss of concrete workability from 
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a decrease in the amount of water which gives workability to the concrete mixture. At the same time, standard 
test conditions give unlimited access to water during the presoaking of aggregates. For this reason, the 
absorption of water by aggregate is much faster than how it would be in a competitive environment of concrete 
mixture, where water interlayers are influenced by the holding forces of the developed surface of cement and 
sand. 

3.6. Concrete specimens test results 

3.6.1. Compressive strength 
The compressive strength of concrete was determined on cubes with a size of 70.7×70.7×70.7 mm 

according to Russian State Standard GOST 10180-2012 “Concretes. Methods for strength determination 
using reference specimens”. The test results of the concrete specimens for the compressive strength at the 
age of 7, 28, and 65 days are presented in Table 15. 

Table 15. Compressive strength of concrete specimens. 

Age of specimen 

[days] 

Average compressive 

strength for cubes with a size  
of 70.7×70.7×70.7 mm [MPa] 

Average compressive 

strength recalculated to the base specimen with a size 
of 150×150×150 mm [MPa] 

7 35.7 30.3 

28 44.5 37.8 

65 50.1 42.6 

 
The tests did not show a significant difference between the compressive strength of concrete specimens 

with water presoaking aggregate and the concrete specimens with dry aggregate. 

Also, beam halves with a size of 40х40х80 mm were tested according to Russian State Standard GOST 
310.4-81 “Cements. Мethods of bending and compression strength determination”. The compressive strength 
of these specimens was 40.4 MPa. 

The obtained compressive strength after 28 days is usual for lightweight concrete [49] and equivalent 
to strength grade of concrete C25/30 and allows the use of this concrete as a structural one. 

3.6.2. Flexural strength 
The flexural strength was determined on beams of a square section with a size of 40x40x160 mm 

according to Russian State Standard GOST 310.4-81 “Cements. Мethods of bending and compression 
strength determination”. The flexural strength was 4.9 MPa. 

3.6.3. Coefficient of linear expansion 
The coefficient of linear expansion was determined on beams of a square section with a size of 

70×70×280 mm. The coefficient of linear expansion was 14.8 * 10-6 K-1. This value should be used to determine 
the calculation distance between movement joints in in-situ reinforced concrete structures using this type of 
concrete. 

3.6.4. Modulus of elasticity 
The modulus of elasticity was determined according to Russian State Standard GOST 24452-80 

“Concretes. Methods of prismatic, compressive strength, modulus of elasticity and Poisson's ratio 
determination”. Beams with a size of 70×70×280 mm (Fig. 5) were tested. 

 

Figure 5. Modulus of elasticity test. 
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The modulus of elasticity was 18 * 109 Pa according to the test results. It is typical for lightweight 
aggregate concrete. 

Fig. 6 shows the load and unload curves of the test specimen to 40 % of the critical pressure. 

 

Figure 6. Stress and unit strain of concrete. 

It can be seen in Fig. 6 that the unit strain after unloading was about 0.01 %. 

3.6.5. Heat emission 
The heat emission of concrete was determined by the thermos method at an initial temperature of 20 ºС. 

After that, the heat emission of concrete was recalculated to the isothermal hardening mode at a temperature 
of 20 ºС. Specimens for testing had a cylindrical shape, a volume of 0.5 l. The test was made in an aluminum 
cup weighing about 15 g. 

Two specimens with dry aggregate and two specimens with water presoaking lightweight aggregate 
were tested. The test results are shown in Fig. 7. 

 

Figure 7. The cement heat emission per mass in concrete:  
1 – with the dry aggregate; 2 – with the water presoaking aggregate. 

As shown in Fig. 7 the presoaking of the aggregate did not affect the kinetics of heat emission and 
kinetics of hydration of cement. 

3.6.6. Shrinkage of concrete 
Shrinkage of concrete specimens was determined according to Russian State Standard  

GOST 24544-81 “Concretes. Methods of shrinkage and creep flow determination”. Shrinkage of concrete was 
determined on specimens with air-dry aggregate (mix No. 1) and specimens with presoaking aggregate (mix 
No. 2) at a relative air humidity of (60 ± 5) % and a temperature of (20 ± 2) ºС. The measuring device is shown 
in Fig. 8. 
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Figure 8. Shrinkage test. 

The test results are shown in Fig. 9. 

 

Figure 9. Shrinkage of concrete: 1 – with the dry aggregate (mix No. 1);  
2 – with the water presoaking aggregate (mix No. 2). 

The shrinkage of concrete with air-dry aggregate was higher than the shrinkage of concrete with 
presoaking aggregate. The concrete mixes differed only in the presoaking of the coarse aggregate, therefore, 
it is assumed that the contraction part of the shrinkage is the same for the two mixes, but the difference is dry 
shrinkage of concrete. 

The water-cement ratio of mix No. 2 was equal to 0.5, including the water inside the aggregate. The 
W/C of mix No. 2 was higher than that W/C of mix No. 1 (W/C = 0.44). This is due to the need to obtain equally 
high-flow concrete mixes because water held in сold-bonded fly ash aggregate has almost no effect on the 
concrete mix consistency. Dry aggregate partially takes away water from cement stone during the hardening 
of concrete. Therefore, evaporation loss is not the only contributor to the dehydration of cement stone. 
Aggregate takes away water and thus shrinkage accelerates. Alternatively, the presoaking fly ash aggregate 
gives its water to the cement phase, and thus shrinkage decreases. This is a known occurrence and it is called 
"internal curing of concrete". 

It should be expected that the evaporation loss of concrete mix with dry aggregate will be less than of 
concrete with presoaking aggregate. To verify this assumption, the specimens during the shrinkage test were 
periodically weighed and mass loss was calculated as a percentage of the initial mass of the specimen 
(Fig. 10). 
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Figure 10. Evaporation loss of concrete mix during hardening in the air at a relative air humidity  
of (60 ± 5) % and a temperature of (20 ± 2) ºС: 1 – with the dry aggregate (mix No. 1); 

2 – with the water presoaking aggregate (mix No. 2). 

The shrinkage of concrete in obtained dependency of evaporation loss is presented in the form of 
experimental curves in Fig. 11. 

Two sections A and B with a sharp bend between them can be identified on these curves. The section 
A shows significant evaporation loss but low shrinkage. The section B shows the opposite results. In Curve 1 
section A the evaporation loss is about 2.2 %, and the shrinkage is 0.12 mm/m. In the section B the shrinkage 
is 0.71 mm/m with almost the same evaporation loss. Many researchers [50] explain this result as follows. The 
drying shrinkage of the concrete is associated with capillary pressure. This capillary pressure arises with the 
formation of menisci of the liquid phase in the structure of cement stone. In the initial period of hardening, 
water fills almost all the free space in concrete (air entrainment is usually not more than 1-2 %). There are no 
menisci and the shrinkage develops mainly due to contraction. The total volume of the liquid phase, as a single 
continuum, decreases as water evaporates. At a certain point, this volume reaches a critical value, and the 
continuum decays while forming numerous menisci. This explains the drastic change in the curve. With a 
further decrease in the amount of water in concrete, the number of menisci increases, and their radii decrease. 
This leads to an increase in curvature pressure and the constriction of solid particles by the surface tension of 
the liquid. 

 

Figure 11. The shrinkage of concrete in dependency of evaporation loss:  
1 – with the dry aggregates (mixture No. 1); 2 – with presoaking aggregates (mixture No. 2). 

Comparison of curves 1 and 2 in Fig. 11 shows that the shrinkage of concrete with presoaking 
aggregates is much less than the shrinkage of concrete with dry aggregates while having the same 
evaporation loss. This result can be used in the working conditions to protect concrete from drying out to 
prevent shrinkage cracks. Based on the fact that the curves in section B of Fig. 11 are well approximated by 
a linear dependence, we can propose a convenient characteristic of concrete. This is the coefficient of 
shrinkage K, which is equal to the derivative of the shrinkage ε with respect to the amount of water lost с: 

К = dε/dc. 
In this case, concrete mix No. 2 is more preferable, because it has a smaller value of the coefficient 

K = 0.28, compared to K = 0.34 for concrete mix No. 1. 
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4. Conclusions 
A brief review of publications on this topic was made. The characteristics of the fly ash aggregate from 

the Novosibirskaya GRES Thermal Power Plant were investigated. The characteristics of concrete mixture 
and concrete with cold-bonded fly ash aggregate were also investigated. 

Based on the results obtained, the following conclusions can be underlined: 

1. The results of a literature review show the possibility of using cold-bonded fly ash aggregate for 
structural concrete. 

2. The accumulated experimental data is not sufficient to develop a strong theory or dependencies to 
predict the mechanical properties in a wide class of structural concretes. The existing attempts to derive the 
calculated dependencies are similar to the development of approximations (regression analysis) or the 
refinement of the coefficients for the Bolomey equation. 

3. Cold-bonded fly ash aggregate has the true specific gravity of 2.50 g/cm3, an average density of 
1.53 g/cm3, water absorption by weight of 18.4 % and an opened porosity of 28.15 %; 

4. Concrete with cold-bonded fly ash aggregate has a compressive strength after 28 days of 37.8 МPa, 
a flexural strength of 4.9 MPa, a coefficient of linear expansion of 14.8*10-6 K-1 and a modulus of elasticity of 
18*109 Pa; 

5. The water presoaking of lightweight aggregate did not affect the kinetics of heat emission and, 
consequently, the kinetics of hydration of cement; 

6. The shrinkage of concrete with dry aggregate was higher than of concrete with presoaking 
lightweight aggregate. Moreover, the evaporation loss was also less for concrete with dry aggregate. The 
shrinkage of concrete with presoaking aggregates is much less than the shrinkage of concrete with dry 
aggregates while having the same evaporation loss. 

7. The usefulness of presoaking aggregates in working conditions, as “internal curing”, has been 
confirmed. This will reduce the likelihood of shrinkage cracks during concrete drying. 
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Abstract. The article discusses the grounds of buildings and structures from weak viscoelastic soils, the 
features of the theoretical justification for their deformations. The need for this study is due to the discrepancy 
between the theory of filtration consolidation and field and laboratory experiments. Within the framework of 
the proposed model, the constructions of solutions to the problems of loading the ground surface with typical 
loads that describe the stress-strain state of each phase of a two-phase medium (soil skeleton + pore water) 
with account of the residual pore pressure. The deviation of the calculated residual pore pressures from the 
experimental data is not more than 5 % (laboratory experiment), 7 % (full-scale experiment). The calculation 
method presented in the article allows predicting the deformation of the foundations of structures from weak 
water-saturated soils. 

1. Introduction 
In connection with the increase in housing and industrial construction, the problem of erecting and 

operating industrial and civil structures on soft water-saturated soils, as a result of the development of new 
territories, is becoming especially relevant. Despite the successful construction and operation of buildings and 
structures on soft water-saturated soils in general, in practice, one has to deal with deformations of such 
structures. The analysis shows that the cause of deformations which result in emergency conditions of 
structures is the insufficient consideration of strength properties, permeability, creep of soils [1]. For soft water-
saturated soils (more than 80 % of the pores of the soil are filled with water) there are also special patterns of 
their deformability [2]. 

Speakers at international conferences devoted to these problems put forward a number of causes of 
deformations of structures located on the soils under consideration. They highlight three main features for soft 
soils. The first is the high compressibility of soils, the second is low strength, and the third is the long duration 
of settlement of structures [3]. In most cases, soft water-saturated soils cannot be used as the foundation of 
buildings and structures without their reinforcement through the use of geosynthetics, the construction of sand 
contour-reinforced piles, sand cushions, etc. [4–13]. 

Modern calculations of foundations and bases on soft water-saturated soils are carried out with account 
of the specifics of their properties, creep of the soil skeleton [14], compressibility of pore water [15–17] and 
filtration consolidation. Research into the determination of the stress-strain state of soil bases establishes the 
limits of applicability of methods for their calculation. 

In particular, the analysis of the models of the theory of filtration consolidation based on a system of 
parabolic equations [18] shows that the residual pore pressures necessarily turn to zero and the two-phase 
system becomes a single-phase one (curve 1, Fig. 1). However, starting from some time Tst, field and 
laboratory tests [19, 20] show the presence of excessive pore pressure in a stabilized state. Filtration 
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consolidation models are no longer applicable to the description of the stress-strain state of a two-phase 
(water-saturated) base. 

 

Figure 1. Change in pore pressure over time. 

The article discusses a scientific direction based on a system of elliptic equations, describes residual 
pore pressures [18]. In accordance with the experiment, starting from a depth of 2 m from the ground surface, 
the qualitative character of the graph of the change in pore pressure over time has the form of curve 2 in Fig. 1. 
A nonmonotonic change in pore pressure over time corresponds to the consolidation process; a nonzero pore 
pressure corresponds to a stable state of the system. Soils with low permeability less than 5 10-3 m/day. 

According to this model, the soil is a continuous two-phase medium. The model is phenomenological, 
its parameters are found from experiments and it doesn’t consider the mechanism of the interaction of phases 
based on their molecular nature. 

The object of the study is a water-saturated soil base, the behavior of which under load is described 
from the standpoint of the mechanics of a deformable solid with account of the influence of pore water on it 
("soil skeleton + pore water" two-phase system). The subject of the study is the effect of residual pore pressure 
on the deformed state of a water-saturated soil base. 

The purpose of the study is to solve the problem of mathematical modeling of the deformed state of the 
soil base, taking into account the residual pore pressure at the end of the consolidation process. Within the 
framework of the model under consideration, the construction of solutions to the problems of loading the day 
surface with typical loads that describe the stress-strain state of each of the phases of a two-phase medium 
is carried out. 

The kinematic model considered in the article describes the stress-strain state of a water-saturated soil 
base under load (its one-dimensional version is described in the monograph [21]) and is based on two 
assumptions: 

1. The relative deformation of pore water 𝜀𝜀𝑙𝑙  ( l -pore water) is proportional to the difference in pore 

pressure σl, per length unit, i.e., the relative movement of particles of pore water is caused by pressure drop 

(-) l
l

l

dh

E dz
=

σ
ε . 

Relative deformation lε  describes a local change in pore volume ldn dz A= ⋅ε , where A  is the 

cross-sectional area of the sample. 

2. The relative deformation of the particles of pore water and the skeleton of the soil sε  (s is the 

skeleton of the soil) are proportional and opposite in sign: s l= −ℵε ε . 

The parameters ,lE ℵ  are found from experiments to test large two-phase samples. 

Let us consider the stress state of a water-saturated soil base as a two-phase half-space loaded with a 
strip load in a cylindrical coordinate system , ,r zθ  (a fundamental problem of the Flaman type). Statement of 

the boundary value problem. The normal stresses are decomposed into the sum of the stresses in the solid 
and liquid phases, the shear stresses in the pore fluid are set equal to zero: 

− equations of equilibrium 
( ) ( ) ( )

0sr lr r sr lr s l

r r

∂ − ∂ − − −
+ + =

∂ ∂
θ θ θσ σ τ σ σ σ σ
θ

, 
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( ) 21
0r s l r

r r r

∂ ∂ −
+ + =

∂ ∂
θ θ θ θτ σ σ τ

θ
; 

− physical equations ( ) ( )2 2
,

1 1
s s

sr sr s s s sr
E E

= + = +
− −

θ θ θσ ε νε σ ε νε
ν ν

, 

,lr l l l
lr l

E E

r h h

∂ ∂
= =

∂ ∂
θ

θ
σ σε ε

θ
; 

− geometrical equations 
sr

s r
r

u∂
=

∂
ε , 

sr s
s

u u

r r

∂
= +

∂
θ

θε
θ

, 

lr
l r

u

r

∂
=

∂
ε , lr l

l
u u

r r

∂
= +

∂
θ

θε θ , 

sr s s
s r

u u u

r r r

∂ ∂
= + −

∂ ∂
θ θ

θγ
θ

; 

− kinematic equations sr lr= −ℵε ε , s l= −ℵθ θε ε . 

Boundary conditions: 

2

πθ = ±       ( ) 0, 0s l r− = =θ θ θσ σ τ ,    0
0sr

r L

u =

=

=θ ;      0lr r= =ρσ . 

We consider the Boussinesq problem about the action of a concentrated force F  on an elastic half-
space in the spherical coordinates 𝑅𝑅,𝜃𝜃,𝜑𝜑 and generalize its fundamental solution to a two-phase half-space. 

The statement of a Boussinesq type boundary value problem: 

( ) 1 1 1

sin

2( ) ( ) ( )
0

RsR lR R

sR lR s l s l R

R R R R

ctg

R

∂∂ − ∂
+ + +

∂ ∂ ∂
− − − − − +

+ =

φ θ

φ φ θ θ θ

τσ σ τ
θ φ θ

σ σ σ σ σ σ τ θ
 

 

( ) 3 21 1 1
0

sin
R s l R ctg

R R R R R

∂ ∂ − ∂ +
+ + + =

∂ ∂ ∂
φ φ φ φθ φ φθτ σ σ τ τ τ θ

θ φ θ
, 

 

( ) ( ( )) 31 1 1
0

sin
s l s l s l RR

ctg

R R R R R

∂ − − − − +∂∂
+ + + =

∂ ∂ ∂
θ θ θ θ φ φ θθφθ σ σ σ σ σ σ θ τττ

θ φ θ
, 

2( ( ) ( )) 0,sR lR s l s l∇ − + − + − =θ θ φ φσ σ σ σ σ σ  

( ) ( ), 0, 0.s l s l R− = − − = =θ θ φ φ θφ θσ σ σ σ τ τ  

In order to set the boundary conditions, we select two hemispheres: 1S  of a small radius ( ρ ) and 2S  

of a large radius ( L ). We replace the concentrated force F  with the equivalent load distributed over the 

surface
 1

1 : 0sR S
S = −σ σ , displacements sRu  on the surface of the sphere 2S  are taken equal to zero: 

2
0sR Su = . On the daylight surface, stresses in the liquid phase are taken to zero. 
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2. Methods 
We will calculate the stress-strain state of a water-saturated soil base by means of expanding the well-

known Flaman solution for an elastic single-phase half-plane: 

2 cos
, 0, 0.r r

F

r

−
= = =θ θ

θσ σ τ
π  

This solution, which uses the hypotheses and equations of the one-dimensional version of the kinematic 
model, is decomposed into the solutions for each phase separately: 

r sr lr= −σ σ σ , 

l
l

l

dh

E dz
=

σ
ε , 

21
s s

sE

−
=

νε σ , 

l
l

du

dz
=ε , s

s
du

dz
=ε , s l= −ℵε ε . 

The system of equations is reduced to one differential equation of the first order in the displacements 
of the solid phase. Its solution has the following form: 

( ) 22
2

2

2 1 cos 1
ln ,

a r

sr
s

F R ea ru e dr
E ra r

 − −−  = ⋅ − ∫
  

ν θ

π  

We determine the tangential displacements of the solid phase: 

( ) ( )( )
2

22
2

2 sin 1
1 1 1 ln

a r
a r

s
s

F R e
u a r e dr

E ra r
−

  −  = + + − + ⋅ − ∫
    

θ
θ ν ν ν ν

π . 

Basing on this fundamental solution, we get a solution for a number of problems, which are given below. 

The calculation of the elastic two-phase half-space in the stabilized state is carried out by expanding 
the well-known Boussinesq solution into two phases [18] (similar to the expansion of the Flaman solution): 

2

3 cos

2sR lR
F

R
− = − ⋅

θσ σ
π . 

This equation is the equation of static equilibrium. We supplement it with the equations of the kinematic 
model for the one-dimensional case and the stabilized state (as in the case of the Flaman solution expansion), 
reduce the system to a first-order differential equation for the displacements of the solid phase, after integration 
of which we have the calculation formula for the displacements: 

2 2
2 2

2 2

3 cos

2

a R a RL R
a L a R

sR
s

F e e
u e dR e dR

E R R
− −

 
 = ⋅ ⋅ − ⋅∫ ∫ 
 ρ ρ

θ
π . 

In a known manner, one can go from spherical coordinates to cylindrical coordinates and obtain the 
corresponding formulas for the stresses in the skeleton and pore fluid. 

For example, we obtained normal vertical stresses in the problem of a uniformly distributed load: 

2
23

12
3

2
ln ,

ab r ea r
lz

b

q z r
a e d d

r

ξ

ρ
σ ξ η

π ρ ξ
−−

−

 
 = ⋅ ⋅ +∫ ∫
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2 23 3
2

4 3

2 2

2 1
ln ,

, ( ) .

a r ab r

sz
b

q z z e r e
a d d

r r

r r x z

−

−

  −  = − ⋅ − ⋅ +∫ ∫
    

≤ ≤ = − +

ξ

ρ
σ ξ η

π ρ ξ

ρ ξ η
 

The obtained analytical dependences make it possible to construct graphs of changes in stresses and 
displacements in depth (along the OZ axis) and horizontally. Replacing the integral with a variable upper limit 
with an approximate expression with an error estimate allowed us to speed up the computational process 
while maintaining an acceptable accuracy of 3 %. 

Solving problems with account of the viscoelastic properties of the soil and changes in the stress-strain 
state of the soil base in time. One of the stages of the study was the study of changes in pore stress over time. 
For this study, we turned to the linear hereditary theory of viscoelasticity. In order to switch from the image to 
the original, we used the broken line method proposed by L.E. Maltsev. 

The essence of the broken line method is that the function of four arguments *( , , , )F x y z p  is 

transferred to the function of one argument *( )F p  by means of replacing spatial coordinates at a fixed point 

with coordinates , ,i i ix x y y z z= = =  ( 1, )i n=  with the numbers. A system of fixed spatial points for which 

it is interesting to obtain (expand) a solution in time in each problem is selected individually. The function 
known in the images 0 p≤  is approximated by a function of a special form: 

1
0

1
( ) (0) 1 ( ) ,ipT

i i

n

i
p c c e

p
−

+
=

 ∗ = ⋅ − − 
 

∑φ φ  0 p≤ ≤ ∞ , 0 0 10, 0, 0iT c c += = =  

The original function ( )tφ  is known in advance and looks like a broken line: 

1( ) (0) ( ) ( )( ) ( )

0
i i i i

n
t h t c c t T h t T

i
+

 
 = ⋅ − − − −
 
 

∑
=

φ φ . 

Here ( )h t  is the Heaviside function, (0), ,i ic Tφ  are the desired parameters of the broken line. The 

parameter (0)φ  is necessarily dimensional, ,i ic T  are dimensionless. The arguments t and p are also 

dimensionless. 

Advantages of writing a function as a broken line: 

the possibility of approximation with a given accuracy (the number of links can be increased); 

the presence of an elementary image according to Laplace-Carson. 

The disadvantages of writing include the following: at the point 0t =  the broken line will have a finite 

derivative, and with the function ( )F t  a derivative may be infinite; the broken line reaching the asymptotic 

value occurs at the final value t. 

Let us consider how the pore pressure of a half-plane loaded with a uniformly distributed load changes 
at the initial stage of time. 

In the section, 1/ 5z b=  we fix the coordinate point ( 1/ 5 , 0z b x= = ), for which we show the change 

in pore stresses in time. In the elastic solution for 3( 1/ 5 , 0)lz z b xσ = = , in accordance with the Volterra 

principle we make a change of notation 2 2[ ( )]*a a p→ , and obtain the solution to the viscoelastic problem 

in the images: 
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( ) ( )
23 ( )*2 * 2* 2 * 2

3

1 52 1( )( ) ln , 1 5
ab r

lz
b

bq r ea ra e d d r b
r

ξ

ρ
σ ξ η η

π ρ ξ−

 −−  = ⋅ ⋅ ⋅ + = +∫ ∫
 
 

. 

In accordance with the broken line method, we present the desired original in the form of a broken line: 

1 0 6 0

5

0
( ) (0) 1 ( )( ) ( ) , 0,lz i i i i

i
t c c t T h t T c c Tσ σ +

=

 
= ⋅ − − − − = = = 

 
∑  

in which the parameters (0), icσ  are the desired ones, and iT  are given as for the well-known original 

2( )a t . 

We rewrite this spline in images 

*
1

5

0

1
( ) (0) 1 ( ) ipT

lz i i
i

p c c e
p

σ σ −
+

=

 
= ⋅ − − 

 
∑ . 

In order to determine the unknown parameters, we compose a system of linear algebraic equations 
using the conditions for the broken line to coincide in images with the known right-hand side on the point 

system jp P= : 

* *( ) ( ), 1, ,lz j lz jp P p P j kσ σ= = = =  . 

The points are selected in a special way, for example, 
1 5

0
1

ln ln
, 10j j

j
j j

T T
p T

T T
− −

−

−
= =

−
. 

We repeat similar arguments for other points of the half-space. 

3. Results and Discussion 
Let us consider the results of calculating normal vertical stresses in the problem of a uniformly 

distributed load (Fig. 2). 
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The obtained analytical dependences make it possible to construct graphs of changes in stresses and 
displacements in depth (along the OZ axis) and horizontally. 

Below are the graphs of normal stresses in different sections (Fig. 3). 
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Figure 2. a) Effect of a uniformly distributed load on half-space; 
b) Transition from distributed load to concentrated force. 

+  

z = b/10 

 

z = b /2 

 

z = b  

Figure 3. Change in vertical stresses in solid, szσ , liquid lzσ  phases and the total ones zσ . 

In the central part of the loaded area, pore water is more strongly clamped by soil and therefore its 
bearing capacity is greater than at the periphery. After analyzing the latter graphs of normal stresses, we 
conclude that at a distance of z = b most of the external load falls on the liquid phase. This once again confirms 
the carrying capacity of the liquid phase. 

In the process of research, we solved the problems of the action of two or more structures on a two-
phase base. 

Let us consider the problem of determining the stress-strain state of the base from the action of two 
uniformly distributed loads (Fig. 4). This problem models the mutual influence of two closely standing buildings 
(flat case). In this case, the stresses and displacements at point M are found through the principle of 
superposition (summation) of two forces. In order to do this, we first need to place the origin of coordinates at 
the point of application of force 1 1dF q dξ=  and find the coordinates of the point 1( , )M x zξ− . Then we 
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transfer the coordinates system to the point of application of force 2 2dF q dξ=  and determine the new 

coordinates of the point 2( , )M x zξ− . 

 

Figure 4. Action of two evenly distributed loads on the base. 

Below are the formulas for the stresses: 

1 1 22 21 2( , , ) ( , , )1 1
1

c b c b d bq q
f x z d f x z dsz

c c b d
σ ξ ξ ξ ξ

π π

+ + + +
= − −∫ ∫

+ +
, 

1 1 22 21 2( , , ) ( , , )2 2
1

c b c b d bq q
f x z d f x z dlz

c c b d
σ ξ ξ ξ ξ

π π

+ + + +
= +∫ ∫

+ +
, 

and the corresponding graphs of displacements and stresses in Fig. 5, 6, 7. 

The study of the dependence of stresses in solid and liquid phases on the distance between the objects 
showed that with the separation of objects from each other, normal stresses in the solid phase found by the 
kinematic model fade out 40 % faster than similar stresses found by the Flaman solution. 

Basing on the expansion of the fundamental solution for the two-phase half-space, we considered 
several problems: about the action of the load distributed over rectangular and circular platforms, and about 
the action of the load from the interaction of two objects (spatial case). We completed the calculation of the 
stress and strain state for all cases. z = 2 m, d = 2 m, d = 4 m, d = 6 m. 

 

Figure 5. Vertical displacements of points in the section z = 0.5 m, s lw w  is according to the kinematic 

model, w  – by the Flaman solution. 

.  

Figure 6. Horizontal displacements of points in the section z = 0.5 m. 
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Figure 7. Dependence of stresses in the cross section z = 2 m on the distance between  
the objects d = 2 m, d = 4 m, d = 6 m. 

The problem of the action of a concentrated force F on an elastic two-phase half-space is considered 

above. Here are the graphs of normal stresses in fractions of force F in different sections (Fig. 8): 

 

Figure 8. Change in vertical stresses in solid szσ ,  

liquid lzσ  phases and the total ones zσ  in sections z = 1, z = 5. 

Fig. 9 shows the graphs of displacements from the action of a load distributed over a rectangle with a 
parameter a2 = 0.1(1/m) and different values of the coordinate Z. 

2
2(1 ) 1 (1 2 )2

2 22

a Rb l RF e zr Rra Ru a e dR d ds E R R zR Rs b l

ν ν ξ η
π ρ

 
+ −  −= − −∫ ∫ ∫    +  − −  

. 

 

Figure 9. Graphs a) vertical and b) horizontal movements along the X axis 

for z = 0 ()and z = 2 (---)by the Boussinesq solution (u,w) and by the kinematic model. 
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It follows from the graphs that the vertical displacements of the skeleton due to the unloading 
contribution of the liquid phase on the axis of symmetry for z = 2 decreased by 30 %. The maximum values of 
the horizontal movements of the skeleton decreased by 40 %. 

The vertical stresses in the solid phase decrease faster than the total ones, therefore, the vertical 
displacements of the skeleton particles decrease faster than the vertical displacements obtained by the 
Boussinesq solution. Consequently, taking account of the liquid phase leads to the fact that the two-phase 
base becomes more rigid compared to the single-phase base. Fig. 11 shows graphs of pore pressures which 
vary over time. 

 

Figure 10. Distribution of stresses in depth at points under the center of the circle:  
total – σ , in solid sσ  and liquid lσ  phases. 

0 200 400 600 800 1000
0

0.5
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σ2 t( )

σ3 t( )

t  

Figure 11. Change in time of pore pressure at points: x = 0, z1 = 1/5b(), z2 = b(⋅⋅⋅), z3 = 5b(- - -). 

 

Figure 12. Comparison of the research results of pore pressure according to two models: ( -  -  -  ) – 
according to the theory of filtration consolidation; (_______) – according to the kinematic model. 

For all fixed spatial points, the pore pressure varies nonmonotonically over time. The non-uniformity of 
the change in pore pressure at a constant load over time reflects the peculiarity of a two-phase system. The 
process of pressure redistribution between phases is nonmonotonic. The maximum value of pore pressure 
lags in time with increasing depth, i.e. for 1 5z b=  the maximum value of pore pressure is reached at time 

128



Magazine of Civil Engineering, 95(3), 2020 

Maltseva, T.V., Trefilina, E.R., Saltanova, T.V. 

t = 100 days, and for 5z b=  the maximum is reached after 200 days. This effect was first established by 

L.S. Amaryan in experiments with monolithic large-sized samples. 

Let us compare the obtained solution with the well-known theoretical result of V.G. Korotkin given in the 
monograph [22]. In the problem we investigate the distribution of pore pressure in depth during the filtration 
consolidation of the base from the action of a uniformly distributed load. The soil characteristics are given: 

a = 0.01 cm2/kg, 0 1ε = , к = 1.16·10-6 cm·s, the width of the strip foundation is b = 10 m. The book contains 

graphs of pore pressure for time Т = 100, 300, 1000 и 10000 days, plotted in shares p·b/q. The comparison 
was carried out only for Т = 100 и 300 days, because for Т = 1000 days the consolidation process almost 
ends and the pore pressure differs little from zero. For Т = 10000 according to the theory of filtration 
consolidation, the pore pressure vanishes (Fig. 12). 

4. Conclusion 
1. The reliability of the model under consideration is shown by comparing the theoretical pore pressures 

with the data of a laboratory experiment LS Amaryan conducted on a sample of water-saturated peat [18]. The 
greatest discrepancy of 18 % is observed at the points of maximum pore pressure function. For the asymptotic 
value of the pore pressure function (i.e., residual pore pressure), the discrepancy between the calculated and 
experimental data is not more than 5 %. Comparison with the results of a full-scale experiment F.F. Zekhnieva 
the maximum discrepancy at the points of maximum pore pressure was 23 % and the discrepancy in residual 
pore pressures was 7 %. 

2. In problems of the Flaman type and Boussinesq type, the stress and strain state analytically 
accurately decomposes into two phases (soil skeleton + pore water). From a comparison of surface sediment 
for single-phase and two-phase bodies, it follows that the influence of pore water on the soil skeleton manifests 
itself in their rapid decrease to 40 %. 

3. The solution of problems in a viscoelastic formulation by the broken line method allowed us to 
describe the consolidation process over time and compare the result with the well-known solution obtained by 
the theory of filtration consolidation. For all fixed spatial points, the pore pressure varies nonmonotonically with 
time, and the initial value is less than the final value corresponding to a stabilized state. The non-uniformity of 
the change in pore pressure at a constant load over time reflects the experimentally defined feature of a two-
phase system. In all solutions, we numerically analyzed and graphically presented the reduction of stresses 
and displacements in the skeleton due to the unloading effect of pore water. Pore pressures can reach up to 
70 % of the total stresses. 

4. New analytical formulas are obtained for stresses and displacements in the soil skeleton and pore 
water when loaded with typical loads. The solutions, in contrast to single-phase soil, take into account the 
influence of pore water, that is, they determine the deformed condition of the base from two-phase viscoelastic 
soil. The calculation formulas for the final sediments corresponding to the stabilized state of the base, without 
a description of the consolidation process, are recommended to be used at the design stage of buildings. This 
will allow taking into account the influence of pore water on the soil skeleton and providing for measures to 
improve the safety of their construction and operation. 
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Abstract. Energy preservation and reduction in greenhouse gas emissions into the atmosphere can be 
partially gained through decentralization of heat supply. In the case of cultivation facilities, a solution is a 
combined heating system which includes soil infrared heating and air heating in the winter greenhouse up to 
the required values by means of autonomous convective heaters. Upon analysing domestic and foreign 
scientific publications, there has not been found any comprehensive calculation method of the combined 
heating system. The target of research is normally one of the space heating ways: either radiant or convective. 
The calculation method considered in the article is based on the solution of the coupled equations set of the 
greenhouse heat and material balances, its walling and soil surface. It takes into consideration both the 
features of radiant heat transfer between distant bodies, and convective air heating from heaters. The 
developed calculation method has been tested using the modern industrial greenhouse “Fermer 7.5” for year-
round cultivation of crops. As shown by the results of software calculations, at low temperatures of the outside 
air, the heat power of winter greenhouse radiant heating should be twice as high as the heat consumption for 
convective heating of the cultivation facility. There have been obtained heat power change patterns of the 
winter greenhouse combined heating system depending on a number of important factors, such as: 
temperature of the outside air; walling thermal resistance; absorption coefficient of the soil surface. Due to the 
fact that according to the calculations results, the heat loss via the winter greenhouse ventilation proved to be 
significant, it makes sense to consider further the option of preheating outdoor air necessary for air exchange 
indoors. 

1. Introduction 
Heating of cultivation facilities during the cold period plays an important role in year-round cultivation of 

flowers, vegetables, seedlings, etc. The greenhouse heating costs make up about 30–50 % of the production 
costs, which is explained using glass and polycarbonate of low thermal properties for walling [1, 2]. The search 
for alternative materials, which can minimize energy needs in space heating and significantly improve 
conditions for growing plants, is underway, but at the moment there is no comprehensive solution to the 
problem [3, 4]. This applies to the search for optimal space planning designs of winter greenhouses as well: 
finding the correct shape and orientation of the facility by the cardinal directions for different climatic conditions 
[5]. In any case, the use of efficient heat supply of winter greenhouses is a priority in the greenhouse industry 
of the country. In the last century convective heating methods (heating internal air, but not soil) were actively 
used for greenhouses. They are not quite efficient, especially during the vegetative period, as the main part of 
heat is located in the upper zone of the facility, and not close to the soil surface where the plants grow [6]. 
Nowadays, there are some innovative technologies for cultivation facilities heat supply, based, for example, 
on the use of solar radiation [7–9], low grade heat of the environment and soil (heat pumps) [10–13] or 
geothermal energy sources [14–16]. It is often economically feasible to heat winter greenhouses using thermal 
energy from third-party production processes or from local heat sources [17]. Despite the fact that these 
heating systems have their distinctive advantages due to their nature, it is necessary, first of all, to focus on 
the greenhouses heating methods, which to a lesser extent depend on geographical conditions and 
environmental factors. These include radiant heating systems of winter greenhouses operating on fuel gas 
[18, 19]. However, as shown by the conducted research [20], the use of only infrared soil heating in the 
greenhouse does not allow to maintain the targeted indoor thermal conditions at low outdoor temperatures. 
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It is commonly known that a heating system is designed to create the necessary indoor thermal 
conditions. This also applies to cultivation facilities as in case of winter greenhouses heated in the cold period. 
Table 1 presents, as an example, the required microclimate parameters in year-round vegetable greenhouses 
prior to fructification. 

Table 1. Greenhouse temperature and humidity conditions (before fruitification). 

Plant 

Air temperature, ºC 

Soil temperature, ºC Relative humidity, % day 
night 

sunny overcast 

Cucumber  
(winter-spring cycle) 22–24 20–22 17–18 20–24 70–75 

Cucumber  
(autumn cycle) 25–26 22–23 19–20 22–24 70–75 

Tomato  
(winter-spring cycle) 22–24 19–20 16–17 18–20 60–65 

Tomato (autumn cycle) 24–26 18–20 16–18 18–19 60–70 

Lettuce 20–23 16–18 10 15–16 70–80 

Radish 20–22 7–9 5–6 15–16 60–70 

Dill, spinach 17–18 8–12 5–6 15–16 65–80 

 
According to Table 1, unlike conventional agricultural buildings and facilities, winter greenhouses need 

to maintain the required thermal conditions not only of the space itself, but also of the soil. A water (or air) 
heating system with additional soil heating, which is basically a system of pipelines laid in the soil, is an 
obsolete option. These include such disadvantages as: large quantity of metal per structure  
(10–12 kg/m2) and slow response of the system; complexity of installation (underground piping, installation of 
a heating unit, etc.); need for a remote heat source; high energy consumption for circulation of the coolant; 
different coolant temperatures in the heating system circuits (above the surface and under it); possible leakage 
of water into the soil layer in case of pipelines damage, etc. In addition, most of the existing winter greenhouses 
with traditional heating systems were built before the implementation of modern energy-saving programs and, 
as a result, the amount of energy consumed in such cultivation facilities is much higher compared to the new 
agricultural sites [21]. The use of only radiant heating in the greenhouse also cannot be a solution, since most 
of the heat is spent on soil heating, and the inside air temperature, as a consequence, is relatively low (below 
the standard values given in Table 1). 

In this case it is important to consider a combined heating system, which, in addition to convective space 
heating, also involves radiant heat flow generated by the overhead dark infrared emitters. Besides, the use of 
gas infrared emitters will allow, through decentralization of heat supply and relatively cheap fuel gas, to reduce 
the heat load of the convective heating system designed to heat the air, and reduce consumption of non-
renewable fuel and energy resources. Gas-fired radiant heating will provide crops in the greenhouse with 
additional carbon dioxide (CO2), which is necessary for photosynthesis reaction. This type of combined heating 
system will generate economic benefits due to the reduction in convective heat output (during less cold months 
of the heating period). 

The research target is a combined heating system of the winter greenhouse with overhead gas infrared 
emitters for soil heating and convective heaters designed for maintaining the required temperature of the 
indoor air. 

The research is focused on the patterns of heat power changes of the winter greenhouse combined 
heating system depending on environmental factors, walling design features and heat absorbing properties of 
the soil surface under conditions of ventilation and soil irrigation. 

The purpose of the study is to develop a method of calculation of the winter greenhouse combined 
heating system, which includes overhead infrared radiators with convective heaters and is designed for 
maintaining the required heat and humidity conditions of the indoor space and the soil in the cultivation facility. 

To achieve this purpose it is necessary to solve the following tasks: 

1. Determine the main heat and mass transfer processes occurring in the winter greenhouse while 
using the combined heating system. 
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2. To compose a system of coupled equations of heat and mass transfer in the winter greenhouse with 
combined heating taking into account incoming and outgoing fluxes of heat and mass. 

3. To test the developed calculation method of the combined heating system using a modern industrial 
greenhouse as an example. 

4. To study the effect of various factors on the heat power of the winter greenhouse combined heating 
system with the help of the developed calculation method. 

2. Methods 
Fig. 1 shows the schematic diagram of the winter greenhouse combined heating system under steady-

state heat and humidity conditions. 

 

Figure 1. Calculation model of the winter greenhouse combined heating system:  
1 – soil; 2 – walling; 3 – infrared radiation source (emitter);  
4 – convective heaters; 5 – ventilation (supply, exhaust). 

Under steady-state heat and humidity conditions in the winter greenhouse (Fig. 1), the heat balance 
equation can be written as follows, W: 

,emit heat wall vent soilQ Q Q Q Q+ = + +  (1) 

where Qemit is the radiant heat flux coming from the emitter 3, W; 

Qheat is the convective heat flux coming from the heaters 4, W; 

Qwall is the heat loss by heat transfer through the greenhouse walling 2, W; 

Qvent is the heat loss with the ventilation air leaving the greenhouse through the exhaust ventilation 
aperture 5, W; 

Qsoil is the heat loss into the deep soil horizons, W. 

In the combined heating system, the thermal power Qheat, W, of the convective heaters 4 is to maintain 
the required thermal conditions in the greenhouse and is used for heating the indoor air up to the target 
temperature (Table 1). 

Heat loss Qwall through the walling 2 of the winter greenhouse, W, can be found using the heat transfer 
equation: 

( )1 ,in.air out.air
wall wall inf

t

t t
Q F

R


−
= +  (2) 

where tin.air is the indoor air temperature, ºC; 

tout.air is the outside air temperature, ºC; 

Rt is resistance to the greenhouse walling heat transfer 2, m2∙K/W; 

Fwall is the total area of the greenhouse walling, m2; 
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βinf is a coefficient that factors in the additional heat energy consumption for heating the infiltrating air, 
usually taken to be 0.2. 

Heat losses with the ventilation air leaving the greenhouse Qvent, W, under balanced ventilation are 
numerically equal to the heat consumption for heating the supply air coming from outside into the winter 
greenhouse through the ventilation aperture 5: 

( ) ,vent air in.air out.airQ G h h= −  (3) 

where Gair is the mass flow rate of the dry part of moist air participating in the greenhouse air exchange, kg/s; 

hin.air and hout.air are specific enthalpy of indoor and outdoor humid air respectively, J/kg. 

Heat losses into the soil Qsoil, W, due to their smallness are calculated in a simplified way by the 
equation: 

( )
1

,i
soil in.air out.air

i

n

i

F
Q t t

R=

 
= −  

 
  (4) 

where Fi is the projected area of the i-th soil zone in the greenhouse with their total number n, m2; 

Ri is resistance to heat transfer of the i-th soil zone in the greenhouse with their total number n, m2∙K/W. 

The winter greenhouse material balance equation (Fig. 1) will be as follows, kg/s: 

,evap ventG G=  (5) 

where Gevap is the moisture evaporation from the soil surface 1, kg/s; 

Gvent is the moisture loss with the exhaust air leaving the greenhouse through the exhaust ventilation 
aperture 5, kg/s. 

The set of winter greenhouse walling thermal balance equations 2 (Fig. 1) includes the expression (2) 
and the formula, W: 

1
21 ,

1wall emit rad conv
refl

A
Q Q Q Q

k

 
= − + + 
 − 

 (6) 

where krefl = (1–A1)(1–A2)φ21[1–φ22(1–A2)]–1 is a coefficient that factors in the repeated reflection of thermal 
radiation from the soil surface 1 and the internal surface of the greenhouse walling 2; 

A1 and A2 are absorption coefficients of the soil surface 1 and the greenhouse walling internal surface 
2 respectively; 

φ21 is a radiation coefficient from the greenhouse walling internal surface 2 to the soil surface 1; 

φ22 is a self-radiation coefficient of the greenhouse walling internal surface 2; 

Qrad is the resultant thermal radiation between the soil surface 1 and the greenhouse walling internal 
surface 2, W; 

Qconv2 is a convective component of heat transfer between the indoor air and the greenhouse walling 
internal surface 2, W. 

In formula (6) the resultant thermal radiation between the soil surface 1 and the greenhouse walling 
internal surface 2 provided that the angular radiation coefficient φ12 = 1, is calculated using the following 
equation, W:  

4 4

0 12 ,
100 100
surf wall

rad surf

T T
Q c ε F

     = −   
    

 (7) 

where с0 is a black body radiation coefficient, 5.67 W /(m2·K4); 

ε12 is the reduced relative coefficient of the soil surface thermal radiation 1 and the greenhouse walling 
internal surface 2; 

Fsurf is the soil surface area 1 in the greenhouse, m2; 
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Tsurf = tsurf + 273.15 and Twall = twall + 273.15 are the absolute temperatures of the soil surface 1 and 
of the greenhouse walling internal surface 2 respectively, K. 

The heat balance equation of the soil surface 1 in the winter greenhouse (Fig. 1) will be as follows, W: 

1
1 ,

1
emit

rad conv evap soil
refl

A Q
Q Q Q Q

k
= + + +

−
 (8) 

where Qconv1 is the heat flux caused by convective heat transfer between the soil surface 1 and the surface air 
in the greenhouse (in Fig. 1 is marked as Qconv), W; 

Qevap is the heat flux spent on moisture evaporation from the soil surface 1, W. 

The material balance equation of the soil surface 1 in the winter greenhouse (Fig. 1) is as follows, kg/s: 

,wat evapG G=  (9) 

where Gwat is the water flow for watering the soil 1, kg/s. 

On the right side of equation (9) there must also be water flow Gabs, kg/s, absorbed by plants. At this 
stage, we assume that plants are temporarily absent in the greenhouse (fetal period, until fruitification), so the 
value Gabs ≈ 0. 

3. Results and Discussion 
Let us consider the solution of the coupled equations set of the greenhouse thermal and material 

balances, its walling and soil when utilizing the combined heating system for space heating using the industrial 
greenhouse “Fermer 7.5” (Fig. 2) as an example. 

 

Figure 2. Industrial greenhouse “Fermer 7.5” and the soil zone layout chart. 

Initial data to perform the calculation: 

1. Greenhouse dimensions: width a = 7.45 m; length b = 8.40 m; height h = 3.80 m. 

2. Ventilation apertures dimensions: 

− for air inflow: width ain = 1.0 m; height hin = 1.88 m; opening rate χin = 0.25; quantity Nin = 1; 

− for air exhaust: width aex = 0.75 m; height hex = 1.0 m; opening rate χex = 1; quantity Nex = 2. 

3. The soil surface parameters (tomatoes before fruitification in winter-spring cycle, according 
to Table 1): temperature tsurf = 20 ºC; absorption coefficient A1 = 0.65 (reflection coefficient R1 = 0.35); thermal 
radiation coefficient (emissivity factor) ε1 = A1 = 0.65. 

4. Walling parameters: material – cellular polycarbonate with walling heat transfer resistance 
Rwall = 0.45 m2∙K/W; absorption coefficient A2 = 0.94 (reflection coefficient R2 = 0.06); thermal radiation 
coefficient (emissivity factor) ε2 = A2 = 0.94. 

5. Design parameters of the internal air (Table 1): temperature tin.air = 22 ºC; relative humidity 

φin.air = 60 %. 
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6. Design parameters of the outdoor air for the climatic conditions of the city of Vologda (Russia): 
temperature tout.air= –32 ºC; relative humidity φout.air = 85 %. 

7. Ventilation parameters: natural ventilation; design height of the ventilation system Δh = 0.45 m. 

8. Irrigation parameters: soil irrigation coefficient kirr = 1(the whole soil surface in the greenhouse is 
irrigated). 

The calculation of the combined heating system of the industrial greenhouse “Fermer 7.5” (Fig. 2) has 
been performed in the mathematical editor “Mathcad”. 

Further to the program calculation of the combined heating system of the industrial greenhouse “Fermer 
7.5” the following results were obtained: 

1. Temperature of the greenhouse walling internal surface twall ≈ 22 ºC. 

2. The required power of infrared radiation Qemit ≈ 44.2 kW (thermal density qemit ≈ 705.8 W/m2) and 
convective space heating Qheat ≈ 22.2 kW (specific convective heat qheat ≈ 121.1 W/m3).If we compare the 
thermal density found qemit ≈ 705.8 W/m2 with the results of other researchers, it is comparable to the specific 
installed heat power of infrared emitters 706 W/m2, intended for heating plants in greenhouses [22].The total 
heat power of the winter greenhouse combined heating system is Qtot ≈ 66.4 kW. 

3. Heat loss: through the greenhouse walling Qwall ≈ 14.7 kW; with the ventilation air going from the 

greenhouse into the environment, Qvent ≈ 49.8 kW (with the flow of dry air equal to Gair ≈ 2264 kg/h); into the 

soil Qsoil ≈ 1.82 kW. 

4. Heat loss from heat exchange by radiation between the greenhouse walling internal surface and the 
soil surface Qrad ≈ 0.46 kW (in this case twall > tsurf, ºC). 

5. Heat loss from convective heat transfer between the indoor air and the soil surface in the greenhouse 
Qconv1 ≈ 0.30 kW (provided that tin.air > tsurf, ºC); between the indoor air and the greenhouse walling internal 
surface is almost absent, i.e. Qconv2 ≈ 0. 

6. Heat loss caused by the moisture evaporation process from the soil surface in the greenhouse 
amounted to Qevap ≈ 27.9 kW. 

7. The required water flow rate for watering the soil Gwat ≈ 41.0 kg/h. 

Fig. 3 shows the dependence of the design heat power of the winter greenhouse combined heating 
system (Fig. 2) on the outside air temperature tout.air, ºС, during the heating period. 

 

Figure 3. Heating system capacity Q = Q(tout.air). 

As is clear from Fig. 3, the increase in the outside air temperature tout.air, ºС, leads to the decrease in 

the total heat power of the combined heating system Qtot, kW. This is due to the fact that the increase in 
temperature tout.air naturally results in heat loss reduction through the greenhouse walling Qwall, for air 
exchange Qvent and into the soil Qsoil. According to the greenhouse heat balance equation (1), the design heat 
power of the heating system should be reduced. 

The relationship between the design heat power of the winter greenhouse combined heating system 
and the walling thermal resistance Rt, m2∙K/W, is shown in Fig. 4. 
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Figure 4. Heating system capacity of Q = Q(Rt) type. 

The walling thermal resistance Rt, m2∙K/W, plays an important role in creating the required microclimate 
in the winter greenhouse. The use of ultra-thin translucent covering materials in the cold season, especially in 
the northern regions of the country with severe climate, is impractical. The greenhouse walling is one of the 
main problems in the cultivation facilities construction from the point of view of energy saving, as it should 
simultaneously effectively transmit sunlight (have a high light transmittance coefficient) and perform heat 
shielding functions. Even modern materials, such as cellular polycarbonate with closed cellular structure 
(honeycomb), have relatively low thermal insulation qualities (for example, at a significant thickness of the 
cellular polycarbonate sheet δwall = 32 mm the Rt value does not exceed 0.83 m2∙K/W). In accordance with 
Fig. 4, the increase in the thermal resistance Rt will naturally lead to a decrease in the design heat power of 
the heating system. It is worth noting that the total heat flux Qtot, kW, decreases less intensively at Rt > 0 
values, which are usually found in practical work. This is due to the fact that at the design temperature of the 
outside air tout.air = –32 ºС, the main part of the heat is used for ventilation in order to provide the necessary 
air exchange indoors. In addition, there is a gradual redistribution of the heat load for heating needs: in order 
to obtain the total heat power Qtot while reducing the radiant component Qemit, there is a natural increase in 
convective heat flux Qheat. 

The heat and mass balances of the soil, and therefore the greenhouse as a whole while heated are 
affected by the ability of the soil surface to absorb (or reflect) thermal energy. Fig. 5 shows the relationship 
between the heat power of the winter greenhouse combined heating system and the absorption coefficient of 
the soil surface A, %. 

 

Figure 5. Heating system capacity of Q = Q(A) type. 

The total heat power of the winter greenhouse combined heating system Qtot, kW, does not depend on 
the absorption capacity of the soil surface A, %. As it is known, heating is intended to compensate for heat 
losses into the environment in order to maintain a given microclimate indoors (Table 1). Heat fluxes Qwall, kW, 
Qvent and Qsoil do not depend on the absorption coefficient A and their values remain constant in this case. 
Then according to the equation (1), the design heat power Qtot must also be a constant value. In order to 
maintain the required temperature of the indoor air and soil, the heat power Qemit, according to the formula 
(6), should increase together with the absorption coefficient A rise. At the constant total heat power of the 
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heating system Qtot, the increase of radiant component Qemit will naturally lead to a decrease in the heat power 
of convective heating Qheat. 

4. Conclusions 
1. There has been developed a calculation method of the winter greenhouse combined heating system 

which includes both overhead infrared radiators for heating the soil surface, and convective heaters for heating 
the indoor air. 

2. When using radiant heating of the winter greenhouse, the following effects on the indoor thermal 
conditions have been factored in: the effect of infrared radiation repeated reflections and the walling self-
radiation. 

3. The equations set of heat and mass fluxes reflects the relation between evaporative processes on 
the soil surface and their influence on the indoor thermal processes. 

4. The calculation method has been tested using a modern industrial greenhouse “Fermer 7.5” taking 
into account the initial data for a given region of construction. 

5. It has been established that at low outdoor temperatures in case of indoor air ventilation heat 
consumption for heating needs is rather significant (≈ 66.4 kW). The heat load ratio of radiant heating to 
convective heating stands approximately at two to one. 

6. The obtained change patterns of the heat power of the winter greenhouse combined heating system 
depending on a number of key factors allow to estimate the feasibility of using this heating method for specified 
climatic conditions. In addition, based on the constructed patterns it is possible to create an engineering 
calculation method of the combined heating system, as the program calculation requires a certain amount of 
time and the appropriate skill level of a technician. This method may include a graph for finding the base value 
of the heating system capacity, as well as a number of auxiliary patterns to determine the adjusting coefficients 
that take into account various factors. 

7. Considering that the heat losses by ventilation turned out to be significant (75 % of the total heat 
losses), the authors of the work are planning to further research a possibility of preliminary heating the outside 
air up to the design temperature for the indoor air exchange needs. 
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