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Abstract. In this paper, the free vibration of axially-loaded, multi-cracked Timoshenko beams with differing
boundary conditions, namely, hinged-hinged, fixed-fixed, fixed-hinged, and fixed-free is studied. The cracked
beam system is represented as several beam segments connected by massless rotational springs with
sectional flexibility. Each segment is assumed to obey the Timoshenko beam theory. A simple transfer matrix
method is used to derive the characteristic equation of the axially-loaded, multi-cracked beam with differing
boundary conditions. The characteristic equation and corresponding mode shapes are a function of natural
frequency, crack size and location, and physical parameters of the beam. In this paper, the effects of crack
depth, number of cracks, position of cracks, axial load, shear deformation and rotary inertia on the dynamic
behavior of multi-cracked beams are studied in detail. It is found that there is good agreement between the
results obtained in this study and results available in the literature. Additionally, interesting observations
overlooked by other researchers are obtained.

1. Introduction
Many engineering structures suffer from mechanical vibrations, environmental effects, corrosion,
extended service and cyclic loading, etc. that create structural defects, including cracks. These cracks change
the dynamic properties of the structure, such as natural frequency and mode shape. A crack in a beam element
introduces local flexibility due to strain energy concentrations in the vicinity of the crack tip under load. This
flexibility changes the dynamic behavior of the structural member.
There has been much experimental and analytical research performed on the effects of cracking and
damage on the safety of structures [1–5]. In this paper, the local flexibility method is used, which considers
the cracked beam as several beam segments with the same properties connected by massless rotational
springs. Local flexibility is used by [6] to estimate the crack stress intensity factor. The authors of [7–9] used
Castigliano's theorem and fracture mechanics to compute the flexibility of the cracked region of a uniform
beam with a transverse surface crack, which is a function of the ratio of crack depth to the height of the crosssection. The function was obtained experimentally, according to the measurements provided by [10]. This
factor can also be obtained from [11]. Many researchers studied the free vibration of cracked Euler-Bernoulli
and Timoshenko beams, both analytically and experimentally, [12–19]. The free vibration of cracked
Timoshenko beams with various boundary conditions is studied by [20] using ultraspherical polynomials. The
authors of [21] analyzed the free vibration of Euler-Bernoulli and Timoshenko beams resting on Pasternak and
generalized elastic foundations. The free and forced vibration of cracked beams is investigated by [22–24].
Other researchers have studied the free vibration of cracked, functionally-graded Euler-Bernoulli and
Timoshenko beams [25–29]. A dynamic stiffness method is used by the authors of [30] to study the free and
forced vibration of multi-cracked, continuous, functionally-graded beams. An analytical solution of the forced
vibration of cracked Timoshenko beams with damping is obtained by [31]. The free vibration of
functionally-graded cracked Timoshenko beams is studied by [32–33]. A differential quadrature method is
used by [34] to study the free and forced vibration of multi-cracked Timoshenko beams carrying a moving
mass. A method is proposed by [35] which is based on the measurements of natural frequencies to detect a
single crack in functionally-graded Timoshenko beam. In this paper, the transfer matrix method (TMM) is used
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to study the free vibration of axially-loaded, cracked beams. This method was first introduced by [36], and
used by other researchers [37–41] to study the free vibration of cracked beams. Other researchers solved the
problem using the finite element method, [42–44].
According to the authors' knowledge, the effects of four cracks on the dynamic behavior of axially-loaded
Timoshenko beams have not been studied in detail in the existing literature. In this paper, the dynamic behavior
of a multi-cracked beam under axial loading including the shear deformation and rotary inertia and their
coupling effects with differing boundary conditions with an arbitrary number of transverse cracks is
investigated. The simple transfer matrix method is used to ascertain the natural frequencies and corresponding
mode shapes of the beam. Some results obtained in this paper are compared to those results available in
literature.

2. Methods
2.1. Theoretical model
Consider a multi-cracked beam with length l, cross-sectional area of width b and height h, and a number
of single-sided, open cracks located at points xc1, xc2 , …, xci with sizes ac,1, ac,2, …, ac,i, respectively, as
shown in Fig. 1.
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Figure 1. A multi-cracked, axially loaded beam with i edge open cracks,
restrained by linear and rotational springs at both ends.
The boundary conditions are represented with linear and rotational springs at both ends (K1, KR1, K2,
and KR2). Timoshenko (1921) proposed a beam theory which adds the effects of shear and rotation to the
governing equation of motion of an Euler- Bernoulli beam. The total slope
bending slope  ( x, t ) and the shear slope

 xy ( x, t)

y  x, t 
x
where

y ( x, t )
is a combination of the
x

[46], which can be written as:

   x, t   

xy

 x, t 

(1)

 ( x, t ) ,  xy ( x, t) ,and t are the bending slope, the shear slope, and the time parameter, respectively.

In [47], it was assumed that the component of axial load P on the cross section is acting on the plane
of the total slope. Accordingly, the shear force can be written as:

V  x, t   P

y  x, t 
x

 y  x, t 


  x, t  k '
 x


(2)

where V is the shear force (along the y-axis), A is the area of beam cross section, G is the shear modulus
and k' is the shear correction factor (assumed equal to 5/6 in this paper). The dynamic equilibrium equations
for the free-body diagram shown in Fig. 2.b becomes:
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And,

V  x, t 
x



 2 y  x, t 

(4)

t 2

where M is the bending moment (about the z-axis), ρ is the material density, and I is the moment of inertia.
Using Eqns. (3) and (4), one can obtain the governing equation for the transverse vibration of a uniform
Timoshenko beam subjected to constant axial force as:
4
4
 2 y  x, t 
 k GA  P   y  x, t 
2  k GA  P   y  x, t 
EI 

m

P

mr




x 2
 k GA  x 4
 k GA  x 2t 2
4
4
mEI  y  x, t  m 2 r 2  y  x, t 

0
k GA x 2t 2
k GA t 4

(5a)

In a similar manner, Eqn. (5a) can be written in terms of the deflection slope alone as:
4
4
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(5b)

where m is the mass per unit length, r is the radius of gyration; 𝐾 ′ A is the effective shear area of the cross
section.
It is clear that Eqn. (5a) reduces to Euler beam theory (EBT) when the shear deformation and rotary
inertia are equal to zero. Then Eqn. (5a) become:

EI

 4  y, t 
x 4

m

 2  y, t 
x 2

P

 2  y, t 
x 2

0

A simple transfer matrix method is used to get the general form of the characteristic equation for the
axially-loaded cracked beam, which is a function of frequency, axial load, the locations and sizes of the cracks,
boundary conditions, and the geometrical and physical parameters of the beam. It is assumed that a beam
with n segments is joined by massless, rotational springs, as shown in Fig. 2.

Figure 2. Beam elements joined by massless, rotational spring.
The free vibration solution for a Timoshenko beam (TBT) subjected to axial load can be found using the
method of separation of variables as:

where, Y(x),  ( x ) ,

y ( x, t )  Y ( x)eit

(6a)

 ( x, t )   ( x)eit

(6b)

 , i, and x are the normal function of y ( x, t ) , the normal function of  ( x, t ) , the circular

frequency, the imaginary number, and the spatial position on the x-axis, respectively.
Substituting Eqn. (6a) into Eqn. (5a) leads to:
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And, substituting Eqn. (6b) into Eqn. (5b) yields:
4
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The general-form solutions of Eqn. (7a) and (7b) are:

Y ( x)  A1 cos( x)  A2 sin( x)  A3 cosh(  x)  A4 sinh(  x)

(8a)

 ( x)  m1 A1 cos( x)  m1 A2 sin( x)  m2 A3 cosh( x)  m2 A4 sinh( x)

(8b)
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The slope  ( x) , bending moment M(x), and shear force V(x) can be obtained as:

 ( x) 

Y ( x)
 m1   A1 sin( x)  A2 cos( x)   m2   A3 sinh(  x)  A4 cosh(  x) 
x

M ( x)  n1   A1 cos( x)  A2 sin( x)  n2  A3 cosh( x)  A4 sinh(  x)

(9b)

V ( x)  b1  A1 sin( x)  A2 cos( x)  b2  A3 sinh( x)  A4 cosh( x)

(9c)

where n1  E Im1  , n2   E Im2  , b1  E Im1   m1 I  , b2   E Im2   m2  I  .
2

2

The  S ( x) matrix can be obtained from Eqn. (8a) and (9a-c) as:
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x
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x
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x
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2
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(10)

The compatibility requirements at the crack position, xc, which are the continuity of the deflection,
bending moment, shear force, and the discontinuity of slopes for segments i and i+1, can be written in matrix
form as:

 Yi 1 ( xc )  1
  ( x )  0
 i 1 c  


 M i 1 ( xc )  0
 Vi 1 ( xc )  0

0 0
1 Ci
0 1
0 0

0   Yi ( xc ) 
0   i ( xc ) 


0   M i ( xc ) 

1   Vi ( xc ) 

(11)

where Ci is the flexibility coefficient at the ith crack, and depend on the load case of the cracked element.

2.2. Local flexibility due to a crack
An open crack on an elastic structure can be considered a source of local flexibility due to the strain
energy concentration at the surrounding area of the crack tip. The idea of replacing a crack with a massless
spring is presented to establish the relation between the strain energy concentration and applied loads. The
flexibility coefficients are expressed in terms of stress intensity factors, utilizing Castigliano’s theorem.
Generalized loading conditions for abeam element of circular or rectangular cross section with a transverse
surface crack are shown in Fig. 3.

Figure 3. Model of the cracked element.
The crack has a tip line parallel to the z-axis and the bar is loaded by shear forces P2, P3, P8, and P9;
bending moments P4, P5, P11, and P12; axial forces P1 and P7; and torsional moments P4 and P10. According
to Castigliano’s theorem, the additional displacement caused by the crack is given as:

ui 


U
 

  JdA
Pi Pi  Ac


(12)

where U, Ac, and J are the strain energy due to the crack, the crack section, and strain energy density function,
respectively.
The strain energy density function can be expressed according to [14] for plane stress as: 1
2
2
2
 1  v 2   6
 6

6
 

J 
K Ii     K IIi   (1  v)   K IIIi  
 E   i
  i 1

 i 1
 

  1

(13)

where,  is Poisson's ratio and KIi, KIIi, KIIIi are the crack stress intensity factors for opening mode, shearing
mode, and tearing mode, respectively; I = 1,2,…,6.
Stress intensity factors can be calculated following [14] as:
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From Eqns. (12), (14) and (15), the flexibility coefficients can be calculated as:

C11  (1  2 )
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a
and k is a shape coefficient for a rectangular cross section.
h

In this study, the flexural vibration of the beam is the only significant load in the equations above.
Therefore, the contribution of the axial load component to the strain energy of the system is very small. Hence,
the only component in the flexibility matrix is C66 .

2.3. Transfer matrix method
Equation (11) can be written as:

Qi1( xi )  Ci Qi ( xi )

(17)

At the location of open edge crack, the two beam segments i and i+1 are connected by a massless,
rotational springs, as shown in Fig. 2. Equation (6a) and Eqn. (8a) and Eqns. (9a) to (9c) can be written in
matrix form for both segments i, and i+1, respectively, as:
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 A1,i 
 Yi ( x) 
A 
  ( x) 
 i

 2,i 

   S ( x)  

 M i ( x) 
 A3,i 

 A4,i 

 Vi ( x) 



 A1,i 1 
 Yi 1 ( x) 
A

  ( x) 
 i 1

 2,i 1 

   S ( x)  

 M i 1 ( x) 
 A3,i 1 

 A4,i 1 
 Vi 1 ( x) 




(18a)

(18b)

Equation (18a) can be rewritten for a segment, xi-1 < x < xi, as:

Qi ( x)   S ( x) Ai 

(19)

where,

 A1,i 
 Yi 1 ( xc ) 
A 
  (x ) 
 i 1 c 
,
and
Qi ( x)  
 Ai    A2,i 

 M i 1 ( xc ) 
 3,i 
 Vi 1 ( xc ) 
 A4,i 
The boundary conditions of the beam using equilibrium equations can be expressed as:

M (0)  K R1 (0)

(20a)

V (0)   K1Y (0)

(20b)

M (l )   K R 2 (l )

(20c)

V (l )  K2Y (l )

(20d)

In order to calculate the natural frequencies and corresponding mode shapes, the characteristic
equation can be derived as in [48].
The continuity conditions of the deflection, slope, moment, and shear at x = 0 and x  l leads to:

T11
T
21
where T   
T31

T41

T12 T13
T22 T23
T32 T33
T42 T43

 Yi 1 (l ) 
 Y1 (0) 
  (l ) 




 1 (0) 
i 1

T






 K R 2i 1 (l ) 
 K R11 (0) 
 K 2Yi 1 (l ) 
 K1Y1 (0) 

(21)

Yi 1 (l )   T11  K1T14 T12  K R1T13  Y1 (0) 




i 1 (l )  T 21  K1T24 T22  K R1T23  1 (0) 

(22a)

T14 
T24 
T34 

T44 

Rewriting equation (21) as:
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 K R 2i 1 (l )  T31  K1T34 T32  K R1T33  Y1 (0) 




 K2Yi 1 (l )  T 41  K1T44 T42  K R1T43  1 (0) 

(22b)

The characteristic equation can be obtained by substitution of Equation (22a) into Equation (22b).

F1F4  F2 F3  0

(23)

where,

F1   K R 2T21  K1K R 2T24  T31  K1T34
F2   K R 2T22  K R1K R 2T23  T32  K R1T33
F3  K2T11  K1K2T14  T41  K1T44

F4  K2T12  K2 K R1T13  T42  K R1T43
Characteristic Eqn. (23) can be derived for different boundary conditions as:
a. For fixed-free boundaries  K1  K R1    ,

T34T43  T33T44  0
b. For pinned-pinned boundaries  K1  K2    ,

T34T12  T32T14  0
c. For fixed-pinned boundaries,

 K1  K2  K R1    ,
T34T13  T33T14  0





d. For fixed-fixed boundaries, K1  K 2  K R1  K R   ,
2

T24T13  T23T14  0
e. For free-free boundaries,

T31T42  T32T41  0
2.4. The corresponding mode shapes

 Ai 

In order to obtain the mode shape of the axially-loaded, cracked Euler beam, the unknown constants
for each sub-segment of the cracked beam can be determined. At first, the unknown coefficients for the

first segment,  A1 , are determined. Then, the unknown coefficients for the other segments may be obtained,
using the following procedure.
1. At x = 0, Eqn. (19) can be written as:

 Y1 (0)   1
  (0)   0
 1
 


2
K

(0)
R
1
1

   EI
 K1Y1 (0)   0

Eqn. (24) can be rewritten as:
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(24)
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 A1,1 


1 0   A2,1 


0    A3,1 
A 
 4,1 

Y1 (0)  1 0


1 (0)  0 

 K11 (0)    EI


 K R1Y1 (0)   0

0

EI 

( EI - P )

0

2

3

(25a)

 A1,1 


0
 A2,1 


( EI  3  P )   A3,1 

 A4,1 


2

(25b)

Substituting Eqn. (25a) into Eqn. (25b) yields:

 Q11 Q12
Q
 21 Q22

Q13
Q23

 A1,1 


Q14   A2,1 

0
Q24   A3,1 

 A4,1 


(26)

where,

Q11  n1 , Q12  K R1m1 , Q13  n2 , Q14   K R1m2 ,
(27)

Q21   K1 Q22  b1 , Q23   K1 , Q24  b2
2. At x  l , substituting Eqns. (10), (20c), (20d), and (19) into Eqn. (21) yields:
2
Yi 1 (l )   T11  EI T13


i 1 (l )  T21  EIT23 2

(T12  T14 ( EI - P ))
3

3

(T22  T24 ( EI - P )) T21  EIT23  2
3

 K R 2i 1 (l )  T31  EI T33


 K 2Yi 1 (l )  T41  EIT43 2
2

T11  EIT13 

 A1,1 



(T12   T14 ( EI   P ))  A2,1  (28a)


(T22   T24 ( EI  3  P ))   A3,1 

 A4,1 


2

(T32  T34 ( EI - P )) T31  EIT33 
3

2

(T42  T44 ( EI 3 - P )) T41  EIT43  2

 A1,1 


(T32   T34 ( EI   P ))   A2,1  (28b)


(T42   T44 ( EI  3  P ))   A3,1 

 A4,1 

3

Substituting Eqn. (38a) into Eqn. (38b) leads to:

Q31 Q32 Q33
Q
 41 Q42 Q43
where,

 A1,1 


Q34   A2,1 

0
Q44   A3,1 

 A4,1 


(29)

Q31   K R 2 (T21  n1T23 )  T31  n1T33
Q32   K R 2 (m1T22  b1T24 )  (m1T32  b1T34 )

Q33   K R 2 (T21  n2T23 )  T31  n2T33

Q34   K R 2 (m2T22  b2T24 )  (m2T32  b2T34 )
Q41  K2 (T11  n1T13 )  T41  n1T43

Q42  K2 (m1T12  b1T14 )  (m1T42  b1T4 )
Q43  K2 (T11  n2T13 )  T41  n2T43

Q44  K2 (m2T12  b2T14 )  (m2T42  b2T44 )
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Combining Eqn. (26) and Eqn. (29) yields:

 Q11 Q12
Q
 21 Q22
Q31 Q32

Q41 Q42

Q13 Q14   A1,1 


Q23 Q24   A2,1 

0
Q33 Q34   A3,1 

Q43 Q44  
 A4,1 


(31)

The unknown coefficients of Eqn. (31) correspond to the mode shapes of the first crack position, i.e. at

x = xc1. For other crack locations, the unknown coefficients can be obtained using the coefficients of the
previous crack as:

 Ai    S ( xi1)1 Ci1  S ( xi1) Ai1

(32)

3. Results and Discussion
3.1. Validation of results
The present results obtained are compared with those found by [45]. Three different boundary
conditions are used, namely, hinged-hinged, fixed-hinged, and fixed-fixed. Also, two different values of P/Pcr

PE
P
1 E
k `GA
, where PE is the Euler buckling load. Values of l = 1 m, b = 0.1 m, h = 0.2 m, E = 200 GPa,   7850kg / m3 ,
and   0.3 are used as the geometrical and material properties of the intact beam.
Fig. 4 a-c show the first non-dimensional natural frequency ratio cr / in obtained in this study versus the
are used, which are 0.2 and -0.2. Pcr is the critical buckling load of the intact beam and it is equal to

non-dimensional crack location x/l for a beam with a/h = 0.1, a/h = 0.3, and a/h = 0.5, for hinged-hinged, fixedhinged, and fixed-fixed beams, respectively, compared with those obtained by [45]. As you can see, the
obtained results agree well with those reported by [45].

Figure 4. The first non-dimensional natural frequencies of a) hinged-hinged beam with single crack
with a/h = 0.1, b) fixed-fixed beam with single crack with a/h = 0.3, and c) fixed-hinged beam with
single crack with a/h = 0.5. The curves are obtained for P / Pcr values of -0.2, and 0.2
(from top to bottom).

3.2. Effects of One Crack and Axial Load on Natural Frequencies
In all subsequent sections, the geometrical and material properties of the intact beam are the same as
those used in validation section, unless otherwise noted. The first three non-dimensional natural frequencies
of a beam with a single crack versus crack location, for hinged-hinged, fixed-fixed, fixed-hinged, and fixed-free
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boundary conditions, respectively, are shown in Fig. 5, 6, 7, and 8. In all figures, figure a) represents P/Pcr = 0,
figure b) represents P/Pcr = -0.3, and figure c) represents P/Pcr = 0.3. Also, in all figures, eight values of
aspect ratio a/h are used, 0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, and 0.7. It is clear that the natural frequencies do not
change with differing values of aspect ratio (a/h) at the location of zero-crossing of the mode shape and at
critical points for a given frequency but do vary with differing boundary conditions. As an example, the zerocrossing points for hinged-hinged boundary conditions are located at 0.33l, and 0.66l for the third, nondimensional natural frequency. The critical points are located at 0.11l and 0.89l for fixed-fixed boundary
conditions and at 0.12l for fixed-hinged boundary conditions for the second, non-dimensional natural
frequency. An interesting observation overlooked by researchers is that the locations of critical points for the
first non-dimensional frequencies are shifted toward the center of the beam when the beam is axially loaded
in compression and toward the fixed supports of the beam when the beam is axially loaded in tension for fixedfixed and fixed-hinged boundaries. Those locations are at 0.23l, 0.77l, and at 0.21l, 0.79l, for compressionand tension-loaded beams, respectively, for fixed-fixed boundaries, and 0.27l and 0.25l for tension- and
compression-loaded beams, respectively, for fixed-hinged boundaries. As most researchers have found, the
beam's natural frequencies are independent of crack location. Also, the natural frequency decreases with
increasing aspect ratio. The first non-dimensional frequencies are most affected by the severity of cracks and
the magnitude of the axial force. For axially loaded beams, since the compressive force softens the beam and
tensile force stiffens the beam, the non-dimensional natural frequencies for all modes of the beam under
compressive force are smaller than those of the same beam under tensile load for all boundary conditions.
The first non-dimensional natural frequency shows a maximum 14 % and 20 % increase when the cracks are
located near the supports and 16 % and 29 % decrease when the cracks are located at mid-span of the beam
for P/Pcr = 0.3 and P/Pcr = -0.3, respectively, for an aspect ratio of 0.5, for an axially-loaded, hinged-hinged
beam. for axially-loaded fixed-fixed beams, the first non-dimensional natural frequency shows a maximum
12 % increase when the cracks are located near the supports and 15 % decrease when the cracks are located
at mid-span of the beam for P/Pcr = -0.3 and P/Pcr = 0.3 respectively, for aspect ratio of 0.1, and a maximum
15 % increase and 19 % decrease for P/Pcr = -0.3 and P/Pcr = 0.3 respectively, for an aspect ratio of 0.5. The
values of percent increase or decrease are increased as the value of aspect ratio increases. For axially-loaded,
fixed-hinged beam, the first non-dimensional natural frequency shows a maximum 13 % increase and 16 %
decrease for P/Pcr =-0.3 and P/Pcr = 0.3 respectively, for an aspect ratio of 0.1, and a maximum 16 % increase
and 20 % decrease for P/Pcr = -0.3 and P/Pcr = 0.3 respectively, for an aspect ratio of 0.6. Again, for axiallyloaded fixed-free beam, the first non-dimensional natural frequency shows a maximum 15 % decrease and
13% increase for P/Pcr =-0.3 and P/Pcr = 0.3 respectively, for an aspect ratio of 0.1. A maximum 24 %
decrease and 16% increase are obtained for P/Pcr = -0.3 and P/Pcr = 0.3 respectively, for an aspect ratio of
0.5. Another interesting point overlooked by researchers that for fixed-free beam, the first non-dimensional
natural frequencies is not affected by crack location, aspect ratio of the crack, or the magnitude of axial load
beyond 0.86l, 0.8l, and 0.92l of the beam for zero axial load, tensile load and compressive load, respectively
compressive load, respectively.
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Figure 5. The first three non-dimensional natural frequencies of a hinged-hinged beam with a single
crack for a) P/Pcr=0, b) P/Pcr=–0.3, and c) P/Pcr=0.3. The curves are obtained for a/h values of 0, 0.1,
0.2, 0.3, 0.4, 0.5, 0.6, and 0.7 (from top to bottom), and c) P/Pcr=0.3 with values of a/h= 0, 0.1, 0.2, 0.3,
0.4, and 0.5.
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Figure 6. Same as Fig. 5 but with fixed-fixed boundary
and values of a/h = 0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6 and 0.7 for c).
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Figure 7. Same as Fig. 5 but with fixed-hinged boundary
and values of a/h = 0, 0.1, 0.2, 0.3, 0.4, 0.5, and 0.6 for c).
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Figure 8. Same as Fig. 5 but with fixed-free boundary
and values of a/h = 0, 0.1, 0.2, 0.3, 0.4, and 0.5 for c).

3.3. Effects of multiple cracks and axial load on natural frequencies
Fig. 9 and 10 show the first three non-dimensional natural frequencies of a beam with four cracks versus
crack location, for hinged-hinged and fixed-free boundaries, respectively. For brevity, the fixed-fixed and fixedhinged results are not shown here. Five values of aspect ratio a/h are used in all figures (0, 0.1, 0.2, 0.3, and
0.4). Three cracks are fixed at locations of maximum variation of non-dimensional frequencies: 0.15l, 0.5l, and
0.85l, and at 0.01l, 0.6l, and 0.8l for hinged-hinged and fixed-free boundaries, respectively, while the fourth
crack moves along the beam. As seen, the presence of four cracks in the beam lowers the non-dimensional
natural frequencies, with or without axial load relative to the case of a single crack. A maximum 17 % and
15 % decrease of the first non-dimensional frequencies is observed for an aspect ratio of 0.4 when the fourth
crack is located closer to the supports and mid-span of the beam, for hinged-hinged boundary conditionscompare Fig. 5a) with Fig. 9a). For fixed-free beam, a maximum 14 % and 34 % decrease of the first nondimensional frequency is observed for an aspect ratio of 0.4 when the fourth crack is closer to the fixed and
free supports, respectively-compare Fig. 8 a) with Fig. 10 a). It can be concluded here that the strongest and
weakest beam in terms of fundamental natural frequencies is fixed-fixed and fixed-free beam, respectively.
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Figure 9. The first three non-dimensional natural frequencies of a hinged-hinged beam with four
cracks for a) P/Pcr=0, b) P/Pcr=–0.3, and c) P/Pcr=0.3. The curves are obtained for a/h values
of 0, 0.1, 0.2, 0.3, and 0.4 (from top to bottom).
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Figure 10. Same as Fig. 9 but with fixed-free boundary.

3.4. Effects of number of cracks on natural frequencies
and corresponding mode shapes.
Fig. 11 and 12 show the effect of number of cracks on the first three non-dimensional natural frequencies
of a beam for fixed-fixed, and fixed-hinged boundaries, respectively. Again, for brevity, the results of hingedhinged and fixed-free are not shown here. In all figures, a/h = 0.3 is used, figure a) represents P/Pcr = 0, figure
b) represents P/Pcr = -0.3, and figure c) represents P/Pcr = 0.3, the solid line represents a beam with one
moving crack, the dashed line represents a beam with two cracks: one crack at location 0.2l and one moving
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crack along the beam, and the dotted line represents a beam with three cracks, cracks located at 0.2l and 0.4l
and one moving crack along the beam. Increasing the number of cracks leads to a decrease in the nondimensional natural frequency for all loading cases. Fig. 13 and 14 show the effects of the number of cracks
on the first three mode shapes of a beam with hinged-hinged and fixed-free boundaries, respectively. The
results of fixed-fixed and fixed-hinged are not shown. Again, in all figures, a/h = 0.3 is used, figure
a) represents P/Pcr = 0, figure b) represents P/Pcr = -0.3, and figure c) represents P/Pcr = 0.3. It is clear that
the number of cracks slightly affects the mode shapes.

Figure 11. Effects of number of cracks on the first three non-dimensional natural frequencies of
fixed-fixed beam for a) P/Pcr=0, b) P/Pcr=–0.3, and c) P/Pcr=0.3.
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Figure 12. Same as Fig. 11 but with fixed-hinged boundary.
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Figure 13. Effects of number of cracks on the first three mode shapes of hinged-hinged beam for
a) P/Pcr=0, b) P/Pcr=–0.3, and c) P/Pcr=0.3. (Blue line represents one crack, green line represents
two cracks, and red line represents three cracks)

Figure 14. Same as Fig. 13 but with fixed-free boundary.

3.5. Effects of shear deformation and rotational inertia on natural frequencies
Fig. 15 and 16 show the effects of shear deformation and rotational inertia on the first three nondimensional natural frequencies for fixed-fixed and fixed-hinged boundary conditions, respectively. The results

i  ic  / E of the cracked beam and the
x-axis is the position of the crack. In all figures, figure a) represents P/Pcr = 0, figure b) represents
P/Pcr = -0.3, and figure c) represents P/Pcr = 0.3. Three values of slenderness ratio are used 5, 10, and 20.
of hinged-hinged and fixed-free are not shown. The y-axis is

The value of a/h used is 0.3. It can be seen that the non-dimensional natural frequencies decrease as the
value of slenderness increases. Also, it can be seen that the fundamental non-dimensional natural frequencies
obtained by EBT and TBT gradually coincide at L/h greater than 10. A remarkable difference is observed on
the fundamental non-dimensional natural frequencies obtained by EBT and TBT at L/h less than 10. At higher
modes, the effects of L/h become more noticeable for all boundary conditions. In all figures, the results of
L/h = 20 are not shown because the EBT and TBT results coincide with each other.

Al Rjoub, Y.S., Hamad, A.G.

Magazine of Civil Engineering, 100(8), 2020

Figure 15. The first three non-dimensional frequencies of fixed-fixed beam with a single crack
obtained by Euler– Bernoulli model with L/h = 5, Timoshenko model with L/h = 5, Euler–Bernoulli
model with L/h = 10, and Timoshenko model with L/h = 10 (represented by solid red, dashed red,
solid green, and dashed green lines, respectively); a) P/Pcr=0, b) P/Pcr=–0.3, and c) P/Pcr=0.3.
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Figure 16. Same as Fig. 15 but with fixed-hinged boundary.
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4. Conclusions
A simple transfer matrix method is used to study the vibrational behavior of axially-loaded, multi-cracked
Timoshenko beams with differing boundary conditions. The effects of slenderness ratio, axial load, aspect
ratio, a/h, boundary conditions, and number of cracks on the non-dimensional natural frequencies and the
corresponding mode shapes are investigated. The following conclusions can be drawn:
1. The tensile force stiffens the beam while the compressive force softens the beam.
2. For the first mode, the severity of the cracks and the magnitude of the axial load affect the nondimensional frequencies.
3. A decrease in the natural frequency is observed as the number of cracks increases, due to
increased flexibility of the beam.
4. For specific crack location, the natural frequency decreases as the aspect ratio, a/h, increases.
5. At the location of the zero-crossing of the mode shape, and at critical points along the beam,
the natural frequencies do not change with differing aspect ratios.
6. For the first non-dimensional frequencies, the compressive force shifts the locations of critical
points toward the center of the beam. The tensile force shifts them toward the supports for fixedfixed and fixed-hinged boundaries.
7. The first non-dimensional natural frequency is not affected by the crack location, aspect ratio of
the crack, or the value of axial load beyond a certain location of the fixed-free beam.
8. A remarkable difference of the non-dimensional natural frequencies obtained by the EulerBeam theory and Timoshenko beam theory is observed at values of L/h less than 20.
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