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Abstract. A review of modern algorithms and optimization programs is presented, based on which it is 
concluded that there is no application software in the field of optimal design of building structures. As part 
of solving this problem, the authors proposed numerical optimization algorithms based on conditionally 
extreme methods of mathematical programming. The problem of conditional minimization is reduced to a 
problem of an unconditional extreme using two modified Lagrange functions. The advantage of the 
proposed methodology is a wide range of convergence, the absence of requirements for convexity of 
functions on an admissible set of variation parameters, as well as high convergence, which can be achieved 
by adjusting the parameters of the objective and constraint functions. Verification of the developed 
methodology was carried out by solving a well-known example of ten-bar truss optimization. A comparison 
of the results obtained by other sources with the copyright ones confirmed the effectiveness of the 
presented algorithms. As an example, the problems of optimizing the cross-section of a steel beam have 
also been solved. Automation of the algorithms is performed in mathematical package MathCAD, which 
allows you to visually trace the sequence of commands, as well as obtain graphs that reflect the state of 
the task at each iteration. Thus, the authors obtained an original methodology for solving the optimization 
problem of flat bar structures, which can be extended to solve the problem of optimal design of general 
structures, where the optimality criterion is defined as material consumption, and the given structural 
requirements are presented as constraint functions. 

1. Introduction 
Most of these problems are formulated in the form of a nonlinear programming problem and were 

solved using gradient methods of the 1st or 2nd order or direct (zero order) methods of constrain and 
unconstrain minimization [1]. 

For the first time, the most general statement of the optimization problem was proposed by L. Schmitt 
[2], where he indicated the admissibility of the application of structural analysis using the finite element 
model and the nonlinear programming method in the presence of various forms of constraints. In 1979, a 
monograph was published by American scientists E. Haug (Edward J. Haug) and J. S. Arora (Jasbir S. 
Arora) [3]. This work gave a serious impetus to the development of the applied direction of optimization. It 
outlined general approaches to solving the problems of analysis and synthesis of mechanical systems. The 
70-80s of the last century also accounted for numerous software implementations of optimization 
algorithms. 

Note that the nonlinear programming methods embedded in these algorithms have a rigorous 
mathematical justification of the convergence conditions, but are rather laborious in solving large-
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dimensional problems when it is necessary to optimize, for example, the topology of plane and spatial 
objects, explore dynami processes, etc. 

Nevertheless, these algorithms still find application in applied optimization problems, as well as in 
their software implementations [4, 5]. Wherein, the problem of static and dynamic analysis of structural is 
performed using the finite element method algorithm, which over the past decades has been developed for 
tasks of a special kind [6, 7]. 

Since the 90s, a large number of studies have appeared in the field of optimization of engineering 
systems that use metaheuristics. Metaheuristic algorithms explore the search space using probabilistic 
transition rules [8-10]. Here, a possible solution is sought by random selection, combination and variation 
of the desired parameters with the implementation of mechanisms resembling biological evolution, or 
physical processes occurring in nature. Here are just some examples of heuristic algorithms: genetic 
algorithm (GA) [11], ant colony algorithm (ACO) [12], artificial bee colony algorithm (ABC) [13], particle 
swarm optimization (PSO) [14], firefly algorithm (FA) [15], raven search algorithm (CSA) [16], gray wolf 
algorithm (AGW) [17], bat algorithm (BA) [18], annealing simulation algorithm (SA) [19] and others [20–22]. 
In [23–28], practical problems of optimizing building structures using metaheuristic algorithms are 
presented. 

Most theoretical research in the field of numerical optimization of structures was accompanied by 
their software implementation. Among the leading software systems, including optimization modules, the 
“heavy” multipurpose universal software packages “MSC Nastran”, “ANSYS” and “ABAQUS” should be 
noted first of all. At the same time, in spite of many approaches, the problem of solving the problems of 
optimizing complex technical objects in an acceptable time and with a given degree of error still remains 
relevant. Over the past decade, a new direction has emerged related to the construction of optimization 
models based on the use of neural networks, where the search process is controlled by intelligent systems 
[29]. 

In the Russian design, the most fully automated calculations related to structural optimization are 
implemented in the field of aircraft manufacturing (just call the “IOSO NM” software package). A sufficient 
number of publications are devoted to the issues of optimizing building structures, which describe 
algorithms and software developments [30], however, these programs are of a research or narrow applied 
nature. In general, it should be noted that the optimization of construction projects is not yet widely used in 
real design. 

This is due to the fact that the designer, on the one hand, does not have to possess the intricacies 
of optimization algorithms, and at the same time, such calculations require concomitant “manual” control, 
which is expressed, for example, in setting some parameters that significantly affect the convergence in 
tracking local extremes, etc. Thus, the problem of constructing universal optimization algorithms with a wide 
area of convergence, and at the same time not requiring serious “tuning” to the task, is quite demanded, 
significantly determining the implementation of these algorithms in design practice. 

2. Methods 
In this paper, we propose an algorithm for the numerical optimization of flat rod systems. In its most 

general form, this problem can be formalized as a conditionally-extremal nonlinear programming problem 
(NLP) [31–34]. 

minimize                               ( ) ,f x    ,nxx E∈                                                                     (1) 

subject to:                        ( ) 0,jg x ≤     1,2... ,j m=                                                            (2) 

,L U
i i ix x x≤ ≤  1,2... ,i nx=                                                          (3) 

where f(x) and {x} are the objective function of variable parameters and the vector of these parameters 
on the interval {xL} – {xU}, and g(x) is the constraint functions in the form of equalities and inequalities. 

The problem of constrain minimization of the function of many variables (1-3) can be reduced to the 
problem of unconstrain minimization using the Lagrangian function FL 

( ) { } { } ,T
LF f x Y g= +                                                             (4) 
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where {Y} is the Lagrange multiplier vector. In this case, the solution of problem (1-3) coincides with the 
saddle point of the Lagrangian function, for the determination of which the condition of its stationarity of this 
function with respect to x and y is used: 

0,L

i

F
x

∂
=

∂
                                                                                     (5) 

0,L

j

F
y

∂
=

∂
     1,2,... .j m=  

These conditions were obtained for the convex optimization problem by Kuhn and Tucker, and can 
serve as a check of a reliable optimum. 

Since the problem is solved in the space of two vectors {X} and {Y}, the vector {X} is usually 
defined as a vector of direct variables, and the elements of the vector {Y} are called dual variables. 

One of the significant drawbacks of the Lagrangian function is that it is applicable to a limited class 
of convex, separable programming problems. To construct methods with a wider region of convergence 
and applicable for finding a local extremum in non-convex problems, it is necessary to introduce additional 
terms into the structure of the function, which lead to an optimum shift in the search iterations, thus 
modifying the standard Lagrangian function. Various versions of the methods of a modified Lagrangian 
function are described in [35–39]. 

The purpose of this article is to illustrate the effectiveness of the methods of a modified Lagrangian 
functions and algorithms based on them in solving problems of optimizing geometric parameters of flat bar 
structures by the criterion of the minimum of their volume when fulfilling the standard requirements for 
strength and rigidity. The stated goal involves solving the following tasks: 

• investigation of the properties of a modified Lagrangian functions; 
• development of numerical algorithms based on these functions; 
• solving problems using the proposed methods; 
• comparison of the efficiency of algorithms for the rate of convergence and error in the results. 

We introduce two modified Lagrangian function FP and FM 

{ } [ ][ ]{ } { } [ ] [ ]( ){ }0.5 0.5 ,T T
P f L fF k F g k g k Y I Zδ δ= + + − ∆                          (6) 

( )1 0.5 .
T

L L
M f L

F FF k F
x x

τ τ ∂ ∂   = − −    ∂ ∂   
                                                    (7) 

Here, [I] is identity matrix; [k] is diagonal matrix of penalty coefficient; kf is normalization factor 
introduced to increase computational stability; τ is convergence control constant; ∆Zj is constraint shear 
amount to an allowable area; [δ] is diagonal matrix of Boolean variables whose elements are determined 
from the condition: 

if 0,j jg + ∆Ζ >  then 1,jjδ =  otherwise 0.jjδ =  

Thus, the function FP can be interpreted as the sum consisting of the Lagrangian function and the 
penalty for violation of restrictions, shifted by an amount ∆Z to an allowable area. 

The function FM is the sum of the Lagrangian function and the penalty for not fulfilling the stationarity 
conditions at the point {X t}. If {X*}, {Y*} are solution of the problem (1-3), then the ratio is true: 

( ) ( ) ( )* * *1 1, , , .M L Pt t
f f

F X Y F X Y F X Y
k k

∗ ≤ ≤  

An equal sign in this expression is possible only with X = X*; Y = Y*, since at the same time penal 
additives turn into zero. 

Consider iterative algorithms using a modified Lagrangian functions, which at each iteration in turn 
include two main procedures: 
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• determination of the vector of direct variables {X t+1}; 
• definition of a vector of dual variables {Y t+1}. 

The iterative process terminated by the condition of convergence: 

{ } { } { }1 *, , 1,... ,t t t
x gjX X X g j mε ε+ − ≤ ≤ =                                         (8) 

or if the specified limit number of iterations is exceeded it_lim. 

In expression (8), { }g  is a vector of potentially active constraints of dimension m*; εx, εg are 
predetermined calculation error; t is iteration number. 

2.1. Direct method for solving the problem NLP 
Consider an iterative algorithm for solving problem (1-3), which operates only with a function  

FP (x, y) and reduces to finding the saddle point of this function from the condition 

( )max min , .m nx Py E x E F x y∈ ∈  

The most stable version of this algorithm is when direct variables are determined from the condition 
of minimizing the function FP 

{ } ( )
{ } { } { }

min ,

,

t t
P

L U

X Arg F X Y

X X X

∈

≤ ≤
                                                       (9) 

and the dual conditions from the equality of stationarity with respect to X are the Lagrangian functions FL 
(expression (4)) FP and functions (expression (6)), which after the corresponding transformations has the 
form: 

( )1 1max .
t
jjt t t

j j t
f

k
y y g x

k
+ +

 
 = +
 
 

 

This algorithm is investigated in [30]. In a comparative analysis with another algorithm, we designate 
it as “direct”, since the search for an extremum at iteration t here is carried out only by direct variables {X}. 

3. Results and Discussion 
Based on the foregoing, the authors propose a numerical algorithm to solve problems (1-3) using 

two modified Lagrangian functions – function (6) and function (7). 

3.1. Combined method for solving the problem NLP 
At each iteration of the algorithm, to find the vector {X t+1}, the function FP in X (6) is also minimized, 

and dual variables are determined directly through straight lines by maximizing the function FM. 

{ } ( )1 max ,

.

t t t
M

m

Y Arg F X Y

Y E

+ ∈

∈
                                                  (10) 

Expression (10) is more convenient to obtain explicitly. For this, we substitute the expression of the 
Lagrangian function FL in function FM (7). To maximize the function FM with respect to y, we perform 
differentiation with respect to this variable and equate the result to zero: 

( )[ ] ( ){ }

[ ] ( ) ( ) [ ] ( ) ( ) [ ]{ }
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Expand the brackets and simplify this expression: 

( )[ ] ( ){ }

[ ] ( ) ( ) [ ] ( ) ( ) [ ]{ }

1

0.

f
T T

k g x

g x f x g x g x
Y

x x x x

τ δ

τ δ τ δ δ

− −

∂ ∂ ∂ ∂       
− − =      ∂ ∂ ∂ ∂       

                      (11) 

Since the function FM is quadratic, expression (11) is reduced to a symmetric system of linear 
algebraic equations: 

[ ]{ } { } ,W Y P=                                                                  (12) 

where [W] is a matrix whose dimension is equal to the number of active constraints (m* × m*),  
{Ῡ} is vector of dual variables reduced to dimension m*. Each element of this matrix is determined by the 
product of vectors: 

.
T

ji
ij

gg
W

x x

 ∂ ∂   =    ∂ ∂      
                                                        (13) 

In expression (13) а dash sign indicates that derivatives are taken only by active restrictions. Matrix 

dimension 
g
x

 ∂
 ∂ 

 − nx×m*. 

The element i of the vector P is formed by the expression: 

( )1
.

T
i

i f i
g fP k g
x x

τ
τ

  −∂ ∂   = − +   ∂ ∂   
                                         (14) 

In (14) vectors ,ig f
x x

 ∂ ∂   
   ∂ ∂   

 have dimension nx, where nx is the number of variable parameters 

that belong to an admissible region (xi
L ≤ xi ≤ xi

U). 
A distinctive feature of the combined algorithm is that when solving a conditionally extremal problem 

on its basis, there is no requirement for accuracy in the search for direct variables, i.e. their calculation at 
the iteration may have an error, and reflect only a certain movement towards the optimum. 

A mixed form of these algorithms is possible when, at the first iteration, if a good initial approximation 
of the variables {X 0} is known and there are no recommendations for the assignment of dual variables, a 
combined approach is used, and at subsequent iterations, the dual variables are recalculated using the 
direct method. 

3.2. Algorithm for solving conditional-extreme problems for NLP  
using the combined method 

The sequence of operations of the above algorithms differs only in the calculation of dual variables. 

Since in the combined method this procedure is much more complicated, we present here a flowchart 
of the algorithm of the combined method (Fig. 1). 
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Figure 1. The flowchart of the algorithm for solving the conditional problem NLP. 

3.3. Illustration of the proposed algorithm 
Let us illustrate the operation of the algorithm by the example of the problem of optimal design of flat 

web steel I-beam, working on bending (Fig. 2). 

 
Figure 2. Calculation scheme of beam. 

Initial data: L = 9 m; q = 0.08 MN/m. 
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Physical characteristics of the beam material: the modulus of elasticity E = 2.06⋅105 MPa; the stress 
restrictions Ru = 230 MPa; Rs  = 133 MPa. 

Problem statement 
It is required to select the parameters of the beam section at a given interval by minimizing its volume, 

provided that the regulatory requirements for strength and rigidity are met. 

3 parameters of the cross section of the composite I-beam vary (Table 1). 

Table 1. Variable parameters. 
Parameter number Designation Description 

X1 h Web depth 

X2 B Flange width 

X3 tf; tw Flange and Web thickness 

 

The initial value of the varied parameters and the limits of their change: 

X1 = h = 0.50 m [0.20÷1.20 m]; X2 = B = 0.1 m [0.07÷0.60 m]; X3 = tf = tw = 0.03 m [0.0008÷0.08 m]. 

The objective function f (x) represents the volume of the beam: 

( ) ( )1 3 2 32 .f x X X X X L= +  

The restrictions used in the task are checks for strength and stability, and are set in accordance with 
the sections of Russian Construction Rules SP 16.13330.2001 "Steel structures". All restrictions reduced 
to dimensionless form are listed below. 

The condition that ensures the local stability of the wall, in accordance with paragraph 8.5.1. the 
above Russian Construction Rules SP: 

1
f

1 0,
3.5

uRhg
t E

= − ≤  

where Ru is the calculated resistance by yield strength. 

The check on the strength by normal stress: 

2
,min

1 0,
n u

Mg
W R

= − ≤  

where M and Wn,min are the calculated value of bending moment and the minimum moment of resistance. 

The check on the strength by shear stress: 

3
f

1 0,
s

QSg
Jt R

= − ≤  

where Q and Rs are the calculated value of shear force and the calculated resistance by shear, J is moment 
of inertia and S is the static moment of inertia. 

The check by rigidity: 

[ ]
max

4 1 0,g ∆
= − ≤

∆
 

where ∆max and [∆] are the maximum value of displacement in the beam and the maximum permissible 
value of displacement ([∆] = L/500 = 0.018 m). 

Thus, the number of variables is nx = 3, and the number of constraints is m = 4. 

The parameters of the optimization algorithm in the direct method were adopted as follows: 

• minimum value of coefficient penalty   (kmin)                             -   80; 
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• maximum value of shear   (∆Zmax)                                             -   0.2; 
• normalization coefficient of the objective function   (kf)              -   3·106; 
• normalization coefficient of constraint functions   (kg)                -   50. 

Since the beam is statically determinable, the calculated forces do not change during the variation 
of the dimensions of the cross section. 

For numerical solution, 2 iterative algorithms of modified Lagrangian function were applied – direct 
and combined. 

Here is the sequence of operations of the direct method with the notation used in the MathCAD 
program: 

1. Input of initial data: 

1.1. Assignment of deterministic geometric (L) and physical (E, Ru, Rs) parameters of the problem, 
the value of the intensity of the uniformly distributed load q, as well as the limiting value of the displacement 
Δlim. 

1.2. The purpose of the optimization algorithm parameters: the number of components of the 
constraint vector m; normalization coefficients of the objective function and the constraint vector kf, kg; the 
minimum value of the penalty coefficient kmin and the maximum value of the shift value outside the 
permissible range ∆Zmax. 

1.3. Assignment of initial parameters of variation (vector X) and range of variation (vectors Xmin and 
Xmax). 

1.4. The appointment of the initial values of the components of the vector of dual variables  
yi (i = 1…m). 

2. Formalization of the objective function f(X) and the vector of the constraint function g(X) 
through variable parameters: 

2.1. Formation of the objective function f(X) through variable parameters. 

2.2. Writing a subroutine for calculating the moment of inertia of the I-section J(X). 
2.3. Writing a subroutine for calculating the static moment of the I-section S(X). 
2.4. Formation of expressions of constraints g1–g4 by substituting in them the calculated values of 

the bending moment and shear force, which are expressed through variable parameters. 

2.5. Formation of the constraint vector g(X), where its components g1–g4 are multiplied by the 
normalization factor kg. 

3. Organization of a cycle where iterations of the search optimization algorithm are 
performed: 

3.1. Assigning an it iteration counter. 

3.2. Formation of a diagonal matrix of penalty coefficients by assigning its diagonal elements  
ki,i (i = 1…m). 

3.3. Formation of the elements of the shift vector of the admissible region of restrictions  
∆Zi (I = 1..m). 

3.4. Formation of a diagonal matrix is a matrix of Boolean variables by assigning its elements δi,i. 

3.5. Formation of the Lagrange function FL(X), as well as the modified Lagrange function Fp(X). 
3.6. Formation of the block for finding the minimum of the function Fp(X) by X on the interval Xmin 

and Xmax, where 2 search methods of unconstrained minimization are included: Conjugate Gradient method 
and Quasi-Newton method. When testing each of these, a practical coincidence of results was obtained. 

3.7. Formation of the vector of values of the objective function at iterations F. 

3.8. Identifying the maximum value in the vector of constraints on iterations it and entering it into the 
vector G. 
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3.9. Finding the ordinal number of the maximum element in the vector of constraints on iterations it 
and entering it into the vector kk. 

3.10. Calculation of the elements of the vector of dual variables yi (i = 1...m). 
4. Output of results: 
4.1. Numerical values of the vectors of change in the target and maximum values of the restrictive 

functions at iterations. 

4.2. The values of the optimal parameters of the section of the beam X. 

4.3. Values of residual constraints without taking into account the coefficient kg. 
4.4. Graphs of changes in the target and maximum values of the restrictive functions at iterations. 

4.5. Rounding of the beam section parameters to the required bit depth. 

The solution was carried out in universal mathematical package MathCAD. MathCAD program 
listings are shown in Fig. 3–13. 

The results of comparative calculations for the two methods are given in Table 2. 

 
Figure 3. Implementing of numerical methods in mathematical package MathCAD:  

initial data of the task. 

 
Figure 4. Subroutines used in the algorithm. 



Magazine of Civil Engineering, 109(1), 2022 

Dmitrieva, T.L., Ulambayar, Kh. 

 
Figure 5. Begin of optimization cycle. 

 
Figure 6. Optimization results. 

 
Figure 7. Optimal solutions with considering rounding. 
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Figure 8. Graphs of changes in the objective function and maximum residuals  

of constraints at iterations. 
The combined method algorithm differs in the following paragraphs: 

P.1.2, where the parameters of the optimization algorithm are assigned, the assignment of the 
parameter τ is added, which is included in expression (14). 

P.3.10, where the vector of dual variables {Y} is formed, includes the solution of the system of 
equations (12). For this, the matrix [W] and the vector {P} are formed in the optimization cycle. This 
requires writing subroutines: dr_ f (formation of the vector of derivatives of the objective function with 
respect to the varied parameters X) and dr_ g (the formation of a matrix of derivatives of the functions of 
constraints with respect to the varied parameters X). In these subroutines, the input parameter ∆ specifies 
the step of the offset from the current point in the numerical determination of derivatives. 

 
Figure 9. Subroutines used in the algorithm. 
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Figure 10. Begin of optimization cycle. 

 
Figure 11. Optimization results. 

 
Figure 12. Optimal solutions with considering rounding. 
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Figure 13. Graphs of changes in the objective function and maximum residuals  

of constraints at iterations. 
Table 2. Comparative results of calculations. 

№ Name Numerical methods 
Direct method Combined method 

1 Iteration number 11 5 
2 Value of the objective 

function, m3 
f (x) = 0.122791 f (x) = 0.123432 

3 Discrepancies in active 
constraints 

g1 = 0.431828·10-6 

g2 = –0.627293·10-4 

g4 = 0.136121·10-5 

g1 = –0.499989·10-3 

g2 = –0.499989·10-3 
 

4 X1, m 1.02705  1.03812 

5 X2, m 0.18175 0.1725 

6 X3, m 9.8051·10-3 9.91578·10-3 
 

The combined method showed better convergence with lower accuracy in constraint residuals, which 
does not change on subsequent iterations. It should be noted that the value of the objective function here 
is 0.6% higher than in the direct method. 

The conditions for achieving the optimal solution at iterations, according to expression (8), were as 
follows: 

а) equality of variable parameters at 2 adjacent iterations; 

b) not exceeding the limits of the allowable area, taking into account the accepted errors for the 
constraint functions. 

Thus, the accuracy of the solution was consistent with the accuracy in the calculation of potentially 
active constraints. The resulting solutions can be rounded to the required bit depth, which is reflected in the 
program listings. 

4.1 Testing the proposed algorithm 
The ten-bar truss optimization design problem is presented as verification of the proposed 

methodology. Let us consider a variant of this problem, set forth in the monograph [3] and article [40]. The 
geometry and loading conditions of ten-bar truss are shown in Fig. 14. 
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Figure 14. The geometry and applied loads for a ten-bar truss. 

Initial data: d = 9.144 m (360 in); F = 444.822 kN (100 kips). All the members were constructed from 
a material with the modulus of elastic E = 6.89476·107 kPa (104 ksi); the stress restrictions are  
Ru = ± 1.72369·105 kPa (±25.0 ksi). The displacements for all nodes in all directions had to be less than 
[∆] = ±0.0508 m (±2.00 in). 

Problem statement. It is required to select the cross-sectional area of the truss at a given interval 
by minimizing its volume, provided that regulatory requirements for strength and stiffness are met. 

The range of the available cross-sectional areas for each member in the truss vary between 
Amin = 6.4516·10 -5 m2 (0.1 in2) and Amax = 0.02258 m2 (35 in2). Initial areas values A0 = 3.2258·10-3 m2 (5 
in2). 

The objective function f (x) represents the weight of the truss. 

The constraints are as follows: 

The check on the strength in i element of the truss: 

1 0, 1,2...10.i
i

u i

N
g i

R A
= − ≤ =  

In the test examples given in various sources, the calculation is performed without taking into account 
the buckling loss of compressed rods. 

The constraint on vertical movement at joint 2: 

[ ]
2

ll 1 0.g ∆
= − ≤

∆
 

Thus, the number of variables is nx = 10 and the number of constraints is m = 11. 

Were applied 2 iterative algorithms of modified Lagrangian function – direct and combined. 

A feature of the implementation of the algorithms as applied to this problem was as follows: 

1. Given that the truss is statically indeterminate, the analysis task was performed using the 
algorithm of the finite element method in displacements (FEA subroutine). 

2. The functions of constraints on strength and stiffness contain state parameters (stress and 
displacement). Thus, the task of FE analysis, taking into account the changes in areas in the elements 
of the truss in this task, was recounted at each iteration. 

Here is the sequence of operations of the direct method with the notation used in the MathCAD 
program: 

1. Input of initial data: 

11.1. Assignment of deterministic geometric (d) and physical (E, Ru) parameters of the problem, as 
well as the limiting value of displacements of nodes Δ_lim. 

11.2. Assignment of truss geometry: 
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• setting the constants: ne (the number of members), np (the number of nodes), nop (the number of 
support reactions); 

• setting vectors xp, yp (coordinates of nodes along the x and y axes); 

• setting an array ni, which lists the connections of jointes for each members; 

• specifying the vector iop, which lists the ordinal numbers of zero degrees of freedom connected by 
supports. 

11.3. The purpose of the optimization algorithm parameters: the number of components of the 
constraint vector m; normalization coefficients of the objective function and the constraint vector kf, kg; the 
minimum value of the penalty coefficient kmin and the maximum value of the shift value outside the 
permissible range ∆Zmax. 

1.8. Assignment of initial parameters of variation (vector X) and range of variation (vectors Xmin and 
Xmax). 

1.9. The appointment of the initial values of the components of the vector of dual variables  
yi (i = 1…m). 

2. Formalization of the objective function f(X) and the vector of the constraint function g(X) 
through variable parameters: 

2.1. Writing the FEA (X) subroutine that implements a finite element calculation of the truss. The 
output parameters of this subroutine are contained in an array, which includes three vectors – Z (nodal 
displacements), Nabs (values of the internal forces in absolute value), L (lengths of elements).  

Thus, the indices 1, 2, 3 that occur when calling this subroutine indicate which of these three arrays 
is being evaluated. Nodal displacements and internal forces are functions of variable parameters X (areas 
of sections of elements), therefore, they are defined as Z(X) and Nabs(X). The length of the elements L 
does not change in the course of optimization, therefore, it is calculated once. 

2.6. Formation of the objective function f(X) through variable parameters. 

2.7. Formation of the constraint vector g1 (X), which contains 10 strength checks for each truss 
element, multiplied by the normalization factor kg. 

2.8. Formation of the stiffness constraint g2 (X), which contains a check for the vertical displacement 
of the truss node 2 (this displacement has index 4 in the general vector of nodal displacements Z). The 
constraint is also multiplied by the normalization factor kg. 

2.9. Formation of the complete constraint vector g (X) by connecting the vectors g1 (X) and g2 (X). 
This vector has 11 elements, where 10 corresponds to strength constraints and 11 corresponds to 

stiffness constraints. 

3. Organization of a cycle where iterations of the search optimization algorithm are 
performed: 

3.1. Assigning an it iteration counter. 

3.2. Formation of a diagonal matrix of penalty coefficients by assigning its diagonal elements  
ki, i (i = 1…m). 

3.3. Formation of the elements of the shift vector of the admissible region of restrictions  
∆Zi (I = 1..m). 

3.4. Formation of a diagonal matrix is a matrix of Boolean variables by assigning its elements δi,i. 

3.5. Formation of the Lagrange function FL (X), as well as the modified Lagrange function Fp(X). 
3.6. Formation of the block for finding the minimum of the function Fp(X) by X on the interval Xmin 

and Xmax; The main difference in solving this problem is that each time the constraint function is accessed, 
the internal forces and displacements in the elements are recalculated, since function call g (X) assumes 
calling in subroutine FEA (X). 
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3.7. Formation of the vector of values of the objective function at iterations F. 

3.8. Identifying the maximum value in the vector of constraints on iterations it and entering it into the 
vector Gi. 

3.9. Finding the ordinal number of the maximum element in the vector of constraints on iterations it 
and entering it into the vector kk. 

3.10. Calculation of the elements of the vector of dual variables yi (i = 1...m). 
4. Output of results: 
4.1. Numerical values of the vectors of change in the target and maximum values of the restrictive 

functions at iterations. 

4.6. Values of optimal areas of the truss elements (vector X). 

4.7. Values of residual constraints without taking into account the coefficient kg. 
4.8. Graphs of changes in the target and maximum values of the restrictive functions at iterations. 

The results of the calculations are shown in Fig. 15-20. A comparison of solutions from sources [3, 
40] with solutions obtained by authors is given in Table 3. 

 
Figure 15. Implementing of numerical methods in mathematical package MathCAD:  

initial data of the task. 
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Figure 16. Subroutine FEA. 

 
Figure 17. Optimization results. 
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Figure 18. Graphs of changes in the objective function and maximum residuals  

of constraints at iterations. 

 
Figure 19. Optimization results. 

 
Figure 20. Graphs of changes in the objective function and maximum residuals  

of constraints at iterations. 
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Table 3. Comparative results of calculations. 

№ Name 
Numerical methods 

Edward 
J. Haug [3] 

B. Farchi 
[40] 

Direct 
method 

Combined 
method 

1 Iteration number 15 –  6 5 

2 
Value of the objective 

function, f (x), m3 0.8294574 0.8294187  0.82312 0.83641 

3 Discrepancies in active 
constraints, g5; g11 

–0.322×10–4; 
–0.425×10–4 

–0.9067×10–4; 
–0.4315×10–4 

 
 

–0.1215×10–5; 
0.6522×10–6 

 
 

–0.4999×10–6; 
–0.2×10–6 

4 X1 (A1), m2 0.19374·10–1 0.19691·10–1  0.19435·10–1 0.2044·10–1 

5 X2 (A2), m 2 0.64516·10–4 0.64516·10–4  0.64516·10–4 0.69724·10–4 

6 X3 (A3), m 2 0.15015·10–1 0.14970·10–1  0.14795·10–1 0.13870·10–1 

7 X4 (A4), m 2 0.98619·10–2 0.98212·10–2  0.99318·10–2 0.87102·10–2 

8 X5 (A5), m 2 0.64516·10–4 0.64516·10–4  0.64516·10–4 0.21881·10–3 

9 X6 (A6), m 2 0.35903·10–3 0.35612·10–3  0.64516·10–4 0.68764·10–4 

10 X7 (A7), m 2 0.13676·10–1 0.13570·10–1  0.13387·10–1 0.13730·10–1 

11 X8 (A8), m 2 0.48182·10–2 0.48174·10–2  0.47899·10–2 0.44921·10–2 

12 X9 (A9), m 2 0.64516·10–4 0.64516·10–4  0.64516·10–4 0.7439410–4 

13 X10 (A10), m 2 0.13947·10–1 0.13890·10–1  0.14046·10–1 0.15710·10–1 
 

The solution of the problem by the direct and combined method gave close results in terms of the 
number of iterations, the accuracy of the results and the nature of convergence, although in the combined 
method an overestimated value of the objective function was obtained by 0.8 %. Solutions close to optimal, 
were obtained already at the 3rd iteration with refinement at subsequent iterations to the required degree of 
accuracy. When comparing with the results obtained in two other sources, it should also be noted that the 
values in the areas are close with greater accuracy in the residuals of constraints (by 3-4 orders of 
magnitude). 

In general, the results shown in the table show the high efficiency of the proposed algorithms, which 
give the best performance in almost all parameters compared with the results given in [3, 40]. 

The main difficulties in implementing the above examples were related to their adjustment to the 
task, which was carried out by setting optimization parameters, such as normalization coefficients of the 
target and restrictive functions, and the penalty coefficient. Guided by the experience of solving examples, 
we can relate the influence of these parameters on the convergence of the algorithm with the structure of 
the modified Lagrange function FP. In the allowable region, this function coincides with the target, and 
outside the allowable values, the parameters kg and kmin affect its curvature. It is revealed that the algorithm 
gives the most stable convergence if the values of the objective function are in the same order as the 
penalty additives. 

4. Conclusions 
In conclusion, we give the following conclusions: 

1. The solution of practical examples of optimization of flat rod systems showed the effectiveness of 
the presented algorithms for searching for a constrain extremum. It was revealed that the solutions obtained 
using 2 algorithms of a modified Lagrangian functions in the first example gave a complete match, and in 
the second some discrepancy, which hindicates the presence in the tasks of this class of several extremes. 

2. Some difficulties associated with tuning algorithms to stable convergence are noted. If the 
objective function has a low order (volume in m3), and the constraints are normalized to unity, then it is 
necessary to increase the values of the objective function and penalty additions in the FP function to a close 
order. 

For this, the corresponding penalty and normalizing coefficients are introduced. 

3. It is shown that the combined method for solving a conditionally extremal problem, although it has 
some complications in the definition of dual variables, can give better convergence. In addition, the 



Magazine of Civil Engineering, 109(1), 2022 

Dmitrieva, T.L., Ulambayar, Kh. 

problems of searching for direct and dual variables in this algorithm are not interconnected. This is important 
when solving optimization problems of mechanics that have a complex formulation (for example, nonlinear 
problems, dynamics problems, etc.), when the problem of a conditional extremum in direct variables often 
becomes incompatible (especially in the initial iterations). 

4. The study of the test problem of optimizing the ten-bar truss confirmed the efficiency of the 
developed algorithm. The results were obtained, giving the best indicators for the speed of convergence 
and accuracy compared with known solutions. 

5. The optimization algorithm is presented in mathematical package MathCAD, which allows open 
access to its teams, confirms its adequacy and allows you to implement this algorithm to solve similar 
problems in design, scientific or educational activities. 

6. In the software implementation of the practical problems of optimizing complex systems with a 
large number of variation parameters, it is more expedient to search for the unconditioned extremum using 
zero-order methods, such as the deformable polyhedron method, or based on metaheuristic algorithms. 

7. Further research in the direction of optimization of planar and spatial rod systems can be effectively 
implemented by constructing optimization models based on neural networks. 
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