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Abstract. The article is devoted to the design substantiation of a new type of drainage structures based on 
fibrous materials for ground dams. To assess the effectiveness of the application, two-dimensional 
modeling of hydraulic processes using the software environment Plaxis 2D AE 2013 finite-element method 
of a ground dam was carried out. Experimental research has become the basis study the effect of the rock 
mass on the filtration flow of water passing through the drainage from fibrous polymeric materials. Method 
of valuation suggested in article of the height of the layer and the slope of drainage from fibrous materials 
take into account the experimental data obtained for ground dams. 

1. Introduction 
Embankments and dams from local natural materials made from local natural materials serve as 

water reserve generators, settling basins for gravitational clarification of process water and liquid waste 
storage. Most often, such structures (up to 10 m in height) are arranged at mining enterprises that carry out 
gold surface mining from placer deposits. [1]. The construction of embankments and dams in taiga 
conditions is made from local natural materials: rocks and semi-rocks, sedimentary materials, and loose 
rocks(gravel, sand, clay) [2]. As a rule, embankment and dam arrays have a mixed composition of these 
materials with the highest percentage of loose rocks that differ in compressibility. Sandy rocks are 
characterized by low compressibility and high-speed settlement, while clay rocks have high compressibility 
and slow settlement. 

Embankments and dams are constantly in contact with water, which affects their stability; there are 
examples of emergency cases at rock embankments [3, 4]. The main reasons of these accidents and 
damage to structures are the following: water overflow through the crest of soil dams; concentrated filtration 
through the dam body or foundation; deformation and embankment of slopes; seismic and wave effects [5–
10]. To reduce the deformation of the structure rock mass, filtration control devices in the body of the 
structure made of natural and artificial materials are used to minimize emergency cases due to violations 
of the filtration regime of the body and the foundation of the soil dam. Modern domestic industry offers a 
number of new polymeric materials with unique properties, the use of which allows you to create reliable 
and filtering efficient control-based devices [11, 12]. 

There are quite extensive scientific studies in the field of reinforcing various soil structures with 
fibrous polymer materials, a detailed description, and the scope of their application is presented in the works 
E.V. Sherbinoj, V.G. Ofrihtera, A.B. Ponomareva [13–16]. However, very few publications have been 
devoted to the issues of the arrangement of drainage structures based on fibrous polymeric materials in 
ground hydraulic structures. 

https://creativecommons.org/licenses/by-nc/4.0/
http://creativecommons.org/licenses/by/4.0/
https://orcid.org/0000-0001-9910-4587
https://orcid.org/0000-0002-6448-0141


Magazine of Civil Engineering, 110(2), 2022 

Nizhegorodtcev, E.I., Gerasimov, V.M., Svalova, K.V. 

Using fiber polymeric materials in order to control the filtration of water in a rock mass is a rather 
strategic pathway, which allows achieving significant results at minimum cost. Nevertheless, we haven’t 
done yet any industrial tests of reservoir drains based on fiber materials in soil dams [17]. 

In order to assess the effectiveness of using fiber polymeric materials in controlling the water filtration 
in the body of the soil embankment, the filtration processes (finite element technique) that took place in the 
body of the structure were simulated using the Plaxis 2D AE 2013 program. The result of modeling the 
structure filtration fields with fiber polymer drain materials and without it, graphically presented in Fig. 1. It 
was found that the point of the maximum value of the field of water filtration in the absence of fiber material 
is located on the downstream surface, with the risk of erosion and suffusion slope. On the other hand, the 
maximum value of the filtration field for the case with a device made of fiber materials is in the body of the 
dam (the point of water entry into the material); water is filtered through the material, which excludes risk 
of erosion. 

This survey was to investigate the effect of layer drainage from fibrous materials on the filtration 
process of ground dams, to analyze the effect of changes in the pressure of rocks of the structure on the 
filtration flow rate of water passing through the drainage. 

The following tasks were set and then solved in order to achieve this goal:  

1. To elaborate a numerical model of an embankment dam with layer drainage from fibrous materials 
based on the Plaxis 2D AE 2013 finite-element software package. 

2. To elaborate experimental unit to investigate the effect of changes in the pressure of rocks of the 
structure on the filtration flow rate of water passing through the drainage 

3. To elaborate methods for calculating the layer height and slope of the drain from fiber materials. 

2. Methods 

    
a       b 

Figure 1. Water filtration field in the rock mass of the structure:  
a – fiber material devices, b – without using fiber material devices. 

Based on the modeling results, it was found that filtration control devices based on fiber polymeric 
materials can reduce the possibility of emergency situations due to erosion and suffusion of the lower slope; 
it was also established that the main parameters of these filtration control devices are: bias towards the 
downstream and the layer height of fiber materials [18–20]. 

Horizontal drains based on fiber materials are characterized by the main parameters that determine 
their effectiveness: filtration water flow, position of the drawdown curve, layer height and bias of the fiber 
material towards the downstream. 

The drain should be located in the lower part of the soil embankment with a slope towards the 
downstream, which ensures water removal (Fig. 2). Drain undergoes pressure from an overlying rock mass. 
The fiber polymer material is a porous medium, depending on the density of 70...130 kg/m3, the average 
pore diameter is 13...82.4 microns. Previous research has established that the fiber material has a decrease 
in pore diameters of 3.67–4.57 times when compressed to 80 %. A drop in pore diameter leads to a 
decrease in the filtration water flow rate passing through the material; therefore, it affects the efficiency of 
the formation device made of fiber polymeric materials [21–23]. 

Changing the filtration water flow rate by drain ( )Kf  affects the main parameters: layer height ( )Dh  

and slope towards the drain system ( )Di  [20]. 
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Figure 2. Location of the filtering control device in the body of the embankment. 

 
Figure 3. Calculation of the layer height of the reservoir device. 

The filtration process follows the law of A. Darcy for liquids and gases in a porous medium. 
Previously, there was a formula proposed for determining the layer height of the reservoir device (Fig. 3) 
made of fiber materials [25, 26]: 

( )1
.D D

D
B

q Lh
Ff h H

⋅
=

+
                                                              (1) 

A filtering control device for fiber material is located at a certain angle in the body of the soil 
embankment. To calculate the slope angle, a formula was proposed based on the use of V.S. Kozlov [21], 
in relation to devices made of fiber polymeric materials: 

2
1

1

2
,

f
D

D
D

f

F H
q

Li
F Н

⋅
⋅ −

=
⋅                                                           (2) 

where Dq is filtration flow rate of the device, m2/s; DL  is width of the reservoir device, m; fF  is material 

filtration coefficient, m/s; Bh  is pressure at front of the device, determined by the lines of equal pressure, 

m; 1H  is height of the drain towards the water level in the downstream, m 

Formulas 1 and 2 include the width of the device and the filtration coefficient of the fiber material, but 
do not consider the change in the filtration water flow rate under the influence of external rock pressure. 

An experiment was conducted in order to assess the change in the filtration water flow rate with a 
change in the pressure of the rock mass [23–26]. During the experimental studies, we selected Russian-
made Dornite fiber type of the following grades by surface density: M250, M300, and M400. This type of 
fiber polymeric material is widely used in the road and railway construction, strengthening of coastal 
slopes, land-improvement works, etc. It is made of needle-punched material; surface density is  
250–400 g/cm2; filtration coefficient is 70–150 m/day. These characteristics allow the use of this type of 
fiber polymeric material to design reservoir drain. The experimental unit is shown in Fig. 4. 
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Figure 4. Scheme of the experimental unit for laboratory research:  

1 – Prismatic body; 2 – water container; 3 – piezometer; 4 – flexible supply line;  
5 – drain tank; 6 – pump; 7 – rock; 8 – drain design; 9 – stamp for load transfer;  

10 – thermometer; 11 – dimensional cylinder. 
In the unit body 1, the solid 7 is loaded to the level of the slot in the body of the unit. Then the drain 

design is made of fiber material 8, under a certain slope, which is set by changing the angle of inclination 
of the underlying soil surface. The upper layer of the rock is laid, and on top of which the plate 9 is laid, 
which later serves to transfer the load. A water tank maintains a constant amount of water. By changing 
the height of the location of the tank 2 we achieve the necessary water pressure according to the piezometer 
3. The water from the tank 2 through a flexible connection 4 enters the unit body 1, passes through the rock 
7, reaches the drain 8, discharged through a slot in the body, and enters the drain tank 5, from which it is 
pumped 6 to the tank 2. This cycle ensures the stability of the water temperature measured in the drain 
tank 5 using a thermometer 10. The measurement of the volume of water is carried out by a measuring 
graduate 11 on the way to the drain tank for a certain time. 

3. Results and Discussion 
During the experiments, it was found that the dependence of the filtration water flow rate passing 

through the drain on external pressure has two characteristic sections: 0...8 kPa (the dependence is non-
linear) and 8...200 kPa (the dependence is linear), Fig. 5 and 6. 

 
Figure 5. The dependence of the specific filtration water flow rate passing  

through the reservoir drain pressured by the rock mass. 
Because the graphs are variable in the load range 0...200 kPa it is necessary to approximate the 

experimental results separately for two sections: 0...8 kPa and 8...200 kPa. 

Let us consider the change in filtration flow in the load range 0...8 kPa (Fig. 6). 
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Figure 6. Approximation of the dependence of the specific filtration flow rate  

of reservoir drain pressured by the rock mass in the load range 0...8 kPa. 
The math dependencies obtained in the course of approximation by means of Microsoft Excel have 

the nature of a power function of the form: 

1
1

by a x−= ⋅ ,                                    (3) 

where 1 1,a b  are empirical coefficients of change in filtration flow obtained during approximation in the load 
range 0...8 kPa (Fig. 6). 

Confidence level of the power approximation of experimental data, depending on the grade of 
material has the following meanings: 

− for the fiber material M400, the accuracy of the approximation is 2 0.79;R =  

− for the fiber material M300, the accuracy of the approximation is 2 0.94;R =  

− for the fiber material M250, the accuracy of the approximation is 2 0.98.R =  
The change in filtration water flow in the load range of 0...8 kPa is: 

− for the fiber material М400 – 42.3 %; 
− for the fiber material М300 – 29.5 %; 
− for the fiber material М250 – 20.8 %. 

Let’s consider the change in filtration water flow in the load range of 10...200 kPa (Fig. 7). 

 
Figure 7. Approximation of the dependence of the specific filtration flow rate  

of reservoir drain pressured by the rock mass in the load range of 10...200 kPa. 
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The dependence obtained during the approximation is expressed in general terms by the formula 
(linear dependence): 

2 2,y a x b= ⋅ +                                                              (4) 

where 2 2,a b are empirical coefficients of change in the filtration flow obtained during the approximation in 
the load range of 10...200 kPa (Fig. 7). 

The confidence level of the power approximation of experimental data, depending on the grade of 
material has the following meanings: 

− for the fiber material M400, the accuracy of the approximation is 2 0.67;R =  

− for the fiber material M300, the accuracy of the approximation is 2 0.76;R =  

− for the fiber material M250, the accuracy of the approximation is 2 0.93.R =  
The change in filtration water flow in the load range of 10…200 kPa is: 

− for the fiber material М400 – 8.2 %; 
− for the fiber material М300 – 5.5 %; 
− for the fiber material М250 – 4.8 %. 

A decrease in the filtration water flow rate of a fiber device under pressure is determined by the 
gradient of the filtration flow rate according to Formula 5, depending on the surface density of the material. 

( ),0 , ,D
D D D P n

n

qq q q ∂
∆ = − = ⋅σ

∂σ
                                                  (5) 

where ,0Dq  is filtration flow rate without load, m2/s; ,D Pq  is filtration flow rate at a given load, m2/s; nσ  is 
pressure of the rock mass of the structure on the polymeric material, kPa. 

The height value of the gradient of the filtration water flow rate is obtained by the experiment and is 
presented in Table 1. 

Table 1. The gradient of the filtration water flow rate passing through the drain. 

Material grade 
Gradient of filtration water flow D

n

q∂
∂σ

for pressure range: 

0…8 kPa 8…200 kPa 

М250 0.618 0.146*10–2 

М300 0.409 0.208*10–2 
М400 0.286 0.333*10–2 

 

Therefore, to determine the parameters of the filtration control device (layer height and slope), taking 
into account the change in the gradient of the filtration flow rate of the fiber polymer material is carried out 
according to Formulas 6 and 7 (A. Darcy's formula for calculating the layer height, V.S. Kozlov's formula 
for determining the slope of the unit [21, 24, 25]). 

( )1

σ
σ

,

D
D D

n
D

f B

qq L
h

F h H

 ∂
+ ⋅ ⋅ ∂ =

+
                                                        (6) 

2
1

1

2 σ
σ

.

fD
D

n D
D

f

К Hqq
L

i
F Н

⋅ ∂
⋅ + ⋅ − ∂ =

⋅                                                 (7) 

Formulas 6 and 7 allow to determine the main parameters of filtration control devices based on fiber 
polymeric materials of artificial hydraulic rock structures, taking into account the decrease in longitudinal 
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filtration flow caused by the presence of external pressure created by the overlying rock mass of 
embankments and dams [27]. 

Calculation of and embankments made from rocks is performed by the equivalent profile method 
[17]. It determines the filtration coefficient of the rocks composing the body of the structure and the base 
(in this case there is a permeable base under the structure), and generates the drawdown curve. Next, it 
determines the filtration water flow rate passing through the fiber material, the drain width ,DL  and material 
load. The layer height and slope is determined according to Formulas 6 and 7. 

 
Figure 8. Water filtration through the body of the dam with drain of fiber materials  

on a waterproof base. 
It is done with the following parameters of the structure: the height of the structure is 4m, the filtration 

coefficient of rocks is 1 m/day, the slope is 1:2, and the fiber material is M300 with a filtration coefficient of 
100 m/day. The calculation showed: the pressure at the front of the device is 0.7 m, the drain width is 5 m, 
the drain load is 0.04 MPa, the filtration water flow rate passing through the structure is 0.6 m2/day, and the 
filtration water flow rate through the drain is 0.69 m2/day. 

( )
( )

( )1

2σ 0.69 0.208 10 0.04 5σ 3.45 0.04 m,
100 0.7 0.1 80

D
D
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D

D B
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+ +
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2 21 2
О
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4. Conclusions 
1. There has been established the possibility of using reservoir drain structures based on fiber 

polymeric materials, including the weight of the rock mass of the structure. 

2. Experimental research were conducted to investigate the effect of changes in the pressure of 
rocks of the structure on the filtration flow rate of water passing through the drainage. 

3. Methods for calculating the layer height and slope of the drain from fiber materials was developed. 

Professor Gerasimov V.M. a methodology for calculating reservoir drainages was proposed [21], but 
it does not take into account the influence of the pressure of the rock mass on specific filtration water flow 
rate passing through the reservoir drain. The proposed formulas for calculating the layer height and slope 
allow taking into account pressure of the rock mass. 

The question of clogging of fibrous materials with fine particles remains open; in future works, this 
issue will be elucidated. 

 

 



Magazine of Civil Engineering, 110(2), 2022 

Nizhegorodtcev, E.I., Gerasimov, V.M., Svalova, K.V. 

References 
1. Kossoff, D. et al. Mine tailings dams: characteristics, failure, environmental impacts, and remediation. Applied Geochemistry, 

2014. 51. Pp. 229–245. 
2. Tanchev, L. Dams and appurtenant hydraulic structures. CRC Press, London, 2014. 
3. Environmental and Safety Incidents concerning Tailings Dams at Mines: Results of a Survey for the years 1980–1996. United 

Nations, Paris, 1996. 
4. Petticrew, E. et al. The impact of a catastrophic mine tailings impoundment spill into one of North America’s largest fjord lakes: 

Quesnel Lake, British Columbia, Canada. Geophys. Res. Lett., 2015. 42. Pp. 3347–3355. DOI: 10.1002/2015GL-063345 
5. Richmond, B. Omai Tailings Dam Failure - Final Report on Technical Causation. BiTech Publishers Ltd, Canada, 1996. 
6. Bulatov, G. Reliability of earth dams on compound base. Mafazine Civil engeneering, 2012. 30(4). Pp. 2–9.  

DOI: 10.5862/MCE.30.1 
7. Jha, A. Hungary toxic sludge spill an ‘ecological catastrophe’ says government. Guard., 2010. Pp. 3–4. 
8. Li, W. et al. Real-Time Warning and Risk Assessment of Tailings Dam Disaster Status Based on Dynamic Hierarchy-Grey Relation 

Analysis. Complexity, 2019. DOI: 10.1155/2019/5873420 
9. Lyu, Z. et al. A Comprehensive Review on Reasons for Tailings Dam Failures Based on Case History. Adv. Civ. Eng. 2019. 

Vol. 2019. DOI: 10.1155/2019/4159306 
10. Azam, S. et al. Tailings dam failures: a review of the last one hundred years. Geotechnical news, 2010. 28(4). Pp. 50–54. 
11. Ding, Z. et al. Spunbonded needle-punched nonwoven geotextiles for filtration and drainage applications: Manufacturing and 

structural design. Composites Communications, 2020. 21(5). 100481. DOI: 10.1016/j.coco.2020.100481 
12. Sabiri, N.E. et al. Performance of nonwoven geotextiles on soil drainage and filtration. European Journal of Environmental and 

Civil Engineering, 2020. 24(5). Pp. 670–688. DOI: 10.1080/19648189.2017.1415982 
13. Sherbina, E.V. Geosinteticheskie materialy v stroitel'stve [Geosynthetics in construction]. ASV, Moscow, 2004. (rus) 
14. Ponomarev, A.B. et al. Analiz i problemy issledovanij geosinteticheskih materialov v Rossii [Analysis and problems of research of 

geosynthetic materials in Russia]. Vestnik Permskogo gosudarstvennogo tekhnicheskogo universiteta. Stroitel'stvo i arhitektura. 
2013. 2. Pp. 68–73. (rus) 

15. Ofrihter, V.G. et al. Metody stroitel'stva armogruntovyh konstrukcij [Methods for the construction of reinforced soil structures]. 
ASV, Moscow, 2013. (rus) 

16. Kosichenko, Y.M. Protivofil'tracionnye pokrytiya iz geosinteticheskih materialov [Anti-seepage coatings made of geosynthetics]. 
RosNIIPM, Novocherkassk, 2014. (rus) 

17. Palmeira, E.M. et al. Drainage and filtration properties of non-woven geotextiles under confinement using different experimental 
techniques. Geotextiles and Geomembranes, 2002. 20(2). Pp. 97–115. DOI: 10.1016/S0266-1144(02)00004-3 

18. Shao, W. et al. Quantification of the influence of preferential flow on slope stability using a numerical modelling approach. 
Hydrology and Earth System Sciences. 2015. 19(5). Pp. 2197–2212. DOI: 10.5194/hess-19-2197-2015 

19. Sharafi, A. Static analysis of soral embankment dam during operation using precise dam tool data and finite element method. 
Journal of Critical Reviews. 2020. 19(7). Pp. 9089–9101. DOI: 10.31838/jcr.07.19.1015 

20. Ormann, L. et al. Numerical analysis of curved embankment of an upstream tailings dam. The Electronic journal of geotechnical 
engineering. 2011. 16(1). Pp. 931–944. 

21. Gerasimov, V. Voloknistye polimernye materialy v geotekhnologii [Fibrous polimeric material in geotechnology]. ChitGU. Chita, 
2010. (rus) 

22. Gerasimov, V. et al. Plotina [Dam], Patent Russia № 2126868, 1999. (rus) 
23. Palmeira, E.M., et al. A study on the behaviour of soil geotextile systems in filtration tests. Canadian Geotechnical Journal, 1997. 

33(6). Pp. 899–912. DOI: 10.1139/t96-120 
24. Xu, Y.Q. et al Optimal hydraulic design of earth dam cross section using saturated – unsaturated seepage flow model. Advances 

in Water Resources, 2003. 26(1). Pp.1–7. DOI: 10.1016/S0309-1708(02)00124-0 
25. Rushton, A. et al. Solid-liquid filtration and separation technology. VCH, Weinhein, 1996. 
26. Damak, K. et al. A new Navier-Stokes and Darcy's law combined model for fluid flow in crossflow filtration tubular membranes. 

Desalination, 2004. 161(1). Pp. 67–77. DOI: 10.1016/S0011-9164(04)90041-0 
27. Svalova, K. et al. Geosinteticheskie materialy v processah fil’trovaniya i drenirovaniya [geosynthetic materials in filtration and 

drainage processes]. ZabGU, Chita, 2016. (rus) 
28. Palmeira, E.M. et al. Drainage and filtration properties of non-woven geotextiles under confinement using different experimental 

techniques. Geotextiles and Geomembranes. 2002. 20(2). Pp. 97–115. DOI: 10.1016/S0266-1144(02)00004-3 
29. Liu, L.F. et al. Modeling the slurry filtration performance of nonwoven geotextiles. Geotextiles and geomembranes. 2006. 24(5). 

Pp. 325–330. DOI: 10.1016/j.geotexmem.2006.03.005 
30. Ingold, T.S. ed. Geotextiles and geomembranes handbook. Elsevier, 2013. 

Contacts: 

Evgenii Nizhegorodtcev, dj_world@mail.ru 
Viktor Gerasimov, kafsmim@zabgu.ru 
Kristina Svalova, kristi24091990s@yandex.ru 
 

 

Received 28.10.2019. Approved after reviewing 25.05.2021. Accepted 07.07.2021. 

 



Magazine of Civil Engineering. 2022. 110(2). Article No. 11002 

Al-Rousan, R. Impact of elevated temperature on the shear behavior of strengthened RC beams. Magazine of Civil 
Engineering. 2022. 110(2). Article No. 11002. DOI: 10.34910/MCE.110.2 

© Al-Rousan, R., 2022. Published by Peter the Great St. Petersburg Polytechnic University. 

 This work is licensed under a CC BY-NC 4.0 

 

 
ISSN 

2712-8172 
Magazine of Civil Engineering 

journal homepage: http://engstroy.spbstu.ru/ 
 

DOI: 10.34910/MCE.110.2 

Impact of elevated temperature  
on the shear behavior of strengthened RC beams 

R. Al-Rousan  

Jordan University of Science and Technology, Irbid, Jordan 

E-mail: rzalrousan@just.edu.jo 

Keywords: reinforced concrete, elevated temperature, shear strength, fiber reinforced polymer, 
experimental 

Abstract. When the concrete structures are exposed to escalated temperatures (500°C and higher), 
concrete fails because of the decay of cement hydration products, development of vapor pressure, and 
undesired variations in the volume of ingredients. Heat-damaged concrete structures can restore their 
strength when strengthened with carbon fiber-reinforced polymer (CFRP). Therefore, an experimental 
study investigated the influence of elevated temperatures on the shear behavior of reinforced concrete (RC) 
beams strengthened externally with CFRP. For this purpose, forty reinforced concrete beams were cast. 
Thirty-two of them were externally strengthened with CFRP and eight beams were unanchored and left as 
a control. The beams then were tested under four-point bending to assess their structural performance in 
terms of failure modes, and load-displacement relations. Results have shown, explicitly, that the control 
specimens encountered a brittle failure, unlike the ones strengthened with CFRP, as those had a ductile 
mode. The strengthened beams showed an increase in the ultimate load-carrying capacity accompanied 
by an enhancement in mid-span deflection in different percentages with respect to the control beam. This 
technique also improved the shear capacity of the anchorage area, reflecting an improvement in the 
effectiveness of the anchored CFRP laminates. Finally, the influence of the exposed temperature on the 
ductility, energy absorption, and ultimate load reduction percentage is significant and increased with the 
increase of temperature. 

1. Introduction 
Concrete is the most extensively used material for structures since numerous decades. 

Nevertheless, concrete material is classified as a brittle material with a low strain limits and tensile strength 
capacity. There have been ongoing efforts to help overcome these deficiencies using several strategies. 
The utilization of fibers in structural concrete elements began in 1970s because of their ability in the 
upgrading the mechanical properties of concrete. These days, broad examinations were completed on the 
utilization of various types of fibers for enhancing the concrete mechanical properties of structures. 
Nowadays, carbon fiber-reinforced polymer materials (CFRP) are considered as main strengthening and 
rehabilitation composite materials of shear or in flexure deficient reinforced concrete structures. 

CFRP materials are frequently used in structural engineering applications for repair and 
strengthening of existing concrete structures. Externally bonded FRP composite is used to strengthen 
concrete beams in flexure and shear. Many experimental observations indicated that the debonding that 
occurs at the interface between concrete and FRP is a typical failure mode of reinforced concrete beams 
strengthened with externally bonded CFRP [1, 2]. CFRP composite materials have come to the forefront 
as promising materials and systems for structural retrofit. Glass fiber reinforced polymer (GFRP) and carbon 
fiber reinforced polymer (CFRP) have higher tensile strength but its strength is not fully utilized due to de-
bonding problem and brittle tensile behavior. The general influence is clearly an increase in the peak loads 
of the specimens [3, 4]. 

https://creativecommons.org/licenses/by-nc/4.0/
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Extreme temperatures harm severely RC structures, including beams, because these structures 
experience significant degradation in stiffness and strength, in addition to big, consistent deformations [5]. 
The reason behind this is that high temperatures cause decay in the mechanical properties of concrete and 
steel rebar, in addition to the stresses’ redistribution in the beam [5, 6]. The CFRP sheets are distinguished 
because they are easy to install, corrosion-resistant, flexible, and ductile. The flexural behavior of RC 
beams, strengthened with external wraps of CFRP sheets, has been evaluated by several researchers, 
who found that this technique of strengthening improved the beams' flexural behavior. They, also found 
that this method helped the heat-damaged elements to restore their flexural strength to an extent. The 
quality of the heat-damaged beams' recovery or strengthening is governed by a number of factors, such as 
the material's resistance to fire [5, 7], elevated temperature [8, 9], fiber type [10–13], analysis type [14–18], 
energy integrity resistance [19], anchored system [20], heating condition [21, 22], the sheets’ shape and 
dimensions, the severity of damage [23], and safety factors for CFRP strengthening of bridges [24]. 

 The concrete’s stability in some RC structures (such as chimneys, the area around furnaces, rocket 
launcher platforms, nuclear power stations, the rabidly extinguished ones) is threatened due to frequent 
heat cycles heating-cooling cycles resulting from the big gradient in temperatures. Therefore, the design 
process must consider the heat cycles [5, 25, 26]. In fact, concrete can maintain its mechanical 
characteristics in temperatures up to 300°C. However, when the concrete is exposed to a temperature 
exceeding 500 °C, its properties degrade considerably, causing concrete's cracking due to high superficial 
tensile stresses. In sum, exposing concrete to very high temperatures or big difference in temperatures due 
to frequent heat cycles or rabid extinguishing of fire lead to a degradation in concrete's integrity because of 
irregular expansions and contractions of concrete contents, i.e., aggregate and paste of cement. Several 
factors govern the amount of damage in RC structures, such as the structure's dimensions, type of cement 
and aggregate, the moisture content in concrete, the duration and how frequent structure is subjected to 
high temperatures, the cooling method, and the highest obtained temperature [5, 27]. Various methods and 
materials have been adopted to strengthen and repair concrete structures, such as steel plate bolting, RC 
jacketing, pre-stressed external tendons, and CFRP laminates. Recently, the CFRP laminates have been 
used in many applications all over the world because they have many remarkable features, such as: simple 
to shape and install, high ratio of strength-to-weight, highly strong mechanically, and non-corrosive; as it is 
worth mentioning that structures are, mostly, endure damages because of: steel's corrosion, heat cycles, 
and dynamic loads [28-30].  

This research is expected to be useful for retrofitting the existing buildings, mainly for buildings 
located in areas prone to medium earthquake. Therefore, critical concerns to produce a practical and cost-
effective material used to retrofit standing concrete buildings [5]. Also, the impact of CFRP external 
strengthening on the behavior of deficient reinforced concrete beams exposed to elevated temperature 
must receive miniature consideration. The issue discussed in this study is actually a matter of concern to 
the practitioners in the field of strengthening and repairing heat-damaged RC beams, particularly that there 
is very little available literature related to this subject [5]. In this study, experimental program was carried 
out to find the improvements in the strength and ductility behavior of RC beams confined internally with 
CFRP. The main parameters studied were number of CFRP strips (1, 2, 3, and 4 strips) and elevated 
temperature (23 °C, 150 °C, 250 °C, and 500 °C). 

+  
Figure 1. Setup and reinforcement details of the beams. 
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2. Methods 
2.1. Experimental Work  

Forty (two beams were made from each type) beams had been constructed and experimented, as 
simply supported, by subjecting them to four-points loading as shown in Fig. 1. The tested beams were 
1100 mm long with cross-sectional dimensions of 150×200 mm. The investigated parameters in this study 
are the number of CFRP strips (1, 2, 3, and 4 strips) and elevated temperature (23 °C, 150 °C, 250 °C, and 
500 °C) as shown in Table 1. The designation and steel reinforcement (yielding stress of 420 MPa) of the 
tested beams are summarized in Table 1 and Fig. 1, respectively. 

Table 1. The details of failure of tested shear beams. 

Group Beam Temperature,  
 °C 

CFRP 
Configuration Pu, kN Δu, mm 

Steel 
strain, µε CFRP strain 

1 

SBT23-0S 

23 

None 55.7 4.73 0 --- 

SBT23-1S 1 Strip of CFRP 59.4 5.27 5040 0.307ɛfu 

SBT23-2S 2 Strips of CFRP 63.6 5.55 5318 0.324ɛfu 

SBT23-3S 3 Strips of CFRP 68.0 5.99 5624 0.343ɛfu 

SBT23-4S 4 Strips of CFRP 72.9 6.16 5878 0.368ɛfu 

2 

SBT150-0S 

150 

None 52.3 4.49 0 --- 

SBT150-1S 1 Strip of CFRP 55.0 4.80 4244 0.259ɛfu 

SBT150-2S 2 Strips of CFRP 59.4 5.11 4578 0.279ɛfu 

SBT150-3S 3 Strips of CFRP 63.5 5.37 4704 0.287ɛfu 

SBT150-4S 4 Strips of CFRP 68.7 5.64 5076 0.309ɛfu 

3 

SBT250-0S 

250 

None 45.0 4.36 0 --- 

SBT250-1S 1 Strip of CFRP 47.4 4.64 4199 0.256ɛfu 

SBT250-2S 2 Strips of CFRP 51.7 4.75 4295 0.262ɛfu 

SBT250-3S 3 Strips of CFRP 55.1 4.94 4489 0.274ɛfu 

SBT250-4S 4 Strips of CFRP 59.3 5.11 4599 0.280ɛfu 

4 

SBT500-0S 

500 

None 32.9 4.26 0 --- 

SBT500-1S 1 Strip of CFRP 34.9 4.39 3513 0.214ɛfu 

SBT500-2S 2 Strips of CFRP 38.0 4.53 3732 0.228ɛfu 

SBT500-3S 3 Strips of CFRP 40.9 4.79 4044 0.247ɛfu 

SBT500-4S 4 Strips of CFRP 43.5 4.99 4204 0.256ɛfu 
Note: The values between parentheses are normalized with respect to the control, Pu: Ultimate Load, Δu: Ultimate deflection, 

ɛf = CFRP strain, ɛfu: CFRP ultimate strain of 16400 µε. 

2.2. Design of concrete mixture 
The mixture of concrete (Table 2) with the proportions by weight of 0.61(water):1.00(cement 

(Ordinary Type I Portland cement)):2.98(Crushed limestone coarse aggregates with absorption of 2.3 %, a 
maximum aggregate size of 12.5 mm, and a specific gravity of 2.62)):2.62 (fine aggregates with absorption 
of 1.9 %, fineness modulus of 2.69, and specific gravity of 2.65). The superplasticizer as a percent of the 
cement weight was used to improve the workability of the concrete mixture and result a slump of about 
50 mm. 

Table 2. Mix design proportions. 
Ingredient Quantity (kg/m³) 
Cement  269 
Water  158 

w/c 0.40 
Super- plasticizer 8 
Coarse aggregate  891 

Fine aggregate  834 
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The beams are casted by using a tilting drum mixer with a capacity of 0.15 m³ (Fig. 2). Firstly, the 
tilting drum mixer inner surface was wetted. During the tilting drum mixer running, all the crushed limestone 
coarse aggregates with portion of the used water were added (Fig. 2). After that, the fine aggregates, 
cement, and water were added gradually. Finally, the super-plasticizer with the last amount of used water 
was added to the concrete mixture. Lastly, all the concrete mixture ingredients were mixed for five minutes 
before pouring into wooden molds with inner dimensions of (100×150×1100 mm) and compacted with an 
electrical vibrator (Fig. 2). After twenty-four hours from the beams casting, all beams were de-molded and 
then cured in lime-saturated water tank for 28 days (Fig. 2).  

   

Preparing the ingredients  
of mixture 

Mixing concrete  
by tilting drum mixer 

Wooden mold  
for casting beams 

   

Casting concrete  
into molds 

Casting concrete  
into cylinders 

Water-cured tank  
for 28 days 

Figure 2. The mixing, casting, and curing of reinforced concrete beams. 

2.3. Heat treatment Method 
The average 28-day splitting compressive and tensile strengths of the tested cylinders were 

25.0 MPa and 3.0 MPa, respectively. Cylindrical specimens and block were subjected to heat treatment for 
two hours at temperatures from 150–500 °C before allowed to cool inside the special electrical furnace. 
The furnace is equipped with an electronic panel to control automatically the time of exposure and the 
temperature (maximum of 1200 °C). Fig. 3 shows the time-temperature schedule for the furnace. 
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Figure 3. The time-temperature schedule. 
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The effect of exposing specimens to elevated temperatures is demonstrated in Fig. 4 which depicts 
the residuals for compressive and slitting strength versus temperature. The curves followed almost similar 
trend behavior represented in a slight decrease at a temperature of 150 °C followed by a significant 
decrease at higher temperatures. The detrimental effect of high temperatures greater than 250 °C on both 
strengths can be referred to thermally induced cracks and/or decomposition of cement binding materials 
(beyond 250 °C). The damage by heating caused map type cracking which increased with elevated 
temperature without being accompanied with an apparent surface alteration. The reduction in residual 
strengths (compressive, splitting) which is (98 %, 97 %) at 150 °C to (61 %, 60 %) at 500 °C, as can be 
deduced from Fig. 4. 
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Figure 4. Residuals for compressive and splitting strengths versus exposure temperature. 

2.4. Bonding of CFRP sheets to the concrete beams 
The concrete beams were demolded after 24 hours of casting and cured in a lime-saturated water tank for 
28 days. Firstly, the concrete bonded area were roughened and brushed with steel wire cup brush in order 
to provide leveled contact between CFRP sheets and concrete (Fig. 5). Secondly, any dust and lose 
particles was removed from the bonded area by using air vacuum cleaner and then the bonded area was 
marked while the un-bonded area was covered with plastering tape to be free of epoxy (Fig. 5). Based on 
investigated parameters, the CFRP composite sheets cut into sheets with a width of 50 mm and different 
lengths. Thirdly, the epoxy compounds (part A and B) were prepared by using low-speed electric drill for at 
least 3 minutes to get a homogenous epoxy mixture. Fourthly, the epoxy first layer was applied uniformly 
over the bonded area and then the CFRP composite sheet (the tensile strength of 4900 MPa, thickness of 
0.166 mm, elongation at break of 2.1 %, elastic modulus of 230 GPa) was placed onto the epoxy. Plastic 
roller was used along the fiber direction in order to remove any entrapped air bubbles. Finally, the epoxy 
second layer was applied over the CFRP sheet bonded area to make sure epoxy homogeneous distribution 
(Fig. 5). 

  
Marking the area of CFRP sheets bonded  

using plastering tape 
Concrete bonded area were roughened  
and brushed with steel wire cup brush 
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Applying the first layer of epoxy  

onto CFRP sheets surface 
Applying the two layers of epoxy  

onto CFRP sheets surface 
Figure 5. Bonding of CFRP sheets to reinforced concrete beams. 

2.5. Testing Setup 
All beams were tested under four-point loading with a simply supported span of 1000 mm (Fig. 1). 

The two supports are one roller and the other one is hinge as well as the loading points were made from 
steel to make sure zero deformation. A hydraulic testing machine is used to apply the load with a 
displacement loading rate of 0.1 mm/sec. The vertical linear variable displacement transducer (LVDT) is 
used to record the mid-span deflection which is placed at the bottom of the beam (Fig. 1). Also, one strain 
gage was placed in position such that to record the CFRP tensile strain. The tested results (load-deflection 
curves and the CFRP strain) were collected by using data acquisition system while the failure modes and 
cracks pattern are obtained visually. 

3. Results and Discussion 
3.1. Mode of failure 

The modes of failure of the control beam as well as the beams with CFRP strips are shown in Fig. 6. 
All failures were occurred within the shear span as was intentionally designed with inclined failure planes. 
This allows for a reasonable estimation of the contribution of the CFRP strips to the shear strength of the 
concrete. Formation of web-shear cracks was observed during loading; the number as well as widths and 
lengths of the web shear cracks increased as the loading increased. At ultimate, a sudden crushing within 
the shear span was observed after the development of major multiple web-shear cracks. The loads at which 
concrete crushing occurred was different reflecting the contribution and effectiveness of the CFRP strips in 
providing shear resistance. In some occasions, at failure, a significant portion of the concrete shattered 
from the shear span. Shear failure is sudden in nature and once happens, it causes large inclined cracks 
accompanied by loud sound. This typically occurs at either one of the beam ends due to very slight variation 
in the beam or loading after deflection. Compared with the control beam, the shear span of the anchored 
beams experienced less intense shear cracks with the inner core remained nearly intact. This is attributed 
to alleviation of the intensity of the web-shear stresses and consequent cracking by the anchored CFRP 
strips that participated in resisting the induced stresses. 

 
Control 

   
1 CFRP strip                                                      2 CFRP strips  
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3 CFRP strips                                                     4 CFRP strips  

(a) Effect of number of CFRP strips 

   
23 °C                                                                           150 °C 

   
250 °C                                                                          500 °C 

(b) Effect of elevated temperature 
Figure 6. Typical mode of failure. 

3.2. Strain in CFRP strips 
Figure 7 shows the standard curves of load vs. CFRP strain for all the specimens. It could be 

observed that the emergence of diagonal cracks in concrete produced tensile stresses in CFRP laminates 
due to the development of shear force. The maximum level of tensile stresses was at the CFRP's middle 
point, intersecting diagonal cracks, close to the mid-height of the beam’s cross-section (Figure 6). Also, the 
whole specimens’ CFRP strain was found to be less than 16400 µε, the ultimate value, as illustrated in 
Table 1. In addition, in Table 1, it was revealed that the number of CFRP strips impacted, to a far extent, 
the effectiveness of CFRP strips. In strengthened beam specimens at 23 °C, the enhancement 
percentages, as per the ultimate strain of CFRP strips, were: 30.7 %, 32.4 %, 34.3 %, and 35.8 % for one, 
two, three, and four strips, respectively, and these percentages are similar to Al-Rousan [5]. At 150 °C, the 
percentages, as per the ultimate strain of CFRP strips, were: 25.9 %, 27.9 %, 28.7 %, and 30.9 % for one, 
two, three, and four strips, respectively, achieving 0.85 of the beam’s strains at 23oC, and these 
percentages are similar to Al-Rousan [5]. At 250 °C, the beams' strain percentages, as per the ultimate 
strain of CFRP strips, were: 25.6 %, 26.2 %, 27.4 %, and 28.0 % for one, two, three, and four strips, 
respectively, achieving 0.80 of the beams’ strains at 23 °C, and these percentages are similar to Al-Rousan 
[5]. At 500 °C, the percentages of strains, as per the ultimate strain of CFRP strips, were: 21.4 %, 22.8 %, 
24.7 %, and 24.7 % for one, two, three, and four strips respectively, achieving 0.71 of the beams strains at 
23 °C. 

In the sage of pre-cracking, CFRP strains did not develop. After the emergence of diagonal shear 
cracks in the shear span, the strains of CFRP became higher, at a fast rate, till failure (Figure 7), and this 
behavior is similar to Al-Rousan [5]. It was also found that the CFRP's strains CFRP appeared extensively 
when the bonding area was larger. Results also showed the strain of the CFRP laminates was highly 
influenced when the specimens were strengthened with four grooved strips of CFRP.  
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Figure 7. Typical load versus CFRP strain curve 

3.3. Load versus deflection behavior 
Table 3 shows the load vs. deflection characteristics curves for both anchored and un-anchored 

strengthened beams and control ones. The characteristics included stiffness and toughness. The initial 
stiffness can be specified from the slope of the linear elastic stage of the load-deflection curve (k = P/δ) 
[5]. Also, toughness can be specified by computing the total constrained area underneath the load-
deflection curve up to the point of ultimate load capacity [5]. The load vs. deflection, at mid-span, curve 
(Figure 8) has three distanced parts: the pre-cracking part, it is linearly elastic, and it extends to the first 
flexural crack; the second part is the transition, extending to the point at which the diagonal shear cracks 
appear; and the third part is the post-cracking, extending to the beam’s ultimate capacity. Inspecting Figure 
8, the anchored grooves technique significantly influenced the specimens': toughness, stiffness, ultimate 
load, and maximum deflection (Table 3). In addition, it has been deduced that the bigger the bonded area 
of CFRP, the better the beam's behavior. Furthermore, the higher the temperatures, the less the 
performance (Figure 8). 

Table 3. Characteristics of load deflection behavior. 

Group Beam Temperature,  
 °C 

Elastic stiffness 
(kN/mm) 

Toughness 
(kN.mm2) 

Strength 
factor 

Ductility 
factor 

Performance 
Factor 

1 

SBT23-0S 

23 

13 139 1.00 1.00 1.00 
SBT23-1S 15 186 1.07 1.12 1.19 
SBT23-2S 17 223 1.14 1.17 1.34 
SBT23-3S 19 269 1.22 1.27 1.55 
SBT23-4S 20 301 1.31 1.30 1.71 

2 

SBT150-0S 

150 

12 124 0.94 0.95 0.89 
SBT150-1S 14 154 0.99 1.01 1.00 
SBT150-2S 16 190 1.07 1.08 1.15 
SBT150-3S 17 221 1.14 1.14 1.30 
SBT150-4S 19 257 1.23 1.19 1.47 
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Group Beam Temperature,  
 °C 

Elastic stiffness 
(kN/mm) 

Toughness 
(kN.mm2) 

Strength 
factor 

Ductility 
factor 

Performance 
Factor 

3 

SBT250-0S 

250 

11 101 0.81 0.92 0.75 
SBT250-1S 13 126 0.85 0.98 0.83 
SBT250-2S 14 147 0.93 1.00 0.93 
SBT250-3S 16 170 0.99 1.05 1.03 
SBT250-4S 18 194 1.07 1.08 1.15 

4 

SBT500-0S 

500 

8 72 0.59 0.90 0.53 
SBT500-1S 9 84 0.63 0.93 0.58 
SBT500-2S 11 101 0.68 0.96 0.65 
SBT500-3S 12 121 0.73 1.01 0.74 
SBT500-4S 13 138 0.78 1.05 0.82 

Note: Performance Factor is defined as strength factor multiply by ductility factor   
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Figure 8. Load-deflection curves for the tested beam. 

3.4. Maximum load capacity and corresponding deflection 
The evaluation of strengthened RC beams load capacity and resultant deflections has shown 

tremendous structural performance [5]. The ultimate load capacity is produced by the limit states of the 
beam's ultimate load, while the deflections are due to the serviceability, as in Table 3. The strengthened 
beam's load capacity percentage can be found by dividing the ultimate load capacity by the control beam's 
load capacity [5]. Similarly, the strengthened beam's deflection percentage can be determined by dividing 
the strengthened beam's ultimate deflection by the control beam's ultimate deflection, as depicted in Figure 
9. It is worth mentioning that strength percentage is an indicator of the beam's capability of sustaining load 
incrementing. Figure 9 showed that rising the number of CFRP strips significantly enhanced the beam's 
strength percentage. The average ultimate load enhancement percentage (Fig. 9) for tested beams with 
respect to control beam is 6.7 %, 14.2 %, 22.2 %, and 30.9 % for one, two, three, and four strips, 
respectively. Whereas, the average ultimate load reduction percentage (Fig. 9) for tested beams with 
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respect to beams exposed to 23 °C is 6.5 %, 19.1 %, and 40.5 % for 150 °C, 250 °C, and 500 °C strips, 
respectively.  
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Figure 9. Normalized ultimate load capacity with respect to control beam. 

The deflection indicates how much the strengthened RC beams can sustain deformations without 
failure [5]. The deflection percentage is defined as the ratio of the ultimate deflection of the strengthened 
beam to the ultimate deflection of the control beam (undamaged beam), as shown in Fig. 10. Fig. 10 shows 
that the ductility percentage also significantly increased with the increase of the number of CFRP strips and 
decreased with the increase of exposed temperature. The average ultimate deflection enhancement 
percentage (Fig. 10) for tested beams with respect to control beam is 6.8 %, 13.7 %, 19.5 %, and 25.6 % 
for one, two, three, and four strips, respectively, and this equal to 0.83 times the enhancement percentages 
in ultimate load. Whereas, the average ultimate deflection reduction percentage (Fig. 10) for tested beams 
with respect to beams exposed to 23 °C is 8.2 %, 13.9 %, and 16.8 % for 150 °C, 250 °C, and 500 °C strips, 
respectively, and this equal to 0.90 times the reduction percentages in ultimate load. 
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Figure 10. Normalized ultimate deflection with respect to control beam. 

3.5. Elastic stiffness  
Elastic stiffness indicates the crystal’s response to external stresses or strains. Also, stiffness 

describes the properties of bonding in addition to the stability, mechanically and structurally [5]. The slope 
of the pre-cracking part of the load-deflection graph represents an elastic stiffness. For the sake of 
comparison, the values of the CFRP-strengthened specimens' elastic stiffness were modified according to 
the control beam (Fig. 11). 
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Figure 11. Normalized stiffness with respect to control beam. 
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In Fig. 11 illustrates the specimens' enhancement percentages of elastic stiffness, as per control 
beam, averaging 16.7 %, 32.8 %, 47.1 %, and 59.4 % for one, two, three, and four strips, respectively. 
Whereas, the average elastic stiffness reduction percentage (Figure 11) for tested beams with 
respect to beams exposed to 23 °C is 6.0 %, 13.9 %, and 36.3 % for 150oC, 250 °C, and 500 °C strips, 
respectively. 

3.6. Toughness of tested beams 
Toughness defines a material's energy absorption capability, per unit volume, before being 

deformed, plastically, without being ruptured. Toughness can be determined by computing the area 
beneath the load-deflection curve [5]. The strengthened specimens' toughness values were modified in 
accordance with the control beams (Fig. 12). Inspection of Fig. 12 reveals that the average toughness 
enhancement percentage for tested beams with respect to control beam is 33.6 %, 60.7 %, 94.0 %, and 
116.9 % for one, two, three, and four strips, respectively. Whereas, the average toughness reduction 
percentage (Fig. 12) for tested beams with respect to beams exposed to 23 °C is 15 %, 33.3 %, and 53.6 % 
for 150 °C, 250 °C, and 500 °C strips, respectively. 
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Figure 12. Normalized toughness with respect to control beam. 

3.7. Performance evaluation of experimental results 
The effectiveness of CFRP laminates was investigated by monitoring three factors: the strength 

factor (SF), deformability factor (DF), and performance factor (PF), where the PF is SF and DF combined 
together (Table 3 and Fig. 13) [5]. From Fig. 13, raising the CFRP’s bonded area (number of strips) 
enhanced the PF. On the other side, the PF factor decreased when the temperature was raised. Finally, 
enlarging the bonded area made the beams highly resistant to the brittle shear failure and enhanced their 
performance. Inspection of Fig. 13 reveals that the average performance factor enhancement percentage 
for tested beams with respect to control beam is 55.9 %, 113.4 %, 185.4 %, and 245.7 % for one, two, 
three, and four strips, respectively. Whereas, the average performance factor reduction percentage (Fig. 
13) for tested beams with respect to beams exposed to 23 °C is 20.1 %, 42.6 %, and 70.4 % for 150 °C, 
250 °C, and 500 °C strips, respectively. 
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Figure 13. Normalized performance factor with respect to control beam. 
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Table 4. Index of profitability. 

Group 
Number Beam Temperature, 

oC 
Concrete's shear 
contribution, kN 

CFRP shear 
contribution, kN 

Ultimate shear 
contribution, kN 

Vf/Af, 
MPa 

1 

SBT23-0S 

23 

55.7 0 55.7 0 
SBT23-1S 55.7 3.8 59.4 2.0 
SBT23-2S 55.7 7.9 63.6 1.1 
SBT23-3S 55.7 12.4 68.0 0.8 
SBT23-4S 55.7 17.2 72.9 0.6 

2 

SBT150-0S 

150 

52.3 0 52.3 0 
SBT150-1S 52.3 2.7 55.0 1.8 
SBT150-2S 52.3 7.1 59.4 1.0 
SBT150-3S 52.3 11.2 63.5 0.7 
SBT150-4S 52.3 16.4 68.7 0.6 

3 

SBT250-0S 

250 

45.0 0 45.0 0 
SBT250-1S 45.0 2.4 47.4 1.6 
SBT250-2S 45.0 6.7 51.7 0.9 
SBT250-3S 45.0 10.1 55.1 0.6 
SBT250-4S 45.0 14.3 59.3 0.5 

4 

SBT500-0S 

500 

32.9 0 32.9 0 
SBT500-1S 32.9 2.1 34.9 1.2 
SBT500-2S 32.9 5.1 38.0 0.6 
SBT500-3S 32.9 8.0 40.9 0.5 
SBT500-4S 32.9 10.7 43.5 0.4 

Note: Vf: the CFRP shear contribution, Af : the CFRP bonded area within the shear span  

3.8. The index of profitability  
For RC beams strengthened with various methods of CFRP, Table 4 illustrates each of the concrete's 

shear contributions (Vc), the CFRP material's shear contributions (Vf), and the final loads. It was observed 
that enhancing the bonded area of CFRP (i.e., the number of sheets) increased the contribution of CFRP 
(Vf) to the shear capacity. A number of strengthening methods, using CFRP laminates, were examined, 
considering the following aspects: the consumed quantity of CFRP, and the calculated profitability indices. 
Profitability index is the ratio of CFRP's contribution to shear strength-to-total CFRP bonded area, inside 
the strengthened beam's shear span with various CFRP methods. Strengthened beams' profitability indices 
are shown in Table 4, where it is shown that increasing either the number of CFRP sheets (bonded area) 
or the temperatures has decreased the profitability index.  

3.9. Comparison of experimental results with ACI model 
For purposes of comparison, the experimental results are compared with ACI model [30], the general 

design guidance is derived from the experimental data and they are only applicable to external FRP 
reinforcement. Fig. 14 shows a comparison of the results predicted by the ACI model (Vf, experimental 
/Vf,ACI [30]). Note that the ACI model was calibrated for CFRP should be used with caution for other types 
of composites as shown in Fig. 14. The overall predictions by ACI model [30] appear to be overestimated 
with a mean Vf, experimental /Vf,ACI value of 1.11 and a coefficient of variation (COV) of 26 %. It is also 
important to take into consideration that all the ACI model are semi empirical in nature, with important 
governing parameters derived from test data for beams strengthened with FRP laminates, whereas the ACI 
model cannot be applied in certain cases. In addition, a careful inspection of Fig. 14 will show that the ACI 
model [30] has a much wider range of experimental/theoretical failure load ratios of 0.80 to 1.46. 
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Figure 14. The normalized experimental FRP shear force with respect to ACI model [41]. 

4. Conclusions 
1. The presence of CFRP strips shifted the forms of end debonding failure modes, i.e. end interfacial 

debonding and cover separation, to a less critical one, therefore improved the performance of the 
conventional CFRP-strengthening method. 

2. CFRP strips increase the shear capacity of the anchorage zone; therefore result in higher 
anchorage efficiency of FRP-strengthened concrete beams. 

3. The strengthened beams showed an increase in the load-carrying capacity for the strengthened 
beams accompanied by a reduction in the vertical deflection at the mid-span in different percentages 
compared with the control beam. 

4. The influence of the number of CFRP strips on the ductility, energy absorption, and ultimate load 
improvement percentage is significant. 

5. The influence of the exposed temperature on the ductility, energy absorption, and ultimate load 
reduction percentage is significant and increased with the increase of temperature. 

6. The overall predictions by ACI model [30] appear to be overestimated with a mean value of 1.11 
and a coefficient of variation (COV) of 26 %. 
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Abstract. The article discusses the systems of roadbed construction on permafrost and heaving soils with 
foam glass gravel backfill. The aim of the research was to substantiate the expediency of using foam glass 
gravel in roadway insulation systems on problematic, including heaving and permafrost soils. This goal was 
achieved by determining the properties of foam glass gravel, as well as calculating the thermal 
characteristics and temperature fields in the roadbed. The strength of foam glass gravel, depending on its 
degree of compaction (from 10 to 50 %), is in the range of 0.90...1.58 MPa, and the thermal conductivity 
coefficient is from 0.087 to 0.099 W/(m°C). It was found that the water absorption of gravel by volume does 
not exceed 1.8 %, and the sorption humidity does not exceed 4.2 %. The novelty of the work lies in a 
comprehensive study of insulation systems using domestically produced foam glass gravel using digital 
imitation of heat transfer and modeling of the formation of temperature fields. It has been established that 
the use of heat-insulating backfill of foam glass gravel with a thickness of 0.25 m allows to protect the 
permafrost soil of the road base from thawing, and to limit the freezing depth to 0.2 m, versus 2.6 m without 
heat-insulating layer – in case of protection of the road base from freezing. The significance of the research 
is the development of constructive solutions for the use of foam glass gravel in roadway insulation systems, 
arranged on problem soils in permafrost conditions and on soils with frost heaving. 

1. Introduction 
The service life of the road pavements is determined by a combination of several factors. Firstly, this 

is the type of road structure, including the construction of the base and the type of pavement (cover), and 
the design of the inner layers that take loads and transfer these loads to the ground. Secondly, this is the 
type of base soil, its condition and stability, including the presence of permafrost, wetlands, water hoses, 
etc. Thirdly, this is the quality of road work, that is, the fulfillment of all normative requirements to these 
works. 

Insulating materials used in pavement systems should have low heat conductivity and water 
absorption, have high resistance to aggressive environments and biological corrosion, high frost resistance, 
good strength properties [1–3]. These requirements are best met by plate products based on extruded 
foamed polystyrene and foam glass, as well as foam glass gravel, manufactured on specialized lines. 

In the harsh permafrost conditions, the construction of thermal insulation layers (from extruded 
foamed polystyrene: XPS-plates) allows the permafrost soils to be kept in their natural state, which prevents 
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thawing and excludes subsidence of the subgrade. Also noteworthy is the use of XPS -plates (blocks) in 
the construction of lightweight embankments on weak foundations. 

When using the technology of building light embankments from extruded foamed polystyrene blocks, 
problems associated with insufficient bearing capacity of the soil, the possibility of large settlements and a 
long period of foundation stabilization are solved. The term and cost of construction is reduced [4–6].  

The disadvantage of such systems is the fact of using plate (piece) products, i.e. the presence of 
seams and contact areas between the plates. During operation, due to seasonal deformations or changes 
in the level of groundwater (on soft soils), the base moves and its configuration changes. This can lead to 
a gradual opening (increase) of the gaps between the plate products, which leads to the creation of areas 
of intense heat and mass transfer, and therefore to the violation of the thermal integrity of the insulating 
shell. 

Laying boards made of extruded foamed polystyrene requires careful preparation of the base and is 
highly labor intensive. In addition, during operation, the plates are deformed, crumbled and, over time, lose 
their heat-insulating properties. 

The use of backfill insulation makes it possible to form a uniform insulating shell. Foam glass gravel 
is a filling thermal insulation. Such material is used as a backfill to thermal insulation the foundations of low-
rise buildings, the brick walls of the well masonry or Gerard masonry, as well as to strengthen weak soils 
and the sub ballast layer of the pavements. Foam glass gravel produced on special lines has a bulk density 
of 120…200 kg/m3 and grain size of 40...60 mm. 

For the foam glass production recycled glass obtained from bottle fight, defective automotive glass 
and double-glazed window battle are used as a raw material. An analysis of the glasses recommended by 
our and foreign researchers to obtain high-quality foam glass showed that the glasses synthesized in the 
systems SiO2–Al2O3–MgO–CaO–R2O and SiO2–B2O3–MgO–CaO–R2O found wide application in the 
production of foam glass. We can conclude that aluminosilicate and aluminoborosilicate glasses most fully 
satisfy the requirements for the foam glass quality. In Russia, to obtain heat-insulating foam glass, glass 
masses are most often used that are close in chemical composition to aluminum-magnesium glass [7–9]. 

An analysis of the foam glass gravel use shows that about 30 % falls on roofs and about 40 % on 
stylobates. The remaining volume is used in landscape design, road construction, in the overhaul of blocks 
of flats and foundations. The forecast shows that, due to its properties, for the period 2020–2022 under 
favorable conditions, foam glass gravel will occupy more than 2 % of the total market of thermal insulating 
materials and will amount to at least 1 million m3. Abroad, foam glass gravel has been used in road systems 
since the mid-80s of the last century. These technologies are most common in the Scandinavian countries: 
Finland, Sweden, Norway. At the same time, the duration of the winter period, as well as the presence of 
heaving soils in the regions of the Russian Federation east of the Urals, impose special requirements on 
road structures. 

As a result of the analysis and experimental studies, it was established that the materials used in 
road insulation systems should have low thermal conductivity and water absorption, have high resistance 
to aggressive ambience and biological corrosion, have high frost resistance and high strength 
characteristics. 

The purpose of the research was to substantiate the expediency of using foam glass gravel in 
roadway insulation systems on problematic, including heaving and permafrost soils, based on studying the 
patterns of formation of temperature fields in insulation systems. 

To achieve the goal of the study, it was envisaged to perform the following particular tasks: 

− study of the properties of foam glass gravel at various degrees of its compaction; 
− development of soil insulation systems in conditions of its preservation in a frozen state (protection 

against thawing) and in conditions of maintaining positive temperatures in it (protection against frost 
heaving); 

− calculation of thermal characteristics and temperature fields in roadway insulation systems using 
the THERM computer program. 

2. Materials and Methods 
The tests of the properties of crushed glass foam were carried out in accordance with the current 

standard methods. The calculation of thermal characteristics and temperature fields in roadway insulation 
systems was evaluated using a special computer program THERM, developed by Lawrence Berkeley 
Laboratory (LBNL), University of California, USA. 
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In the experiments, foam glass gravel with a bulk density of 180 kg/m3 was used (Fig. 1). 

 
Figure 1. Foam glass gravel. 

The maximum degree of compaction of foam glass gravel was determined on the installation, 
equipped with a vibrator and weights with a total weight of 250 kg (Fig. 2). The cylindrical metal-plastic 
container had a diameter of 500 mm and a height of 380 mm. The dimensions of the container are selected 
in such a way that they allow placing at least 6 pieces of gravel in height and width. Foam glass gravel was 
poured into the container, shaking was performed for natural compaction. The amount of crushed stone 
was selected so that when lowering the loads, the lower edge of the lower disc was flush with the upper 
level of the container. It was found that the maximum degree of compaction of foam glass gravel with a 
bulk density of 180 kg/m3 and a fraction of 30…60 mm is 50 %. 

         
Figure 2. Carrying out experimental determinations  

of the maximum degree of compaction of foam glass gravel. 
The compressive strength in the cylinder was determined on foam glass gravel, filled in a container 

and compacted with a given coefficient. A container (a metal cylinder with an inner diameter of 308 mm 
and a height of 210 mm) with a sealed foam glass gravel was installed on the lower platform of the press 
(Fig. 3). The compressive strength of foam glass gravel was taken as the arithmetic mean value of five 
tests [10–12].  

        
Figure 3. Experimental determination of the compressive strength  

of foam glass gravel at different degrees of compaction. 
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Determination of the thermal conductivity coefficient of foam glass gravel at various degrees of 
compaction was carried out in a climatic chamber consisting of two chamber (cold and warm) and an 
aperture in which the studied material was placed (Fig. 4). In the cold zone, a temperature of minus 10 °C 
was established; in the warm zone, a temperature of + 20 °C was maintained. 

       
Figure 4. Experimental determination of thermal conductivity  

of foam glass gravel in a dry state at various degrees of compaction. 
The tests were carried out in accordance with the GOST R 54853-2011 methodology with the 

following changes. Cylindrical containers were used as a test structure, in which foam glass gravel was 
compacted. The walls of the container on the warm and cold sides consisted of 10 mm thick plywood sheets 
tightly adjacent to the gravel, the thermal resistance of which was taken into account when calculating the 
thermal conductivity. The internal dimensions of the container in the plane of movement of the heat flow 
must exceed the average size of the crushed stone granule (in an unconsolidated state) by at least 5 times. 
Containers with foam glass gravel were installed in the opening of the climate chamber. Each container 
was insulated along the side faces, so that the thermal resistance along each of the product faces was at 
least 5 (m2∙°C)/W. Heat flux density measurements were carried out in accordance with GOST 25380-2014. 
Temperature sensors were installed on the outer (face of the sample facing the cold zone) and inner (face 
of the sample facing the warm zone) surfaces of each sample. Converters (sensors) of the heat flux were 
installed on the inner face. In the experiment performed, the horizontal direction of the temperature gradient 
was taken. At the same time, taking into account the isotropy of the properties of compacted foam glass 
gravel and its uniform distribution in the test container, it is permissible to accept the obtained value of the 
thermal conductivity coefficient in further calculations, with the vertical direction of the heat flow. 

The thermal conductivity coefficient of foam glass gravel was determined in dry and wet conditions. 
A certain amount of foam glass gravel was dried to constant weight at a temperature of (100±5)°C, and 
then kept in the laboratory for at least 24 hours (conditioning). Further foam glass gravel was tamped layer 
by layer in the container to the required degree of compaction. 

The working density ( )wρ  of foam glass gravel was determined taking into account the degree of 

compaction (10 %, 20 %, 30 %, 40 % and 50 %). The established value of bulk density ( )bρ  was multiplied, 
respectively, by compression factors 1.1; 1.2; 1.3; 1.4 or 1.5. For example: 

31.3 , kg / m .w bρ = ×ρ                                                   (1) 

The mass of gravel, ,gm  kg, required for testing, was determined by the formula: 

,g wm V= ρ ×                                                                   (2) 

where wρ  is working density, kg/m3; V is the volume of the tank for determining the compressive strength 
in the cylinder, m3. 

The amount of gravel determined by formula (2) was poured in layers into a container, periodically 
compacting and ramming. Compaction was carried out by manual or mechanical tamping. Gravel 
compaction was carried out before filling the tank at the level of the upper edges. The coefficient of thermal 
conductivity was measured at an average temperature of backfill from gravel of 10 °C. Upon reaching the 
stationary thermal regime, the values of temperatures and heat fluxes were recorded and the equivalent 
thermal conductivity of foam glass gravel in the dry state was calculated. 

Experimental studies were carried out to determine the strength of foam glass gravel by compression 
in a cylinder with a compaction degree of 10 %, 20 %, 30 %, 40 %, and 50 %. The strength of foam glass 
gravel was determined on samples compacted to working density. The mass of gravel, mg (kg), required 
for testing, was determined by the formula (2). A cylinder with compacted foam glass gravel was installed 
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on the lower platform of the press. A plunger with a diameter of 300 mm was used to load the surface of 
the gravel poured into the cylinder from 2 to 25 % relative deformation, that is, before crushing gravel by 
2...25 % of the initial height. The arithmetic mean of the results of five tests was taken as the compressive 
strength in the cylinder of foam glass gravel. 

The compressive strength in the cylinder at N% relative deformation ( )%NR  of the gravel, MPa, 
was determined by the formula: 

% ,N
PR
F

=                                                                        (3) 

where P  is the load during compression of the aggregate, corresponding to N%  relative deformation, ;N  
F  is the cross-sectional area of the plunger, mm2. 

At the same time, the main strength characteristic of foam glass gravel was taken to be the 
compression strength in a cylinder at 10 % linear deformation, as is customary for thermal insulating 
materials. 

The water absorption of foam glass gravel was determined after being fully immersed in water for 24 
hours according to the method of Russian State Standard GOST 17177. The average value of water 
absorption by volume was 1.8 %. The sorption moisture content of foam glass gravel was investigated 
according to the method of Russian State Standard GOST 24816-2014. 

To study the properties of the pavement and to assess the possibility of its use on problematic soils, 
it is advisable to study the temperature fields formation in the road base with the help of modern computer 
analysis systems. These methods and the like ones are widely used in the study of multilayer insulation 
systems, including bases in contact with the soil [13–15]. Temperature fields were calculated using the 
THERM computer program based on the finite element method [16–18]. 

3. Results and Discussion 
As the results of the experimental studies, the strength characteristics of bulk thermal insulation and 

the values of the thermal conductivity at various compaction degrees were determined. Design solutions 
for the isolation of pavement systems on problematic soils are proposed, and these solutions are evaluated 
using temperature field modeling in the road massive. 

The results of experimental determinations of the compressive strength of foam glass gravel and 
thermal conductivity at various compaction degrees (squeezing in the cylinder) are given in Table 1. It was 
found that the compressive strength in the cylinder at 10 % relative deformation increases linearly in the 
range of compaction degrees from 10 % to 40 %, and practically does not change with further compaction. 

Table 1. The results of experimental studies to determine the compressive strength of foam 
glass gravel in a cylinder and thermal conductivity at various compaction degrees. 

The compaction 
degree of foam 
glass gravel, % 

The average value of the compressive 
strength in the cylinder at 10 % 

deformation, MPa 

The thermal conductivity coefficient of the foam 
glass gravel in dry state, W/(m∙°C) 

50 1.58 0.099 
40 1.56 0.086 
30 1.26 0.072 
20 1.10 0.086 
10 0.90 0.087 

 

A decrease of the thermal conductivity coefficient was noted at a compaction degree of 30 %, which 
is explained by the densest packing of granules in the filling, with a minimum amount of intergranular space. 
An increase of the thermal conductivity coefficient at a compaction degree of 10 % and 20 % is due to an 
increase of the convective component of heat transfer (air movement) in an increasing volume of 
intergranular space. With a compaction degree of 40 % and 50 %, partial destruction of the foam glass 
granules occurs and the intergranular space is filled with small solid particles, which leads to an increase 
in thermal conductivity. 

Studies of sorption properties showed the difference between the set of mass during adsorption and 
the drying rate – desorption of the foam glass gravel. The graph (Fig. 5) shows the hysteresis of material 
sorption. The moisture content of foam glass gravel at 100 % relative humidity was conventionally taken as 
the moisture content of the material by weight after complete immersion in water for 24 hours, followed by 
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exposure to air for 24 hours (temperature 23±2 °C and relative humidity 97 %). It should be note that the 
hysteretic pattern of sorption-desorption is also characteristic of other types of highly porous materials and 
it can be explained by the conditions for the formation of polymolecular layers on the surfaces of the mineral 
matrix in open semi-closed and closed pores of the substance [19–21]. 

 
Figure 5. Hysteresis of sorption-desorption of foam glass gravel:  

1 – sorption; 2 – desorption. 
Based on the obtained values, the dependences of humidity and thermal conductivity, the coefficient 

of thermal conductivity increment for each percentage of humidity were determined, as well as the 
calculated values of thermal conductivity of foam glass gravel for operating conditions. The obtained results 
made it possible to justify the use of foam glass gravel into the insulating layers of the pavements arranged 
on problematic soils, including permafrost, heaving soils, etc. 

The design of road insulation systems was carried out taking into account the principles of laying 
thermal insulation layers in pavement structures [22–24]. At the same time, two tasks were solved. The first 
task was to protect the permafrost soil of the base from potential thawing (preservation of permafrost and 
protection from thawing). The second task was to protect the soil from freezing (protection from soil swelling 
during freezing). Requirements for foam glass gravel are presented in Table 2. 

Table 2. Normative values of the thermal conductivity coefficient of the foam glass gravel for 
operating conditions. 

Indicator Unit Value 
Coefficient of thermal conductivity in the backfill with compaction (1.3: 1)  

in a dry state W/(m∙°C) 0.072 

Coefficient of thermal conductivity in the backfill with compaction (1.3: 1)  
in operating conditions W/(m∙°C) 0.085 

 

Calculations of the temperature fields of the road surface using foam glass gravel were carried out 
using the THERM program developed by Lawrence Berkeley Laboratory (LBNL) of the University of 
California, USA (THERM Finite Element Simulator version 7.7.10.0, Copyright 1994-2019). This program 
is at the disposal of NIISF RAASN and is widely used in heat engineering calculations. 

Protection against thawing was carried out by laying heat-insulating layers in the body of the 
embankment in the conditions of the spread of soil permafrost in the first road-climatic zone in order to 
preserve the soil in a solid-frozen state for the entire service life of the road and to prevent the embankment 
subsidence on thawing frozen soil. 

The following boundary conditions are accepted in the calculations. Soil temperatures are taken from 
the gas industry worker's handbook table 4.13 [25]. The temperature of the permafrost soil in the climatic 
conditions of Yakutsk is the average temperature for 12 months at a depth of 0.8 m and is equal to minus 
2.6 °C. The air temperature in the calculation is assumed to be 30 °C. The properties of soils and sand 
embankments were taken in accordance with Russian Construction Norms SP 25.13330.2016 Bases and 
foundations on permafrost soils (Table B.8). 

The thermal conductivity coefficient of soil in a frozen state is taken in accordance with Table B.8. 
Characteristics of the materials of the layers of the road structure with foam glass gravel backfill: peat soil 
with a density of 400 kg/m3; thermal conductivity coefficient in a frozen state of 1.45 W/(m°C); sand 
embankment with a density of 1400 kg/m3, thermal conductivity coefficient of 2.48 W/(m°C), layer thickness 
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of 400 mm; filling with foam glass gravel with a density of 140 kg/m3, thermal conductivity coefficient of 
0.085 W/(m°C), layer thickness of 250 mm (according to research data); asphalt concrete with a density of 
2100 kg/m3, thermal conductivity coefficient of 1.05 W/(m°C), two layers 50 mm thick [26–27]. 

Characteristics of the materials of the layers of the road structure without foam glass gravel backfill: 
peat soil with a density of 400 kg/m3; thermal conductivity coefficient in a frozen state of 1.45 W/(m°C); 
sand embankment with a density of 1400 kg/m3, thermal conductivity coefficient of 2.48 W/(m°C), layer 
thickness of 650 mm; asphalt concrete with a density of 2100 kg/m3, thermal conductivity coefficient of 
1.05 W/(m°C), two layers 50 mm thick. 

In the calculations, the width of the roadbed is conventionally taken as 6.0 m. 

 

 
Figure 6. Temperature distribution in a road structure filled with foam glass gravel  
at an outside air temperature of +30 °C (permafrost, protection against thawing). 

 

 
Figure 7. Temperature distribution in a road structure without foam glass gravel filling  

at an outside air temperature of +30 °C (permafrost, protection against thawing). 
When assessing the insulation system using foam glass gravel for frost protection, the following 

boundary conditions were taken. Soil temperature is 4 °C; the temperature of the outside air in the 
calculation is taken: minus 30 °C. 

Layers of the road structure filled with foam glass gravel: peat soil with a density of 400 kg/m3; thermal 
conductivity coefficient of 1.39 W/(m°C); sand embankment with a density of 1400 kg/m3, thermal 
conductivity coefficient of 2.48 W/(m°C), layer thickness of 400 mm; filling with foam glass gravel with a 
density of 140 kg/m3, thermal conductivity coefficient of 0.085 W/(m°C), layer thickness of 250 mm 
(according to research data); asphalt concrete with a density of 2100 kg/m3, thermal conductivity coefficient 
of 1.05 W/(m°C), two layers 50 mm thick. 

Layers of the road structure without foam glass gravel filling: peat soil with a dry density of 400 kg/m3; 
thermal conductivity coefficient of 1.39 W/(m°C); sand embankment with a density of 1400 kg/m3, thermal 
conductivity coefficient of 2.48 W/(m°C), layer thickness of 650 mm; asphalt concrete with a density of 
2100 kg/m3, thermal conductivity coefficient of 1.05 W/(m°C), two layers 50 mm thick. 
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Figure 8. Temperature distribution in a road structure filled with foam glass gravel  

at an outside air temperature of minus 30 °C (heaving soil, frost protection). 

 

 
Figure 9. Temperature distribution in a road structure without foam glass gravel filling  

at an outside air temperature of minus 30 °C (heaving soil, frost protection). 
The modeled distribution of temperature fields (Fig. 6, 7) shows that the filling with foam glass gravel 

allows keeping the permafrost soil from thawing while maintaining positive temperatures in the upper part 
of the embankment. On problematic bases (heaving sections of highways), in order to reduce the freezing 
depth to permissible norms and to exclude frost heaving processes in the soil of the embankment and 
natural base, thermal insulation layers are laid in the bases of pavements and under the ballast (Fig. 8, 9). 

Preliminary calculations of the distribution of temperature fields at the base of a conditional road 
structure on permafrost soils with an insulating layer of foam glass gravel have been carried out. 
Calculations of real structures must be carried out taking into account the conditions of the construction 
and climatic zone of construction according to Russian Construction Norms SP131.13330.2012. 

Modeling and calculation of temperature fields using the THERM program for structures of various 
types made it possible to simulate their freezing regime. Freezing simulations on models showed that the 
freezing depth in a road structure with an insulation layer of coarse sand with thickness of 0.3 m is 2.6 m. 
The use in a similar road construction with a thermal insulation layer of foam glass gravel with thickness of 
0.25 m allows to limit the frost depth to 0.2 m. 

Analysis of the use of road structures with thermal insulation from foam glass gravel and the results 
of modeling thermal fields in insulation systems showed that the construction of road bases with such 
thermal insulation allows to obtain functionally realizable structures with high durability. This is especially 
true for the construction of a roadbed on problem soils – permafrost and heaving. 

4. Conclusions 
Foam glass gravel, which is confirmed by the results of the experiment, in terms of strength and 

thermophysical characteristics, fully meets the requirements for heat-insulating materials used in road 
systems when laying a roadway on problem soils. The strength of foam glass gravel, depending on its 
degree of compaction (from 10 to 50 %), is in the range of 0.90 ... 1.58 MPa, and the thermal conductivity 
coefficient is from 0.087 to 0.099 W/(m °C), water absorption of gravel by volume does not exceed 1.8 %, 
and sorption humidity (at a relative air humidity of 98 %) does not exceed 4.2 %. 

Calculation of temperature fields using the THERM program in structures of various types made it 
possible to simulate their freezing regime. The efficiency of using foam glass gravel backfill is shown both 
for protection against soil freezing and for protection against thawing of permafrost soil. As a result of 
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calculations, it was found that the use of heat-insulating backfill of foam glass gravel with a thickness of 
0.25 m makes it possible to protect the permafrost soil of the road base from thawing for the considered 
conditions of the first road-climatic zone. At the same time, the imitation of freezing on models (for the 
considered boundary conditions) showed that the use of a heat-insulating layer of foam glass gravel with a 
thickness of 0.25 m in the road structure makes it possible to limit the freezing depth to 0.2 m, versus 2.6 m 
without heat-insulating layer. 

The experience of using road structures with thermal insulation from foam glass gravel has shown 
that the implementation of these systems makes it possible to obtain functionally realizable structures with 
high durability. This is especially true for the construction of the roadbed on problem soils. 
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Abstract. The paper develops the finite element method (FEM) in the form of the force method and in the 
mixed form for the calculation of structures. At present, the displacement-based finite element method is 
mainly used for engineering calculations. Stress-based and mixed finite element formulations are not so 
widely spread, but in some cases these formulations can be more effective in particular with respect to 
calculating stresses and also obtaining a two-sided estimate of the exact solution of the problem. The finite 
element models based on the approximation of discontinuous stress fields and the use of the penalty 
function method to satisfy the equilibrium equations are considered. It is shown that the continuity of both 
normal and tangential stresses only on the adjacent sides of the finite elements contributes to the expansion 
of the class of statically admissible stress fields. At the same time, the consistent approximation is provided, 
both of the main part of the functional of additional energy, and its penalty part. The necessary matrix 
relations for rectangular and triangular finite elements are obtained. The effectiveness of the developed 
models is illustrated by numerical studies. The calculation results were compared with the solution on the 
FEM in displacements, as well as with the results obtained using other schemes of approximating the 
stresses in the finite element. It is shown that the model of discontinuous stress approximations gives the 
bottom convergence of the solution, both in stresses and in displacements. At the same time, the accuracy 
on the stresses here is much higher than in the displacement-based FEM or when using conventional stress 
approximation schemes. 

1. Introduction  
One of the important steps in the design process of building structures and constructions is to 

improve the method of their calculation. This problem is very relevant, since it helps to give valid results, 
which ultimately reduces the efforts and costs in the construction process. Nowadays, the calculation of 
structures is carried out, as a rule, using the finite element method (FEM). Many fundamental works have 
been devoted to the development of the theoretical principles of the FEM and questions of its application 
in structural mechanics [1–3]. They consider the basic variational principles and the corresponding FEM 
formulations, on the basis of which the finite element models can be constructed to solve different problems.  

There are three main forms of FEM, each form is an analogue of one of the three classical methods 
of structural mechanics of rod systems – the displacement method, the force method, and the mixed 
method. The most widely used engineering calculations method is the FEM in the displacement method 
form. The mathematical formulation of the problem here is based on the variational Lagrange principle, i.e., 
the minimum principle of the total potential energy of the system. The main unknowns in this case are the 
displacements of the nodal points of the discrete model of the structure. The stresses are secondary and 
can be calculated by numerically differentiating the displacements. The finite element method in 
displacements is widely used to solve geometrically and physically nonlinear problems [4–6], constructively 
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nonlinear problems with unilateral constraints [7–10], problems of stability and dynamics of structures  
[11–14].  

The advantages and disadvantages of the displacement method are well known. The huge 
advantage of this FEM form is its complete formalization (and, accordingly, the ease of implementation to 
software), as well as good stability of the solution with guaranteed convergence to the lower boundary. 
However, the accuracy of stresses (forces) determination is much lower than the displacements, although 
it is stress values which are more important in the structural strength analysis. In this connection, special 
refinement algorithms are often used to calculate stresses, e.g. [15]. In addition, since the approximate 
solution in displacements corresponds to the lower boundary, the values of both displacements and 
stresses are underestimated relative to the exact values.  

Attempts to overcome these shortcomings, based on the use of FEM schemes directly in stresses 
(forces) or in a mixed form, have been made repeatedly, but this problem is still far from complete and 
remains one of the most important problems of the finite element method application in structural 
mechanics.  

Castiliano’s minimum principle of additional energy and the related FEM schemes in the form of the 
force method, as well as the Reissner variational principle (mixed method), have not received such a wide 
application. This situation is caused by a number of circumstances, in particular, the need to satisfy the 
equilibrium equations in the force method or an increase in the number of unknowns in the mixed method. 
However, in some cases, these approaches can be more effective, especially with regard to the accuracy 
of calculating stresses. In addition, performing dual calculations based on the alternative forms of FEM 
allows, as a rule, to obtain a two-side estimate of the exact solution of the problem [1, 2].  

The FEM schemes, in which the search of the solution is based on the approximation of stresses 
(forces) in the finite element region, were considered in [1, 2, 16–22]. In [19], the combination of principles 
of possible displacements and possible changes in the stress state is used to find the solution. The solution 
to the problems of the elasticity theory in stresses on the basis of the functional of additional energy is 
considered in [21, 22]. In this case, the principle of possible displacements and Lagrange multipliers are 
used to satisfy the equilibrium equations.  

The main advantage of the FEM in the form of the force method is that the main unknowns here are 
stresses. And if there were no certain difficulties in implementing the force method [1, 3], the stress values 
could be obtained with the same degree of accuracy as the displacements in the FEM scheme of the same 
name. In addition, the use of Castiliano’s principle gives the upper boundary of the approximate solution 
(i.e., the stresses are overestimated), which, in principle, is better for strength calculations than the 
underestimated estimate. On the other hand, solving the problem in stresses can supplement the usual 
calculation of FEM in displacements, including from the point of view of the two-sided estimation of the 
solution of the problem on energy. Nevertheless, there are no algorithms that are equally as simple and 
stable, with guaranteed convergence in an extensive class of problems, similar to the FEM in the form of 
the displacement method.  

The variational formulation of the mixed method is based on the principle of the stationarity of various 
forms of the Reissner functional. Some variants of the FEM in a mixed formulation were considered in [2, 
3, 23–31]. With this approach, displacements and stresses within each finite element are approximated 
simultaneously, therefore, there is no need to overestimate the requirements for the continuity of the desired 
functions and their derivatives. On the contrary, it is possible to set the necessary approximations, and 
since the mixed variational principles lead to a mixed form of relations between stresses and displacements 
for the finite element, more reliable solution can be obtained.  

On the other hand, the Reissner functional is not convex; its surface at the point of stationary has a 
prominent saddle-like behavior. The system of resolving equations corresponding to the formulation of a 
mixed type is not a symmetric and positive definite. Therefore, the approximate solution obtained by the 
FEM in the mixed form is characterized by some imbalance in the fulfillment of the equilibrium conditions 
and the conditions for the compatibility of deformations and, when crushing the mesh, it can approach the 
exact solution both from below and above. These circumstances to some extent make the direct use of the 
Reissner functional in the FEM more difficult [1, 3].  

This paper is devoted to the development of alternative forms of the FEM based on the force and 
mixed methods. It is proposed to use the approximation of discontinuous stress fields in the finite element 
region to construct a solution to the plane problem of the elasticity theory. Such an approach may have 
advantages in terms of more accurately fulfilling the equilibrium conditions, as well as in solving contact 
problems and some problems related to stress concentration.  
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2. Methods  
Let us consider the following version of the FEM in the force method form, which allows us to 

efficiently solve a wide class of problems directly in stresses. It is based on the approximation of 
discontinuous stress fields and the use of the penalty method to satisfy equilibrium equations. The 
corresponding variational formulation for the plane problem of the elasticity theory has the form of a 
modified functional of additional energy [32, 33]: 

( ) ( )11( ) { } [ ] { } { } [ ] { } [ ] { } { } [ ] { } { }
2

u

ТТ Т Т Т Т
s s

Ω S Ω
П σ σ D σ dΩ u L σ dS α A σ ρ A σ ρ dΩ−= − + + + +∫ ∫ ∫ (1) 

under the additional condition at the region boundary: gss SgσL Т ∈= }{}{][ .  

Here T
xyyx τσσσ }{}{ =  is the stress vector; ][D  is the stiffness coefficients matrix; ][A  is the 

differentiation operations matrix in the equilibrium equations; ][ sL  is the direction cosine matrix of the 

external normal to the boundary ug SSS +=  of the plane region Ω ; }{ sg  is the surface force vector at 

the boundary gS ; }{ su  is the vector of given displacements at the boundary uS ; T
yx ρρρ }{}{ =  is the 

volumetric force vector.  

When solving problems in stresses, the main restrictions on the smoothness of the desired functions 
are imposed by the equilibrium equations – it is necessary to ensure the existence of piecewise continuous 
derivatives of the stress components. Therefore, according to them, for the plane problem of the elasticity 
theory, the differentiability of the normal stresses xσ  is only on x, yσ  is only on y, and tangential stresses 

xyτ  is both on x and on y is required. Thus, normal stresses can undergo discontinuities at sites 
perpendicular to the element boundaries. In comparison with the continuous approximation, the use of such 
an assumption contributes to the expansion of the class of statically allowable stress fields, among which 
the solution is sought. This allows to minimize the additional energy functional to a greater extent – as a 
result, the solution of the problem is, on average, closer to the exact one. The use of discontinuous 
approximations leads to the need to apply a special class of finite elements. The location of the nodal points 
here should ensure that the conditions of discontinuity of normal stresses are satisfied.  

Figure 1 shows one of the simplest elements of this kind, which is a rectangle, the four nodes at the 
vertices of which correspond to tangential stresses, two nodes on each of the sides correspond to normal 
stresses xσ , two nodes on the upper and lower sides correspond to stresses yσ .  

 
Figure 1. Eight-node finite element with discontinuous stress approximation.  

Here the stress distribution is given by the following approximating polynomials:  

.87654321 xyαyαxαατy;αασx;αασ xyyx +++=+=+=                                (2) 

Substituting the approximation data in the equilibrium equations, we obtain:  

.0;0 864872 =+++=+++ yx ρyαααρxααα                                           (3) 
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Obviously, for the constant volumetric element forces yx ρρ ,  the conditions (3) can be satisfied only 
if the following condition is identically satisfied:  

088 == yαxα .                                                                     (4) 

Since this is not provided by the exact integration of the penalty term of functional in Eq. (1), a method 
for artificial lowering the accuracy of calculating the integrals was proposed for the reduced finite element, 
which facilitates the zeroing of the expression in the integral part of the penalty term [33]. Despite the fact 
that this finite element gives the acceptable accuracy and convergence of the results of solving problems 
in stresses, there are certain disadvantages. First, to calculate the coefficients of the deformability matrix 
related to the penalty term, it is necessary to apply the procedure of numerical integration. Secondly, for 
the main part of functional (1) and its penalty term, different stress approximations are used – for the penalty 
term, they are respectively of a lower order than for the main part of the functional. The model proposed 
here for approximating discontinuous stress fields for a finite element of a plane problem of the elasticity 
theory is free from these disadvantages.  

Consider the above condition (4). For the finite element (Figure 1) and approximation (2) described 
above, exact execution of (4) is possible only when using the single-point integration scheme of the penalty 
term, i.e. when the integration order is lowered. However, locating nodes of the finite element on the x, y 
axes (Figure 2(a)), the condition (4) is reduced to the equality yαxα 88 = .  

Substituting this equality into approximation (2), we obtain the following variants of polynomials for 

xyτ :  

.; 2
8765

2
8765 yαyαxαατxαyαxαατ xyxy +++=+++=                                  (5) 

For each of the polynomials (5), we define the form functions for nodes and average them. Then the 
nodal stress vector for the finite element  

T
xyyxyxxyyxyx

e τστστστσσ }{}{ 44332211=                                          (6) 

the following form functions will be a respond:  

.
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a
xN xyyxyx +−==−+==  (7) 

The approximation of the tangential stresses within a given finite element, in particular, for the shape 
function xyN1 , is shown in Figure 2(b).  

 
Figure 2. Four-node finite element with discontinuous stress approximation:  

(a) location of the nodes; (b) approximation of the tangential stresses.  
Expressing the stresses using the form functions (7) through the nodal values (6) and substituting 

them into stationarity condition of the functional (1) for finite element, we obtain the matrix equation for the 

vector eσ}{ :  

eee
σ UσK }{}{][ = .                                                                (8) 
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The deformability matrix of the finite element can be represented as the sum of two matrixes 
e

α
ee

σ KKK ][][][ 0 += . The first term ∫ −=
Ω

σσ
e dΩNDNK T ][][][][ 1

0  corresponds the main part of 

the functional (1), the second ( )∫−=
Ω

σσ
e

α dΩNANAαK TTT ][][][][][  to its penalty part. The right part 

is the vector of given nodal displacements ( )∫∫ += −

Ω
σ

S
ssσ

e dΩρNAαdSuLNU
TT

u
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stresses in finite element.  

Perfoming the matrix operations and integrating the obtained expressions, we obtain:  
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Here: ;
180E

abκ =  );1(2 νμ −=  
b
am
3

= ; ,
3a
bn =  where νE,  are the elastic modulus and 

Poisson's ratio; ba,  are the size of the rectangular finite element.  

The penalty parameter α  has the physical meaning of the deformability coefficient of the weakest 
possible elastic base. Its value should be large enough and limited from above only by the accuracy of 
calculations. The recommendations for choosing the values α  for different problems are given in [21, 32, 

34]. As applied to the plane problem of the elasticity theory, κα )1010( 97÷=  can be accepted.  

Similarly, the approximation of discontinuous stress fields can be applied to construct finite elements 
in stresses of other geometric shapes, as well as extended to finite elements of the mixed form. In particular, 
for a finite element in the form of a right triangle (Figure 3(a)), the stress distribution can be represented by 
the following polynomials:  

.7654321 yαxαατy;αασx;αασ xyyx ++=+=+=                                      (9) 
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It is clear that the fulfillment of the condition similar to (4) is not required here. The following form 
functions will respond to the vector of nodal stresses of a finite element 

T
xyyxxyyxyx

e τσστστσσ }{}{ 3332211= :  

.1;11;;;; 3332211 b
y

a
xN

b
yN

a
xN

b
yN

b
yN

a
xN

a
xN xyyxxyyxyx ++=+=+=−=−=−=−=  (10) 

We replace the nodal stress components xyxy τσσ 333 ,,  with the tangent and normal components 

to the inclined face of the element nn τσ 33 ,  (Figure 3(b)). The nodal stress vector will then be 
T

nnxyyxyx
e τστστσσ }{}{ 332211= .  

 
Figure 3. Triangular finite element with discontinuous stress approximation.  

After substituting the form functions (10) and converting the stress components during turn of the 
axes, we obtain the following terms that make up the deformability matrix of a triangular finite element:  
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Here: 
E

κ
3
2 ab

= ; )2(1 νλ += ; 
b
aη = ; 

a
bμ = ; μηβ += ; )( 22 mlχ −= , where νE,  are the 

elastic modulus and Poisson's ratio; a, b are the dimensions of the legs of the triangular finite element; l, 
m are cosine and sine to the normal of the inclined face.  

Let us consider a mixed finite element model that allows to solve effectively the problems of the 
elasticity theory directly both in displacements and stresses. It is also based on the approximation of 
discontinuous stress fields and using the penalty method to satisfy equilibrium equations. The variational 
formulation of the mixed problem corresponds to the principle of stationarity of various forms of the Reissner 
functional, which directly includes the components of both displacements and stresses as well. As already 
indicated, this functional is not convex; its surface at the stationary point has a prominent saddle-like shape. 
This circumstance significantly complicates its use in the finite element method (the matrix of coefficients 
in this case is not symmetric and positive definite).  
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A convex mixed functional can be obtained by subtracting the Lagrange functional from the first form 
of the Reissner functional [33]:  

( ) ( ) .}{][}{}{}]{[][}]{[
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}{][}{
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1}]{[}{)(),(),( 1
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under the additional conditions: ΩρσA Т ∈=+ 0}{}{][ , gss SgσL Т ∈= }{}{][ .  

The convexity of the functional (11) is obtained by moving the equilibrium conditions from natural (for 
the functional ),(

1
σuПR  to additional ones. We use the penalty method in order to satisfy these conditions:  
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with the additional condition gss SgσL Т ∈= }{}{][ .  

It is easy to see that the reduced functional is equivalent to the variational statement of the problem 
in a least squares form. This circumstance provides the convexity condition for the functional (12), which 
makes it more convenient for applying the finite element method. Thus, setting an approximating expression 

for displacements e
u uNu }]{[}{ =  and, accordingly, for stresses e

σ σNσ }]{[}{ = , and varying the 
functional (12) in a discrete form, we obtain the following matrix equilibrium equation for a finite element 
with a symmetric, positive definite coefficient matrix:  
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where ( )∫=
Ω

uu
e

u dΩNADNAK T ][][][][][][  and −= ∫ −

Ω
σσ

e
σ dΩNDNK T ][][][][ 1  

( )∫−
Ω

σσ dΩNANAα TTT ][][][][  are the stiffness and deformability matrixes, respectively; 

( )∫ Ω−=
Ω

σu
e

uσ dNNAK T ][][][][  and ( )Te
uσ

e
σu KK ][][ =  are the mixed matrixes; ][],[ σu NN  are 

the form function matrixes for displacements and stresses, respectively; ee σu }{,}{  are the vectors of 

nodal generalized displacements and stresses, respectively; ee UR }{,}{  are the vectors of generalized 
reactions and displacements in the nodes of the finite element, respectively.  

The approximation of displacements within a finite element (Figure 4) can be similar to that usually 
used in the FEM in displacement method form. For stresses, however, it is more efficient to use the 
discontinuous approximations, such, as those discussed above, e.g. (2).  

 
Figure 4. Eight-node finite element with discontinuous stress approximation.  
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The FEM solutions considered above using discontinuous stress approximations are implemented 
in a computer program. With its help, numerical studies and a comparative analysis of the finite element 
solutions based on the formulation of the displacement method, the force method, and the mixed method 
were performed.  

3. Results and Discussion  
Let us consider the problem of unilateral contact of a three-layer array with a rigid base (Figure 5). 

The upper and lower layers are concrete (elasticity modulus E1 = 1.9⋅104 MPa, v = 0.18), the middle layer 
is brickwork (E2 = 0.27⋅104 MPa, v = 0.16). Under the action of a distributed load applied at the left end of 
the calculated region, the zone of separation of the lower surface of the array from the rigid base is formed. 
The dimensions of the contact and separation zones are calculated using the standard iterative algorithm 
for unilateral constraints.  

 
Figure 5. Unilateral contact of the three-layer array with the rigid base.  

The solution of the problem based on discontinuous stress approximations was compared with the 
traditional FEM scheme in the displacement method form, as well as with the relatively accurate solution 
obtained with a sufficiently dense finite element mesh using the LIRA-SAPR software package [35]. 
Comparison of the proposed approach with the traditional FEM was carried out under the same 
discretization of the computational region, i.e. 18 × 6 elements.  

The stresses σx along the vertical cross-section at a distance of 0.4 m from the left face of the array 
are compared in Figure 6(a) and the stresses σy along the lower face of the contact zone of the array with 
the rigid base are compared in Figure 6(b). The solid line shows the exact solution, the shaded circles – 
the FEM solution in the displacement method form, the not shaded circles – in the force method form.  

 
Figure 6. Stress distribution in characteristic sections of the three-layer array.  
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The graphs show that the stresses obtained by the FEM in the form of the force method are closer 
to the exact values, than the form of the displacement method gives. This is especially manifested at the 
region edges under consideration, as well as near the interfaces of different-modular materials.  

In order to compare various forms of the finite element method, the problem of determining the stress-
strain state of a cantilever plate was solved (Figure 7(a)). The Poisson's ratio was assumed to be 0.3, the 
remaining values: the elastic modulus E, the plate thickness h, and the load p were expressed in general 
form (in computer calculations they were set equal to one). Meshes of different densities were used, e.g. 
Figure 7(b) shows the 2×3 mesh when calculating the plate by the mixed method.  

 
Figure 7. The problem of the cantilever plate.  

The stresses and displacements obtained by the considered approaches were compared with the 
results of the FEM calculation in the displacement method form. Table 1 shows (in the terms of E, h, p) the 
vertical displacements υ of the middle of the free edge (x = 12 m, y = 0) and the stress σx at the upper point 
of the fixed edge of the plate (x = 0, y = 3 m) for different finite element meshes. The stresses at the extreme 
points here are obtained using linear interpolation.  

Table 1. Comparison of the plate calculation results with different FEM forms.  

Mesh 

Displacement method Force method Mixed method 

Number of 
unknowns 

υ 







Eh
p  σx 








h
p  Number of 

unknowns 
σx 








h
p  Number of 

unknowns 
υ 








Eh
p  σx 








h
p  

2×2 12 152.5 6.67 24 16.63 42 156.2 15.97 

3×2 18 156.2 6.83 34 16.20 58 183.8 15.74 

3×3 24 184.4 8.94 48 14.27 80 189.4 14.39 

4×3 40 200.8 10.34 62 14.42 102 197.6 14.52 

5×4 70 213.1 11.70 98 14.56 158 211.7 14.72 

6×4 96 216.6 12.19 116 14.90 186 215.9 14.81 

Exact solution 225.0 15.10  15.10  225.0 15.10 
 
The calculation results for the given variants of the finite element meshes show the following. The 

FEM in the force method form provides a monotonic convergence of the solution in stresses to exact values 
from below. The stresses obtained by the mixed method approach the exact solution at first (for coarse 
meshes) from above, then (for fine meshes) also from below. Moreover, the use of discontinuous 
approximations of stress fields allows to achieve better convergence and accuracy of the solution in 
comparison with the displacement method with approximately the same order of the resolving equations 
system.  

As it can be seen, on coarse meshes, the stresses obtained by the FEM in the force method form 
are significantly closer to the exact values than those obtained by the FEM in displacements. Under 
crushing the mesh (with the equivalent dimension of the problem), the accuracy of determining the stress 
by the force method and the mixed method also remains higher than by the displacement method. So, with 
the number of unknowns of the order of 100, the values of the stresses obtained by the force method differ 
from the exact values by 3.6 %, the mixed method by 3.8 %, and the displacement method by 19.3 %. In 
turn, for the identical meshes, the mixed FEM allows one to obtain stresses with the same accuracy as 
FEM in stresses, and displacements – as FEM in displacements.  
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Figure 8 illustrates the convergence of solutions obtained using various forms of the FEM. Obviously, 
according to the accuracy of calculating the stresses, the approaches considered here are more effective 
in comparison with the traditional FEM scheme in displacements.  

 
Figure 8. The convergence of solutions obtained by the different FEM forms.  

The problem of bending a cantilever plate under the action of a vertical distributed load applied to its 
free end is presented below in Figure 9(a). The plate thickness is 1 m, the elastic modulus is 10000 kN/m2, 
the Poisson's ratio is 0.25. This example was given in [21], where the application of the finite element 
models in stresses at constant and piecewise-constant approximations of stresses in the finite element 
region was considered. Below, we compare the solutions constructed on the basis of approximations of 
discontinuous stress fields with the results obtained in [21] using conventional schemes of stress 
approximation in the finite element.  

Table 2 shows the stress values in the upper fibers of the section at the clamp (x = 0, y = 1 m), 
obtained using different stress approximation types in the finite element. The calculation results are 
presented for four variants of the finite element meshes. For comparison, the lower row of the table shows 
the stress values obtained by FEM in the LIRA-SAPR software package for a relatively dense mesh.  

Table 2. Comparison of the plate calculation results for different types of stress 
approximation.  

Mesh 
Constant stresses Piecewise constant stresses Discontinuous stresses 

σx, 
kN/m2 

σy, 
kN/m2 

τxy, 
kN/m2 

σx, 
kN/m2 

σy, 
kN/m2 

τxy, 
kN/m2 

σx, 
kN/m2 

σy, 
kN/m2 

τxy, 
kN/m2 

12×4 13.96 0.95 1.11 17.56 3.12 1.75 22.18 3.42 2.75 

24×8 16.53 1.43 1.45 19.55 3.52 2.40 23.25 3.67 3.08 

48×16 18.91 1.78 1.93 22.06 4.03 3.22 23.62 3.80 3.44 

96×32 21.45 2.10 2.49 25.16 4.65 4.06 24.17 3.97 3.69 

192×64 
(LIRA-
SAPR) 

24.02 3.46 3.62 24.02 3.46 3.62 24.02 3.46 3.62 

 
The Table shows that even on the coarse meshes, the stress values obtained on the basis of 

discontinuous approximations are more accurate compared to using the constant and piecewise constant 
stress approximations. So, for the mesh 12×4, the stress values xσ  differ upward from the constant and 

piecewise-constant stresses by 37 % and 21 %, respectively. The stresses yσ  and xyτ  in our case are 
also much more accurate than with ordinary schemes of approximations.  

When the mesh is crushed, the model of discontinuous approximations gives a monotonous and 
stable convergence of stresses to the lower boundary. In this case, the numerical stress values are in the 
gap between the stress values obtained with the constant and piecewise-constant approximations. For 
example, for mesh 96×32, the stress xσ  is 11% higher than at constant stresses in the element, but 4 % 
less than for the piecewise-constant stresses variant. Figures 9(b–d) illustrate the convergence of solutions 
in stresses for different types of stress approximations.  
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Figure 9. The convergence of solutions in stresses for different types of approximation.  

4. Conclusions 
Summarizing the results of numerical researches, we can draw the following conclusions:  

1. The finite element method in the form of the force method in the general case gives the upper 
convergence of the solution in stresses. This allows us to obtain a two-sided estimate of the exact solution 
of the corresponding problem. At the same time, the finite-element solutions built on the stress 
approximation are much closer to exact values than those obtained in the displacement method formulation.  

2. The use of discontinuous stress approximations contributes to the expansion of the class of 
statically admissible stress fields. In this case, the same approximation is provided for both the main part 
of the additional energy functional and its penalty part. This allows us to obtain more accurate stress values 
as compared to the continuous stress approximation.  

3. The mixed finite-element models allow to obtain alternative solutions to the considered problems, 
thereby ensuring their greater validity and reliability. Under identical meshes, the mixed finite element 
method allows us to obtain stresses with the same accuracy as the FEM in stresses, and displacements – 
as the FEM in the displacement method form.  
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4. Discontinuous stress approximations give a fast and stable convergence of the resulting solution 
to the lower boundary. At the same time, the accuracy of the stress in this case is significantly higher than 
when using conventional stress approximation schemes, in particular, constant and piecewise constant 
approximations.  
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Abstract. The resonance effect of special long-period ground motions to (super) high-rise buildings is 
significant, which is likely to cause serious damage to these long-period structures. Therefore, the influence 
of long-period ground motions cannot be ignored in the seismic design of long-period structures. To provide 
theoretical basis and quantitative criteria for the selection and evaluation of long-period ground motion 
records, a quantitative bounded method based on the normalized acceleration spectra is proposed. Firstly, 
two types of long-period ground motions with reliable information are selected for this research, and the 
baseline drifting on acceleration, velocity and displacement time-history curve are corrected. Then, the 
Fourier amplitude spectrum and Power spectral density amplitude of special long-period ground motions 
are analyzed. Lastly, a quantitative boundary parameter to distinguish near-fault pulse-like (NFPL) and far-
field harmonic (FFH) ground motions from common ground motions are discussed. Study results are 
obtained as follows: The frequency distribution of special long-period ground motions is relatively 
concentrated in low-frequency band, and the frequency distribution of common ground motions is relatively 
dispersed in medium-high-frequency band. Power spectral density amplitude and Fourier amplitude 
spectrum are the specific performance of energy distribution about earthquake records from the aspect of 
frequency domain, and they have no interrelation with structural seismic response under earthquake 
excitation. The specific earthquake records whose weighted average value of acceleration amplification 
factor is less than 0.2 are known as common ground motions. The specific earthquake records whose 
weighted average value is between in 0.2~0.6 are known as NFPL ground motions. The specific earthquake 
records whose weighted average value is beyond 0.6 are known as FFH ground motions. It would provide 
reference for the selection of long-period ground motions during seismic analysis of long-period such as 
super high-rise building structures. 

1. Introduction 
In the recorded strong earthquake data, there are two types of special earthquake records that are 

considered to be long-period ground motions. One is near-fault pulse-like (NFPL) ground motions, and the 
other is far-field harmonic (FFH) ground motions. Studies have shown that these two types of special 
ground motions exhibit significant long-period (low-frequency) properties, so they can be called long-period 
ground motions [1–5]. Nowadays, with the rapid development of economic construction, long-period such 
as (super) high-rise structures have been widely built in major cities. Multiple earthquake damages indicate 
that long-period ground motions have a magnifying effect on long-period structures, and they are prone to 
severe destroy to long-period structures [6–12]. 

https://creativecommons.org/licenses/by-nc/4.0/
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Cheng et al. [13], who studied the basic characteristic parameters and influencing factors of long-
period ground motion records, thought near-fault earthquake has high amplitude intensity and short strong-
shock duration, and far-field earthquake has small peaks of acceleration, velocity, displacement time history 
and long strong-shock duration. Dong et al. [14], who analyzed the spectral characteristics and intensity 
indices for near-fault ground motions, suggested the peak ground velocity (PGV) index can be employed 
for medium-to-long period structures. Wang et al. [15] selected reasonable intensity indices as the input of 
structural seismic design under two types of long-period ground motions. Shih et al. [16] evaluated the 
relationship between groundwater and ground motions quantitatively in the frequency domain, and the 
spectral analysis becomes feasible to assess the effect of the groundwater level on the separation of FFH 
and NFPL movements. Zhao et al. [17] investigated the low-frequency characterizations of pulse-type 
ground motions through ground motion components instead of original records, and the ground motion 
components are obtained by a decomposed method based on multi-resolution analysis. Li et al. [18] 
proposed classification method for long period ground motions based on component decomposition with 
Hilbert-Huang transform. Shao et al. [19] researched the method to definite the long-period ground motion 
based on EMD with elastic spectrum. 

Data analysis on strong earthquake records is an important part of earthquake engineering, and it is 
also the research foundation of various seismic engineering topics. At present, there are a small amount of 
research results on how to judge and select long-period ground motions, and they are mainly limited to 
qualitative analysis. However, response spectrum theory is an important tool to describe the relationship 
between earthquake excitation and structural response in the field of earthquake engineering and seismic 
design [20–22]. Response spectra become the focus of structural dynamic analysis and seismic design 
because it can directly show the maximum response of single degree of freedom (SDOF) system under 
earthquake action [23]. Therefore, it is necessary to quantify the definition of common ground motions and 
two types of special long-period ground motions from the perspective of response spectra. 

Firstly, typical 189 long-period and 26 common earthquake records with reliable information are 
selected from Pacific Earthquake Engineering Research Center (PEER) and National Research Institute 
for Earth Science and Disaster Resilience (NIED). The types of Polynomial Linear and High-pass Filtering 
Butterworth are employed to correct the baseline of original earthquake records. Then, the Fourier 
amplitude spectrum and Power spectral density amplitude of ground motions are analyzed from the aspect 
of frequency domain. On the basic of normalized acceleration spectra, the boundary parameter 
distinguishing long-period ground motions from common ground motions is defined, and a quantitative 
evaluation index is proposed by calculating and analyzing the boundary parameters about a large number 
of NFPL and FFH ground motions. The quantitative boundary parameter would provide theoretical basis 
and quantitative criteria for the selection and evaluation of long-period earthquake records during seismic 
response analysis for high-rise building structures. 

2. Methods 
2.1. Selection of long-period ground motion records 

Based on the property of long-period ground motions and selection principle of seismic waves  
[24–26], the earthquake records whose frequency distribution of Fourier amplitude spectrum are almost 
within 0.1~1.0 Hz are considered as long-period ground motions. 89 NFPL and 100 FFH ground motion 
records are selected from PEER and NIED. To deeply study the characteristic of long-period ground 
motions, 26 common ground motions are selected for a comparative analysis. The criteria of US NEHRP 
classification is adopted to calculate the site category of selected ground motions, and all earthquake 
records are classified as different site classifications. Tables 1–3 demonstrate the basic information of 
NFPL, FFH and common ground motion records, respectively. 

Table 1. Basic information of NFPL ground motion records. 

station 
/component 

Mw rupture 
distance 

site 
class 

station 
/component 

Mw rupture 
distance 

site 
class 

station 
/component 

Mw rupture 
distance 

site 
class 

1085_SCE018 6.7 5.2 C 953_MUL009 6.7 17.1 D TCU116-NS 7.6 12.38 C 

1085_SCE288 6.7 5.2 C 953_MUL279 6.7 17.1 D CHY035-EW 7.6 12.65 C 

1084_SCS052 6.7 5.3 D 1016_NYA090 6.7 18.5 C CHY035-NS 7.6 12.65 C 

1084_SCS142 6.7 5.3 D 1016_NYA180 6.7 18.5 C TCU104-EW 7.6 12.87 C 

1086_SYL090 
 6.7 5.3 C 1012_LA0000 6.7 19.1 C TCU104-NS 7.6 12.87 C 
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station 
/component 

Mw rupture 
distance 

site 
class 

station 
/component 

Mw rupture 
distance 

site 
class 

station 
/component 

Mw rupture 
distance 

site 
class 

1086_SYL360 6.7 5.3 C 1012_LA0090 6.7 19.1 C TCU109-EW 7.6 13.06 C 

1045_WPI046 6.7 5.5 D TCU068-EW 7.6 0.32 C TCU109-NS 7.6 13.06 C 

1045_WPI316 6.7 5.5 D TCU068-NS 7.6 0.32 C TCU128-EW 7.6 13.13 C 

1013_LDM064 6.7 5.9 C TCU065-EW 7.6 0.57 D TCU128-NS 7.6 13.13 C 

1013_LDM334 6.7 5.9 C TCU065-NS 7.6 0.57 D TCU074-EW 7.6 13.46 C 

1044_NWH090 6.7 5.9 D TCU052-EW 7.6 0.66 C TCU074-NS 7.6 13.46 C 

1044_NWH360 6.7 5.9 D TCU052-NS 7.6 0.66 C TCU048-EW 7.6 13.53 C 

1063_RRS228 6.7 6.5 D TCU102-EW 7.6 1.49 C TCU048-NS 7.6 13.53 C 

1063_RRS318 6.7 6.5 D TCU102-NS 7.6 1.49 C CHY034-EW 7.6 14.82 C 

1050_PAC175 6.7 7 A CHY080-EW 7.6 2.69 C CHY034-NS 7.6 14.82 C 

1050_PAC265 6.7 7 A CHY080-NS 7.6 2.69 C TCU123-EW 7.6 14.91 D 

1052_PKC090 6.7 7.6 C TCU103-EW 7.6 6.08 C TCU123-NS 7.6 14.91 D 

1052_PKC360 6.7 7.6 C TCU087-NS 7.6 6.98 C TCU107-EW 7.6 15.99 C 

949_ARL090 6.7 8.7 D TCU120-EW 7.6 7.4 C TCU107-NS 7.6 15.99 C 

949_ARL360 6.7 8.7 D TCU136-EW 7.6 8.27 C TCU064-EW 7.6 16.59 C 

1082_RO3000 6.7 10.1 D TCU136-NS 7.6 8.27 C TCU064-NS 7.6 16.59 C 

1082_RO3090 6.7 10.1 D CHY006-EW 7.6 9.76 C CHY104-EW 7.6 18.02 D 

960_LOS000 6.7 12.4 D CHY006-NS 7.6 9.76 C CHY104-NS 7.6 18.02 D 

960_LOS270 6.7 12.4 D TCU138-NS 7.6 9.78 C CHY025-EW 7.6 19.07 D 

1083_GLE170 6.7 13.3 C TCU063-EW 7.6 9.78 C CHY025-NS 7.6 19.07 D 

1083_GLE260 6.7 13.3 C TCU063-NS 7.6 9.78 C TCU036-EW 7.6 19.83 C 

1080_KAT000 6.7 13.4 C CHY029-EW 7.6 10.96 C TCU036-NS 7.6 19.83 C 

1080_KAT090 6.7 13.4 C CHY029-NS 7.6 10.96 C TCU039-EW 7.6 19.89 C 

1087_TAR090 6.7 15.6 D TCU100-NS 7.6 11.37 C TCU039-NS 7.6 19.89 C 

1087_TAR360 6.7 15.6 D TCU116-EW 7.6 12.38 C     
 

Table 2. Basic information of FFH ground motion records. 

station 
/component Mw epicenter 

distance 
site 

class 
station 

/component Mw epicenter 
distance 

site 
class 

station 
/component Mw epicenter 

distance 
site 

class 

EHMH07-EW2 7.3 203 D NGN024-EW 7.3 721 D YMT002-EW 9.0 236 D 

EHMH07-NS2 7.3 203 D NGN024-NS 7.3 721 D YMT002-NS 9.0 236 D 

EHM016-EW 7.3 213 D IUBH03-EW 8.0 206 E YMTH12-EW2 9.0 256 C 

EHM016-NS 7.3 213 D IUBH03-NS 8.0 206 E YMTH12-NS2 9.0 256 C 

SMNH09-EW2 7.3 233 C HKD130-EW 8.0 241 C FKSH03-EW2 9.0 279 D 

SMNH09-NS2 7.3 233 C HKD130-NS 8.0 241 C FKSH03-NS2 9.0 279 D 

EHMH04-EW2 7.3 249 D ABSH04-EW2 8.0 280 C NIG009-EW 9.0 310 E 
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station 
/component Mw epicenter 

distance 
site 

class 
station 

/component Mw epicenter 
distance 

site 
class 

station 
/component Mw epicenter 

distance 
site 

class 

EHMH04-NS2 7.3 249 D ABSH04-NS2 8.0 280 C NIG009-NS 9.0 310 E 

HRS004-EW 7.3 260 C HKD151-EW 8.0 318 D AOMH10-EW2 9.0 336 D 

HRS004-NS 7.3 260 C HKD151-NS 8.0 318 D AOMH10-NS2 9.0 336 D 

KOCH13-EW2 7.3 285 C AOM018-EW 8.0 343 C AOM019-EW 9.0 366 E 

KOCH13-NS2 7.3 285 C AOM018-NS 8.0 343 C AOM019-NS 9.0 366 E 

OKYH06-EW2 7.3 333 C HKD025-EW 8.0 374 D CHBH20-EW2 9.0 416 A 

OKYH06-NS2 7.3 333 C HKD025-NS 8.0 374 D CHBH20-NS2 9.0 416 A 

TKS005-EW 7.3 360 D AKT013-EW 8.0 399 C NIGH17-EW2 9.0 443 C 

TKS005-NS 7.3 360 D AKT013-NS 8.0 399 C NIGH17-NS2 9.0 443 C 

TTR006-EW 7.3 404 D AKT018-EW 8.0 437 D YMN010-EW 9.0 472 C 

TTR006-NS 7.3 404 D AKT018-NS 8.0 437 D YMN010-NS 9.0 472 C 

OSK010-EW 7.3 454 D YMT001-EW 8.0 482 E YMNH13-EW2 9.0 500 B 

OSK010-NS 7.3 454 D YMT001-NS 8.0 482 E YMNH13-NS2 9.0 500 B 

NAR007-EW 7.3 490 C YMTH14-EW2 8.0 513 D HKD102-EW 9.0 531 D 

NAR007-NS 7.3 490 C YMTH14-NS2 8.0 513 D HKD102-NS 9.0 531 D 

KYTH04-EW2 7.3 523 B YMT015-EW 8.0 548 E SZOH53-EW2 9.0 562 B 

KYTH04-NS2 7.3 523 B YMT015-NS 8.0 548 E SZOH53-NS2 9.0 562 B 

MIEH03-EW2 7.3 557 C FKS020-EW 8.0 580 E AIC005-EW 9.0 599 D 

MIEH03-NS2 7.3 557 C FKS020-NS 8.0 580 E AIC005-NS 9.0 599 D 

MIEH07-EW2 7.3 587 C FKSH21-EW2 8.0 640 C AIC003-EW 9.0 636 E 

MIEH07-NS2 7.3 587 C FKSH21-NS2 8.0 640 C AIC003-NS 9.0 636 E 

AIC001-EW 7.3 620 E NIGH11-EW2 8.0 687 C HKD030-EW 9.0 676 D 

AIC001-NS 7.3 620 E NIGH11-NS2 8.0 687 C HKD030-NS 9.0 676 D 

AIC015-EW 7.3 654 D NGNH28-EW2 8.0 763 B ABSH01-EW2 9.0 714 B 

AIC015-NS 7.3 654 D NGNH28-NS2 8.0 763 B ABSH01-NS2 9.0 714 B 

GIFH24-EW2 7.3 683 B MYG005-EW 9.0 208 D     

GIFH24-NS2 7.3 683 B MYG005-NS 9.0 208 D     
 

Table 3. Basic information of common ground motion records. 
station 

/componen
 

Mw 
rupture 
distanc

 

site 
clas

 

station 
/componen

 

Mw 
rupture 
distanc

 

site 
clas

 

station 
/componen

 

Mw 
rupture 
distanc

 

site 
clas

 ELC000 5.0 34.98 D TAF111 7.3
 

38.89 C HCH090 6.9
 

27.6 D 
ELC090 5.0 34.98 D PAS180 7.3

 
125.59 C HCH180 6.9

 
27.6 D 

ELC180 6.5
 

6.09 D PAS270 7.3
 

125.59 C B-ICC000 6.5
 

18.2 D 
ELC270 6.5

 
6.09 D OSA000 6.9 21.35 D B-ICC090 6.5

 
18.2 D 

OKA000 6.9 86.94 C OSA090 6.9 21.35 D B-
 

6.5
 

13.03 D 
OKA090 6.9 86.94 C SHI000 6.9 19.15 D B-

 
6.5

 
13.03 D 

TAB-L1 7.3
 

2.05 B SHI090 6.9 19.15 D B-IVW090 6.5
 

23.85 E 
TAB-T1 7.3

 
2.05 B AGW000 6.9

 
24.57 D B-IVW360 6.5

 
23.85 E 

TAF021 7.3
 

38.89 C AGW090 6.9
 

24.57 D     

2.2. Processing of long-period ground motion records 
Earthquake records obtained from seismic stations not only contain ground vibration information 

purely caused by earthquake itself, but also much complex interference such as background noise and 
instrumental errors. And the long-period components of these interferences drift the baseline of time-history 
curve about earthquake records. This phenomenon of baseline drifting has no significant impact on 
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acceleration time-history (the error of acceleration peak is not beyond 3 %). However, the baseline drifting 
would be gradually accumulated with the numerical integration of acceleration and it eventually results in a 
great distortion of velocity and displacement time-history curve. To remove the influence on time-history 
curve by some non-seismic factors, the baseline of time-history curve about earthquake records should be 
corrected before they are used for further study. 

Polynomial Linear is applied to adjust the baseline, and High-pass Filtering Butterworth is employed 
to correct the existed baseline drifting of original earthquake records. The low-frequency components of 
earthquake records are considered as much as possible to be retained during the filtering correction 
process. Taking as an example of a FFH ground motion record of AIC005-EW, Fig. 1a illustrates a time-
history curve of original ground motions, Fig.1 b–c illustrate time-history curves after baseline adjustment 
and high-pass filter. 
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(a) original ground motion 

record (b) after baseline adjustment (c) after high-pass filter 

Figure 1. Baseline correction of AIC005-EW. 

2.3. Frequency content characteristics of long-period ground motions 
Some cases about structural seismic damage have been studied in recent years, and it is clear that 

the frequency content characteristic of ground motions has a significant impact on structural seismic 
response. If the predominant frequency of ground motions is within low-frequency band, it would cause a 
huge reaction on long-period structures. On the contrary, if the predominant frequency is within high-
frequency band, it is more harmful to rigid structures. Therefore, the frequency characteristic is one of the 
most important aspects to reveal the basic property of ground motion records. 

Fourier amplitude spectrum reflects the energy distribution of ground motions from the aspect of 
frequency domain, and it shows the energy carried by harmonic vibration at different frequency. Fourier 
amplitude spectrum, expressing what kinds of frequency components contained by ground motions, can 
clearly show amplitude content at each frequency component and maximum amplitude at a specific 
frequency component. Power spectral density amplitude, being defined as the mean square value of 
Fourier amplitude spectrum, is a physical quantity to describe stochastic process characteristic from the 
aspect of frequency domain. Power spectral density amplitude can also reflect the energy distribution of 
ground motion records along frequency axis. 
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Figure 2. Fourier amplitude spectrum. 
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Figure 3. Power spectral density amplitude. 
Taking as examples of a NFPL ground motion of CHY104-EW, a FFH ground motion of AIC005-EW 

and a common ground motion of TAF021, Fig. 2–3 illustrate the Fourier amplitude spectrum and Power 
spectral density amplitude of ground motion records. The low-frequency components of CHY104-EW and 
AIC005-EW are very abundant. The energy distribution of CHY104-EW is mainly within 0.15~0.39 Hz, while 
the energy distribution of AIC005-EW is mainly within 0.15-0.42 Hz. It shows that the frequency distribution 
of long-period ground motion records is concentrated within relatively low-frequency band. The energy 
distribution of TAF021 is mainly within 1.07~2.84 Hz and it shows that the frequency distribution of common 
ground motions is concentrated within relatively high-frequency band. After a comparative analysis of Fig. 2 
and Fig. 3, there is no essential difference between Power spectral density amplitude and Fourier amplitude 
spectrum, and both of them are the specific performance of energy distribution about earthquake records 
from the aspect of frequency domain. Power spectral density amplitude and Fourier amplitude spectrum 
are the physical properties of earthquake records themselves, and they have no interrelation with structural 
response under earthquake excitation. 

2.4. Quantitative bounded method of long-period ground motions 
Compared with common ground motions, long-period ground motions are characterized by abundant 

low-frequency components and long excellence period. In recent years, with the extensive study of long-
period earthquakes, the definition about long-period ground motions is gradually developed from qualitative 
to semi-quantitative and quantitative. For example, the special earthquake records whose weighted 
average value of acceleration amplification factor within the period range of 2~10 s is larger than 0.4 can 
be bounded as the long-period ground motions [27], or the energy proportion of special earthquake records 
before 1 Hz can also be as the basis for defining long-period ground motions [28], and so on. 

Fig. 4 demonstrates the comparison on normalized acceleration spectra (also known as 
magnification factor spectra) under three types of earthquake action. Acceleration amplitude is scaled to 
1 cm/s2 for calculating the normalized acceleration spectra of ground motions. Normalized acceleration 
spectra can eliminate the influence on the ordinate value of response spectra by earthquake intensity, and 
it also can reflect the response amplification of SDOF system under earthquake excitation. With reference 
to Fig. 4, it shows that the acceleration amplification factor of NFPL and FFH ground motions is larger than 
that of common ground motions in the period range of beyond 2 s. If the low-frequency components of 
earthquake records is much rich, it would bring more serious damage on long-period structures. Therefore, 
the boundary parameter combining the earthquake characteristic and structural seismic response could 
have a certain engineering significance. 
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Figure 4. Normalized acceleration spectra. 

According to equation (1), the weighted average value of acceleration amplification factor within the 
period range of 2~10s can be calculated. 

2
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∑

∑
                                                              (1) 

where, lβ  is the weighted average value of spectra amplitude and the square of discrete period; iT  is the 

equidistant discrete period of acceleration response spectra with the damping ratio of 5 %, and iT is within 

the period range of [2, 10]; ( )a iS T  is the amplitude value of acceleration response spectra corresponding 

to iT ; PGA is the peak of acceleration time history. 

3. Results and Discussion 
Table 4. Means, standard deviations and variation coefficients of weighted average value. 

types of earthquake records site class 
weighted average value 

mean standard deviation variation coefficient (%) 

NFPL ground motions 
C 0.388 0.0121 3.12 

D 0.325 0.0167 5.14 

FFH ground motions 

C 0.935 0.0223 2.39 

D 0.717 0.0356 4.97 

E 0.688 0.0274 3.98 

common ground motions 
C 0.077 0.0019 2.47 

D 0.051 0.0017 3.33 
 

Table 4 demonstrates the means, standard deviations and variation coefficients about the weighted 
average value of acceleration amplification factor in various site classifications. The weighted average value under common ground motions is the smallest, NFPL ground motions is the second and FFH ground 
motions is the largest. On the whole, the means of the weighted average value under long-period ground 
motions are obviously larger than that under common ground motions. Therefore, the weighted average 
value can be considered as the quantitative bounded parameter to distinguish long-period ground motions 
from common ground motions. The variation coefficients in the D site classification is larger than that in the 
C site classification, which shows that the weighted average value in the D site classification is more 
discretized. Note that the statistical weighted average value of acceleration amplification factor in the same 
site classification would have a certain deviation. This is because the interaction between focal mechanism, 
earthquake magnitude, site-to-soil distance, propagation medium and path are not taken into account. At 
the same time, the calculated means are somewhat different when different strong-earthquake records are 
selected for statistical calculation. Therefore, the weighted average value of acceleration amplification 
factor can be determined based on the reliability requirements of structural seismic design in practical 
applications. 
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Table 5. Standard-deviation calculation of weighted average value. 

types of earthquake 
records 

site 
class 

mean 
(μ) 

standard 
deviation (σ) μ-2σ μ-σ μ+σ μ+2σ 

NFPL ground motions 
C 0.388 0.0121 0.3638 0.3759 0.4001 0.4122 

D 0.325 0.0167 0.2916 0.3083 0.3417 0.3584 

FFH ground motions 

C 0.935 0.0223 0.8904 0.9127 0.9573 0.9796 

D 0.717 0.0356 0.6458 0.6814 0.7526 0.7882 

E 0.688 0.0274 0.6332 0.6606 0.7154 0.7428 

common ground motions 
C 0.077 0.0019 0.0732 0.0751 0.0789 0.0808 

D 0.051 0.0017 0.0476 0.0493 0.0527 0.0544 
 

Table 5 demonstrates the standard-deviation calculation of the weighted average value in various 
site classifications. The weighted average value of acceleration amplification factor from 2 s to 10 s can be 
regarded as a quantitative bounded parameter to distinguish long-period ground motions from common 
ground motions. According to the statistical results of 87 NFPL, 86 FFH and 24 common ground motion 
records, the specific earthquake records whose weighted average value of acceleration amplification factor 
is less than 0.2 with the dominant components of high-frequency and above are known as common ground 
motions. The specific earthquake records whose weighted average value is between in 0.2~0.6 with less 
high-frequency components and rich low-frequency components are known as NFPL ground motions. The 
specific earthquake records whose weighted average value is beyond 0.6 with the dominant components 
of low-frequency are known as FFH ground motions. Compared with NFPL ground motions, FFH ground 
motions have less high-frequency components. This is because that the high-frequency components are 
attenuated and low-frequency components are amplified by soft-soil site with the increase of propagation 
distance under FFH ground motions. 

The Reference [26] drew a conclusion that, the ground motions are classified into long-period  
( lβ >0.4), moderate period (0.2 ≤ lβ ≤ 0.4) and short period ( lβ < 0.2) ground motions1. Compared with 
these results, this study further divides long-period ground motions into NFPL and FFH ground motions. 
On this basis, the ground motions are classified into FFH ( lβ > 0.6), NFPL (0.2 ≤ lβ ≤ 0.6) and common  

( lβ  < 0.2) ground motions. This conclusion makes the classification of long-period ground motions more 
specific and close to the actual situation, and it also promotes the deep study of different mechanisms on 
structural damage caused by long-period ground motions. 

The weighted average value of acceleration amplification factor from 2 s to 10 s is taken as a 
quantitative boundary parameter to distinguish NFPL and FFH ground motions from common ground 
motions, which would provide the theoretical basis and quantitative criteria for the selection and evaluation 
of long-period ground motion records during seismic response analysis for high-rise building structures. 

4. Conclusion 
Firstly, typical 189 long-period and 26 common ground motion records with reliable information are 

selected for this research. Then, the frequency content characteristics of long-period ground motion records 
are analyzed. Lastly, a quantitative boundary parameter to distinguish NFPL and FFH ground motions from 
common ground motions is proposed. The main conclusions are obtained as follows: 

1. The frequency distribution of long-period ground motions is relatively concentrated in low-
frequency band, and the frequency distribution of common ground motions is relatively dispersed in 
medium-high-frequency band. Power spectral density amplitude and Fourier amplitude spectrum are the 
specific performance of energy distribution about earthquake records from the aspect of frequency domain, 
and they have no interrelation with structural seismic response under earthquake excitation. 

2. The specific earthquake records whose weighted average value of acceleration amplification 
factor is less than 0.2 are known as common ground motions. The specific earthquake records whose 
weighted average value is between in 0.2~0.6 are known as NFPL ground motions. The specific earthquake 
records whose weighted average value is beyond 0.6 are known as FFH ground motions.  

                                                      
1 http://www.cq-vip.com/qk/92375x/201405/663002935.html 
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3. The high-frequency components of FFH ground motions is less than that of NFPL ground motions, 
because the high-frequency components are attenuated and low-frequency components are amplified by 
the soft-soil site under FFH ground motions. The quantitative boundary parameter would provide the 
theoretical basis and quantitative criteria for the selection and evaluation of long-period ground motion 
records during seismic response analysis for high-rise building structures. 
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Abstract. Previous works verified that, compared to conventional stirrups reinforcements (or closed stirrups 
reinforcements), the inverted-U shaped reinforcements improve the performance of the flat slabs in terms 
of failure mode and load capacity. The primary goal of this research was to investigate the numerical 
advantage of the inverted-U shaped reinforcements in reinforcing post-tension beams (PTB) over the 
conventional one as well as comparing the results with the ACI provision. Several experiments and 
numerical analyses were conducted in order to increase the shear strength capacity of reinforced concrete 
beams using different shear reinforcement systems. Recently, the system’s ability to experimentally 
improve the shear capacity of bonded post-tensioned beams was explored. In this study, two types of post-
tensioned beams were tested using a finite element program (ANSYS 16.0) to help investigate the influence 
of inverted-U shaped reinforcements on the shear behavior of bonded post-tensioned beams. The 
numerical results indicated that the limitation on the nominal of shear reinforcements for bonded pre-
stressed concrete beams in the ACI 318-14 was too conservative. Good correlation was found between 
the experimental and the numerical results. 

1. Introduction 
In 1872, the principle of prestressing the concrete was applied by Jackson for the first time in United 

States [1]. Later, several experimental tests were conducted on the behavior of bonded and unbonded post-
tensioned concrete members such as: Dunker (1985) [2], Garden and Hollaway (1997) [3], Abou Saleh and 
Suaris (2007) [4], Kang and al. (2015) [5], Ellobody and Bailey (2016) [6], Xue and al. (2019) [7], Khatib 
and Abou Saleh (2020) [8], and others. 

Normally, prestressed concrete can be constructed in three different ways: pre-tensioned 
prestressed concrete, bonded post-tensioned (PT) prestressed concrete, and unbonded PT prestressed 
concrete as cited by Kang and al. (2015) [8]. 

Since it is difficult to pinpoint an exact date for the initial development of the finite element analysis, 
a method initiated from necessity in order to explain and predict complex elasticity and structural analysis 
problems in civil and aeronautical engineering, its development can be traced back to the work done by 
Hrennikoff [9] and Courant in the early 1940s [10]. Numerical and theoretical models were previously 
developed by other researchers to study the behavior of bonded and unbonded post-tensioned concrete 
members.  

https://creativecommons.org/licenses/by-nc/4.0/
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Many articles and researches have been published addressing the optimization of concrete 
structures such as: Hopkins (1956) [11], Kim and Christopoulos (2008) [12], Ellobody and Bailey (2009) 
[13], Huang and al. (2010) [14], Kim and Lee (2012) [15], Kulkarni A. and Bhusare V (2016) [16], Khatib 
and al. (2016) [17], Abdul-Razzaq and al. (2018) [18], and Khatib and al. (2018) [19]. The techniques of 
optimization play an important role in the design of structures. One of the most important purposes of 
optimization is finding the best solutions from which a designer can realize the highest benefits and 
advantages within the available resources. 

Generally, the beams may have major possible modes of failure (flexural failure, diagonal tension 
and shear failure), cracking, deflection, bending, and shear as discussed by Hawkins and al. [20] and 
recently by Slowik [21].  

According to ACI 318 [22], the shear strength (Vc) for concrete section (with effective web width (bw) and 
distance from extreme compression fiber to centroid of prestressing steel (dp)) provided by pre-stressed 
reinforced concrete members. It was calculated in function of: modification factor related to the unit weight 
of concrete; λ, concrete compressive strength; f’

c, factored shear force; Vu, and factored moment; Mu. The 
shear strength (Vc) can be the lesser of the following: 

0.6 700 ,u p
c c w p

u

V d
V f b d

M
 

′= λ + ⋅ ⋅ ⋅ 
 

                                          (1) 

where 1.0;u p

u

V d
M

≥  

The shear force at flexure-shear cracking 
max

0.6 ,i cr
ci c w p c

V MV f b d V
M

′= ⋅ ⋅ + +                                             (2) 

where Vi is the factored shear force at section due to externally applied loads occurring simultaneously, 
Mcr is the cracked moment and Mmax is the maximum moment. 

 

The cracked moment (Mcr) for the section was calculated in function of: inertia of the section (I), concrete 
compressive strength (f’

c), average prestress value after losses at centroid of cross concrete section (fpe), 
with unfactored dead load stress (fd) at distance (yt) from centroidal axis of gross section, neglecting 

reinforcement, to extreme fiber in tension as follows: ( )6 .cr c pe d
t

IM f f f
y

 
′= + − 

 
 

In addition, for web shear (VCW) in prestressed concrete members: 

( )3.5 0.3 .cw c pc w p pV f f b d V′= + ⋅ ⋅ +                                            (3) 

where fpc is the compressive stress in concrete after all prestress losses at centroid of cross section, and 
Vp is the vertical component of effective prestress force at the cross section. 

 

However, the above equations of shear strength should not be less than those of shear strength 
provided by reinforced concrete members with calculated distance from extreme compression fiber to 
centroid of longitudinal tension reinforcement (d). cV  can be the lesser of the following: 

1.9 2500 ,p
c n w

u

d
f V b d

M
 

′λ + ⋅ ⋅ 
 

                                                  (4) 

( )1.9 2500 ,c wf b d′λ + ⋅ ⋅                                                         (5) 

with limitation: 

( ) ( )2 5 .c w c c wf b d V f b d′ ′λ ⋅ ⋅ ≤ ≤ λ ⋅  
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1.1. Shear reinforcement types 
The following different systems of reinforcement were explained in order to highlight the differences 

between the conventional shear reinforcement system and the proposed one. 

In 1899, Ritter stated that stirrups resisted tension, not horizontal shear. He also suggested the 
design of vertical stirrups (according to the equation: 

( ) .v v dV A f j S=                                                                   (6) 

where: vA  is total cross sectional area of vertical stirrups 

vf  is allowable stress in the stirrups 

dj  is internal moment arm. 

S is spacing of stirrups in the direction of the axis of the member. 

Ritter's ideas were not widely accepted at that time, but his design for vertical stirrups is similar to 
that appearing in the design specifications of most countries today [23]. 

In the web of reinforced concrete beams, Taylor [24] specifically mentioned to the point that inclined 
cracks are prevented from spreading by using transversal reinforcements such as stirrups. Practically, 
shear reinforcement takes three forms: stirrups, inclined bent up bars, or a combination of both. However, 
in industry, vertical stirrups are most commonly used because of their simplicity in fabrication and 
installation [25] as shown in Fig. 1. 

 
Figure 1. Vertical Stirrups Reinforcements [7]. 

In addition to a citation issued by ACI-ASCE Committee 445 [26], many earlier tests were carried out 
by Zwoyer and Seiss [27] then by Moody and al. [28] confirming that the vertical shear stirrups (Vs) intercept 
diagonal cracks, and the nominal shear stress in steel is limited to: 

8 .s cV f ′≤                                                                   (7) 

This limitation was also approved later on by Xu and al. [29] and by Morsy and al. [30]. 

An inverted-U shaped reinforcing assembly sample (called Hairpin) was primarily conducted by Abou 
Saleh and Suaris (2007) [6]. Such a system is shown in Fig. 2. 
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Figure 2. Inverted-U Shaped Reinforcements [7]. 

The use of such system improve experimentally the structural performance for an unbonded post-
tensioned flat slab. The tested post-tensioned slabs provided with studs failed in pinching shear and the 
slabs provided with “Hairpin” shaped reinforcement failed in flexural. The test results with the stud 
reinforcement were almost equal to those predicted by the ACI equation. The slab with hairpin shaped 
reinforcement prevented the shear failure and showed about 27.5 % increase in slab capacity in 
comparison with the stud reinforcement [6]. 

 According to the previous results, a proposed finite-element model was suggested in order to test 
the capability into predict the load–deflection relationships of the unbonded post-tensioned reinforced 
concrete slabs using finite element software. The outcomes of the conducted finite element analysis, 
utilizing ABAQUS software for the “Unbonded post-tensioned reinforced concrete slab provided with 
inverted U-shaped reinforcement”, are in line with that obtained experimentally, also the nominal shear 
strength that was compared to ACI provisions [17].  

 Recently, Khatib and Abou Saleh (2020) performed an experimental investigation for the 
enhancement of shear strength of bonded PTB provided with inverted-U shaped reinforcements [7]. The 
test results were compared with bonded PTB reinforced with conventional stirrups and correlated the results 
according to ACI provision. 

The results indicate that the nominal shear stress (Vn) in bonded PTB provided with inverted-U 
shaped and stirrups reinforcements are respectively 14.4 cf ′  psi (1.2 cf ′  MPa) and 12.72 cf ′  psi  

(1.06 cf ′  MPa), which gives approximately 13 % increase in shear strength. Notice that no failure occurs 
in the welding due to its high proficiency and effectiveness. 

Part of this paper presents the results of an experimental investigation for both the bonded PTB with 
inverted-U shaped and stirrups reinforcements [7]. These results were compared to the same model using 
a finite element software ANSYS 16.0 [31].  

The primary goal of this research was to conduct a numerical evaluation of the shear strength 
behavior of bonded PTB with stirrups on one side and inverted-U shaped reinforcements on the other. The 
beams were also analyzed to compare the results to those obtained experimentally.  

The aim of the study was to investigate the advantage of an inverted-U shaped system over a 
conventional one. The numerical model was used to correlate between the experimental results with those 
obtained numerically to give the proposed system a proper and absolute validity.  

Recently, an experimental investigation for the improvement of shear strength of bonded PTB 
provided with inverted-U shaped reinforcements was conducted against other bonded PTB with stirrups 
reinforcements. The dimensions, pre-stressing strands, and shear reinforcements of the beams were 
chosen to yield a nominal shear stress of that is equivalent to 1.25 ,cf ′  which approximately corresponds 
to an 18 % increase in shear strength. This increase is higher than that presented by the ACI for 
conventional reinforcements [7].  

The test results indicate that the failure load for the inverted-U shaped specimens were slightly below 
the expected load (83 tons), which would ensure a shear failure mode of the bonded PTB [7]. According to 
ACI 318 [22], the beams were designed to ensure shear failure by checking that the obtained load from 
shear is less than that obtained due to bending. The tests were conducted by applying two concentrated 
point loads on the bonded PTB as shown in Fig. 3. 
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Figure 3. Tested Bonded Post-Tensioned Beam [7]. 

The concrete compressive strength applied was equal to 30 MPa. The seven prestressing wire 
strands conforming to ASTM standards A421 were 12.7 mm in diameter and at a specified ultimate strength 
of 1860 MPa. 

The inverted-U shaped and stirrups reinforcements were fabricated using 10 mm diameter rebar that 
yielded a specified strength of 420 MPa. The distribution of the rebar and shear reinforcements are as 
shown in Fig. 4. 

 
(a) Arrangement of Inverted-U Shaped Reinforcements and Rebars 

 
(b) Cross-Section for the Inverted-U Shaped Reinforcements. 
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 (c) Arrangement of Closed Stirrups Reinforcements and Rebars 

 
(d) Cross-Section for the Closed Stirrups Reinforcements 

Figure 4. Arrangement of Shear Reinforcements and Reinforcements [7] 
Where A: Top Rebars, B: Bottom Rebars, C: Steel Cage, D: Strands, E: Internal Inverted-U, 

F: External Inverted-U, G: Cross-Section in Top Rebars, H: Cross-Section in Bottom Rebars,  
I: Cross-Section in Strand, J: Internal Stirrups, K: External Stirrups. 

In general, all tested specimens failed in shear mode. The experimental results were presented in 
Table.1.  

Table 1. The experimental shear test results compared with ACI provision. 

 

These results indicate that the nominal shear stress in inverted-U shaped and stirrups 

reinforcements are respectively 14.4 '
cf psi (1.2 '

cf MPa) and 12.72 '
cf psi (1.06 '

cf MPa), which 
yield an approximate 13 % increase in shearing strength [7]. 

Good correlations exist between the designed and the actual experimental results. Furthermore, 
the test results indicate that the failure load of the inverted-U shaped specimens were a little below the 
expected load; thus, resulting in a shear failure mode of the bonded PTB.  

Moreover, the average load deflection curves for the two types approve that the obtained results 
concerning the use of the inverted-U shaped reinforcements are better than those provided with the 
conventional closed stirrups reinforcements as shown in Fig. 5 [7]. 

Specimen 
Designation 

Test results ACI Equation 

Failure loads 
 Kips/ kN 

Average 
failure load 

 Kips/kN 

Spacing 
between 

point Load 
in/mm 

Nominal shear stress. 
Psi/MPa 

Nominal shear stress 
Psi/MPa 

PTB-A-1 187.98/836.2 181.92/ 
809.24 

47.24/1200 
14.40 '

cf /1.20 '
cf  N. A. 

PTB-A-2 175.86/782.30 43.3/ 1100 

PTB-B-1 166.31/739.80 166.79/ 
714.96 

47.24/1200 
12.7 '

cf /1.06 '
cf  10.8 '

cf /0. 9 '
cf  PTB-B-2 155.14/690.11 43.3/1100 
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Figure 5. Load Deflection Curves for PTB – A & PTB – B (Average Values) [7]. 

The post-cracking stiffness is an important parameter in determining the proper distribution of 
forces in the analysis of PTB. It can be calculated as the triangular area under load deflection curve (linear 
elastic region). Although, different parameters can affect the energy absorption values, such as concrete 
compressive strength and steel reinforcement ratios, the energy absorption can be considered as the total 
area under the load deflection curve.  

Refer to Fig. 5 both of post cracking stiffness and energy absorption for PTB-A show an effective 
enhancement comparing to PTB-B as shown in Table 2. 

Table 2. The experimental enhancement results. 

2. Methods 
Ever since the finite element was first introduced by Ngo and Scordelis (1967) [32] and applied to 

the analysis of reinforced beams, a huge number of methodologies for modeling the behavior of concrete 
as a material or the behavior of reinforced concrete structures have been established. 

The obtained experimental results [7], mentioned earlier, were compared with the same model using 
a finite element software “ANSYS 16.0” [31]. The objective of this comparison is to validate the experimental 
results and highlight the effectiveness of the proposed system. Moreover, the modeled beams were 
analyzed to compare the obtained experimental test results. 

The ANSYS 16.0 program [31] is capable of simulating structural analysis problems in a wide range 
of engineering disciplines, deformations, stresses, strains, and reaction forces. The analysis of a structure 
with ANSYS 16.0 is performed through the following pre-processing steps: The first process is defining the 
finite element model and the environmental factors applied to it. The second is analyzing the solver which 

Specimen 
Designation 

Average failure load 
Kips/kN 

Nominal shear stress 
Psi/MPa 

Post-
Cracking 
Stiffness 

Energy 
Absorption 

PTB-A 181.92/809.24 14.40 '
cf /1.20 '

cf  45.96 252.66 

PTB-B 
166.79/714.96 12.7 '

cf /1.0 '
cf  41.88 207.48 

% Enhancement 9.07% 13.4 % 9.75 % 21.77 % 
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is the solution of the finite element model and finally post-processing the results like deformations, contours 
for displacement, etc…, using visualization tools. 

An approach to modeling bonded PTB will usually aid in making better and improved engineering 
decisions about preparing the geometry, which includes beams, cables, reinforcement rebar, inverted-U 
shaped and stirrups reinforcements. 

The finite element analysis calibration study included modeling bonded PTB with the dimensions and 
properties. In order to model them using ANSYS 16.0, there are multiple tasks that have to be completed 
for it to run properly. Models can be presented using either a command prompt line input or a Graphical 
User Interface.  

For this model, the graphical user interface was utilized. This section describes the different tasks 
and entries used to model the finite element calibration. The boundary conditions and load application were 
identical to those used in the tests. 

The main evaluation for a theoretical model is testing two types of bonded PTB: PT-1 (provided with 
inverted-U shaped reinforcements) and PT-2 (provided with stirrups reinforcements). Both types are 
analyzed using ANSYS 16.0. 

The PTB was designed following the recommendations of PTI (Post Tensioning Institute) manual, 
so the profile of the strands is a fixed parameter and cannot be changed, because the profile was chosen 
to ensure the maximum benefit from the post-tension system. Concerning the level of force, in this study, it 
does not make any sense to change it. Since during the experimental tests, it was chosen the level to 
ensure the maximum efficiency force. However, the concrete compressive strength was changed to study 
its effect on the PTB. 

2.1. Modeling of post-tensioned beams 
The model is considered vertically symmetrical at mid span as performed in the previous test. The 

test specimens were 3.4 m × 0.3 m × 0.25 m. The concrete beam was modeled by drawing the area into 
the YZ plan and extruding it into the X direction as shown in Fig. 6.  

 
Figure 6. Modeling of PTB. 

The element is a 10-node element model with a higher 3D order (SOLID187) as shown schematically 
in Fig. 7. 

 
Figure 7. Solid 187 Element Model. 
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It has a quadratic displacement behavior and is well suited to modeling irregular meshes (such as 
those produced from various CAD/CAM systems). This element had three degrees of freedom at each 
node: translations in the nodal x, y, and z directions. The element has plasticity, hyperelasticity, creep, 
stress stiffening, large deflection, and large strain capabilities. 

It also has a mixed formulation capability for simulating deformations of both partially incompressible 
elastoplastic materials and fully incompressible hyper-elastic ones. The element is capable of plastic 
deforming, cracking in three orthogonal directions, and crushing.  

Four longitudinal reinforcements of 20 mm in diameter were placed at the top and bottom of the 
concrete beams as described before in the experiment investigation (Fig. 8). 

 
Figure 8. Rebar in Bonded PTB. 

The shear reinforcements were located at the supports (max. shear region) of the beam, around the 
loaded or reaction area. Sixteen inverted-U shaped reinforcements of dimensions (21 cm×26 cm×21 cm) 
along with another sixteen of dimensions (21 cm×8 cm×21 cm) were used in the first beam type PT-1 as 
shown in Fig. 9. 

 
Figure 9. Inverted-U Shaped Distribution in Bonded PTB. 

Also, another 16 closed stirrups reinforcements of dimensions (21 cm×26 cm) plus 16 closed stirrups 
reinforcements of dimensions (21 cm × 8 cm) were prepared for the second type of beam (PT-2) as shown 
in Fig. 10. 

One sector was provided into the XZ plane in a longitudinal direction to model a cable. The cable 
geometry was entered with a curvilinear body and anchored at the ends through a thin cylindrical joint as 
shown in Fig. 11. 
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Figure 10. Stirrups Distribution in Bonded PTB. 

 
Figure 11. Layout of Post-Tensioned Cable. 

2.2. Modeling of material properties 
The material properties adopted for the discrete model concerning concrete, rebar steel, shear 

reinforcements (inverted-U shaped and stirrups reinforcements) used were taken from the accomplished 
experiments. 

Concrete is modeled with the help of a solid element, SOLID186. In tension, the stress–strain curve 
is thus presumed to be linear elastic until it reaches the uniaxial tensile strength of the concrete. Thus, 
the concrete element eventually cracks.  

By default, there is a model for concrete, but for the nonlinear analysis purpose, the plastic 
behavior model should be added. The simple one is the bilinear kinematic hardening model. But in order 
to get a better performance, the multilinear model is used and the values as stress-strain relationship are 
added as shown below in Table 3 and Fig. 12. The other concrete material values are listed in Table 4.  

Table 3. Concrete stress strain values. 
Plastic Strain Stress (MPa) 

0 1E-09 
0.0006 15 
0.0009 21.08 
0.0012 25.27 
0.0015 27.96 
0.0018 29.42 
0.0021 29.96 

0.00219 30 
0.003 30 



Magazine of Civil Engineering, 110(2), 2022 

Khatib M., Abou Saleh Z., Baalbaki O., Hamdan Z. 

Table 4. Concrete properties. 
Properties Values 

Young’s Modulus 25000 Mpa 
Poison’s ratio 0.1 

Tensile Yield Strength 3.42 MPa 
 

 
Figure 12. Stress-Strain Relationship for Concrete. 

ANSYS 16.0 supplies a huge number of material libraries. Structural steel is one of them. The values 
were modified so that it would be similar to that used in the experimental analysis then added a plastic 
behavior model for the nonlinear analysis as listed in Table 5 by using the simpler one which is the bilinear 
isotropic hardening model. The values for yielding strength (420 MPa) and tangent modulus (6700 MPa) 
are added as shown in Fig.13. 

Table 5. Rebars Properties. 
Properties Values 

Young’s Modulus 1.96*105 MPa 
Poison’s ratio 0.28 

Tensile Yield Strength 420 MPa 
Tangent Modulus 6700 MPa 

Tensile Ultimate Strength 525 MPa 

 
Figure 13. Stress-Strain Relationship for Steel. 

The steel element model in the “Engineering Data Sources” was duplicated and renamed it as 
prestressed cables. The values were modified to have the same material properties used in the 
experimental analysis as shown in Table 6. 
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Table 6. Prestressed Cables Properties. 
Properties Values 

Young’s Modulus 2*105 MPa 
Poison’s ratio 0.3 

Tensile Yield Strength  

2.3. Meshing 
The Solid186 element was used to mesh the PTB. This properly sets width and length of the elements 

in the rebar and lets the cables be consistent with the elements and nodes in the concrete portions of the 
model. The necessary element divisions are noted. The model was meshed as shown in Fig. 14 using 
“Curvature” option in “Advanced size function”, “Coarse” option for “Relevance Center with Medium 
Smoothing” and “Fast Transition” so that both the rebar and concrete elements share the same nodes. The 
same goes for cables and concrete. 

 

Figure 14. Meshed Bonded PTB. 
An internal closed view for the meshed inverted-U shaped reinforcements and post-tensioned cables 

was shown in Fig. 15. 

 
Figure 15. Internal Closed Meshed View for PT-1. 

Another internal view for the meshed stirrups and post-tensioned cables was presented in Fig. 16. 
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Figure 16. Internal Closed Meshed View for PT-2. 

2.4. Loads and boundary conditions 
The load was applied downwards at two separated points 30 cm from the center of the PTB. Two 

other different points, which were 200 cm apart from each other, were used to be the supports of the PTB. 
The beam also had a 70 cm overhanging on each side as shown in Fig. 17. 

 
Figure 17. Bonded PTB Loaded. 

3. Results and Discussion 

The Analysis Settings was specifying to ON for the Large deflection and the numerical analysis 
started running. Numerical results of shear behavior of bonded PTB with inverted-U shaped and stirrups 
reinforcements were presented in this paper. These results state that both models failed in shear.  

The initial cracking of the PTB provided with inverted-U (PT-1) appeared at a load P = 198 kN and 
the corresponding deflection is 3 mm. Smooth graded crack occurs as more load is applied to the PT-1. 
The second crack appeared at a load P = 431 kN with corresponding deflection equal to 8.5 mm. Thus, 
larger deflection takes place at mid-span, and the successive appearance cracking of the PT-1 means that 
significant cracks appear at beyond yielding of steel reinforcement. At 845.16 kN the PTB is at the verge of 
failure i.e. the cracking extends towards the top and record a deflection equals to 46 mm. 

From X–Y plot results in Fig. 18 and the directional deformation colored contour bands for the PTB 
shown in Fig. 20. a,b a smooth graded crack occurred as the load increased and up to a 198 kN, the linear 
elastic material behavior for both steel reinforcement and concrete defines the flexural rigidity. When 
concrete stresses exceed modulus of rupture, cracked transformed moment of inertia in addition to linear 
elastic steel and concrete behavior defines the flexural rigidity of the beam, then the nonlinear concrete 
behavior takes place, at this stage deflection was computed based on curvature. 
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Figure 18. Load Deflection Curves for Numerical PTB (PT-1). 

From the results obtained (Fig. 19) the bonded post-tensioned reinforced concrete beam provided 
with closed stirrups (PTB-2) crack initially at a load P = 200 kN with a corresponding deflection equals to 
3.2 mm. It is noticed that at P = 400 kN the cracks develop in a sudden way caused a 9.5 mm as deflection, 
this implies that the tensile stress relaxation is not functioning properly. Cracking increases and the 
maximum load reached P = 756.20 kN caused a crushing in the top of the PTB model with deflection equals 
to 49.1 mm. 

 
Figure 19. Load Deflection Curves for Numerical PTB (PT-2). 

In order to investigate numerically the effect of the concrete compressive strength ( )cf ′  on the two 
types of PTB (PT-1 & PT-2), several values were also studied (35 MPa, 40 MPa, 45 Mpa and 50 MPa). It 
was very clear, for both cases of PTB (PT-1 & PT-2) that with the increase of ( ) ,cf ′  the shear failure reach 
a higher value than the previous one as shown in Fig. 20. 
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Figure 20. Load-Concrete Compressive Strength Relationship. 
The directional deformation results appear as colored bands on the two types of bonded PTB  

(PT-1 & PT-2) as shown in Fig. 21. 

  

  

Figure 21. Top-left: Last Directional Deformation Beam Colored Bands for PT-1; Top-right: Internal 
View for Last Directional Deformation Colored Bands for PT-1; Bottom-left: Last Directional 
Deformation Beam Colored Bands for PT-2; Bottom-right: Internal View for Last Directional 

Deformation Colored Bands for PT-2. 
The numerical results of bonded PTB with shear stirrups were almost equal to those predicted by 

the ACI equation. The comparisons were made between load deflection curves at mid-span and failure 
load. The results of the finite element analysis were calculated at the same location as the experimental 
test of the beams. 

The bonded PTB capacity with the inverted-U shaped reinforcements was about 11.76 % higher than 
the bonded PTB with the stirrups. An enhancement was observed in the ductility computed as the 
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percentage difference in the max deflection between the two beams. The numerical results have shown 
that the use of inverted-U shaped reinforcements structurally behave as good if not better as shear 
reinforcements than stirrups do.  

The accuracy of the finite element models was assessed by comparison with the experimental results 
that appear to be in good agreement. The load-deflection curves from the finite element analysis agree well 
with the experimental results in the linear range till peak load as appears in Table 7 and Fig. 22.  

Table 7. Comparison of Numerical and Experimental PTB Results with ACI Provision. 

Specimen 
designation 

Test Results ACI Equation 
Average 

failure load 
Kips/ kN 

Nominal shear stress 
psi /MPa 

Nominal shear stress 
psi /MPa 

PTB-A 181.92/ 
809.24 14.40 '

cf /1.20 '
cf  N. A. 

PTB-B 166.79/ 
714.96 12.72 '

cf /1.06 '
cf  10.8 '

cf /0.9 '
cf  

Numerical Results 

PT-1 190 / 845.16 15.04 '
cf / 1.25 '

cf  N. A. 

PT-2 170 / 756.20 12.96 '
cf / 1.10 '

cf  10.8 '
cf /0.9 '

cf  

 
Figure 22. Load Deflection Curves for Experimental PTB (PTB-A and PTB-B)  

and Numerical PTB (PT-1 and PT-2). 
The obtained numerical results show improvement values as much the experimental ones. The 

percentage enhancement concerning Average load failure, Nominal shear stress, Post-Cracking Stiffness 
and Energy Absorption were shown in Table 8. 
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Table 8. Comparison of Enhancement for Numerical and Experimental PTB Results. 
Test Results 

Specimen 
Designation 

Average failure 
load 

Kips/ kN 

Nominal shear stress 
psi /MPa 

Post-Cracking  
Stiffness 

Energy Absorption 

PTB-A 181.92/ 
809.24 14.40 '

cf /1.20 '
cf  45.96 252.66 

PTB-B 166.79/ 
714.96 12.72 '

cf /1.06 '
cf  41.88 207.48 

%Enhancement 9.07 % 13.4 % 9.75 % 21.77 % 

Numerical Results 

PT-1 190/845.16 15.04 '
cf /1.25 '

cf  57.28 275.25 

PT-2 170/756.20 12.96 '
cf /1.10 '

cf  52.87 229.56 

%Enhancement 11.76 % 16.04 % 8.34 % 19.90 % 
 

The numerical results give values higher than the experimental ones; however, the properties of 
concrete during the achieved experiments were possibly not as similar as estimated. According to the 
numerical results obtained, the proposed finite element model proves the capability to accurately predict 
the load deflection relationships of the bonded PTB. To obtain new equations governing the design of 
inverted-U shaped reinforcements, further research is needed. 

4. Conclusion 
A nonlinear finite element model, ANSYS 16.0, was developed and presented for the analysis of two 

bonded PTB. The first was provided with inverted-U shaped reinforcements while the second was provided 
with closed stirrups reinforcements. The interface between the tendon and the surrounding concrete was 
modeled allowing the tendon to retain its profile shape during the deformation of the beam. The comparison 
between the experimental and numerical results showed that the model can predict the behavior of bonded 
PTB. The numerical results allow to draw following conclusions: 

1. The outcomes of the conducted finite element analysis, utilizing ANSYS 16.0 software for the 
bonded PTB provided with inverted-U shaped and stirrups reinforcements are in good agreement in terms 
of load deflection relationship with that obtained experimentally. 

2. Structural modeling using SOLID187 finite element utilizing ANSYS 16.0 software properly 
simulate the behavior of bonded PTB provided with inverted-U shaped and stirrups reinforcements. 

3. It was planned that the testing results should give values higher than the numerical ones; 
however, the properties of concrete during the testing process were perhaps not as homogenous as 
expected. 

4. The numerical model of bonded PTB provided with inverted-U shaped reinforcements failed in 
shear mode with an increase in capacity of about 11.76 % above the numerical model of bonded PTB 
provided with stirrups before collapsing. 

5. The nominal shear stress for bonded PTB provided with inverted-U shaped reinforcement was 

equal to 1.25 '
cf MPa and could actually be as high as the bonded PTB provided with stirrups by 16.05 %. 
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Abstract. The effect of different mix ratios on the mechanical properties of concrete was investigated. The 
strength and deformation in terms of the strain of normal strength concrete were evaluated under concentric 
loading. The artificial neural network (ANN) technique was used for predicting the compressive stress and 
strain at peak stress of concrete. The input parameters for ANN architectures included water/cement ratio, 
aggregate/cement ratio, and slump values. An equation for predicting the strain of concrete at peak stress 
was proposed based on ANN output values for compressive stress and strain at peak stress. The capability 
and performance of the proposed equation are compared with actual experimental results and predictions 
from existing fifty-three empirical equations, including several design codes and various strain models for 
normal and high strength concretes, using several statistical indexes. The results showed that ANN 
technique  have good potential for predicting the compressive strength and strain at peak stress of concrete, 
yielding close predictions and good agreement with the original ones.  

1. Introduction 
In the last nine decades, considerable effort has been spent to understand the inelastic behavior of 

concrete and the resulting shape of the stress-strain curve. The compressive strength and the strain at 
peak stress of concrete were found to have a significant interrelationship. Several studies have reported 
the axial strain capacity to increase significantly in concretes with improved compressive strength. Modern 
technology and new additives assisted in the improvement of concrete properties. Several parameters 
influence the strain at peak stress, including water/binder ratio and workability. One measure of quality 
control and uniformity of concrete from batch to batch is the slump test. Workability extends the fresh use 
of concrete to achieve full compaction, increase the resistance to bleeding, harshness, and segregation. A 
significant component that makes up concrete and contributes to its physical improvements is aggregate. 
A high aggregate/cement ratio indicates lower compressive strength and vice versa.  

Some design codes have adopted a constant value for the strain at peak stress of concrete tested 
under axial compression load. However, such approaches may not yield acceptable results with more minor 
errors since the compressive strength of concrete and its strain at peak stress are influenced by several 
parameters such as mixed ingredients, specimen geometry, testing conditions, and environmental 
conditions.  

Several studies have highlighted the potential use of artificial neural networks (ANN) to predict the 
compressive strength of concrete. In a research, ANN procedure was employed for evaluating the 
compressive strength of concretes containing metakaolin and silica fume [1] using the experimental test 
results from 195 specimens produced with 33 different mixture proportions. The obtained test data was 
used in the multi-layer feed-forward neural network models and were arranged in a format of eight input 
parameters. In another study, ANNs and genetic programming (GP) were used for predicting the strength 
of concrete [2]. The ANN model with the training function, Levenberg-Marquardt (LM), was found to be a 

https://creativecommons.org/licenses/by-nc/4.0/
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useful tool for compressive strength predictions of concrete. Lai and Serra [3] used the ANN model for 
assessing the compressive strength of cement conglomerates by constructing models in which a variety of 
different mix-design parameters associated with cement conglomerates were considered.  

Unlike normal concrete, high-strength concrete (HSC) has been reported to be a highly sophisticated 
material that makes its modeling difficult. ANN models [4] have shown to be a powerful tool for calculating 
the compressive strength and slump of HSC. The ANN models for compressive strength and slump were 
constructed, trained, and tested using a database of 187 test results arranged in a format of seven input 
parameters. The mean absolute percentage error found to be less than 1 % for compressive strength and 
5 % for slump values, and the corresponding R2 values were 99.93 % and 99.34 %, respectively. Naderpour 
and Mirrashid [5] utilized the ANN technique to assess the effect of micro-silica and calcium in silicate 
minerals on the compressive strength of mortars. The ANN modeling showed high accuracy, functional 
ability, and acceptable performance in predicting the compressive strength of the tested mortars. Asteris et 
al. [6] reported ANN to be a proper simulation technique for predicting concrete properties. Duan et al. [7] 
suggested an ANN model-based explicit formulation for predicting the loss in compressive strength of 
recycled aggregate concrete. The authors used one hundred forty-six available sets of data from sixteen 
different published literature sources to construct ANN models with fourteen input parameters. They 
concluded that with varying the types and sources of recycled aggregates, ANN showed excellent potential 
as a technique for evaluating the compressive strength of recycled aggregate concretes.  

An experimental program [8] consisting of a direct and indirect evaluation of unconfined compressive 
strength (UCS) of sixty-six granite and limestone sample sets of rocks was carried out. Point load index 
test, Schmidt hammer rebound number, p-wave velocity test, and dry density test were used as inputs of 
the network while the output was the UCS values. A PSO-based ANN techniques hybrid model was 
proposed. Several studies have reported the predictions of the alternative evaluation methods to be often 
closer to the experimental test data than the predictions from design codes [9]. ANN method performed 
better and yielded more accurate predictions than the Multiple Linear Regression (MLR) technique for both 
slump and compressive strength of concrete [10]. From the above review, most of the previous studies 
were on the compressive strength of concrete, and the application of the ANN technique to predict the 
concrete deformation in terms of strain at peak stress still needs to be covered. 

The objectives of the present study are to evaluate the previously published models relating the strain 
at peak stress to the compressive strength; to perform experimental tests to assess the stress-strain 
relationship parameters, compressive strength and its corresponding compressive strain at maximum 
stress, of normal strength concrete; to use ANN technique to predict the above two parameters based on 
the experimental results. Finally, the paper sets to develop a model to predict the strain at peak stress 
based on regression analysis of ANN predicted values.  

2. Materials and Methods 
2.1. Materials  

The following ingredients were used for the twelve concrete mixtures: water, coarse river aggregate, 
fine river aggregate, and cement. 

Ordinary Portland cement with a specific gravity of 3.15 and conforming to ASTM C150 Type I was 
used for making concrete.  

The coarse aggregate for all the mixes was rounded and well-graded river gravel with a maximum 
aggregate size of 20 mm and specific gravity of 2.72. 

The fine aggregate was river sand from the Eski-kalak region north of Iraq with a maximum size of 
4.75mm and specific gravity of 2.7. 

The quantity of coarse aggregate was adjusted, yielding twelve mixes with aggregate/cement (a/c) 
ratios ranging from 3 to 8 in increments of 0.5. Tap water was used to hydrate the ordinary Portland cement 
in a drum-type rotary mixer. All the mix details are summarized in Table 1. 

2.2. Methods of Testing 
2.2.1. Fresh concrete  

The slump test was used to evaluate the consistency of fresh concrete and the effect of change in 
the mix on fresh concrete properties. The truncated steel cone was filled with the fresh concrete in three 
equal layers, and each layer was tamped twenty-five times with a steel rod to ensure compaction. The 
workability of new concrete decreased as the a/c ratio increased, resulting in harsh combinations with 
increased compaction difficulties. The details of slump results are presented in Table 1. The unit weight of 
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fresh concrete was measured and computed in Table 1. In general, as the amount of fine material or sand 
decreased, the unit weight decreased, too. 

2.2.2. Hardened concrete 
After 28 days of curing, the rough surface of concrete cylinders was capped with a filling material. 

The specimens were tested in compression under a displacement control mode at a rate of approximately 
0.5 mm/min. The relative displacement between the upper and lower loading platens was measured using 
two  linear variable differential transformer (LVDT) and one dial gauge (Fig. 1). Two electrical strain gauges 
on the surface of cylinders used for longitudinal and lateral strain measurements. There was an inverse 
relationship between compressive strength and the three test parameters for hardened concrete depending 
on variations in constituent materials, Table 1.  

2.3. Intelligent systems and methods 
2.3.1. Artificial neural networks 

The neural network modeling process involves five main aspects: data acquisition, analysis, and 
problem representation; architecture determination; learning process determination; training of the 
networks; and testing of the trained system for generalization evaluation [1, 11]. ANN procedure handles 
severe problems via the interaction between nodes (artificial neurons). The ANN model has elements 
arranged in layers and trained with the data from the experimental results. The first layers of nodes 
(neurons) get data from the outside environment and transfer it to the nodes of the hidden layer without 
performing any computation, where the data is processed to draw out useful features. Weights interconnect 
other nodes in other layers. The output layer neurons produce network predictions. In a three-layer ANN, 
training data relates between input and output nodes. Due to the ability of neurons to pass and remember 
the data from experimental results during the training process, the network can learn, categorize, and 
predict values.  

Table 1. Mix details and properties of fresh and hardened concrete. 

Specimen Mix ratio w/c  
ratio 

Aggregate/ 
cement ratio 

Slump 
(mm) 

γ  
(kg/m3) 

cf  

(MPa) 
cε  

1-1 1:2:1 0.435 3.0 12 2400 38.7 0.00197 
1-2 1:2:1 0.435 3.0 12 38.9 0.0019 
1-3 1:2:1 0.435 3.0 12 38.5 0.00192 
2-1 1:2:1.5 0.450 3.5 10 2400 36.5 0.00187 
2-2 1:2:1.5 0.450 3.5 10 38.1 0.00188 
2-3 1:2:1.5 0.450 3.5 10 37.5 0.0018 
3-1 1:2:2 0.485 4.0 9.5 2380 34.6 0.00179 
3-2 1:2:2 0.485 4.0 9.5 34.3 0.00188 
3-3 1:2:2 0.485 4.0 9.5 33.7 0.00182 
4-1 1:2:2.5 0.505 4.5 9.5 2375 34 0.00177 
4-2 1:2:2.5 0.505 4.5 9.5 32 0.00173 
4-3 1:2:2.5 0.505 4.5 9.5 32.7 0.00179 
5-1 1:2:3 0.51 5.0 8 2370 31.1 0.00168 
5-2 1:2:3 0.51 5.0 8 33.3 0.00176 
5-3 1:2:3 0.51 5.0 8 32.2 0.00169 
6-1 1:2:3.5 0.51 5.5 7 2355 30.8 0.00172 
6-2 1:2:3.5 0.51 5.5 7 32 0.00174 
6-3 1:2:3.5 0.51 5.5 7 30.8 0.00171 
7-1 1:2:4 0.52 6.0 5 2340 28.5 0.00169 
7-2 1:2:4 0.52 6.0 5 29.7 0.00176 
7-3 1:2:4 0.52 6.0 5 27.6 0.00169 
8-1 1:2:4.5 0.535 6.5 5 2325 25.2 0.00157 
8-2 1:2:4.5 0.535 6.5 5 24.8 0.00172 
8-3 1:2:4.5 0.535 6.5 5 26.5 0.00182 
9-1 1:2:5 0.56 7.0 4 2300 20.6 0.00164 
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Specimen Mix ratio w/c  
ratio 

Aggregate/ 
cement ratio 

Slump 
(mm) 

γ  
(kg/m3) 

cf  

(MPa) 
cε  

9-2 1:2:5 0.56 7.0 4 19.6 0.00165 
9-3 1:2:5 0.56 7.0 4 21.6 0.00165 

10-1 1:2:5.5 0.585 7.5 2.5 2245 19.9 0.00169 
10-2 1:2:5.5 0.585 7.5 2.5 18.2 0.00151 
10-3 1:2:5.5 0.585 7.5 2.5 19.5 0.00158 
11-1 1:2:6 0.6 8.0 0.0 2270 16.3 0.00153 
11-2 1:2:6 0.6 8.0 0.0 16.1 0.00154 
11-3 1:2:6 0.6 8.0 0.0 17.7 0.00169 
12-1 1:2:6.5 0.605 8.5 0.0 2225 15.6 0.00153 
12-2 1:2:6.5 0.605 8.5 0.0 16.85 0.00164 
12-3 1:2:6.5 0.605 8.5 0.0 16.4 0.00167 

 
A typical node (AN) designed to carry out specific tasks, as shown schematically in Fig. 2. The 

network supplied with the values of parameters jx  (selected parameters related to the strength 

characteristics of the concrete) [9]. Each parameter assigned weight jiw  and bias iΘ  and this yields the 

sum in of the multiplication: 

( ) ( )i j ji in x w θ= +∑  (1) 

The in  is integrated into an established activation function (g): 

 
Figure 1. Testing of concrete specimens.  

( ) ( )( )i i i ji iy g g x w θ= = +∑  (2) 

 
Figure 2. A simple neuron model.  
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And the result is the output iO  of the AN. Several layers assembled to establish the artificial neural 
networks used in the present study. The randomly assigned values of the weights and bias undergo iterative 
training to yield the final results. The architecture of the ANN established through a trial-and-error process 
related to the type of activation function and the number of neurons in each hidden layer. The goal of this 
process is to reduce the gap between the ANN output iO  values and the target values iT  [12, 13, 1]. A 

measure of the deviation of iO  from iT  is given by: 

( )21
2 i iE T O= −∑  (3) 

2.3.2. Adopted ANN models 
The three-layer feed-forward type of ANNs was adopted in the present study, Figs. 3 to evaluate the 

peak stress and Fig.4 to assess the strain at peak stress. The transferred information is processed to extract 
useful features to reconstruct the architecture from the input space to the output space [15]. If convergence 
is not achieved, the calculation repeated. Weights fully interconnect the neighboring layers. The network 
architecture is dictated by the interconnected input, hidden, and output neurons. The weights and 
processing function of each neuron influence the output layer.  

  
Figure 3. Architecture of ANN model to evaluate peak stress. 

Most studies adopted a neural network with one hidden layer that was found sufficient to solve most 
problems in civil engineering [16–18]. When considering computational efforts required for more hidden 
layers and an additional number of neurons, one hidden layer reported to be sufficient to produce an 
acceptable ANN model [19] and to predict the elastic modulus of concrete. When increasing the number of 
hidden layers, a marginal change in results was obtained [20]. Two ANN models, ANN-1 and ANN-2, with 
one hidden layer were constructed, trained, and tested using the current experimental test results. The 
experimental test data was based on two different mix parameters (i.e., w/c and a/c ratios) in addition to 
slump results. The experimental data was divided into three subcategories of training, validation, and test. 
Subsequently, the network was trained to minimize the error between the experimental and ANN predicted 
values.  

 
Figure 4. Architecture of ANN model to evaluate strain at peak stress.  
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The two concrete mix parameters (w/c ratio and a/c ratio) and slump values were used as the four 
input variables and the bias. The compressive strength and strain at peak stress were the output 
parameters for the two models, as shown in Figs. 3 and 4, respectively. The hidden layer of the ANN-1 
Model to evaluate peak stress (Fig. 3) consisted of seven neurons. In contrast, the same number for the 
ANN-2 Model to evaluate strain consisted of six neurons (Fig. 4).  

3. Results and Discussions 
3.1. Strain models 

The size and shape of the specimen and concrete physical characteristics influence the strain at 
peak stress of concrete [21]. Strain is needed to determine the response of a structure to crack control and 
assess cracking risk [22]. Generally concrete strain is expressed as a function of compressive strength in 
standard codes and empirical expressions. Different function forms of c cfε −  relationship is found in the 
literature which can be classified into three groups. The experimental test results were checked against the 
three groups containing fifty-three existing expressions for strain at peak stress [21–68]. It included the 
following: 

3.3.1. Group one (G-1) with polynomial function 

In models with polynomial functions [21, 22, 27], the compressive strength is raised to a non-negative 
integer power. The leading term or the highest power of the variable in the polynomial function was 3. 
Among the three models in group one is the model by Tasdemir et al. [22], which was based on tests on 
concrete with a wide range of strengths from 6 to 105 N/mm2. Using a total of 228 test results for specimens 
tested under uniaxial compressive loading conditions, the authors reported a polynomial function to best fit 
the experimental data with a reasonably good correlation coefficient of 0.75, Table 2.  

3.3.2. Group two (G-2) with linear function 

Twenty-one models [24–26, 28, 30, 32, 33, 35, 36, 38–40, 47, 49, 54, 56, 59, 60, 62, 63, 65] among 
the fifty-three models have a linear function. Group two linear models with large database include two 
models; Chen et al. [60] and Chen et al. [63] with 380 test data from 15 studies.  

3.3.3. Group three (G-3) with power functions 

The largest group with twenty-nine models [23, 29, 32, 34, 37, 39, 41–46, 48, 50–53, 55, 57, 58, 61, 
64, 66a, 67, 68 ]. Several of these models based on a large database, including De Nicolo et al. [39] using 
17 studies, Arıoğlu [42] with 41 sets of test data from 8 studies, Wee et al.[44] with 163 test data, Mansur 
et al. [48] with 54 test data, Lu and Zhao [55] with 75 test data, Ding et al. [57] with 165 test data, Kumar et 
al. [58] with 162 test results, Lim and Ozbakkaloglu [61] with 147 test data, Hoang and Fehling [67] with 
132 test data from 6 studies. All the equations with a power function have a variable base as a compressive 
strength raised to power with a small, even positive number. The power ranges from 0.19 [66] (a) to 0.53 
[52] and [66]c for most of the studies. However, the model [67] uses power as high as 0.96. On the other 
hand, the model [68] incorporates negative power (-2.256). 

Other studies, not included in Table 2, employed constant values of strain such as 0.002 [44, 69], 
0.0022 [70–73], 0.0024 [74], and 0.003 [75, 76]. The cε =0.003 was suggested to be used for design 
purposes, for concrete compressive strengths up to 124MPa [75, 76].  

Table 2. Models used to predict the strain at peak stresses. 

Year Source Model Strength 
range MPa 

No. of test 
data 

Comments 

1993 Collins et al. 
[21] ( )

( ) ( )0.5
0.0588 0.8

3220 6900 0.0588 0.2
c c

c
c c

f f
f f

ε
+

=
+ −

 

cε  is strain at peak stress 

cf  is compressive strength 

21 to 
83MPa 

14  

1998 Tasdemir et 
al.[22] 

2
6

* *0.067 29.9 1053 10c c
c

c c

f f
f f

ε − 
= − + +  
 

 

f* = 1 MPa 

6 to 
105MPa 

228 from 
12 studies 

R2= 0.75 
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Year Source Model Strength 
range MPa 

No. of test 
data 

Comments 

1936 Emperger 
[23] ( )( )0.5 2 0.0445 10c cfε −=

 

  For concrete 
with a low 

level of sand 

1950 Ros [24] ( ) 20.0546 0.003713 10c cfε −= +
 

   

1955 Hognestad 
et al. [25] 6 0.004 10

6.5
c

c
c

fε − = + 
    

5 to 52.4 26  

1962 Liebenberg 
[26] 

( ) ( )
6 0.004 10

0.73 8.3
c

c
fε − 

= +  
   

7 to 69   

1964 Saenz [27] ( ) ( )0.25 0.25 30.12 9 10c c cf fε − = −
   

   

1967 Soliman et 
al.[28] ( ) *2 / 25097c cfε =  *MPa 

 16   

1970 Popovics 
[29] ( )0.250.000735c cfε =

 
   

1970 Tadros [30] ( ) 31.6 0.01 10c cfε −= +
 

   

1973 Popovics 
[31] ( )0.250.000937c cfε =

 
  Curve fitting 

using data 
from another 

reference 
1976 Bashur and 

Darwin[32] 
363000 400

c
c

c

f
f

ε =
+

   ( cf  in psi) ( cf  in psi)  Curve fitting 
using data 

from another 
 

 
1982 Ahmad-

Shah [33] ( ) 50.001648 1.65 10c cfε −= +
 

20 to 75   

1984 Tomaszewic
z [34] ( )0.31 6700 10c cfε −=

 
fc≤ 85MPa  High-

strength 
 1985 Shah-Fafitis 

[35] ( ) ( )51.491 10 0.00195c cfε −= +
 

   

1986 Carreira-
Chu [36] ( )( )50.71 10 0.00168c cfε −= +  

8.96 to 
52.4 

9 Data from 
two studies 

1990 Ali et al. [37] ( )0.250.000875c cfε =
 

16.7 to 
43.5 

12  

1994 Hsu and 
Hsu [38] ( ) ( ) ( )5 31.29 10 2.114 10c cfε − −= +

 

65.8 to 
91.4 

14  

1994 De Nicolo et 
al. [39] 

0.5
70.00076 0.626 4.33 10

*
c

c
f
f

ε −  = + −      

10 MPa≤ 
fc≤ 100 

MPa 

Not given 
17 studies 

 

 Brandtzaeg 
[39]  210

46.886 2.6
c

c
c

f
f

−=
+  

   

1995 Almusallam 
and Alsayed 

[40] 
( ) 40.398 18.147 10c cfε −= +

 
20 to 

110MPa 
  

1995 CEB-FIB 
[41] ( ) ( )0.31 30.7 10c cfε −=

 

fc≤ 
100MPa 

  

1995 Arıoğlu [42] ( ) ( )0.27756 0.093141.753c cf Vε −=
 

V=volume 41 from 8 
studies 

R2= 0.874 
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Year Source Model Strength 
range MPa 

No. of test 
data 

Comments 

1996 Attard and 
Setunge [43]   

4
3.78 c

c
c c

f
E f

ε =
 

> 40MPa   

1996 Wee et 
al.[44] ( )0.250.00078c cfε =

 
 163  

1997 Guo [45] ( )( ) 32700 172 10c cfε −= +
 

Up to 
120MPa 

  

1998 Xu [46] ( )( ) 32966 155.64 13.77 10c cfε −= + −
 

  high-
performance 

concrete 
1999 CEB-FIB 

[47]   31.7 10c
c

cmo

f
f

ε − 
= + 
   

fcmo=70, 
fc≤100MPa 
fc≤100MPa 

  

1999 Mansur et 
al. [48] a ( )0.350.0005c cfε =

 
70 to 

120MPa 
54 For cylinders 

1999 Mansur et 
al. [48] b ( )0.350.00048c cfε =

 
70 to 

120MPa 
54 For prisms 

2002 Lee [49] c 

( ) 246.886 2.6 10
c

c
c

f
f

ε =
+  

75 to 78 20 HPC  

2003 NS 3473[50] 
( )0.310.7

1000c cfε =
 

fc=peak 
stress  

  

2003 Yu and Ding 
[51]   ( )7

18 6383 10c cufε −=
 

  7
60.4c cuf f=  

2004 EC2 [52] ( )0.532 0.085 50c cfε = + −
 

50MPa≤fc≤
100MPa 

 0.002 for 
fc<50MPa 

2004 Tasnimi [53]   ( )0.44 565.57 6.748 10c cfε −= −
 

   

2006 Mertol [54] ( )50.0033 13.793 10c cfε −= −
 

69 to 124 21  

2008 Lu and Zhao 
[55] ( ) ( )0.38 6430 10c cfε −=

 

42.7 to 
125.6 

75  

2010 Arslan and 
Cihanli[56] ( )0.001 20

0.002
70

c
c

f
ε

 − 
= +  

   

50MPa≤fc<
100MPa 

  

2011 Ding et al. 
[57] a ( ) ( )1

3 3520 10c cfε −=
 

20 to 
150MPa 
from five 
studies 

165groups  

2011 Ding et al. 
[57] b ( ) ( )7

18 6383 10c cufε −=
 

30 to 
150MPa 
from four 

 

58 groups 7
60.4c cuf f=  

2011 Kumar et al. 
[58] ( ) ( )1

3 30.0006 10c cfε −=
 

35 to 
70MPa 

162 
cylinders 

self-
compacting 

concrete 
2013 Hussin et al. 

[59] ( ) ( )52 10 0.0008c cfε −= +
 

9.25 to 38 26  

2013 Chen et 
al.[60] ( ) ( ) ( ) ( )6 31.74 10 2.41 10c cfε − −= +

 

HSC 
considerin

g size 
effect 

380 from 
15 studies 

COV=0.176 
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Year Source Model Strength 
range MPa 

No. of test 
data 

Comments 

2014 Lim and 
Ozbakkalogl

u[61] 
( ) ( )0.225 310dk

c co s af k kε −=
   

1, 1s ak k= =  

10MPa≤fc≤
150MPa 

147 R2=0.626 
NWC 

2015 Ahmed et 
al.[62] ( )0.00003 0.001c cfε = +

 
5.9 to 26.5 78 R2=0.49 

2015 Chen et 
al.[63] ( ) ( )6 34.76 10 2.13 10c cfε − −= +

 
20 to 105 380 from 

15 studies 
COV=0.14 

2016 Wang et al. 
[64] ( )40.5 1.95 0.01491 0.763c c cf fε = + +

 
fc≤200MPa   

2016 Shanaka 
[65] 1.1 c

c
c

f
E

ε
 

=  
   

95 to 
147MPa  

18  

2016 Nematzadeh 
et al.[66] a ( )0.19 61074 10c cfε −=

 

17.9-
52.6MPa 

RC 

30 R2=0.62, 
reference 
concrete 

(RC) 
2016 Nematzadeh 

et al.[66] b ( ) ( )6 0.41402 10c cfε −=
 

43-83MPa 
LPCC 

30 R2=0.55, 
long-term 
pressure-

compressed 
concrete  

2016 Nematzadeh 
et al.[66] c ( ) ( )6 0.53225 10c cfε −=

 

44-91MPa 
SPCC 

30 R2=0.74,Sho
rt-term 

pressure-
compressed 

concrete  
2017 Hoang and 

Fehling[67] ( ) ( )2 0.960.0257 10c cfε −=
 

100≤fc 
≤150MPa 

132 from 
6 studies 

R2=0.86, 
UHPC; Ultra-

high 
performance 

concrete  
2017 Aslam et 

al.[68] ( ) 2.25618.938c cfε −=
 

42.5 to 52  9 𝐿𝐿𝐿𝐿𝐿𝐿 R2=0.96 

 Proposed ( )0.170.001c cfε =
 

16.1 to 
38.9MPa 

36 R2=0.82 

3.2. ANN models 
A total of 36 data sets with minimum and maximum concrete strengths of 15.6 MPa and 38.9MPa 

were unequally divided and used for training (approximately 80% of modeling) and the rest for testing (about 
20%) of the model. The ANN approach considers several parameters affecting the strength of  

 
Figure 5. Comparison of predicted peak stress (ANN-1) with experimental peak stress. 

15

20

25

30

35

40

0 10 20 30 40

Pe
ak

 s
tr

es
s (

M
Pa

)

Data order

Experiment

ANN-1



Magazine of Civil Engineering, 110(2), 2022 

Abdulla, N.A. 

concrete at the same time [19]. The experimental compressive strength and predicted strength 
values using the ANN-1 model were plotted in Fig.5. A similar procedure followed for strain at peak stress, 
using ANN-2 model, as shown in Fig. 6. The results showed that, on average, the peak stress decreased 
as aggregate/cement ratio and w/c ratio increased. 

In Figure 6, the trend for the experimental strain was more to increase with a decrease in the 
aggregate/cement ratio, and this follows the same trend for predicted strain at peak stress using the  
ANN-2 model. ANN models have captured the inter-relationships between input and output data pairs. The 
curves plotted in Fig. 5 for peak stress and Fig. 6 for corresponding strain demonstrate that the neural 
network was effective in learning the relationship between the different input parameters and the outputs, 
compressive strength, and strain at peak stress. The error between the predicted and experimental values 
then was computed. The output error can be minimized by modifications on the weights and bias at each 
neuron. The connections which could be positive or negative were not shown in Figs. 3 and 4. Instead, all 
the connection weights and biases used to predict the peak stress of concrete were computed in Table 3, 
and the connection weights and biases used to predict the strain at peak stress of concrete were 
summarized in Table 4.  

Table 3. Connection weights and biases used to predict the strength of concrete. 
Neuron w/c a/c Slump (Bias) 

1 -0.423 0.242 0.205 -0.152 
2 .171 .039 -.208 .338 
3 -.284 -.205 .190 .380 
4 -.868 -.319 -.083 .046 
5 .347 .293 -.109 .230 
6 .437 .404 .066 .075 

 

Neuron 1 2 3 4 5 6 (Bias) 

fco 0.144 -0.177 0.326 0.673 0.027 -0.481 -0.010 
 

Table 4. Connection weights and biases used to predict the peak strain of concrete. 

Neuron w/c a/c slump (Bias) 

1 -.346 -.246 .509 -.732 

2 -.729 .447 .136 -.078 

3 .703 -.697 .174 -.034 

4 .568 -.286 .072 .132 

5 .053 -.340 -.915 .951 
 

Neuron 1 2 3 4 5 (Bias) 

Strain 0.538 0.709 -0.820 -0.441 -1.176 1.013 

 

In normal strength concretes the elastic mismatch of aggregate and the matrix is significant, leading 
to large tangential, radial, and shear stresses at the paste-aggregate interface [22]. In the current study, 
the predicted peak strain values, using ANN-2 model, were plotted versus the corresponding predicted 
maximum stress, using the ANN-1 model and the graph was fitted with a nonlinear curve to find the 
relationship between the two variables. Consequently, an equation obtained and proposed for peak strain 
predictions, as summarized in Table 2.  

3.3. Statistical indices 
Several standard statistics used to assess the performances of the existing fifty-three equations for 

the strain at peak stress which include:  
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3.3.1. Normalized root-mean-square error (NRMSE) 

 
Figure. 6. Comparison of predicted strain at peak stress (ANN-2) with the corresponding 

experimental values. 

( )21

1

exp. mod

exp.

N
i ii

N
ii

el
NNRMSE

=

=

−

=

∑

∑
 

(4) 

Where the model prediction is expressed by (model.i), the experimental value is represented by 
(exp.i), and N is the total number of data. 

3.3.2. Average absolute error (AAE) 

1
mod exp.

exp.
N i i
i

i

el

AAE
N

=
−

=
∑

 
(5) 

Lower AAE values indicate excellent model performance. 

3.3.3. Nash–Sutcliffe efficiency (E) 

( )
( )

2
1

2
1

exp. mod
1

exp. .exp.

N
i ii

N
i ii

el
E

aver
=

=

−
= −

−

∑
∑

 (6) 

An E value of over 0.80 is considered good. 

3.3.4. Modified Nash–Sutcliffe efficiency (E1) 

exp. mod
1 1

exp. .exp.
i i

i i

el
E

aver
−

= −
−

∑
∑

 (7) 

The Modified Nash–Sutcliffe efficiency is based on absolute deviations instead of squares of the 
deviations. 

3.3.5. Coefficient of correlation (R2) 

( ) ( )
( ) ( )

2
2 1

2 2
1 1

exp. .exp. mod mod

exp. .exp. mod mod

N
i i i ii

N N
i i i ii i

aver el el aver
R

aver el el aver
=

= =

 − −
 =
 − − 

∑
∑ ∑

 (8) 

R2 is the rate of association between the two variables, and many outliers result in weak R2. The 
statistical measures also used to determine the performance of the two trained ANN models.  
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3.4. Strain at peak stress 
The fifty-three existing strain models found in the literature [21-68] and the proposed ANN-based 

model were used to predict the strains ( cε ) at the peak stress and were compared with the experimental 
results. All the models for the strain at peak stress prediction summarized in Table 2 including the proposed 
ANN-based model. Some models have limitations that make these models not applicable to the strength 
range of the present study, but were included for comparison purposes. The predicted strains and the best 
fitting line or curve for each model shown in Fig. 7 for G-1 models with polynomial functions. Also shown in 
Fig.7 is the predictions by the proposed ANN-based model. A significant trend is observed as the 
compressive stress of concrete increases, the strain at peak stress increases, too [21, 22, 27]. The same 
thing is correct for the proposed equation. Model [22] exhibit good predictions for concrete strengths up to 
25MPa. However, at strengths beyond 25Mpa the error increases. The model [27] show a reasonable 
performance for all the strength range tested in the present study. The third model in G-1 over predicts the 
strain values, Fig.7. The proposed strain equation out performed all the three models in G-1 with very good 
predictions, Fig.7.   

Fig. 8 shows predictions and best-fitting lines for the models with linear function in addition to the 
proposed model. The predicted strains spread over a wide strain range, 0.0001 to 0.004. The best-fitting 
lines or curves for some of the models [28, 40,49, 54] become steeper away from the origin. All models 
prediction show an increase in compressive strength, except the EC2 model, which shows a reverse trend 
because it is proposed for strengths higher than 50 MPa, which is beyond the experimental strength range 
covered in the present study. As can be seen, most of the models overestimated the strain values, and 
some models largely over-predicted the experimental strain values [25, 26, 40]. Using model [24], a better 
prediction of strain at lower values of cf  is observed. The opposite can be said for other models [28].  

The predictions of models using power functions are displayed in Fig. 9. The predictions with best-
fitting curves in Fig. 9 compared with Fig. 8 are more compact with fewer models overestimating the 
predicted strain values, except for model 67 which was proposed for ultra-high-strength concrete. In 
contrast to models with a linear function, only a couple of models with power functions underestimated the 
values for the strain at peak stress, [57]a and [66]c. Some models showed a better prediction of strain at 
lower values of cf , example model [23]. This trend is reversed in the predictions of other models, such as 
model [55]. Over all, the models with linear functions, Fig. 8, displayed more change in the best-fitting line 
slope than models in Fig.9. Most existing model predictions are higher than the test data and the proposed 
model, this is ascribed to the fact that these models were developed for concretes with higher strength. 

3.5.  cε Pre/ cε Exp ratio 

To further assess the performance of the fifty-three existing models and the proposed model, the 
ratio of the predicted strain ( cε Pre) to the experimental strain ( cε Exp) at peak stress was computed and 
shown in Table 5. Five statistical indexes used to evaluate the percentage of error or the degree of 
association between the experimental test results and their corresponding predicted values. The difference 
between the experimental and predicted values of the strain at peak stress was summarized in Table 6. 
Other statistical indexes including minimum predictions (Min.), maximum predictions (Max.), mean, 
standard deviation (STD), and coefficient of variance (COV) are also shown in Table 6. Lower values of 
NRMSE and AAE show good performance of the models. In contrast, higher values of E, E1, and R2 show 
less error measured between the predicted and experimental values.  

Statistics on the performance of fifty-three existing models and the proposed model illustrate that the 
values of NRMSE ranged from 0.0011(proposed model) to 0.27 [68] and for AAE ranged from 3.46% 
(proposed model) to 785.81% [68]. A similar observation made for the other indexes. The six models with 
least values of NRMSE and AAE included the proposed model, [44], [51], [58], [33], and [27] with values of 
0.0011, 0.0014, 0.0019, 0.0018, 0.0021, 0.0025 and 3.46%, 4.445% , 5.34%, 5.712%, 6.072%, 6.761% 
respectively. Among the six models with the least values of NRMSE and AAE, four models have power 
function, one model with a linear function, and one model with a polynomial function. This indicates that 
models with power functions showed better performance compared with the other two types of models. 
Ahmed-Shah's [33] model with a linear function yielded nearly a horizontal best-fitting line and shows 
reasonable predictions with NRMSE and AAE  of svalue 0.0025 and 6.761%, respectively. For the range of 
strength considered in the present study, the constant value of the model [33] controls the outcome of the 
strain values with the variable parameter ( cf ) having a minor role. The model [44] with AAE values of 
4.445% displayed reasonable predictions of strain. The proposed model with AAE values of 3.46% yielded 
the lowest AAE values with predictions of strain at peak stress very close to the experimental strain values. 
The proposed model showed good performance with the highest values of E and E1. Furthermore, the 
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proposed model yielded the lowest values of NRMSE among all the models, as shown in Fig. 10. The R2 
value for the proposed model (0.708) was slightly lower than for models [35, 36] with similar values of 0.736, 
Table 6. Few equations found to reasonably predict the strains at peak stress for the different concrete 
mixtures. As it was explained before, several existing strain models have been calibrated for high-strength 
concrete and show poor performance when used to predict the strain of normal strength concrete. 
Furthermore, most of these models derived from simple regression analysis based on test results carried 
out by the generators of the models and applicable for a particular type of concrete. Several of these 
expressions are valid within limited ranges of strength and not for other varieties. The complex relations 
developed between the mix proportions of concrete and the compressive strength can be captured better 
by the ANN-based model, which trained to yield low mean squared error and absolute average error 
between the experimental results and the network predicted values.
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Table 5. The ratio of ɛc Pre/ɛc Exp using existing fifty-three models and the proposed model.  

ɛc Pre/ɛc Exp 
Specimen [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31]  [32]  [33] [34] [35] 

1-1 1.081 1.071 1.405 1.007 2.033 2.034 0.988 1.565 0.931 1.009 1.186 1.092 1.161 1.104 1.283 
1-2 1.122 1.113 1.461 1.048 2.108 2.108 1.026 1.632 0.966 1.047 1.232 1.133 1.205 1.146 1.332 
1-3 1.107 1.096 1.438 1.029 2.086 2.086 1.013 1.598 0.954 1.034 1.216 1.12 1.189 1.131 1.315 
2-1 1.121 1.099 1.438 1.017 2.142 2.142 1.032 1.555 0.966 1.051 1.232 1.141 1.203 1.142 1.334 
2-2 1.128 1.114 1.461 1.043 2.131 2.131 1.033 1.615 0.971 1.054 1.238 1.142 1.211 1.151 1.339 
2-3 1.173 1.156 1.514 1.077 2.225 2.225 1.077 1.66 1.01 1.097 1.288 1.19 1.259 1.196 1.394 
3-1 1.156 1.121 1.462 1.023 2.238 2.238 1.069 1.54 0.996 1.087 1.27 1.183 1.24 1.173 1.378 
3-2 1.098 1.064 1.386 0.968 2.13 2.13 1.016 1.454 0.946 1.034 1.206 1.125 1.178 1.114 1.309 
3-3 1.13 1.09 1.419 0.988 2.201 2.201 1.047 1.476 0.973 1.064 1.24 1.158 1.211 1.144 1.348 
4-1 1.164 1.126 1.466 1.022 2.263 2.263 1.078 1.531 1.003 1.096 1.278 1.193 1.248 1.18 1.388 
4-2 1.174 1.122 1.455 1.002 2.315 2.315 1.092 1.474 1.01 1.11 1.288 1.209 1.258 1.185 1.403 
4-3 1.141 1.094 1.422 0.983 2.237 2.237 1.059 1.456 0.982 1.077 1.252 1.172 1.222 1.153 1.362 
5-1 1.202 1.142 1.477 1.012 2.384 2.384 1.12 1.475 1.033 1.138 1.317 1.239 1.286 1.209 1.437 
5-2 1.165 1.122 1.459 1.013 2.276 2.276 1.081 1.508 1.003 1.098 1.279 1.196 1.249 1.179 1.39 
5-3 1.204 1.152 1.494 1.031 2.37 2.37 1.119 1.518 1.036 1.137 1.321 1.239 1.29 1.215 1.438 
6-1 1.172 1.111 1.436 0.982 2.328 2.328 1.092 1.427 1.007 1.109 1.283 1.208 1.254 1.178 1.401 
6-2 1.168 1.116 1.447 0.997 2.302 2.302 1.086 1.466 1.005 1.103 1.281 1.202 1.251 1.178 1.395 
6-3 1.179 1.117 1.444 0.988 2.342 2.342 1.098 1.435 1.013 1.116 1.291 1.215 1.261 1.185 1.409 
7-1 1.174 1.095 1.406 0.949 2.369 2.369 1.097 1.344 1.005 1.115 1.281 1.213 1.253 1.17 1.405 
7-2 1.137 1.069 1.378 0.937 2.275 2.275 1.061 1.345 0.975 1.078 1.243 1.173 1.215 1.138 1.36 
7-3 1.168 1.081 1.383 0.929 2.369 2.369 1.092 1.301 0.997 1.11 1.271 1.206 1.245 1.158 1.397 
8-1 1.239 1.124 1.423 0.944 2.55 2.55 1.158 1.279 1.049 1.18 1.337 1.276 1.315 1.212 1.481 
8-2 1.128 1.019 1.288 0.853 2.328 2.328 1.054 1.149 0.954 1.074 1.216 1.161 1.196 1.101 1.349 
8-3 1.077 0.988 1.259 0.841 2.2 2.2 1.007 1.16 0.916 1.025 1.168 1.111 1.146 1.062 1.289 
9-1 1.161 1 1.232 0.799 2.441 2.441 1.071 1.001 0.955 1.101 1.217 1.169 1.212 1.09 1.376 
9-2 1.151 0.978 1.194 0.772 2.426 2.426 1.055 0.947 0.937 1.088 1.195 1.148 1.195 1.067 1.359 
9-3 1.158 1.011 1.253 0.817 2.426 2.426 1.073 1.043 0.96 1.101 1.224 1.175 1.215 1.1 1.377 

10-1 1.125 0.959 1.175 0.76 2.369 2.369 1.033 0.938 0.919 1.064 1.171 1.125 1.169 1.047 1.329 
10-2 1.255 1.043 1.257 0.809 2.651 2.651 1.138 0.961 1.005 1.18 1.282 1.232 1.29 1.14 1.471 
10-3 1.202 1.019 1.244 0.804 2.534 2.534 1.101 0.984 0.978 1.136 1.246 1.198 1.247 1.113 1.418 
11-1 1.241 0.995 1.174 0.752 2.616 2.616 1.102 0.849 0.965 1.152 1.231 1.181 1.253 1.087 1.433 
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ɛc Pre/ɛc Exp 
Specimen [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31]  [32]  [33] [34] [35] 

11-2 1.234 0.985 1.159 0.743 2.599 2.599 1.092 0.833 0.956 1.144 1.219 1.169 1.243 1.076 1.422 
11-3 1.121 0.924 1.108 0.712 2.368 2.368 1.012 0.835 0.892 1.051 1.137 1.093 1.148 1.009 1.31 
12-1 1.244 0.982 1.149 0.735 2.616 2.616 1.093 0.813 0.955 1.148 1.217 1.166 1.245 1.072 1.427 
12-2 1.157 0.938 1.114 0.714 2.441 2.441 1.034 0.819 0.908 1.078 1.158 1.112 1.174 1.024 1.342 
12-3 1.137 0.913 1.079 0.692 2.397 2.397 1.01 0.783 0.886 1.056 1.129 1.084 1.149 0.998 1.314 

 
Table 5 continued. 

ɛc Pre/ɛc Exp 
Specimen [36] [37] [38] [39]  [39]b [40] [41] [42] [43] [44] [45] [46] [47] [48]a  [48]b 

1-1 0.992 1.108 1.327 1.102 1.332 1.703 1.104 1.237 1.218 0.988 0.898 0.885 1.144 0.912 0.876 
1-2 1.03 1.15 1.377 1.145 1.383 1.77 1.146 1.284 1.265 1.025 0.933 0.919 1.187 0.948 0.91 
1-3 1.017 1.135 1.36 1.128 1.364 1.743 1.131 1.267 1.247 1.012 0.92 0.906 1.172 0.935 0.897 
2-1 1.037 1.15 1.382 1.134 1.377 1.747 1.142 1.282 1.255 1.025 0.93 0.913 1.188 0.942 0.904 
2-2 1.038 1.156 1.386 1.147 1.389 1.772 1.151 1.29 1.269 1.031 0.937 0.922 1.194 0.951 0.913 
2-3 1.081 1.203 1.443 1.191 1.443 1.837 1.196 1.342 1.317 1.072 0.974 0.958 1.242 0.988 0.948 
3-1 1.076 1.186 1.43 1.16 1.413 1.783 1.173 1.32 1.285 1.057 0.956 0.937 1.226 0.966 0.927 
3-2 1.023 1.126 1.36 1.101 1.341 1.691 1.114 1.253 1.219 1.004 0.908 0.889 1.165 0.917 0.88 
3-3 1.055 1.158 1.4 1.129 1.377 1.734 1.144 1.288 1.251 1.033 0.933 0.913 1.199 0.941 0.903 
4-1 1.086 1.194 1.442 1.165 1.42 1.79 1.18 1.328 1.291 1.064 0.962 0.941 1.235 0.971 0.932 
4-2 1.102 1.203 1.461 1.164 1.422 1.785 1.185 1.336 1.29 1.072 0.967 0.943 1.247 0.972 0.933 
4-3 1.068 1.169 1.417 1.134 1.385 1.741 1.153 1.299 1.257 1.042 0.941 0.918 1.211 0.947 0.909 
5-1 1.131 1.23 1.497 1.185 1.449 1.817 1.209 1.365 1.314 1.096 0.988 0.961 1.276 0.991 0.951 
5-2 1.089 1.194 1.445 1.162 1.418 1.784 1.179 1.328 1.288 1.065 0.962 0.94 1.236 0.969 0.93 
5-3 1.129 1.233 1.497 1.194 1.459 1.832 1.215 1.37 1.324 1.099 0.992 0.967 1.278 0.997 0.957 
6-1 1.104 1.198 1.46 1.153 1.41 1.768 1.178 1.33 1.279 1.068 0.962 0.935 1.244 0.965 0.926 
6-2 1.096 1.196 1.452 1.157 1.414 1.775 1.178 1.328 1.283 1.066 0.961 0.937 1.24 0.967 0.928 
6-3 1.11 1.205 1.469 1.159 1.419 1.778 1.185 1.337 1.286 1.075 0.968 0.941 1.251 0.97 0.932 
7-1 1.114 1.196 1.468 1.137 1.394 1.745 1.17 1.324 1.263 1.066 0.958 0.925 1.247 0.956 0.917 
7-2 1.074 1.161 1.419 1.11 1.36 1.703 1.138 1.286 1.232 1.035 0.93 0.902 1.207 0.931 0.894 
7-3 1.11 1.187 1.462 1.123 1.376 1.724 1.158 1.313 1.247 1.058 0.949 0.914 1.239 0.945 0.907 
8-1 1.184 1.249 1.554 1.165 1.428 1.795 1.212 1.378 1.295 1.113 0.996 0.95 1.312 0.985 0.946 
8-2 1.079 1.135 1.415 1.057 1.295 1.629 1.101 1.252 1.175 1.012 0.905 0.862 1.194 0.894 0.859 
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Table 5 continued.  

ɛc Pre/ɛc Exp 
Specimen [49] [50] [51] [52] [53] [54] [55] [56] [57] a [57] b [58] [59] 

1-1 1.332 1.104 0.939 1.171 1.629 1.034 0.876 1.151 0.892 0.806 1.018 0.799 
1-2 1.383 1.146 0.975 1.213 1.692 1.087 0.91 1.195 0.926 0.837 1.057 0.831 
1-3 1.364 1.131 0.962 1.203 1.667 1.047 0.897 1.179 0.913 0.825 1.042 0.818 
2-1 1.377 1.142 0.97 1.25 1.671 0.928 0.902 1.196 0.921 0.83 1.052 0.818 
2-2 1.389 1.151 0.979 1.232 1.695 1.04 0.912 1.201 0.93 0.839 1.061 0.831 
2-3 1.443 1.196 1.017 1.291 1.757 1.04 0.947 1.25 0.966 0.871 1.102 0.861 
3-1 1.413 1.173 0.995 1.32 1.704 0.823 0.924 1.234 0.946 0.849 1.079 0.834 
3-2 1.341 1.114 0.945 1.258 1.616 0.761 0.876 1.172 0.898 0.806 1.025 0.79 
3-3 1.377 1.144 0.971 1.304 1.656 0.741 0.899 1.206 0.922 0.826 1.052 0.81 
4-1 1.42 1.18 1.001 1.339 1.71 0.785 0.928 1.243 0.951 0.853 1.085 0.836 
4-2 1.422 1.185 1.004 1.383 1.703 0.644 0.928 1.255 0.953 0.852 1.088 0.832 
4-3 1.385 1.153 0.977 1.332 1.662 0.676 0.904 1.219 0.928 0.83 1.059 0.812 
5-1 1.449 1.209 1.024 1.431 1.731 0.589 0.945 1.285 0.972 0.868 1.11 0.846 
5-2 1.418 1.179 1 1.351 1.704 0.735 0.926 1.244 0.949 0.851 1.084 0.833 
5-3 1.459 1.215 1.029 1.415 1.748 0.675 0.952 1.287 0.978 0.874 1.116 0.854 
6-1 1.41 1.178 0.997 1.399 1.683 0.551 0.92 1.252 0.947 0.844 1.081 0.823 
6-2 1.414 1.178 0.998 1.375 1.693 0.64 0.922 1.248 0.948 0.847 1.082 0.828 

8-3 1.026 1.091 1.349 1.026 1.258 1.577 1.062 1.205 1.14 0.972 0.871 0.836 1.142 0.865 0.83 
9-1 1.114 1.137 1.451 1.028 1.251 1.606 1.09 1.247 1.143 1.013 0.903 0.837 1.216 0.879 0.844 
9-2 1.103 1.116 1.434 1.001 1.214 1.573 1.067 1.223 1.114 0.995 0.886 0.813 1.2 0.859 0.824 
9-3 1.111 1.143 1.45 1.042 1.27 1.621 1.1 1.256 1.158 1.019 0.909 0.849 1.217 0.888 0.853 

10-1 1.078 1.094 1.403 0.983 1.194 1.542 1.047 1.199 1.094 0.975 0.868 0.8 1.174 0.843 0.809 
10-2 1.198 1.197 1.555 1.06 1.279 1.681 1.14 1.309 1.18 1.067 0.95 0.857 1.298 0.914 0.878 
10-3 1.151 1.164 1.497 1.043 1.265 1.64 1.113 1.275 1.16 1.037 0.924 0.847 1.252 0.895 0.859 
11-1 1.174 1.149 1.519 0.998 1.193 1.61 1.087 1.253 1.112 1.024 0.911 0.793 1.263 0.868 0.833 
11-2 1.165 1.138 1.508 0.986 1.178 1.594 1.076 1.24 1.1 1.015 0.903 0.782 1.253 0.859 0.824 
11-3 1.068 1.062 1.386 0.936 1.127 1.491 1.009 1.16 1.042 0.947 0.842 0.754 1.156 0.809 0.777 
12-1 1.17 1.137 1.513 0.979 1.166 1.592 1.072 1.238 1.092 1.013 0.902 0.769 1.257 0.855 0.821 
12-2 1.097 1.081 1.422 0.944 1.133 1.515 1.024 1.179 1.052 0.964 0.857 0.756 1.183 0.819 0.787 
12-3 1.076 1.054 1.393 0.916 1.097 1.477 0.998 1.15 1.022 0.94 0.836 0.73 1.158 0.797 0.765 
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ɛc Pre/ɛc Exp 
Specimen [49] [50] [51] [52] [53] [54] [55] [56] [57] a [57] b [58] [59] 

6-3 1.419 1.185 1.002 1.408 1.693 0.555 0.925 1.26 0.952 0.849 1.087 0.828 
7-1 1.394 1.17 0.988 1.439 1.654 0.373 0.909 1.255 0.939 0.834 1.072 0.811 
7-2 1.36 1.138 0.962 1.375 1.618 0.453 0.886 1.215 0.914 0.814 1.044 0.792 
7-3 1.376 1.158 0.978 1.445 1.63 0.3 0.898 1.248 0.929 0.824 1.061 0.8 
8-1 1.428 1.212 1.021 1.571 1.685 0.112 0.933 1.321 0.97 0.856 1.108 0.831 
8-2 1.295 1.101 0.927 1.436 1.527 0.07 0.847 1.203 0.881 0.776 1.006 0.753 
8-3 1.258 1.062 0.896 1.348 1.486 0.195 0.821 1.15 0.851 0.753 0.972 0.731 
9-1 1.251 1.09 0.914 1.531 1.472 0.28 0.828 1.225 0.868 0.757 0.993 0.739 
9-2 1.214 1.067 0.894 1.527 1.431 0.362 0.807 1.209 0.849 0.738 0.971 0.722 
9-3 1.27 1.1 0.923 1.516 1.495 0.194 0.838 1.226 0.877 0.767 1.002 0.747 

10-1 1.194 1.047 0.877 1.489 1.407 0.329 0.793 1.183 0.833 0.725 0.953 0.709 
10-2 1.279 1.14 0.953 1.677 1.512 0.523 0.858 1.307 0.905 0.784 1.035 0.771 
10-3 1.265 1.113 0.932 1.595 1.491 0.386 0.841 1.261 0.885 0.77 1.012 0.753 
11-1 1.193 1.087 0.906 1.666 1.419 0.687 0.812 1.273 0.861 0.741 0.985 0.736 
11-2 1.178 1.076 0.897 1.656 1.402 0.701 0.803 1.263 0.852 0.733 0.975 0.729 
11-3 1.127 1.009 0.843 1.501 1.334 0.508 0.758 1.164 0.801 0.693 0.916 0.683 
12-1 1.166 1.072 0.893 1.67 1.391 0.751 0.798 1.266 0.848 0.729 0.971 0.727 
12-2 1.133 1.024 0.855 1.551 1.344 0.595 0.767 1.192 0.812 0.7 0.929 0.693 
12-3 1.097 0.998 0.832 1.525 1.304 0.622 0.745 1.167 0.79 0.681 0.904 0.675 

 
Table 5 continued.  

ɛc Pre/ɛc Exp 
Specimen [60] [61] [62] [63] [64] [65] [66] a [66] b [66] c [67] [68] Proposed 

1-1 1.258 1.155 1.097 1.175 1.124 0.784 1.092 0.914 0.793 4.362 2.518 0.945 
1-2 1.304 1.199 1.141 1.219 1.167 0.816 1.133 1.133 0.824 4.545 2.58 0.981 
1-3 1.29 1.184 1.122 1.205 1.152 0.802 1.119 1.119 0.811 4.453 2.614 0.969 
2-1 1.323 1.201 1.12 1.232 1.168 0.796 1.138 1.138 0.81 4.344 3.027 0.986 
2-2 1.317 1.207 1.14 1.229 1.174 0.814 1.141 1.141 0.824 4.503 2.733 0.988 
2-3 1.375 1.256 1.181 1.283 1.221 0.842 1.188 1.188 0.853 4.632 2.958 1.029 
3-1 1.38 1.24 1.139 1.282 1.206 0.805 1.176 1.176 0.822 4.311 3.567 1.02 
3-2 1.314 1.178 1.079 1.22 1.146 0.762 1.118 1.118 0.779 4.071 3.464 0.97 
3-3 1.356 1.212 1.105 1.258 1.179 0.778 1.151 1.151 0.798 4.134 3.723 0.999 
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ɛc Pre/ɛc Exp 
Specimen [60] [61] [62] [63] [64] [65] [66] a [66] b [66] c [67] [68] Proposed 

4-1 1.395 1.249 1.141 1.295 1.215 0.805 1.186 1.186 0.824 4.287 3.753 1.029 
4-2 1.425 1.261 1.133 1.319 1.226 0.792 1.199 1.199 0.816 4.138 4.402 1.042 
4-3 1.378 1.224 1.107 1.277 1.191 0.776 1.164 1.164 0.798 4.084 4.052 1.011 
5-1 1.467 1.29 1.151 1.356 1.255 0.801 1.228 1.228 0.828 4.146 4.835 1.068 
5-2 1.402 1.25 1.136 1.3 1.216 0.799 1.188 1.188 0.82 4.226 3.955 1.031 
5-3 1.459 1.292 1.163 1.351 1.257 0.814 1.229 1.229 0.838 4.262 4.443 1.068 
6-1 1.432 1.257 1.119 1.324 1.223 0.778 1.198 1.198 0.805 4.012 4.827 1.041 
6-2 1.417 1.253 1.126 1.312 1.219 0.788 1.192 1.192 0.812 4.115 4.377 1.036 
6-3 1.441 1.265 1.125 1.331 1.23 0.782 1.205 1.205 0.809 4.036 4.855 1.047 
7-1 1.455 1.257 1.098 1.341 1.224 0.753 1.201 1.201 0.786 3.791 5.852 1.046 
7-2 1.399 1.219 1.074 1.291 1.186 0.743 1.162 1.162 0.771 3.787 5.12 1.011 
7-3 1.454 1.248 1.082 1.338 1.216 0.738 1.194 1.194 0.773 3.676 6.292 1.04 
8-1 1.563 1.316 1.118 1.433 1.285 0.749 1.263 1.263 0.793 3.626 8.315 1.102 
8-2 1.426 1.197 1.014 1.307 1.169 0.677 1.149 1.149 0.717 3.259 7.869 1.004 
8-3 1.35 1.149 0.986 1.24 1.12 0.668 1.1 1.1 0.702 3.282 6.404 0.959 
9-1 1.491 1.204 0.987 1.359 1.184 0.629 1.164 1.164 0.682 2.86 12.54 1.02 
9-2 1.481 1.184 0.962 1.347 1.166 0.605 1.146 1.146 0.66 2.71 13.95 1.005 
9-3 1.483 1.21 0.999 1.353 1.187 0.645 1.167 1.167 0.695 2.975 11.2 1.022 

10-1 1.447 1.16 0.945 1.316 1.141 0.597 1.122 1.122 0.65 2.685 13.16 0.984 
10-2 1.617 1.272 1.024 1.468 1.257 0.629 1.234 1.234 0.693 2.758 18.02 1.085 
10-3 1.547 1.235 1.003 1.407 1.216 0.63 1.195 1.195 0.687 2.816 14.74 1.049 
11-1 1.594 1.225 0.973 1.443 1.218 0.577 1.193 1.193 0.646 2.449 22.8 1.05 
11-2 1.583 1.213 0.963 1.433 1.207 0.569 1.182 1.182 0.637 2.404 23.29 1.041 
11-3 1.444 1.13 0.906 1.31 1.118 0.552 1.097 1.097 0.611 2.399 17.14 0.964 
12-1 1.593 1.213 0.959 1.441 1.209 0.56 1.183 1.183 0.631 2.348 25.17 1.043 
12-2 1.487 1.151 0.918 1.348 1.142 0.551 1.12 1.12 0.613 2.358 19.74 0.986 
12-3 1.46 1.124 0.893 1.322 1.117 0.531 1.094 1.094 0.593 2.257 20.6 0.963 
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When R2 equals the value of one that does not mean a perfect prediction because other indices influence 
the selection. In Table 6, the predictions of two strain models [36, 62] yielded equal values of R2 (0.736) but with 
higher values of AAE (9.4% and 9.02%) and lower values of E1 (0.99 and 0.988) compared with 3.46% and 0.998 
for the proposed model. Therefore, for this kind of evaluation, R2 is not the most critical index. 

 

Figure. 7. Predicted strain at peak stress versus the cf for G-1 strain models with polynomial functions. 

3.6. Applicability of strain models 
The five best performing models  [27, 33, 44, 51, 58] and the proposed ANN-based model were checked 

against the test results reported by Woldemariam et al. [77] for concrete strain at peak stress, specimens C1 ( cε
=0.0021), C2 ( cε =0.0026), C3 ( cε =0.0029), C4 ( cε =0.0031), C5 ( cε =0.0033), respectively. The values of AAE 
in percentage were 38.7 [27], 39.6 [33], 43.21 [44], 49.7 [58], and 41.5 for the proposed model, respectively. The 
corresponding values of NRMSE were close, 0.021 [27], 0.022 [33], 0.021 [44], 0.026 [58], and 0.022 for the 
proposed model, respectively. However, it was slightly higher for model [51] with a value of 0.026, (Fig. 11). For 
the coefficient of correlation, the corresponding values were (0.985, 0.945, 0.98, 0.992, 0.992) for the five models 
[27, 33, 44, 51, 58] and 0.988 for the proposed model. However, other statistical measures show more measured 
errors (standard deviations with values of 0.07, 0.102, 0.052, 0.034, and 0.037 for the five models and 0.068 for 
the proposed model), Fig. 11.  
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Figure. 8. Predicted strain at peak stress versus the cf  for G-2 strain models with linear functions.  

 The corresponding values of covariance are 0.005, 0.01, 0.003, 0.001, and 0.0014 for the five models [27, 
33, 44, 51, 58] and 0.004 for the proposed model, respectively. Therefore the efficiency of the models in predicting 
the strain at peak stress can be better represented by the four indexes AAE, NRMSE, E, and E1 compared with 
the R2 index.  
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Figure. 9. Predicted strain at peak stress versus the cf  for G-3 strain models with power functions.  

 
Figure 10. NRMSE values in model predictions of strain at peak stress [21-68] and the proposed model. 

Table 6. Performance of the strain models using statistical indexes.  
Model Min. Max. Mean COV STD NRMSE AAE(%) E E1 R2 

Collins et al. [21] 1.077 1.255 1.161 0.002 0.045 0.005 16.09 0.973 0.837 0.744 
Tasdemir et al.[22] 0.913 1.156 1.060 0.005 0.069 0.003 7.85 0.991 0.918 0.732 

Emperger [23] 1.079 1.514 1.343 0.017 0.131 0.010 34.33 0.854 0.642 0.720 
Ros [24] 0.929 1.446 1.118 0.025 0.158 0.004 10.70 0.980 0.894 0.736 

Hognestad et al. [25] 2.033 2.651 2.336 0.024 0.157 0.037 133.6 -0.818 -0.36 0.706 
Liebenberg [26] 2.034 2.651 2.336 0.024 0.157 0.037 133.6 -0.818 -0.36 0.706

 Saenz [27] 0.988 1.158 1.067 0.002 0.040 0.0025 6.761 0.994 0.932 0.701 



Magazine of Civil Engineering, 110(2), 2022 

Abdulla, N.A. 

Model Min. Max. Mean COV STD NRMSE AAE(%) E E1 R2 

Soliman et al.[28] 0.783 1.660 1.271 0.083 0.290 0.0110 34.02 0.823 0.64 0.736 
Popovics [29] 1.054 1.249 1.158 0.002 0.047 0.005 15.79 0.972 0.838 0.711 
Tadros [30] 1.009 1.18 1.093 0.002 0.042 0.003 9.29 0.99 0.907 0.736 

Popovics [31] 1.129 
 

1.337 1.24 0.002 0.050 0.007 24.00 0.938 0.735 0.711 
Bashur and Darwin [32] 1.084 1.276 1.171 0.002 0.045 0.0048 17.10 0.968 0.826 0.675 

Ahmad-Shah [33] 0.839 1.093 0.963 0.004 0.064 0.0021 6.08 0.994 0.936 0.736 
Tomaszewicz [34] 0.998 1.215 1.129 0.003 0.058 0.004 12.87 0.979 0.867 0.713 
Shah-Fafitis [35] 1.283 1.481 1.375 0.002 0.049 0.01 37.53 0.855 0.616 0.736 
Carreira-Chu [36] 0.992 1.198 1.093 0.002 0.049 0.003 9.37 0.99 0.907 0.736 

Ali et al. [37] 1.054 1.249 1.158 0.002 0.047 0.0046 15.8 0.972 0.834 0.711 
Hsu and Hsu [38] 1.327 1.555 1.439 0.003 0.056 0.0121 43.9 0.803 0.522 0.736 

De Nicolo et al. [39] 0.916 1.194 1.09 0.006 0.08 0.003 10.44 0.984 0.891 0.714 
Brandtzaeg [39] B 1.097 1.459 1.325 0.011 0.104 0.01 32.47 0.876 0.663 0.693 

Almusallam & Alsayed [40] 1.477 1.837 1.694 0.01 0.101 0.02 69.35 0.484 0.284 0.736 
CEB-FIB [41] 0.998 1.215 1.129 0.003 0.058 0.004 12.87 0.979 0.867 0.713 
Arıoğlu [42] 1.15 1.378 1.28 0.003 0.057 0.008 27.97 0.915 0.712 0.712.

 Attard and Setunge [43]   1.022 1.324 1.21 0.007 0.086 0.006 20.99 0.945 0.781 0.711 
Wee et al. [44] 0.94 1.113 1.032 0.002 0.042 0.001 4.45 0.997 0.955 0.711 

Guo [45] 0.836 0.996 0.927 0.002 0.041 0.0023 7.24 0.993 0.925 0.72 
Xu [46] 0.73 0.967 0.88 .0045 0.068 0.0037 11.95 0.982 0.879 0.697 

CEB-FIB [47]   1.142 1.312 1.22 0.002 0.043 0.006 21.96 0.95 0.776 0.736 
Mansur et al. [48] a 0.797 0.997 0.92 0.003 0.055 0.0026 8.04 0.991 0.919 0.715 
Mansur et al. [48] b 0.765 0.957 0.883 0.003 0.053 0.0035 11.71 0.984 0.881 0.715 

Lee [49] 1.097 1.459 1.325 0.011 0.104 0.01 32.47 0.876 0.663 0.693 
NS 3473 [50] 0.998 1.215 1.129 0.003 0.058 0.004 12.87 0.979 0.867 0.713 

Yu and Ding [51]   0.832 1.029 0.952 0.0028 0.053 0.0019 5.34 0.995 0.946 0.714 
EC2 [52] 1.171 1.677 1.422 0.019 0.139 0.012 42.20 0.812 0.575 0.755 

Tasnimi [53]   1.304 1.757 1.584 0.018 0.134 0.017 58.38 0.618 0.395 0.718 
Mertol [54] 0.072 1.087 0.605 0.073 0.727 0.013 40.85 0.775 0.589 0.436 

Lu and Zhao [55] 0.745 0.952 0.873 0.0033 0.058 0.0038 12.69 0.981 0.871 0.716 
Arslan G, Cihanli E [56] 1.15 1.321 1.228 0.002 0.043 0.006 22.79 0.946 0.767 0.736 

Ding et al. [57] a 0.79 0.978 0.904 0.0025 0.051 0.0029 9.57 0.988 0.903 0.714 
Ding et al. [57] b  0.68 0.874 0.801 0.003 0.055 0.0057 19.92 0.957 0.797 0.716 
Kumar et al. [58] 

 
0.904 1.117 1.033 0.0032 0.057 0.0018 5.71 0.995 0.941 0.714 

Hussin et al. [59] 0.675 0.861 0.786 0.003 0.053 0.006 21.43 0.951 0.781 0.736 
Chen et al. [60] 1.175 1.468 1.318 0.005 0.071 0.009 31.84 0.896 0.677 0.736 

Lim and Ozbakkaloglu [61] 1.123 1.316 1.219 0.0021 0.046 0.0062 21.89 0.949 0.776 0.71 
Ahmed et al.[62] 0.893 1.181 1.062 0.007 0.083 0.003 9.02 0.988 0.906 0.736 
Chen et al. [63] 1.175 1.468 1.318 0.005 0.071 0.009 31.84 0.896 0.677 0.736 
Wang et al. [64] 1.117 1.285 1.193 0.002 0.042 0.005 19.25 0.961 0.803 0.724 

Shanaka [65] 0.531 0.842 0.715 0.0094 0.097 0.0081 28.51 0.912 0.711 0.722 
Nematzadeh [66] a 1.091 1.2629 1.167 0.0017 0.042 0.005 16.7 0.97 0.83 0.709 
Nematzadeh [66] b 0.757 0.9875 0.901 0.0044 0.067 0.003 9.88 0.986 0.901 0.717 
Nematzadeh [66] c 0.593 0.8533 0.750 0.0061 0.079 0.007 24.99 0.932 0.746 0.721 

Hoang and Fehling [67] 2.257 4.632 3.586 0.602 0.782 0.077 258.6 -6.96 -1.7 0.735 
Aslam et al. [68] 2.518 25.17 8.858 47.28 6.924 0.27 785.8 -96.51 -6.71 0.598 

Proposed 0.945 1.102 1.018 0.001 0.037 0.0011 3.46 0.998 0.965 0.708 
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Figure 11. Strain predictions of test results of [77] using models [27, 33, 44, 51, 58] and the proposed 

model.  

4.  Conclusions 
1. Several parameters such as aggregate/cement ratio, w/c ratio, and slump values that influence the 

compressive strength and strain at peak stress of concrete were considered as input for the two ANN models.  

2. The developed ANN models successfully yielded good predictions of the test results presented in the 
current study. 

3. The AAE value was found to be less than 3.46% for the proposed model, and the NRMSE value was the 
lowest, 0.0011.  

4. The predicted strains obtained from the regression of ANN output data for stress and strain at peak 
stress were more accurate than those obtained from the fifty-three existing expressions for predicting the strain 
at peak stress.  

5. Both the NRMSE and AAE indexes allow the assessing of the performance of the strain models for the 
present study more properly than the R2 index. ANN procedure is a valuable modeling technique for practicing 
engineers interested in concrete technology. 

6. The models with power function show better performance in predicting the strain at peak stress than 
models with linear or polynomial functions.  

New research should be carried out along these lines to include input parameters outside the range 
considered in the present study and to improve the prediction capability of the proposed model and its application 
to test data with higher strengths.  
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Abstract. Site effect is known as one of the important issues in geotechnical earthquake engineering. The 
site effect can change the characteristics of seismic waves and amplify the vibrations which results in the 
casualties and financial damages. Nonlinear method is an appropriate numerical method for site effect 
analysis due to its accuracy and its close results compared to the actual soil behavior. Thus, in this research, 
nonlinear analysis was applied for evaluation of site effect and for achievement of a suitable design 
spectrum in Babol city located in the north of Iran. For this purpose, first, seismic, geophysical and 
geotechnical data of Babol city were provided. Then, by modeling the subsurface conditions, the tripartite 
response spectra were found for different areas of Babol. According to the obtained results, the behaviors 
of tripartite response spectra are fundamentally different in some frequency ranges. In addition, the shape 
factors obtained from site analysis for different parts of Babol city were compared with the shape factor of 
the design spectrum presented by Iranian seismic code. This comparison indicated that the response 
spectrum obtained through analysis differs from the Iranian seismic code design spectrum. Finally, it can 
be concluded that the structures designed according to Iranian seismic code are neither safe nor economic 
in some areas. This issue shows the necessity for more serious consideration of site effect phenomenon in 
Iranian seismic code. 

1. Introduction 
One of the most important issues in seismic study of an area is evaluation of the site effect on the 

characteristics of seismic waves. The occurrence of catastrophic earthquakes such as Caracas 1967, San 
Fernando 1971, Mexico City 1985, Loma Prieta 1989, Manjil–Rudbar 1990, Izmit 1999, Bam 2003, Sichuan 
2008, Tohoku 2011 and Chiapas 2017 revealed the significant effect of geotechnical conditions on the 
earthquake characteristics [1–3]. By studying the influence of soil on the earthquake-induced damage, it 
was found that soil behavior can be an important factor in causing damage in different ways. When the 
natural period of the site is the same as the natural period of the structure, the resonance phenomenon 
occurs. In this case, the ground motions caused by the earthquake are amplified and will be applied to the 
structure with a greater acceleration. Besides, site effect can increase vibration duration and change its 
frequency content. Another factor that impacts the amount of earthquake-induced damage is the dominant 
period and amplification factor of site. The dominant period of site is the period associated with the highest 
peak on the acceleration spectrum. Physically, the main factor causing the amplification of ground motions 
in soft deposits is the trapping of the seismic waves between deposits and the bedrock [4–7]. 

Nowadays, all the developed countries have incorporated the site effect phenomenon into their 
seismic codes. There are different soil classifications in codes considering the mechanical and dynamic 
properties, liquefaction and collapse potential of soils [8–10]. 

In Iranian seismic code (standard No. 2800), site effect has been considered using the design 
spectrum shape factor (B1). This parameter is dependent on the period of structure, soil type and seismic 
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hazard level of the region [11]. The results of previous investigations showed that the shape factor 
presented in standard No. 2800 has some shortcomings and does not well represent the site effect on a 
given structure. Some of the problems in this standard are as follows: 

1. The design spectrum shape factor does not take into account the amplification effect for short-
period earthquakes. 

2. The design spectrum shape factor does not consider the nonlinear response of the site, particularly 
in soft clayey soils. 

3. Different parts of standard No. 2800 has been directly derived from the Uniform Building Code 
(UBC) which has undergone major changes itself and in its new edition the effects of the site are 
taken into account more seriously. 

4. The effects of near-field earthquakes were not considered in standard No. 2800. 

5. Standard No. 2800 does not address earthquake directivity effects. 

6. The major geotechnical features such as soil layering, profile thickness and shear strength of soft 
soil were not accurately addressed in standard No. 2800 [12–18].  

Since Iran is located in a seismic zone with the possibility of occurrence of destructive earthquakes, 
serious attention to the earthquake effect in the design and construction of structures seems necessary. 
Overall revision of United States building code induced other seismic countries to take a new look at the 
effect of site on the base shear [11, 17–19]. By studying various codes, it can be found that in addition to 
the Vs30 parameter (the average seismic shear wave velocity from the surface to a depth of 30 meters), 
other parameters such as the depth of the seismic bedrock, material type, vibration intensity, site period 
and deposit depth have been used to consider the site effect [17–19]. 

In the new edition of standard No. 2800, application of site-specific design spectrum has been 
recommended. This spectrum depends on several factors such as seismic, geological and tectonic 
characteristics of the site. Since application of site-specific design spectrum is only necessary for the design 
of particular structures, engineers do not take it into account for the design of common buildings [11]. Thus, 
it is essential to conduct a comprehensive study to reveal the importance of site-specific design spectrum. 
In other words, using site analyses, the effective factors on the structures can be found and different 
approaches to confront the destructive effects of earthquakes in the design of structures can be suggested.  

Generally, there are two approaches for evaluation of site effect including field and numerical 
methods. Field methods include all geotechnical, seismic, geophysical and geological activities that are 
carried out in the field. Numerical methods mainly use the information of field methods (earthquake record, 
borehole log, shear wave velocity, etc.) as primary data for the detailed analyses [20, 21].Numerical 
methods of site effect analysis are divided into several methods based on different factors such as model 
and domain of analysis, pore water pressure, problem dimensions and characteristics of materials [22].  

The application of an elastic model is appropriate when behavior of soil is anticipated to remain within 
the small strain range (<10–5). For the medium strain range (10–3), the behavior of soil gets elasto-plastic 
and shear modulus reduces with the increase of the shear strain. The damping ratio and shear modulus do 
not alter with the progression of cycles in this strain level (non-degraded hysteresis). In the case of shear 
strain level greater than 10–2, the characteristics of soil tend to alter significantly not only with shear strain 
but also with the progression of cycles. This behavior is called as the degraded hysteresis [16, 22]. During 
destructive earthquakes, large strains occur in the soil. Under these conditions, nonlinear analysis can 
accurately present the actual soil behavior as well as irreversible deformations. 

Thus, in this study, nonlinear analysis is performed for evaluation of site effect considering site-
specific design spectrum. For this purpose, in the city of Babol, geophysical data by performing down-hole 
tests and geotechnical data using 90 boreholes were provided and employed. The results of analyses are 
presented as tripartite response spectra. At the next step, the shape factors of design spectra obtained by 
numerical analyses are compared with the one presented in standard No. 2800. Finally, using standard  
No. 2800 and the results of this investigation, structures with different stories are modeled and their 
structural design characteristics (base shear and drift) are compared to reveal the importance of considering 
site effect on structures. 

2. Methods 
Evaluation of previous earthquakes has shown that geotechnical conditions can significantly affect 

the damage distribution in residential areas. The results found by different researchers have proved that 
soft deposits are problematic for high structures and far-field earthquakes. In addition, stiff deposits are 
dangerous for short structures and near-field earthquakes due to the amplification of ground motion. In 
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other words, it can be stated that soil acts like a filter and changes the characteristics of ground motion 
during earthquake [22–25]. Density, age, thickness and other geotechnical properties of soil can alter the 
characteristics of seismic waves so that site effect can increase intensity up to 3 degrees in Mercalli scale 
[26–32]. Thus, the importance of site effect evaluation and its application in building codes becomes more 
pronounced. 

The study area in the present research is Babol city in Iran. This city is situated in a high seismic 
area due to its location in front of Alborz Mountain, which is tectonically an active region. The tectonic of 
Alborz Mountain is controlled by boundary conditions due to convergent motion between Arabia and 
Eurasia, which probably started in the Cretaceous [16, 24]. The texture and thickness of deposits in Babol 
city are mainly affected by the sedimentation of Babolrood River and the coastal deposits of Caspian Sea. 
Fig. 1 shows the study area and location of boreholes. In this study, 57 geotechnical boreholes with variable 
depths (5 to 40 m) were collected from different sources. Moreover, 33 boreholes were drilled for better 
evaluation of subsurface conditions. 

 
Figure 1. The study area and location of boreholes. 

Using geotechnical data and Rockworks software, soil layering in the study area was obtained for 
various depths. For example, Fig. 2 shows the distribution of soil texture at the ground level. 



Magazine of Civil Engineering, 110(2), 2022 

Rezaei, S., Hasanzadeh, A. 

 
Figure 2. Distribution of soil texture at the ground level in Babol city. 

Using these data, the geological model of the study area was provided which is used for numerical 
analysis. In addition, the results of the laboratory (direct shear, unconfined compression and Atterberg 
tests) and field (Standard Penetration Test) tests showed that the study area is consisted mainly of fine-
grained soil with low relative density (Standard Penetration Test number <10, unconfined compressive 
strength <60 kPa). The study area and its surroundings up to 150 km radius are located in two seismic 
zones of Rasht-Gorgan and Central Alborz. Table 1 presents the major faults within the 150 km radius of 
the study area. 

Table 1. Characteristics of faults around the study area [24]. 
Fault name Distance to study area (km) Fault length (km) Fault mechanism 
Firooz Abad 85 112 thrust fault 

Alborz 44 300 thrust fault 
Khazar 16 550 thrust fault 
Attari 91 85 thrust fault 

Astane 93 75 thrust fault 
Garmsar 136 70 thrust fault 

Kandovan 100 64 thrust fault 
Masha 91 400 thrust fault 

North of Tehran 115 108 thrust fault 
Ivanaki 143 75 thrust fault 

Firoozkooh 84 40 thrust fault 
Basham 96 71 thrust fault 
Ourim 72 44 thrust fault 

Damghan 136 100 thrust fault 
Robat Karim 184 90 thrust fault 

Bayjan 60 45 thrust fault 
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The study area has repeatedly experienced earthquakes such as Qumis (22 December 856), Rey-
Taleghan (23 February 958), Damavand-Shemiranat (27 March 1830), Ah-Mubarakabad (2 October 1930), 
Kusut (11 April 1935), Bandpay (2 July 1957), Babol Kenar (2 August 1971), Kojoor (28 May 2004), Marzi 
Kola (16 January 2012), Kiasar (21 March 2013), Surak (20 March 2017) and Juybar (23 September 2018). 

Fig. 3, which was provided using GeoMap software, depicts the epicenter of the earthquakes with 
magnitudes greater than 5 Richter occurred around the study area within the last 50 years. Table 1 and 
Fig. 3 show the high seismic potential of the study area which highlights the need for site effect evaluation. 

 
Figure 3. Earthquakes with magnitudes of more than 5 Richter occurred around the study area. 

In order to analyze site effect, nonlinear method using PLAXIS software was applied in this study. 
Nonlinear analysis is in fact, the analysis of real nonlinear response of soil mass using direct numerical 
integration in the time domain. By integrating the equation of motion in short- time steps, any linear or 
nonlinear stress- strain model or even complex behavioral model can be solved [22]. Nonlinear dynamic 
analysis in PLAXIS software is divided into three general sections. The first part is modeling geometry, 
selecting materials and appropriate constitutive model, introducing boundary conditions, static and dynamic 
loading, and generating finite element mesh. The second part is introducing the first conditions of the model 
and finally, the third part is receiving results from the software [33]. In this study, 6-node triangular elements 
were used. To analyze the propagation of waves and the impact of alluvium on earthquake, some 
characteristics such as soil type, number and thickness of soil layers, soil density, moisture content, 
groundwater level and shear wave velocity should be determined. This data set is called the dynamic site 
profile. The shear wave velocities are obtained by down-hole tests and other data are found through 
borehole logs and laboratory tests. The results of down-hole tests showed that Babol soil type is generally 
type IV according to soil classification in standard No. 2800. Fig. 4 indicates the results of down-hole tests 
for one of the boreholes (BH1). 
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Figure 4. Down-hole test for BH1 borehole (a) Shear wave mapping (b) Shear and compressional 
wave velocity profiles (c) Variation of mean shear wave velocity with depth and its classification 

according to standard No. 2800. 
The Mohr-Coulomb elasto-plastic model was selected as the appropriate behavioral model in this 

study. The side boundaries are restricted in the horizontal direction and the bottom boundary is restricted 
in both horizontal and vertical directions. Since soil is a semi-infinite space, special boundary conditions 
have to be defined for dynamic problems such as earthquakes. Without these boundary conditions, the 
waves reflect on the boundaries due to the disturbance. To avoid this wrong reflection, absorbent 
boundaries are applied using the damping spring at the boundary. In PLAXIS software, the conditions of 
absorbing reflection waves from the boundaries are provided using dampers. Moreover, the earthquake is 
simulated by a predefined inductive displacement at the bottom boundary. Another important issue in 
dynamic analysis is the numerical instability of wave propagation that can be occurred due to inappropriate 
modeling. To provide accurate wave propagation in a model, maximum element size ( )l∆  should be less 

than one-tenth of the longest wavelength ( ) :λ  

.
10

l λ
∆ ≤                                                                         (1) 

For most of the earthquakes, frequency range of Fourier spectrum is between 0 and 10 Hz. In order 
to avoid numerical instability, Eq. (2) was applied in the numerical modeling: 

,c
f

λ ≤                                                                          (2) 

where c is wave propagation velocity and f is frequency. Since the lowest shear wave velocity in this 
research is 110 m/s and the highest earthquake frequency is 10 Hz, it can be expressed that: 

110 1.1 m.
10 10

l∆ ≤ =
×

                                                           (3) 

To improve the accuracy, l∆  was considered 1 m in this study. In order to analyze site response, 
selection of appropriate accelerogram is very important [25, 34–35].  

In order to estimate the earthquake hazard within a radius of 150 km from Babol city, first, all tectonic 
activities are identified and mapped using satellite imagery and aerial photographs. Then, the seismic 
features of faults and the seismic history of the study area are investigated. At the next step, the seismic 
model of the study area is proposed and important seismic sources are identified. The seismic 
characteristics of each region are determined using the data of earthquakes as well as the empirical 
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relationships. Then, seismic parameters are predicted based on probabilistic statistics method. Finally, 
appropriate accelerograms are introduced and scaled. In this study, accelerograms of Bam, Naghan, 
Tabas, Baladeh, San Fernando and Northridge earthquakes were used. It should be mentioned that at least 
3 stations were evaluated for each earthquake. Several factors such as spiky behavior, near or far field and 
vibration duration of earthquakes were considered for selection of stations and accelerograms. In fact, 
considering different parameters and accelerograms causes most of the possible earthquake scenarios to 
be investigated. The process of scaling accelerograms should be in such a way that response spectrum of 
accelerograms at the end of the computation is similar to the target response spectrum for each design 
level. For this purpose, first, applying the main accelerogram in the frequency domain, the response 
spectrum of the considered accelerogram is calculated and then, by considering the values of the original 
accelerogram response spectrum and the target response spectrum, the scaling process is performed. This 
process is repeated several times until scaled accelerogram response spectrum matches target response 
spectrum as much as possible. Finally, using inverse Fourier transform in time domain, the scaled 
accelerogram is obtained.  

Fig. 5 shows one of the modified earthquakes for Babol in which green and red accelerograms are 
related to original and modified earthquakes, respectively. After modeling and application of seismic 
loading, the results of site analysis for different zones (90 boreholes) are obtained.  

 
Figure 5. One of the scaled earthquakes for Babol site  

(Tabas earthquake-Deyhook station, horizontal component). 

3. Results and Discussion 
In this section, after modeling dynamic profiles at different zones, results of their nonlinear analyses 

are compared with each other. Utilization of response spectrum is one of the common methods for 
description of ground motion. Although the response spectrum cannot accurately describe the actual 
ground motion, it contains valuable information about the impact of ground motion on structures [22,  
36–37]. The tripartite response spectra were used in this study because they contain information about 
displacement, pseudo-velocity and pseudo-acceleration response spectra [22]. Since it is not possible to 
present the results of 90 analyses individually, the similar results were collected in one group. Overall, the 
tripartite response spectra were classified into 5 types. Several parameters such as natural site period, 
acceleration time-history and velocity time- history were considered in this classification. Fig. 6 shows five 
different types of tripartite response spectra in Babol city which should not be mistaken with soil types in 
standard No. 2800. As observed, for acceleration sensitive range (period < 0.5 s), response spectra are 
close to each other. For velocity sensitive range (0.5 < period < 3 s), response spectra have the maximum 
difference with each other. For displacement sensitive range (period > 3 s), response spectra are also 
different from each other. The location of each response spectrum type in Babol city is presented in Table 2 
which can be used for providing Babol zonation map. 
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Figure 6. Five different types of tripartite response spectra. 

Table 2. Location of response spectra in Babol city. 
Response spectrum type No. Location 

Type 1 The central and northern parts of the city 
Type 2 The west and northwest parts of the city 
Type 3 The eastern and southeastern parts of the city 
Type 4 The southern and southwest parts of the city 
Type 5 The northeast part of the city 

 

Fig. 7 indicates comparison of the shape factors obtained by nonlinear analyses and the design 
spectrum shape factor presented in standard No. 2800 for soil type IV. The obtained shape factors through 
nonlinear analysis shows soil amplification for different periods during seismic loading. The outputs of 
PLAXIS are imported into Seismosignal software and shape factors for different types are determined. The 
soil type IV in standard No. 2800 is a non-cohesive soil with low to medium density or soft to stiff cohesive 
soil. The average shear wave velocity in different soil layers up to 30 m depth from the base level, corrected 
standard penetration number and undrained shear strength up to 30 m depth from the base level are 
175 m/s, 15 and 70 kPa, respectively [11]. Thus, the dominant soil in the study area is type IV. Several 
points are evident from Fig. 7: 

 
Figure 7. Shape factors obtained by nonlinear analyses and standard No. 2800 for soil type IV. 

1. In various zones of Babol city, soil layers have different natural periods. When the period of site 
matches the structure period, resonance phenomenon occurs. This issue should be considered in urban 
development planning. 

2. The obtained response spectra by nonlinear analyses, except for natural site periods (0 < period 
< 
< 1 s), are in the range of the standard No. 2800 design spectrum or very close to this range. Hence, it can 
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be stated that unless when the natural periods of structures are within the range of 0 to 1 second, the design 
of the structures based on standard No. 2800 is almost safe and reliable. It should be noted that type 5 is 
out of this rule and the design provided by standard No. 2800 is safe in all frequency bands. 

3. More than one peak is observed for some spectra (type 1 and 4) in which the first and second 
peaks show the period of the higher modes of site and the natural site period, respectively. 

4. The design spectrum of standard No. 2800 for long periods (more than 2.5 seconds) is greater 
than the obtained response spectra from the nonlinear analyses. 

5. For natural site periods, the shape factor presented by standard No. 2800 (except type 5) is not 
appropriate. 

6. The difference between results of nonlinear analyses with design spectrum of standard No. 2800 
becomes more obvious with increasing earthquake magnitude. This clarifies the necessity to consider the 
nonlinear analysis of site, particularly for the design of important structures. 

7. When soil behavior is in the range of elastic or elasto-plastic, standard No. 2800 can be applied. 
Otherwise, nonlinear analysis method is recommended. 

8. The declining part of the design spectrum presented by standard No. 2800 (period > 2.5 s) should 
be modified and the shape factor needs to be reduced. On the other hand, for shorter periods (period < 1s), 
the shape factor presented by standard No. 2800 should be increased. 

In order to reveal the differences between the results found by nonlinear analysis and standard No. 
2800, base shear and drift for one to six-story structures (common structures in Babol) are calculated using 
three different design approaches which are design spectrum of standard No. 2800 and the maximum and 
minimum spectra found by the site analysis. The maximum site spectrum is the spectrum that other spectra 
are below it (Fig. 7) and the minimum site spectrum is the spectrum that only type 5 spectrum (the lowest 
spectrum) is below it (Fig. 7). For modeling of the structures, ETABS software was used. In order to avoid 
over-resistance in the members and also to increase the accuracy of the results, the columns and beams 
are selected so that the stress ratio is close to 1. 

Fig. 8 shows the 5-story structure model in this study. Fig. 9 shows variation of base shear values 
obtained using three different shape factors against the number of structure stories. The base shear values 
for all of the structures designed using the minimum spectrum were lower than the ones designed by 
standard No. 2800. In other words, in the areas of the city where the minimum spectrum is dominated, 
design of the structures using standard No. 2800 seems safe and uneconomic. For the areas of the city 
where the maximum spectrum is dominated, design of the structures using standard No. 2800 is unsafe. 

 
Figure 8. The 5-story structure model. 
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Figure 9. Variation of base shear values with the number of stories. 

The results presented so far are related to the structures with the common number of stories in Babol 
city (one to six-story structures). At this stage, for a more detailed study of the site and structure effects, 
the base shear values are calculated for buildings with different frequencies. Since the tallest building in 
Babol city has less than 20 stories, the frequencies between 0.5 and 10 Hz were evaluated. Fig. 10 
indicates variation of base shear with structure frequency. It is observed that the greatest base shear occurs 
at a frequency of about 1 Hz. This issue should be considered in the future design of structures in this city. 

 
Figure 10. Variation of base shear with structure frequency. 

Figs. 11 and 12 indicate variation of the number of stories with drift for a 6- and 4-story structure 
designed with the three mentioned spectra, respectively. For both of these Figs., the values of drifts 
achieved by the minimum spectrum are less than the ones presented by standard No. 2800. Therefore, in 
the areas of the city where this spectrum is dominated, design of the structures using standard No. 2800 is 
safe. Furthermore, the values of drifts obtained by the maximum spectrum are more than the ones 
presented by standard No. 2800. This can cause the structure to collapse during an earthquake.  

The results of the modeling depict that design of structures based on standard No. 2800 is unsafe 
and uneconomic in some areas. Thus, consideration of site effect, particularly site-specific design spectrum, 
is necessary for design of structures. It should be remarked that the periods of the considered structures 
(common structures in Babol) were less than 1 s. Therefore, the difference between the results obtained 
by the minimum spectrum and standard No. 2800 is not considerable.  
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Figure 11. Variation of the floor number with drift for a 6-story structure. 

 
Figure 12. Variation of the floor number with drift for a 4-story structure. 

4. Conclusions 
In this study, nonlinear analysis method was used for evaluation of site effect and achievement of 

appropriate design spectrum in Babol city. Regarding to the nonlinear site response analysis, the following 
conclusions achieved: 

1. Using seismic, geotechnical and geophysical data, dynamic profiles of 90 regions in Babol were 
modeled and 5 types of response spectra were introduced. Evaluation of the tripartite response spectra of 
these 5 types indicates that their behavior differ substantially from one another in some parts of the 
frequency range. This issue illustrates the importance of site effect consideration.  

2. In order to compare the results obtained by nonlinear analysis with standard No. 2800, the shape 
factors of different types were compared with the design spectrum of soil type IV of standard No. 2800. This 
comparison indicated that the response spectrum obtained through analysis is different from the Iranian 
seismic code design spectrum.  

3. The standard No. 2800 design spectrum is conservative for long periods. For natural site periods, 
except for type 5, the shape factor presented by the standard No. 2800 is not appropriate. It can be stated 
that application of standard No. 2800 is only recommended for elastic or elasto-plastic ranges. Otherwise, 
nonlinear analysis method should be employed.  
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4. To further investigate the differences in the results of site analysis with standard No. 2800, base 
shear and drift of 1 to 6-story structures (common structures in Babol) were calculated using the standard 
No. 2800 design spectrum and the maximum and minimum spectra obtained from the site analyses. The 
results showed that base shear and drift values for all structures designed using the minimum response 
spectrum were lower than the ones designed by standard No. 2800. It can be expressed that in areas of 
the city where this spectrum is dominant, design of the structures using standard No. 2800 is safe. 

5. Base shear and drift values for structures that were designed using the maximum response 
spectrum were higher the ones designed by standard No. 2800. In other words, in areas of the city where 
this spectrum is dominated, the design using standard No. 2800 is unsafe and structures are seriously 
damaged during earthquakes. In addition, the greatest base shear occurs at a frequency of about 1 Hz. 
This issue should be considered in the future design of structures in this city. Finally, it can be concluded 
that consideration of site effect phenomenon in standard No. 2800 is very necessary. 
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Abstract. In this paper, the behaviour of thin-walled sections of a bar with restrained torsion is studied. 
Neglecting these warping behaviours may generate significant errors, particularly for open profile torsion 
or shear bending of short beams. The governing equation for non-uniform torsion is used to study the 
behaviour of the beam with restrained torsion. The variation of the primary torsional moment, secondary 
torsional moments and warping moments for different value of characteristic number for torsion are 
presented graphically. Finally, the behaviour and comparison of all torsional moment components with three 
different thin-walled sections are illustrated by presenting and discussing their results. The section 
properties, displacements, rotations, stresses and their distribution within the span are compared based on 
the required value of characteristic number for torsion. It is found that for all thin-walled sections, the 
characteristic number for torsion is the key criteria for the study of the behaviour of thin-walled sections of 
a bar with restrained torsion. 

1. Introduction 
The behaviour of a bar with restrained torsion differs significantly from stretching and bending 

moreover their mathematical formulations varies. In analyses of thin-walled structures subjected to torsion, 
the effect of warping must be considered as the axial stresses mainly occur at the points of action of 
concentrated torsion moments (except for free ends) and at sections with warping restraints. The most 
profitable and effective way to construction of prefabricated structures is to use the system of light steel 
thin-walled structures, and also thermal insulation, facing and vapor sealing [1]. Normally, thin-walled 
sections do not behave according to the law of the plane sections employed by Euler-Bernoulli-Navier 
however the general theory of thin-walled section developed by Vlasov [2]. If warping is not restrained, the 
applied twisting moment is entirely carried by uniform torsion as a result the shear contribution to the 
deformation energy can be considered small enough [3–4]. Torsion leads not only to cross-section rotation 
about the centre of twist but at the same time the points of the section undergo different displacements 
along the longitudinal axis [5]. For warping restrained, the member develops additional shearing stresses, 
as well as normal stresses as warping stresses are not to be ignored [6–7]. The resulting stresses are 
primarily shear stresses (uniform torsion) or a combination of shear and longitudinal stresses (non-uniform 
torsion). The distribution of these stresses through the thin-wall section depends to a large extent on the 
cross sectional geometry and specifically whether it is open or closed sections [8]. In order to include 
warping shear stresses in the global equilibrium of the bar, that is to account for the secondary torsional 
moment deformation effect, an additional kinematical component (along with the angle of twist) is generally 
required, increasing the difficulty of the problem at hand [9]. 

Remarkable growth has been made since the 1945s in classical theories of torsion of thin-walled 
beams members with the consideration of warping, but it was limited to symmetric cross sections due to its 
complexity. There are many studies on non-uniform torsion with or without consideration of warping effects 

https://creativecommons.org/licenses/by-nc/4.0/
http://creativecommons.org/licenses/by/4.0/
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as theories and also as analysis using commercial FEM codes [8–16]. Similarly, researchers worldwide 
have extensively used fibre-reinforced polymer (FRP) strengthening materials to enhance the combined 
load strengths of reinforced concrete (RC) beams [18–23]. It has various well-known advantages such as 
high strength to weight ratio, high corrosive resistance, and easy-to-apply character [24]. The effect of span 
length of cantilever RC beams under pure torsion had been studied using a non-linear finite element 
analysis [25]. The element stiffness matrix and load vectors are derived using the primary and secondary 
warping functions [17–18]. Warping effects occur mainly at the points of action of the concentrated torsional 
moments (except for free beam ends) and at sections with free-warping restrictions [19–20]. The warping 
effect was included through an additional degree of freedom at each nodal point in the form of the first 
derivative of the angle of twist of the cross-section of the beam [10, 21]. Meanwhile, the torsional analysis 
of thin walled sections including shear has been studied in Ref. [15, 22–26]. The analysis of uniform torsion 
shows that the warping of bars depends on the shape of their section. A new torsion element of thin-walled 
beams including shear deformation which accounts for the warping deformation and shear deformation due 
to restrained torsion is developed [27–28]. Prismatic bars of solid and hollow sections or thin-walled section 
with a single interior vertex (for example an angle, a tee or a cross) do not warp but all other sections will 
experience warping of the cross section, depending on the geometry of the cross section [38]. Neglecting 
these warping stresses may generate significant errors specially for open profile torsion or shear-bending 
of short beams, and the situation may be even more critical for composite beams [6–7]. Warping-based 
stresses and deformations in closed sections, however, are assumed to be insignificant and have been 
therefore neglected [39]. Reasonably strong warping is expected to have effect in open than closed cross-
sections and its significance is anticipated to be restricted to open cross-sections. Restraining the warping 
deformation causes the twist rate to be zero at the point of restraint and this causes a local effective torsional 
stiffening that affects the global torsional response of the beam [40]. The difference between the 
displacements and stresses due to uniform and non-uniform torsion is most pronounced for thin-walled 
sections. Warping of a thin-walled structures due to torsion stands for all the longitudinal displacements 
caused by the torsional rotation of the member cross-section around its shear centre. Thin-walled beam, 
because of its specific properties, has a unique internal force factor – bi-moment, which in certain cases 
can cause large normal stresses in cross-section [41]. 

In this paper, the behaviour of thin-walled sections of a bar with restrained torsion using the governing 
equation for non-uniform torsion is considered. This study is extensively applied to bars of closed and open 
sections of thin-walled steel cross section subjected to concentrated torsional loading and to the most 
general torsional boundary conditions. The variation of primary torsional moment ( )TPM ,  secondary 

torsional moments ( )TSM  and warping moments ( )Mω  for different value of characteristic number for 

torsion ( )θ  are presented graphically. Finally, the behavior and comparison of all torsional moment 
components with three different thin-walled sections are illustrated by presenting and discussion their 
results. 

2. Methods 
2.1. Defining Governing Equations 

The governing equation for non-uniform torsion is used to study the behaviour of a bar with restrained 
torsion and it is derived for bars with thin-walled sections with local coordinate systems 1 2 3y , y , y  as 
shown in Fig. 1 [31]. 

 
Figure 1. Torsion of prismatic bar. 

When the bar is subjected to the arbitrarily distributed twisting moment TM  and its angle of twist is 
defined by the following governing equation (2.1) with boundary value problem [13, 18, 34, 42]. 
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where 1β  is angle of twist, ,E G  are elastic constant, Cω  is warping constant, J  is torsion constant, Tm  
is twisting load per unit length of bar. 

If a bar undergoes non-uniform torsion, the total applied twisting moment TM  is resisted by an 
internal twisting moment that consists of two components as given in equation (2.2). The primary internal 
moment is the twisting moment TPM  due to uniform torsion (St Venant torsion). The secondary internal 

moment is the twisting moment TSM  is due to warping restraint and the twisting moments are expressed 

in terms of the angle of rotation 1β  and the properties of the shape of the section. The applied torque is 
resisted by a combination of the uniform and warping torques and it is given with its differential equation of 
non-uniform torsion. 

T

3
1 1

TP TS 3
1 1

M M M ,d dGJ EC
dy dyω
β β

= + = −                                         (2.2a) 

where TM  is total twisting moment, TPM  is primary twisting moment due to uniform torsion, TSM  is 
secontary twisting moment due to warping restraint. 

For an element with constant TM ,  the warping torsion TSM  generates a generalized force called 

Bimoment ( )Mω  as follows: 

2
1

2
1

M .dEC
dyω ω

β
= −                                                                 (2.3b) 

The total shear stress 12Tσ  due to torsion is the sum of the primary shear stress 12pσ  due to the 

primary twisting moment for open section and the secondary shear stress 12sσ  due to the secondary 
twisting moment for warping restraints. 

12T 12p 12s.σ = σ + σ                                                                (2.3) 

Consider the homogeneous form of the governing equation (2) and let the characteristic number for 
torsion of a bar be defined as follows: 
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where θ  is characteristic number for torsion, a  is length of the bar. 

The general solution for the homogeneous equation (2.4) is satisfied by the following assumed 
twisting angle function ( )1 1yβ  and it yields to the exact solutions of the angle of twists, its derivatives, 
twisting moments, and bimoments of a node. They are given by 
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Based on the derivatives of equation (2.5) the following equations are obtained: 
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The free coefficients 1c  to 4c  are determined so that the boundary conditions at the ends of the bar 

are satisfied. If the vertex 1y 0=  is fixed and a twisting moment TM  is applied at vertex 1y a=  which is 
free to warp. Solving equation (2.5) with the boundary conditions and the free coefficients are given below: 

3 3 3
3 1 2 4, , tanh , tanh .aT c c cMc c c c

GJ
= = − = θ = − θ

θ θ θ
 

These coefficients are substituted into expression (2.5) and the angle of twist is given below: 

1 1 1
1

y y ytanh cosh 1 sinh .aTM
GJ a a a

 θ θ    β = θ − − −    θ     
                       (2.10) 

Based on equation (2.10), the following equations of TPM ,  TsM  and Mω  for a node are obtained. 

1 1
TP T T

y yM M M tanh sinh cosh ,
a a

θ θ = + θ − 
 

                              (2.11) 

1 1
TS T

y yM M tanh sinh cosh ,
a a

θ θ = − θ − 
 

                                       (2.12) 

T 1 1M y yM tanh cosh sinh .
a a aω

θ θ θ = − θ − 
 

                                      (2.13) 

2.2. Numerical case studies 

In this study, the variation of TP TSM , M  and ωM  with different value of θ  is investigated. Different 
section types are considered as it is given in Table 5 and the section properties, displacements, rotations, 
stresses are to be compared for all cases in addition their distribution with in the span is compared based 
on their values of θ . Tables 1 to 3 show comparatively for different value of θ  along the span of the beam, 
the initial value of θ  is 1 and the maximum is 10. The variation of TP TSM , M  and ωM  for different value 

of θ  are presented. The results are tabulated below to bars of closed and/or open sections of thin walled 
steel cross section subjected to different torsional loading and to the most general torsional boundary 
conditions. In Table 1, the values are obtained based on equation (2.11) as it is expressed in a 
dimensionless form for diverse values of θ  as shown below. 
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Table 1. Variation of MTP for different value of θ . 

y1/a 
MTP / MT 

θ  = 1 θ  = 2.5 θ  = 5 θ  = 7.5 θ  = 10 
0 1.00 1.00 1.00 1.00 1.00 

0.2 0.87 0.61 0.37 0.22 0.14 
0.4 0.77 0.38 0.14 0.05 0.02 
0.6 0.70 0.25 0.05 0.01 0.00 
0.8 0.66 0.18 0.02 0.00 0.00 
1 0.65 0.16 0.01 0.00 0.00 

 

Similarly, In Table 2 and Tables 3–4, the values are obtained based on equations (2.12) and (2.13) 
respectively and they are expressed in a dimensionless form for different values of θ  as shown below. 

Table 2. Variation of MTS for different value of θ . 

y1/a 
MTS / MT 

θ  = 1 θ  = 2.5 θ  = 5 θ  = 7.5 θ  = 10 
0 0.00 0.00 0.00 0.00 0.00 

0.2 0.13 0.39 0.63 0.78 0.86 
0.4 0.23 0.62 0.86 0.95 0.98 
0.6 0.30 0.75 0.95 0.99 1.00 
0.8 0.34 0.82 0.98 1.00 1.00 
1 0.35 0.84 0.99 1.00 1.00 

 

Table 3. Variation of Mω for different value of θ  with θ/α  = 2 . 

y1/a 
Mω / MT 

θ  = 1 θ  = 2.5 θ  = 5 θ  = 7.5 θ  = 10 
0 –0.38 –0.49 –0.50 –0.50 –0.50 

0.2 –0.29 –0.30 –0.18 –0.11 –0.07 
0.4 –0.21 –0.17 –0.07 –0.02 –0.01 
0.6 –0.13 –0.10 –0.02 –0.01 0.00 
0.8 –0.07 –0.04 –0.01 0.00 0.00 
1 0.00 0.00 0.00 0.00 0.00 

 

Table 4. Variation of Mω for different value of θ  with θ/α  = 4 . 

y1/a 
Mω / MT 

θ  = 1 θ  = 2.5 θ  = 5 θ  = 7.5 θ  = 10 
0 –0.19 –0.25 –0.25 –0.25 –0.25 

0.2 –0.14 –0.15 –0.09 –0.06 –0.03 
0.4 –0.10 –0.09 –0.03 –0.01 0.00 
0.6 –0.07 –0.05 –0.01 0.00 0.00 
0.8 –0.03 –0.02 0.00 0.00 0.00 
1 0.00 0.00 0.00 0.00 0.00 

 

According to equation (2.5), with the solution function for ( )1 1yβ  and replacing the integration 
constants with the deformations, the following stuffiness relation is obtained. Considering the non-uniform 
torsion, the warping effect is contained within through an additional degree of freedom at each nodal point 
of the beam.  
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Different section types are given in Table 5 which are the I section, rectangular hollow section, and 
channel section. Considering the prismatic bar of Fig. 1 as it is fixed at vertex 1y 0=  and subjected to a 

twisting moment of TM  without warping restraint at vertex 1y .a=  The section properties, displacements, 
rotations, stresses are to be compared for all cases and compared their distribution within the span based 
on the required value of θ . 

Table 5. Different section types. 

Section type 

   
h(mm) 400 400 400 
f(mm) 180 180 180 
tf(mm) 11 11 11 
tw(mm) 8 8 8 

6 2 6 2
TE 200 10 kN / m M 1.0 kN m G 77 10 kN / m= ∗ = = ∗  

3. Results and Discussions 
3.1. The variation of MTP, MTS and Mω for different value of θ  

The behavior and variation of TPM  and TsM  for different value of θ  which ranges from 1 to 10 are 

presented graphically in Fig. 2. Considering a point nearly to the support at 1y 0=  for Fig. 1, the total 
torsional moment is largely carried by the primary twisting moment, whereas the secondary twisting moment 
is small. At points in the span, the torsion is carried partly as St. Venant torsion (i.e. by the St. Venant shear 
stresses) and partly as warping torsion (i.e. by the shear stresses caused by the restraint of warping. For  
θ=L both torsion mechanisms contribute to TM  throughout the beam in both cases but with the increasing 

of the value of θ  the influence of the twisting moment role to the TM  varies as shown in the Fig. 2. In view 

of Fig. 2 (a) with increasing of θ  value of TPM  reduces fast and the torsional moment is dominated by 

St. Venant in a major part of the beam. Similarly, in Fig. 2(b), with the increasing value of θ , the St. Venant 
moment is growing, and the torsional moment TM  is dominated by St. Venant in a major part of the beam 
in both cases.  
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Figure 2. Variation of MTP and MTS for different value of θ. 

Similarly, the behavior and variation of warping moment ( )Mω  for different value of θ  which ranges 

from 1 to 10 are presented graphically in Fig. 3 As the characteristics number for torsion ( )θ  is an indicator 
of how quickly the effect of warping restraint dissipates because the warping moment varies based on the 
restrained conditions of the beam. The variation of Mω  in the Fig. 3 displays the greater values at the fixed 
support where the warping is prevented and induces the largest normal stresses. At the free end the beam 
can warp freely as a result the normal stresses is zero, thus ( )M 0.aω =  The two graphs below are plotted 

for different value of aθ  (i.e. aθ  = 2 and 4) as it is for general case. The distribution of Mω  varies 

differently in both cases with varying values of θ  and thus the normal warping stress differs along the beam 
based on the position of restrained torsion and section type. 

 

Figure 3. Variation of Mω for different value of θ. 

3.2. Comparison of MT components with three different thin walled sections 
The section properties, displacements, rotations, stresses are to be compared for all cases and 

compared their distribution with the span based on the required value of θ . 

Case I: Refereeing Table 5, for an I- sections, the values of , ,C Jω θ  and ( )1 aβ  are computed 
below: 

3 2 6 6 3 3 6 41 10.4277 10 m , (2 ) 0.2280 10 m ,
24 3f f wC t b h J ft ht− −

ω = = ∗ = + = ∗  

Isec.
1

1

1.812,
0.1257sinh1.812 0 cosh1.81.119208 .119208,

0.109
2 0.2278 0

 radians 6.25 degrees.

θ =
β = − + + −

β = =
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The angle of twist for uniform torsion of an I-section of the bar is: 

T
1,uniform 6 6

a M 4.0 0.228 radians 13.06 degrees
G J 77 10 .228 10−β = = = =

∗ ∗

 

The variation of the uniform, non-uniform angle of twist, TP TsM , M  and TM  on the axis of the bar 

are shown in Fig. 4. The rotation at vertex y1 a=  due to non-uniform torsion is around 50 percent of the 

rotation for uniform torsion of an I-section. Both TPM  and TsM  contribute to TM  through the span of the 
beam and the torsional stresses are due to St Venant shear stresses and the restraint of warping. The 
applied twisting moment is resisted entirely by the secondary twisting moment at support ( )1y 0=  and 

entirely by the primary twisting moment at 1y .a=  According to the studies on [18, 27], our results for the 

variation of the uniform, non-uniform angle of twist, TP TsM , M  and Mω  on the axis are compared for 
further verifications and the results are some. The distribution of the total moment between uniform and 
non-uniform torsion at intermediate points is shown in Fig. 4.  

 

Figure 4. The normalised graphs of β1, MTP, MTS and MT of restrained I-beam section. 

Furthermore, the values of 1β  of equation 2.5 and its derivatives are plotted in Fig. 5 to show their 
comparisons and behaviours along the length of the member. The behaviour of the flanges can be observed 
in the graph for 1β  and its first derivatives ( )1 .′β  They show the variation in twist to which St. Venant shear 
strains and stresses are proportional to the primary torsional moments. The curvature of the flanges is also 
associated with the graph β1′′ and it is proportional to the warping moment in one flange. A combined graph 
for 1′β  and 1′′′β  is shown in the Fig. 5(b) so 1′β  is representing for the primary twisting moment and 1′′′β  

belongs to the secondary twisting moments. The graph of 1′′′β  belongs to the characteristics of the rate of 
change of curvature and it is proportional to the warping shear force in the flange in addition to the warping 
torsional moment. Based on the Fig. 5(b) 1′β  contributes 68 % and 1′′′β  contributes 32 % of the total torsional 
moment. 

 
Figure 5. Decomposition of total twisting moment for an I-beam. 
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For an I-section, the longitudinal stress 11σ  at 1y 0=  due to non-uniform torsion and the warping 
function are computed as below: 

3 2

6 2T
11

1 f h 18.0 10 m ,
4

M atanh 0.0980 10 kN / m
C

−

ω

ω = ± = ± ∗

 σ = − ω θ =± ∗ θ 

 

The primary shear stress at the free end ( )1y a=  is computed as given below and it varies linearly 
over the thickness of the walls of the section. 

2T f
max

2T w
max

M tflange : 48.2 N / mm ,
J

M tweb : 35.1 N / mm
J

τ = ± = ±

τ = ± = ±
 

The secondary shear stress at node 1y 0=  is computed by determining the static moments of the 
warping function and it is constant over the thickness of the walls of the section. The contributions of the 
walls to the static moment of the warping function are computed based on the shear flow at the external 
vertices. The shear stress due to warping restraint is: 

2 2
12s

f

F 20.83 1893.6 kN / m 1.9 N / mm
t 0.011
ωσ = = − = − = −  

The distributions of the stress 11σ , warping function ( )ω  and secondary shear stresses 11σ  over 
the section due to the non-uniform torsion are shown in Fig. 6.  

 

Figure 6. Distribution of σ11, ω and σ12p 2(N / mm ) . 

Case II: Similarly, for rectangular hollow cross-section, which is given in Table 5, the values for 
, ,C Jω θ  and ( )1 aβ  are computed below: 

2 12 6
0 f w

2 2
9 4w f

w f

2C ( f t h t ) 0.2875 10 mm ,
3

2f h t tJ 0.1562 10 mm
f t h t

ω = ω + = ∗

= = ∗
+

 

Rec.sec.
6 3

1
3

1

57.85
5.749 10 ( sinh 57.85 cosh 57.85 1.0) 0.3326 10

0.327 10 radians 0.0187 deg rees

− −

−

θ =

β = ∗ − + − + ∗
β = ∗ =

  

The angle of twist for uniform torsion of the rectangular section of the bar is: 

T 3
1,uniform 6 3

a M 4.0 0.333 10 radians
G J 77 10 0.1562 10

−
−β = = = ∗

∗ ∗
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The variation of the uniform and non-uniform angle of twist (restrained torsion) on the axis of 
rectangular hollow cross-section of the bar are shown in Fig. 7. For rectangular hollow cross-section as the 
value of θ  is large and the angle of twist is very small in its magnitude. The angle of twist at points nearer 
to the support has significant magnitude as shown in the Fig. 7 and suddenly drops to a small value at the 
free end. The rotation at vertex 1y a=  due to uniform and non-uniform torsion is almost the same and its 
magnitude is negligible comparing with an open section.  

 

Figure 7. The normalised graphs of β1 of restrained rectangular hollow cross-section. 

The longitudinal stress 11σ  at 1y 0=  due to non-uniform torsion of rectangular hollow section is 
given below and the distribution of this stress over the section is shown in Fig. 8: 

0

3 2f
0

w
T 2

11

1 1f h
4 1

thwith : 9.124 10 m
t f

M atanh 2.2 N / mm
C

−

ω

µ −
ω =

µ +

µ = ω = ± ω = ± ∗

 σ = − ω θ = θ 


 

The primary shear stress is null at 1y a=  and it is computed with expressions shown below. It is 
constant over the thickness of the walls of the section.  

T 2
12p

f
T 2

12p
w

M
flange : 0.63 N / mm ,

2f h t
M

web : 0.86 N / mm
2f h t

σ = = ±

σ = = ±
 

The secondary shear stresses ( )12σ  at the support ( )1y 0=  depend on the Static moments ( )Sω  
of the warping function. The increments of the static moment for the walls are given by the expression 
below:  
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3
2 2 6 4

0

6 6 6 4
(1) 0 0 f

6 6 6 4
(2) 0 0 w

180 400 66.36
11 8

9.124 10S (0.18 0.40 ) 2.92 10 m
6 66.36

1wall AB : S S f t 2.92 10 4.516 10 7.44 10 m
4
1wall BC : S S f t 2.92 10 7.299 10 4.38 10 m
4

−
−

− − −

− − −

η = + =

∗
= − − = − ∗

= − ω = − ∗ − ∗ = − ∗

= + ω = − ∗ + ∗ = ∗



  

Based on the above solutions and static moment of the section, the variations of secondary shear 
stress over the section are shown in Fig. 8: 

T 6 2
12s 6

M S S S1.0 3.4783 10 kN / m
t C t t0.2875 10

ω ω ω
−

ω
σ = − = − = − ∗

∗
 

The distributions of the stress 11σ , warping function ( )ω  and secondary shear stresses 12σ  over 
the section due to the non-uniform torsion are shown in Fig. 8. 

 

Figure 8. Stress (σ11) (a), Static moments (Sω), secondary shear stress (σ12s) (N/mm2). 

Case III: Likewise, by considering the channel section of Table 5, the values for , ,C Jω θ  and 

( )1 aβ  are calculated as given below: 

3
2w w

f w f
6 6

w
w f

3 3 6 4
f w

t tf *h * t 2ht 3 f t
2 2C 0.580 10 m ,

t12 ht 6 f t
2

1J (2f t h t ) 0.218 10 m
3

−
ω

−

    − + −        = = ∗
  + −    

= + = ∗

 

1

1

1.52
0.157 sinh 1.52 0 cosh 1.52 0.142 .142

0
.238 0

radians 4.75 degre.0 e83 s

θ =
β = − + + −

β = =
 

The angle of twist for uniform torsion of the rectangular section bar is: 

T
1,uniform 6 3

a M 4.0 0.24 radians 13.75 degrees
G J 77 10 0.218 10−β = = = =

∗ × ∗
 

The variation of the uniform and non-uniform angle of twist (restrained torsion) on the axis of the 
channel section of a bar is shown in Fig. 9. The rotation at vertex 1y a=  due to non-uniform torsion is 
40 percent of the rotation for uniform torsion of the channel section. 
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Figure 9. The normalised graphs of β1 of restrained Chunnel section. 

For channel section, the longitudinal stress ( )11σ  at 1y 0=  due to non-uniform torsion and the 
warping function are computed as below: 

( ) 3 2
A w

3 2f
B

2T
11A A

2T
11B B

h f t e 21.4 10 m
2

h te 13.8 10 m
2

M atanh 124.6 N / mm
C
M atanh 80.3 N / mm
C

−

−

ω

ω

ω = ∗ − − = ∗

−
ω = − ∗ = − ∗

 σ = ω θ = θ 
 σ = − ω θ = − θ 

 

The values and distribution of the warping function at the external vertices and longitudinal stress 
are given in Fig. 8: Correspondingly the primary shear stress in the flange and web plates at support is zero 
and at node 1y a=  is computed as follow. It varies linearly over the thickness of the walls of the section.  

2 2T f
max 6

2 2T w
max 6

M t 0.011flange : kN / m 50.0 N / mm
J 0.218 10

M t 0.008web : kN / m 36.4 N / mm
J 0.218 10

−

−

τ = ± = ± ±
∗

τ = ± = ± ±
∗





 

The secondary shear stress is null at section and at node 1y 0=  is computed by determining the 
static moments of the warping function.  

6 4
0 f w w

2 6 4
(2) f w

2 6 4
(1) 0 w

S 0.5t (f 0.5t )h (0.5f 0.25t e) 7.36 10 m
1wall AB : S h t [(f 0.5t ) e] 12.6 10 m
4

1wall BC : S S t eh 3.68 10 m
8

−

−

−

= − ∗ − − = ∗

= − − = ∗

= − = − ∗
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T 2
12s0

f
T 2

12s1
w

T 2
12s2

f

M S 1.01N / m
t C

M S 0.07N / m
t C
M S 1.15 N / m
t C

ω

ω

ω

ω

ω

ω

σ = − = −

σ = − =

σ = − = −

 

The distributions of the stress 11,σ  Static moments ( )Sω  and secondary shear stresses 11σ  over 
the section due to the non-uniform torsion are shown in Fig. 10. 

 

Figure 10. Stress (σ11) , Static moments (Sω), secondary shear stress (σ12s) (N\mm2). 

A combined graph for angle of twist for closed and open sections is shown in Fig. 11 for both uniform 
and restrained torsion. The rotation at vertex 1y a=  due to non-uniform torsion are 50 percent of the 
rotation for uniform torsion of I section and 40 percent of the rotation for uniform torsion of Chunnel section. 
For closed channels like rectangular hollow cross-section, the rotations in uniform and non-uniform torsions 
are considered negligible as their magnitudes are very small compared to the open cross sections as shown 
in Fig. 11. 

 

Figure 11. The combined normalised graphs of β1 for all restrained section types. 
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In this study, the characteristic number for torsion is the main criteria to study the behaviour of a bar 
with restrained torsion and the variation of the uniform, non-uniform angle of twist, TP TsM , M  and ωM  
on the axis of the bar are expressed as a function of the characteristic number for torsion and all results 
are compared with different studies [14, 15, 27]. From Fig. 11, the normalization graph clearly presents the 
combined graph for angle of twist for closed and open sections for both uniform and restrained torsion. For 
closed channels like rectangular hollow cross-section, the rotations are very small and are considered 
negligible but comparing to different studies [29, 43] it shows that the effect of warping must be considered 
in the case of non-uniform torsion of closed-section beams. 

4. Conclusion 
In this study, the characteristic number for torsion was adopted to study the behaviour of a bar with 

restrained torsion. The resulting responses from all cases using different value for the characteristic number 
for torsion were analyzed and compared. According to the previous findings, it is concluded that: 

1. When considering fixed support conditions Vlasov torsion must be accounted as the behaviour 
for St. Venant and Vlasov torsion existing for all section types. 

2. In this study, we used the hyperbolic than polynomial shape functions as it gave the exact results 
as the analytical solution.  

3. With the increasing of θ  value, TPM  reduces fast and the torsional moment is dominated by 

St. Venant in a major part of the beam but for θ  = 1 both torsion mechanisms contribute to TM .  The 

distribution of Mω varies with the different values of θ  and a∗θ  consequently the normal warping stress 
differs along the beam based on the position of restrained torsion and section type. 

4. The angle of twist of non-uniform torsion differs from uniform torsion by 50, 1.8, and 41 percents 
for the I-section, rectangular tube, and channel section, respectively.  

5. Normal stresses dominate the stress within the bar as the cross-section is restrained and Vlasov 
shear stresses are very small and vanished when the normal stress reached maximum. Contradictory to 
this, at the free end the shear stress is dominated by St. Venant shear stresses and its maximum value is 
located at the mid of the flange. 

6. The primary shear stress is considerably lower for the closed than open sections. The secondary 
shear stress is depending on the static moments of the warping function.  

7. For closed channels like rectangular hollow cross-section, the rotation and warping are very small 
and are considered negligible but comparing to different studies it shows that the effect of warping must be 
considered in the case of non-uniform torsion of closed-section beams. 
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Abstract. The article studies the possibility of using phosphoric slag (PS) to obtain stabilized belite clinkers. It 
is shown that granulated PS as a silica-containing component of a cement raw mixture meets the demand of 
wide and effective use of production wastes. The complexity of using raw materials is increased with the use 
of carbide residue in the mixture that is a by-product of the synthetic rubber plant. The experimental data were 
obtained by chemical, optical, X-ray and thermal analysis methods. Chemical and mineralogical composition 
and materials properties have been studied before and after heat-treating. The optimal composition of belite 
clinkers has been selected. The physical and technical parameters of clinkers have been determined. A 
method for producing refractory products from belite-containing materials has been developed. Mathematical 
models to determine technological parameters for the refractory products manufacturing based on belite-
containing clinkers have been composed. 

1. Introduction 
The research direction of the granulated phosphoric slags (PS) use as a basis for binding composites 

is considered in [1–2], where it is also emphasized that the entertainment volume of these slags for obtaining 
construction products does not exceed 30 % of those generated in production. It must be assumed that not all 
types of granulated PS can be used as active agents to cements, and for such slags any other areas of 
disposal should be found. The use of granulated PS as a silica-containing component, which completely 
replaces a clay one in the traditional Portland cement raw mixture, is proposed by different authors 
(A.N. Toropov, M.A. Bredig and etc.). It meets the requirements of a widespread use of production waste and 
by-products, complex production of cement with other industrial products. It is known that PS contain 
phosphoric anhydride and calcium fluoride’s impurities. The first is a stabilizer of β-C2S, and the second is an 
effective silication mineralizer. High-temperature phase equilibria in the 2CaO, SiO2 – 3CaO, P2O5 system 
were studied in [3]. Taking into account the above circumstances and the great practical importance of 
refractory materials, it is of interest to obtain cement of belite composition. 

Calcium orthosilicate – 2CaO·SiO2 and its polymorphic forms have been studied by many scientists 
(Y.M. Butt, V.V. Timashev, H. Midgley, R. Nares, A.N. Toropov, M.A. Bredig and etc.). Belite synthesized in 
vitro is based on phosphogypsum [4–11]. Utilization of other wastes to obtain cements of belite composition 
[12–15] does not include phosphoric slags. The high melting point of C2S has been known for a long time and, 
according to the latest data, it is 2130 °C [16]. The possibility of using a belite clinker as a refractory material 
was proved in [17]. The invention has not found any practical application. It does not contain any data on the 
optimal technological parameters of production. The results of systematic studies of orthosilicates as refractory 
materials show a high burning temperature of products and complexity of clinker charge. It seemed to us that 
these disadvantages could be eliminated, if we use the phosphoric slags as a silica-containing component in 
the C2S synthesis. The PS advantages over other silica-containing materials are obvious: slags begin to come 
into the liquid phase at relatively low temperatures; they contain phosphorus, manganese and fluorine 
impurities, which stabilize high temperature modifications of C2S and accelerate silicate formation processes. 

https://creativecommons.org/licenses/by-nc/4.0/
http://creativecommons.org/licenses/by/4.0/
https://orcid.org/0000-0002-6275-8381
https://orcid.org/0000-0001-6799-5792
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This is also confirmed by the studies from [18] in relation to the effects of the P2O5 and CaF2 concentration on 
clinker with a high alite content. 

The aim of the work is to find out the possibility of obtaining a stabilized belite refractory by replacing 
phosphoric slags known natural silica-containing materials in a cement raw mixture. For this it was necessary:  

− to study the characteristics of phosphoric slag as a clay-replacing component of a cement raw mixture; 
− to study new raw material mixtures for obtaining stabilized belite clinker; 
− to determine the technological parameters for the manufacture of belite refractory.  

2. Methods 
Mixtures for producing belite-containing clinkers are composed of phosphoric slags and carbonates. In 

this research, we have used granulated phosphoric slags from the “Kazphosphat” LLP, which operates on the 
basis of phosphate raw materials from Karatau (the Republic of Kazakhstan). Limestone and carbide air-
slaked lime were used as a lime component. The chemical composition of raw materials is shown in the 
Table 1. 

Table 1. Chemical composition of raw materials, mass. %. 

Material SiO2 CaO Al2O3 Fe2O3 MgO SO3 P2O5 CaF2 MnO 
Loss of 
ignition Amount 

lime 3.51 53.30 1.09 0.62 0.13 – – – – 42.10 100.75 
carbide lime 2.74 62.03 1.94 0.40 0.19 0.23 – – – 31.59 99.12 
phosphoric 

slag (I) 38.46 42.15 3.50 1.54 3.97 0.31 1.91 5.33 – 2.33 99.74 

phosphoric 
slag (II) 40.20 42.16 2.27 1.91 4.56 0.03 2.02 5.03 0.28 1.02 99.48 

 

The main slag components are calcium and silicon oxides. Its acidity index is 1.00. Under the 
microscope, the slag particles have a plane-limited fragmental shape with sharp corners and winding edges. 
The grain configuration is mostly wrong. The slag structure is X-ray amorphous. The IR spectrum is 
characterized by broad absorption bands in the range of 400–1500 cm–1; two of them are intense with maxima 
at 500 and 1000 cm–1, three of them are weak in the form of shoulders at 715, 1220, and 1430 cm–1  
(Fig. 1, a). According to spectroscopic data, slag is a mixture of silicates of various structures, including both 
ortho (a rather wide frequency interval in the range of 850-1000 and 500 cm–1) and more condensed forms 
(absorption with maxima at 715 and 1220 cm–1) according N.I. Plyusnina. Absorption at 860 and 1430 cm–1 in 
the form of shoulders is due to vibrations of carbonate ion and indicates the presence of calcite impurity in the 
slag composition. After dissolution of the glass phase with 2 % citric acid in the fixed residue, there identified 
crystalline phases in the form of wollastonite (d = 4.04; 2.98; 2.70 and 2.54 Å) and quartz (d = 4.23; 3.34; 
2.46 Å) (Fig. 2, a) using X-Ray. As for the IR spectrum of this precipitate (Fig. 2, b), in contrast to the slag 
spectrum, there appear bands in the form of shoulders at 565.600 cm–1 and a band of medium intensity at 
805 cm–1. The first ones are due to symmetric stretching vibrations γS Si – O – Si, the second indicates the 
presence of precipitated quartz according A.N. Lazarev. 

 
Figure 1. IR spectra of phosphoric slag: a – run-of-mine; 

b – after washing using citric acid; c – heat-treated at 850 °C – 0.5 h;  
d – heat-treated and washed with citric acid. 
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Figure 2. Slag X-ray photographs: a – washed with citric acid; 

b – heat-treated at 850 °C – 0.5 h; c – heat-treated and washed with citric acid. 
Slag DTA curves (Fig. 3) are characterized with endoenergic effect at 680 °C which is due to pre-

crystallization softening of the glass phase and the exothermic effect of crystallization of main phases at 
850 °C. The crystallizing phases at this temperature are pseudo-wollastonite (d = 3.23; 2.80; 2.46; 1.972 and 
1.824 Å), wollastonite (d = 2.96; 2.28 and 1.880 Å) and melilite (d = 3.06; 2.86; and 1.758 Å) (Fig. 2, b). The 
IR spectrum of the heat-treated slag (Fig. 1, c) is characterized by absorption bands in the range of  
450 – 1200 cm–1. In the range of 900 – 1100 cm–1, there are stretching vibrations γ(Si – O) β- wollastonite. Its 
metasilicate chains [(SiO3)] are characterized by absorption in the range of 560 – 680 cm–1, caused by 
stretching vibrations of Si – O – Si (γS Si – O – Si) bridges. These vibrations include the bands at 
560.650.680 cm–1. 

 
Figure 3. Slag DTA curves. 

A characteristic feature of the α-wollastonite spectrum, which contains ring anions [Si3O9] 6– in its 
structure, is a band at 725 cm–1, which is due to the symmetric stretching vibration γS Si – O – Si. The 
absorption bands at 480 and 560 cm–1 refer to bending vibrations of the ring anion. The melilite identification 
using the IR spectrum is rather difficult, since the latter belongs to pyrosilicates containing aluminum as a 
cation capable to form a covalent links with oxygen. It leads to an increase in the vibration frequencies of  
Me – O, and makes it difficult to identify the γS Si – O – Si band, which is in the range 640 – 650 cm–1. 
However, it can be assumed that the spectrum complexity in the region of 500 – 800 cm–1 does not exclude 
melilite presence in the heat-treated slag. But in the spectrum of heat-treated slag washed with citric acid 
(Fig. 1, d), the bands assigned to α-wollastonite disappear, and the absorption minimum at 1000 cm–1 
observed in the spectrum of β-wollastonite is clearly revealed. X-ray data of this sediment (Fig. 1, c) also 
indicate the presence of hematite (d = 2.70; 2.51; and 1.824 Å) and fluorite (d = 3.15 and 1.929 Å). The 
phosphatic slag taken for these studies consists mainly of glass with a microheterogeneous structure. It 
contains pseudo-wollastonite, wollastonite, melilite, hematite and fluorine, which crystallizes as fluorite after 
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being heat-treated. Phosphorus is also a part of glass, since no independent phosphorus-containing phase 
was found. The slag crystalline phases are represented by wollastonite and quartz. Calcite is present as an 
impurity. 

Limestone particles consist of irregular isometric tabular colorless grains. Well-formed rhombohedrons 
peculiar to calcite are rarely found. There can be twins too. 

Carbide air-slaked lime is a waste product of the Karaganda Synthetic Rubber Plant. A real powder 
density is 2260 kg.m3, specific surface is 677.0 m2.kg. The powder is a mixture of hydroxide  
Ng = 1.560 ± 0.003; Np = 1.550 ± 0.003. Calcite crystals have Ng = 1.658 ± 0.003 and Np = 1.486 ± 0.003; 
intergrown pieces with a black or dark-brown opaque matter are often observed. The X-Ray shows reflexes 
at d = 4.85; 2.61; and 1.917 Å is related to portlandite, at d = 3.87; 3.01; and 2.28 Å – to calcite. 

The chemical analysis of starting materials was carried out according to was carried out in accordance 
with the requirements of regulatory documents: Russian State Standard GOST 5382-91 (CIS interstate 
standard) ‘Cements and materials for cement production. Chemical analysis methods’. Raw mixtures and 
phase composition of clinkers were calculated as described in the common method [19] according to a given 
value of the saturation coefficient (SC). Raw mixtures burning was carried out in a chamber electric resistance 
furnace CHO-3.2×6×2.5/15M1 with the U-shaped heaters made of molybdenum silicide with the CM 400/400 
type operating in an oxidizing atmosphere. The accuracy of temperature maintenance in the working space is 
± 0.5 % of the nominal temperature. Isothermal burning was carried out in a tubular furnace of  
the /SUOL-0.25.2.5/14k type. The amount of unreacted calcium oxide was determined by the alcohol-glycerate 
method according to Russian State Standard GOST 5382-91 (CIS interstate standard). The phase 
composition of clinkers was studied by X-ray, rational-chemical, microscopic, and spectroscopic analyzes. 

Presence of wollastonite, cuspidin, fluorite, fluoro- and hydroxylapatites in the cakes was monitored by 
the X-ray phase analysis of precipitate after citric acid extraction. In this case, the solution passes through 
alite, belite, phosphates, silicophosphates and intermediate substances. The sintered materials in 2 % citric 
acid were processed according as per the method described in [20]. To establish the clinkers intermediate 
phases, we used the method according S.M. Royak and other authors, based on the complete solubility of di- 
and tricalcium silicates in a 5 % solution of boric acid. 

In order to select the optimal compositions for determining physical and technical properties of refractory 
materials based on belite-containing materials, there were prepared raw materials with SC = 0.60 – 0.85 with 
an interval of 0.05. To determine refractory some samples were molded from the mixture in the form of 
cylinders with the following dimensions: ø 5 cm and h = 0.5 cm, for apparent density and porosity – ø 5 cm 
and h = 5 cm. The burning temperature of materials for determining refractory was 1350 °C with a dwell time 
of 2 hours, for apparent strength and porosity – 1350 – 1500 °C with an interval of 50 °C without dwell. Cooling 
was abrupt. Clinkers refractory was determined according to Russian State Standard GOST R 53788-2010 
(CIS interstate standard) ‘Refractories and refractory raw materials. Methods of refractoriness determination’, 
density and porosity – according to Russian State Standard GOST 2409-2014 (CIS interstate standard) 
‘Refractories. Method for determination of bulk density, apparent and true porosity, water absorption’. The SC 
for optimal clinkers was 0.70 and 0.75. A belite clinker is burnt at 1350 – 1400 °C. The rate of temperature rise 
was 12 – 26 deg.h. Cooling was slow as the oven cools down. The resulting clinkers were crushed using jaw 
crushers and divided into fractions with the following sizes: coarse 1 – 3 mm, average 0.5 – 1 mm, average 
0.5 – 1 mm, fine < 0.5 mm. 

When selecting the optimal parameters of the refractories technology from belite-containing materials, 
the method of mathematical planning of a four-factor experiment at five levels was used. Accordingly, cylinders 
ø 5 cm and h = 5 cm were molded. The average rate of temperature rise during burning was 8 – 21 deg.h. 
Sample cooling was abrupt. For certain values of apparent porosity and density using generalized equations, 
the technological parameters for obtaining refractories were selected. 

3. Results and Discussion 
There were investigated mixtures of CaCO3 (“h”) and granulated PS with the contents (wt. %) 42.53 and 

57.47, respectively. Limestone decarbonization at 1000 °C is completed in 15 minutes, and at 1100 and 
1200 °C – in 5 minutes. At the last two temperatures, calcium oxide reacts completely in 15 and 10 minutes. 
The reaction rate is high at the beginning of heating. After 15 minutes it significantly slows down at 1000 °C. 

The final product consists almost 90 % of C2S, which is represented by the β-modification. At 1200 °C, 
starting from 5 min, the C2S part is stabilized in the α′ – form. In the X-ray radiograph 4 d = 2.66; 2.22; 1.920 
Å belongs to α′ – C2S; d = 2.93; 1.60; 1.41 Å – C5A3. The rest are β – C2S reflections.   
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Figure 4. X-ray radiograph of spectra: a – 1000, 5 min; b – 1100, 1 min; c – 25 min. 

The mixture was burnt at 1000 – 1200 °C in order to clarify the effect of burning duration on the 
crystallization of phases. Belite crystals grow from 2 – 4 (1000 °C, 30 min) and 10 min (1200 °C, 30 min) to  
5 – 6 and 15 μm after 60 minutes. They form intergrown pieces. After burning at 1200 °C, polysynthetic twins 
are often found. There were observed rounded isotropic grains from the impurities with a relatively low index 
of refringence (obviously, C11A7·CaF2). When treating the cake with 2 % citric acid, P2O5 completely goes into 
solution in the same way as C11A7·CaF2 and C4AF. Only half of the total amount of fluorite remains in the 
insoluble part with a trace impurity of periclase. Thus, a mixture of slags with CaCO3 to obtain a belite clinker 
should be burnt at 1100 °C.  

To study the features of high-temperature interaction of phosphoric slags with calcium oxide in carbide 
air-slaked lime. The mixture is composed of 38.40 % lime and 61.60 % granulated slag. The chemical and 
phase composition of clinker is shown in the Tables 2 and 3. 

Table 2. Chemical composition of clinkers with SC = 0.67, % by weight. 
Material  SiO2 CaO Al2O3 Fe2O3 MgO Mn2O3 P2O5 CaF2 SO3 Amount 
clinker 29.49 58.00 2.43 1.62 3.29 0.19 1.42 3.54 0.12 100 

Table 3. Phase composition of clinkers. 
2CaO·SiO2 3CaO·2SiO2·CaF2 4CaO·Al2O3·Fe2O3 12CaO·7Al2O3 3CaO·P2O5 MgO 

68.9 16.6:  4.6 2.8 3.1 3.3 

In order to select the optimal composition and establish the burning temperature of belite clinkers for 
obtaining refractory materials, 6 mixtures were made with SC from 0.60 to 0.85. The data on the mixtures 
composition are shown in the Tables 4 and 5.  

The mixtures were burnt under isothermal conditions at 1100, 1200, and 1300 °C with a dwell time of 
30 min. The silicate-forming reaction completion was controlled by the degree of absorption of calcium oxide 
(Table 6). 

As shown in the Table 6, in samples with SC = 0.60 – 0.70 (clinker 1 – 3), a complete absorption of lime 
occurs at 1100 °C with a dwell time of 30 minutes. The completion of silicate-forming reaction was controlled 
by the degree of recovery of calcium oxide (Table 6). 

As shown in the Table 6, in samples with SC = 0.60 – 0.70 (clinker 1 – 3) a complete absorption of lime 
occurs at 1100 °C. With increasing SC starting from 0.75, the calcium oxide is not completely absorbed as a 
result of tricalcium silicate formation from excess calcium oxide and dicalcium silicate.  

As it can be seen from the data in Table 6, in samples with SE (saturation efficiency) = 0.67 – 0.70 
(clinker 1 – 3), complete assimilation of lime occurs at 1100 °С. With an increase in SE, starting from 0.75, 
calcium oxide is insufficiently absorbed because of the formation of tricalcium silicate from excess calcium 
oxide and dicalcium silicate.  

Table 6. Composition of free calcium oxide in burnt samples, weight %. 

Temperature,  C Clinker 
1 2 3 4 5 6 

1100 
no no 

0.86 4.35 9.36 12.29 
1200 no 2.21 3.86 4.75 
1300 2.17 2.41 3.13 
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On the DTA curve of the belite mixture, the effect (Fig. 5) at 515 °C is caused by the dehydration of 
Ca(OH)2. Effects observed in the temperature range 805 – 898 °C, due to decarbonization of CaCO3. The first 
stage of the process characterizes the kinetic stage of decomposition, the rate of which is determined by the 
energy of formation and crystallization of CaO [21]. The second and third stages (878 and 898 °C) are diffusion 
stages, the rate of which depends on the thickness of the CaO shell and neoplasms. The exothermic effect at 
1042 °C corresponds to the formation of C2S. With further heating of the mixture, liquid phases appear (endo-
effects at 1120 and 1142 °C), which is confirmed by the appearance of exothermic effects at 1135 and 1042 °C 
during cooling. 

 
Figure 5. Thermogram of the belite mixture. 

Consequently, in the mixture under study, the formation of a liquid phase occurs at a temperature that 
is much lower than the minimum temperature of the appearance of a clinker melt from a traditional raw mixture, 
which corresponds to 1280 °C [22–23]. The high reactivity of cement raw mixtures is due to the low softening 
temperature of phosphoric slags (1050 – 1100 °C) and CaF2 impurities in them (3 – 6 %). CaF2 catalyzes 
belite formation according to the mechanisms previously established by Gatt [24]. 

The burnt products phase composition was defined by X-ray. The main component of all samples is 
dicalcium silicate (Fig. 6). Presence of tricalcium silicate in the clinker 3 is confirmed by a reflex at 3.05 Å. With 
increasing the C3S content in the samples, another line appears at 1.74 Å (clinker 5). 

The X-ray picture analysis of borate extract residues (Fig. 7) shows that impurities are represented by 
magnesium oxide (d = 2.10; 1.480 Å), fluorite (d = 3.15; 1.937; 1.647 Å) and tetracalcium aluminoferrite  
(d = 7.23; 2.76; 2.64; 1.910 Å). In clinkers with the SC = 0.60 and 0.65 due to the lack of calcium oxide melilite  
(d = 2.86; 1.761 Å) and wollastonite (d = 2.97 Å) are found. 

The calculated phase compositions of clinkers at 1300 °C are presented in the Table 7. The amount of 
dicalcium silicate at the maximum absorption of calcium oxide is 49 – 82 %. With increasing the SC, the 
dicalcium silicate content decreases due to the formation of tricalcium silicate, which number in the 5 clinker 
reaches 31 %. Silicates amount is about 80 %.  

To determine the physical and technical parameters of clinkers 1 – 5, the tablets were molded and burnt 
at 1350 °C. In the clinkers 1 – 3, calcium oxide is completely absorbed, in the clinkers 4 and 5, the amount of 
unreacted calcium oxide is 0.40 and 0.82 %. 

According to definitions of the “St. Petersburg Institute of Refractories” JSC, the clinkers 1 and 2 have 
a refractory below 1580 °C, the clinkers 3 – 5 – above 1770 °C. The Table 8 shows that with increasing 
clinkers’ SC, their burning shrinkage and apparent porosity decrease, but water absorption increases. The 
apparent porosity of the clinker 4 is 26 – 23 %, the clinker 5 is 40 – 35 %. Water absorption of the clinker 4 
and 5, respectively, is 7-10 and 20 – 16 %. The clinkers apparent density at 1300 – 1350 °C is in the range of 
200 – 250 kg.m3. 

Thus, it has been identified that the clinkers 1 and 2 have low refractory, and the clinker 5 has a relatively 
high apparent porosity and water absorption. Taking into account these data, clinkers with saturation 
coefficients 0.70 and 0.75 were selected to determine the possibility of obtaining a refractory material. 
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Table 4. Component and chemical composition of raw mixtures. 

Mixture 
Component composition, 

wt.% 100 % oxides composition  

lime slag SiO2 CaO Al2O3 Fe2O3 MgO CaF2 P2O5 MnO SO3 LOI 
1 38.84 61.16 24.94 46.39 2.57 1.18 2.48 3.27 1.17 0.15 0.19 17.66 
2 42.23 56.77 23.39 46.86 2.46 1.14 2.31 3.03 1.09 0.14 0.18 19.40 
3 47.12 52.88 22.03 47.27 2.36 1.11 2.17 2.82 1.02 0.13 0.16 20.93 
4 50.58 49.42 20.82 47.64 2.28 1.07 2.03 2.64 0.95 0.12 0.15 22.30 
5 53.68 46.32 19.73 47.94 2.21 1.05 1.91 2.47 0.89 0.11 0.14 23.52 
6 56.47 43.53 18.75 48.27 2.14 1.02 1.81 2.32 0.84 0.10 0.13 24.62 
 
 
Table 5. Excepted phase composition and clinkers characteristic. 

Clinker C3S C2S CS C4AF C12A7 CaF2 MgO SC n p 
1 - 73.53 9.13 4.37 4.26 3.97 3.02 0.60 6.65 2.17 
2 - 82.89 0.38 4.31 4.16 3.76 2.87 0.65 6.49 2.15 
3 15.58 68.13 - 4.25 4.07 3.57 2.74 0.70 6.35 2.14 
4 30.21 54.03 - 4.21 3.98 3.40 2.62 0.75 6.20 2.12 
5 43.75 40.97 - 4.16 3.90 3.23 2.50 0.80 6.06 2.16 
6 56.30 28.86 - 4.11 3.82 3.08 2.40 0.85 5.94 2.10 
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Figure 6. Clinkers X-ray photographs burnt at 
1300 °C with a dwell time of 30 min 

a, b, c, d, e, respectively, clinkers 1, 2, 3, 4 and 5. 

Figure 7. X-ray photographs of clinkers’ 
borate extract residues 

a, b, c, d, e, respectively, clinkers 1, 2, 3, 4 and 
5. 

Table 7. Phase composition of clinkers. 

Clinker 
Phases content, wt.% 

CaOfr. CS C2S C3S C4AF C12A7 CaF2 MgO 
1 no 3.98 81.25 no 5.50 2.70 3.30 3.20 
2 no 1.37 82.52 no 5.87 2.65 4.15 4.15 
3 no no 65.88 15.66 4.89 2.97 4.34 4.34 
4 2.17 no 69.57 10.31 8.21 1.64 2.74 4.67 
5 2.41 no 49.18 30.79 5.93 2.33 3.03 4.61 
 

As our research shows, granulated phosphoric slag is an exceptional material that provides synthesis 
of a belite clinker (C2S ≈ 90 %) at 1100 °C in 15 minutes. Kinetics of the C2S formation at 1000 and 1100 °C 
is satisfactorily described (Fig. 8) by the Tamman-Fishbeck equation. The apparent activation energy is 
88 kJ.mol. 
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Table 8. Physical and technical indicators of clinkers. 

Clinker Clinker SC 

Burning temperature, °C 
1350 1400 

volume burning 
shrinkage, % 

apparent density, 
kg.m3  

apparent 
porosity, 

% 

water absorption, 
% 

volume burning 
shrinkage, % 

apparent density, 
kg.m3  

apparent 
porosity, 

% 
1 2 3 4 5 6 7 8 9 
3 0.70 32.7 1480 2.49 5.93 35.2 1220 2.45 
4 0.75 31.5 2370 2.44 9.66 35.1 1810 2.45 
5 0.80 25.8 3710 2.04 18.02 20.3 3960 1.97 

 
Continuation Table 8. 

Burning temperature, °C 
1400 1450 1500 

water absorption, 
% 

volume burning 
shrinkage, % 

apparent density, 
kg.m3  

apparent 
porosity, 

% 

water absorption, 
% 

volume burning 
shrinkage, % 

apparent density, 
kg.m3  

apparent 
porosity, 

% 

water absorption, 
% 

10 11 12 13 14 15 16 17 18 
4.93 33.4 1940 2.56 7.53 34.9 1480 2.37 6.22 
7.79 37.6 2620 2.42 10.71 38.2 2370 2.37 9.95 

19.96 26.7 3680 2.16 16.86 30.7 3520 2.11 16.59 
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Figure 8. Kinetic data of the C2S formation reaction. 

The high reacting capacity of granulated phosphoric slags is explained by their low softening point 
(1050 – 1100 °C) and the presence of calcium fluoride which is evenly distributed up to 6 %. The latter has 
a strong catalytic effect on the C2S formation. 

Carbide lime, mainly consisting of Ca(OH)2 and having a developed specific surface area reduces 
the burning temperature up to 950 – 1000 °C. In this case, the value of the apparent activation energy 
decreases up to 44 kJ.mol. A belite clinker is represented by a dicalcium silicate. Secondary phases: C4AF, 
C12A7, MgO, and CaF2. These phases are formed from the CS, melilite and cuspidin at the moment of their 
initiation or after crystallization according to the reactions: 

CaO·SiO2 + CaO = 2CaO·SiO2 

3CaO·2SiO2· CaF2+ CaO = 2(2CaO·SiO2) + CaF2 

7(2CaO·Al2O3 SiO2 + 12CaO = 7(2CaO·SiO2) + 12CaO 7Al2O3 

2CaO·MgO 2SiO2 + 2CaO = 2(2CaO·SiO2) + MgO 

(1) 

(2) 

(3) 

(4) 

With a lack of CaO or incomplete burning processes, wollastonite, melilite and cuspidin are observed 
in the reaction mixture along with the reaction products. Fluorine does not evaporate. From a stoichiometric 
mixture with a single burning, the Nares solid solution characterized by the composition: CaO – 66.5 %, 
SiO2.- 26.5 % b P2O5 – 7 % according to R.W. Nurse is formed at 1500 °C after 60 minutes. At 1200 °C, 
the degree of calcium oxide absorption in 30 minutes is 49 % in a mixture of pure reagents and 85 % when 
SiO2 is replaced by granulated PS. In the belite clinker, C2S is in the β-form. After burning at 1200 °C, α′ – 
C2S also appears. 

Microscopic immersion studies show that belite crystals grow with increasing temperature and firing 
duration (Fig. 9 and 10). After 1200 and 1000 °C, 30 minutes they have dimensions, accordingly, 10 and 2 
– 4 microns, and after 60 minutes – 15 and 5 – 6 microns. Crystals form intergrowths. In cakes fired at 
1200℃, polysynthetic twins of belite are often found. C5A3 is represented by isotropic grains of a rounded 
shape and relatively low refractive index.  

 
a    b   c 

Figure 9. Micrograph of the mixture for dicalcium silicate at 100 °C x 240, N II:  
a – 30 minutes; b – 60 minutes; c – 120 minutes. 
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a    b   c 

Figure 10. Micrograph of the mixture for dicalcium silicate at 1200 °C x 240, N II:  
a – 30 minutes; b – 60 minutes; c – 120 minutes. 

For two years, the samples did not show any signs of silicate decomposition. The resistance to 
silicate degradation does not deteriorate with an increased CaF2 content, but the reaction rate of the C2S 
formation is increased. 

When developing a method for refractories producing from belite-containing materials, the effect of 
grain size composition of clinkers, the samples pressing pressure, the burning temperature and the dwell 
time were studied. By means of the mathematical planning method of experiment the dependences of 
apparent porosity and density on these factors were found. The maximum density is achieved with the 
following ratio of the fraction, wt.%: fine – 70 %, coarse – 25 %, average – 5 %, which is consistent with the 
literature data. With an increase in the pressing pressure and burning temperature, the refractories density 
increases proportionally. Sintering occurs due to the formation of a binder from low-melting compounds. 
The partial dependences of density from dwell time are exponential: when the dwell time increases up to 
120 min, the density increases insignificantly, and then practically is not changed. 

Compared to density, the porosity dependence on the studied factors is inverse. In the same fraction 
ratios, the samples have the minimum porosity due to the maximum packing density of grains. As the 
pressing pressure and burning temperature increase, the porosity decreases. It corresponds to the 
statement that during heat-treating the grains size and shape increase, and the pores decrease as a result 
of filling them with a low-melting binder. The samples dwell time in the oven for more than 120 min does 
not lead to a noticeable change in density and porosity. 

Generalized equations of the response function are obtained on the basis of partial functions: 

for belite clinker with SC = 0.75, a) density 
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for belite clinker with SC = 0.70, a) density 
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To obtain refractories with high performance indicators such as mechanical strength, slag resistance, 
and etc., it is necessary to achieve a low apparent porosity of products with their high apparent density. 

In the considered interval, the following levels of factors may be most appropriate: 

1. Size composition. The maximum packing density is achieved with 70 % fine, 25 % coarse and 5 % 
average fractions. But in view of high energy costs required for fine grinding of a large amount of material 
the following fractions ratio is recommended: fine – 25 %, coarse – 70 % and average – 5 %. With a given 
grain composition, the porosity value is 2–4 % higher than in the first size composition. 

2. Molding pressure. The highest raw material density is provided by the pressure of 80 – 100 MPa. 

3. Burning temperature. To ensure the best sintering, it is recommended burning at a maximum 
temperature of 1450 °C out of the studied ones. 

4. Extract. Since the process reaches saturation in 120 minutes, from the point of view of saving 
energy resources and achieving the maximum density of refractories the burning time can be limited to two 
hours. 

The selected values of technological process were substituted into the response function equations. 
The results are shown in the Table 9. 

Table 9. Rating values of optimization settings. 

Belite clinker 
Optimization settings 

ρ, g.cm3 P0, % 
SC = 0.75 2.49 23.05 
SC = 0.70 2.47 22.82 

 

As the table shows, the obtained porosity values are in the range of 7 – 23 %, which meets the 
regulatory requirements for refractories. The obtained density values are far from the maximum possible. 
The bulk density by the phase composition is 3.23 g.cm3. 

The melting temperatures range of the main crystalline phases is above the studied region, where 
only solid-phase reactions and sintering occur due to melting of low-melting phases. Achieving the values 
of apparent density of refractories close to the maximum is impossible in this area.  

Belite clinkers were tested to obtain refractory products, which were characterized by the following 
indicators: apparent porosity 23–25 %; volume burning shrinkage – up to 10 %; strength in compression – 
50 MPa; refractory – above 1770 °C; after shrinkage at 1550 °C – 1.3 ÷ 1.4 %; temperature of the 
deformation beginning under of load of 2 kp.cm2 – circa 1400℃; thermal stability – 3–4 water thermal 
cycling. These data refer to the products obtained by semi-dry molding under a pressure of 80-100 MPa of 
a size composition burden:  

fraction 
5-1 mm 80-70 % 

1-0.08 mm 10-15 % 
no greater than 0.08 mm 10-15 % 

Mixing moisture content is 10 %. Burning temperature is 1350–1400 °C. 

In compliance with the physical and technical indicators of the specified clause 7, belite clinkers were 
tested to obtain refractory products, which were characterized by the following indicators: apparent porosity 
23–25 %; volumetric fire shrinkage – up to 10 %; compressive strength – 50 MPa; fire resistance – above 
1770 °C; additional shrinkage at 1550 °C – 1.3 ÷ 1.4 %; the temperature of the onset of deformation under 
a load of 2 kgf.cm2 is about 1400 °C; heat resistance – 3–4 water heat cycles. 

4. Conclusions 
1. The experiments setting up to study the possibility for obtaining a stabilized belite refractory by 

replacing with phosphoric slags the known natural silica-containing materials in a cement raw mixture has 
been proved. Both limestone and air-slaked lime were used as the second ingredient of burden. 
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2. It is shown that granulated phosphoric slag is mainly represented by a pseudo-wollastonite glass. 
The slag crystalline phases are represented by wollastonite and quartz. 

3. Thermal transformations in phosphoric slags and clinker formation processes in the phosphoric 
slags mixtures with lime-containing components have been studied. The processes of chemical property 
and kinetics have been described. The parameters for refractory materials obtaining have been determined. 

4. Belite clinkers with SC = 0.60–0.85 have been investigated. Clinkers with SC = 0.70 and 0.75 
with a burning temperature of 1350–1400 °C are optimal for obtaining refractories. 

5. To determine the technological parameters for refractories production based on belite-containing 
clinkers, a mathematical model has been drawn up. Apparent density and apparent porosity have been 
selected as optimization parameters, and the factors have been selected as size composition, molding 
pressure, burning temperature and holding. 

6. To obtain refractories with the best physical and technical characteristics, it is necessary to use a 
raw mixture with 25 % of fine fraction (less than 0.5 mm), 5 % of average – (1–0.5 mm) and 70 % of coarse 
– (3–1 mm), to apply a molding pressure of 100 MPa, and to burn at a temperature of 1450 °C. 

7. Based on experimental data and a mathematical model, a refractory made of belite-containing 
clinkers with the following calculated physical and technical parameters is proposed: with  
SC = 0.70 – P0 = 22.82 %, ρ = 2.47 g.cm3; with SC = 0.75 – P0 = 23.05 %, ρ = 2.49 g.cm3. Belite clinkers 
were tested to produce refractory products, which confirmed the research results.  
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Abstract. Empirical dependencies are often used in various fields of geotechnics and civil engineering. The 
existing empirical formulas are mainly developed with the use of regression and multiple regression. 
Recently, another predictor is gaining more and more popularity - artificial neural networks. Artificial neural 
networks (ANNs) are one of the artificial intelligence methods relatively new to geotechnical science. This 
paper discusses the use of artificial neural networks to estimate the mechanical parameters of soils based 
on known physical characteristics. This problem has been of interest to geotechnical scientists for a long 
time, and some new correlations between mechanical and physical characteristics still appear. To develop 
this correlation a fully connected artificial neural network of direct propagation was used in the research. 
The neural network was trained on the data of laboratory tests of soil samples in the city of Novosibirsk, 
Russia. The article contains a description of the main features of correlations developing with artificial neural 
networks. As a result of this study, an artificial neural network was obtained that allows predicting the angle 
of friction and specific cohesion of clay soil with reasonable accuracy. The topology of the neural network 
is proposed, and the comparison of the estimation accuracy with the existing equations is carried out. 
According to the comparison of the results, it turned out that the ANN allows increasing the estimation 
accuracy of both parameters. 

1. Introduction 
Friction angle and cohesion are among the essential geotechnical parameters of soils. Determining 

these parameters requires sampling and rigorous laboratory testing. It is both time-consuming and needs 
careful supervision. They are used in the design of structures, both by analytical methods and by the finite 
element method. The accuracy of determining the soil base's mechanical characteristics most strongly 
affects the proposed structural solutions for foundations.  

However, it is onerous to conduct many laboratory soil tests to determine the soil base's cohesion 
and friction angle in some cases. The very primary soil data to be determined in any geological survey is 
the soil's physical characteristics. Simultaneously, it is well known that having the data about the soil's 
physical properties can approximate some of the mechanical properties. Previously, many researchers 
develop their correlations, trying to improve the accuracy of such predictions. 

Several studies have reported the correlation between the effective angle of shearing resistance and 
plasticity index [1, 2]. Jain [3], in his research, states that the angle of internal friction depends on dry 
density, particle size distribution, the shape of particles, surface texture, and water content. Cohesion 
depends on particle size, clay minerals type, water content, and some other parameters. Roy et al. [4] 
conducted another similar study in 2014. In this work, the authors suggest correlating cohesion and angle 
of shearing resistance with specific gravity angle and soil bulk density, respectively. Using multiple 
regression and neural network approach, Goktepe et al. [5] analyzed relations between index properties 
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and shear strength parameters of plastic clays. Mousavi et al. [6] used genetic programming to develop a 
correlation between the internal friction angle and the physical properties of soils, such as the fine and 
coarse content, density, and liquid limit. 

To develop correlations between soil variables, most geotechnical researchers use well-known 
mathematical approaches such as regression and multiple regression. Recently, however, neural networks 
for developing empirical correlations have become more and more promising. The very concept of artificial 
neural networks was proposed in the 1950s [7]. In 1994, there were proposals to use ANN in civil 
engineering [8]. Researchers believe that neural networks are the most promising method for the 
mathematical description of geotechnical characteristics [9]. Several researchers are currently developing 
databases that will facilitate artificial intelligence to analyze geotechnical data [10]. 

Although artificial neural networks (ANN) have not yet become a daily practice, they have already 
been used many times in different geotechnical problems. In some cases, it is possible to successfully 
replace the finite difference method with deep neural networks [11]. Resilient modulus of fine-grained 
materials was modeled with the use of ANN [12]. In addition, ANNs were used to prediction of the swelling 
potential of clay soils [13]. Many studies are devoted to the use of ANN for calculating the bearing capacity 
of the pile [14–16], piled raft [17], and shallow foundations [18]. ANNs were also used to analyze slope 
stability [19], reinforced sand strength [20], and many other geotechnical engineering issues. Some 
scientists previously carried out the development of correlation dependences of soil's mechanical properties 
on physical parameters [21–24]. 

It is important to note that the use of ANN changes the methodological order of conducting research. 
It is necessary to hypothetically assume a specific model of the system's operation in the usual order. Then 
you have to develop a mathematical description and, at last, carry out approbation in experiments. When 
researching using an ANN, the development of a mathematical description is actually automated by 
learning algorithms for a neural network. In the current state, it is a method of backpropagation of an error 
[25]. Simultaneously, the role of experimental data, their completeness, and the quality of their storage in 
digital form increase significantly. 

2. Methods 
In this study, an artificial neural network (ANN) was used to predict soils' mechanical characteristics. 

The artificial neural network is a mathematical model that in a simplified form emulates the work of the 
human brain. In particular, neural networks allow, to some extent, to imitate a person's ability to cognize 
and learn.  

The most common ANN form that performs complex regression tasks and predicts various 
characteristics is a fully connected feedforward neural network. In general, such a model consists of an 
input layer, a hidden layer, and an output layer (Fig. 1). Because each neuron of the previous layer is 
connected with each neuron of the next one, the neural network is called fully connected. 

 
Figure 1. Fully connected direct propagation artificial neural network (ANN). 
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Fig. 1 iX  values in the input layer are the initial data of the predicted process. ijw  is link weights. 

The link weight ijw  is the number by which the output of the previous layer is multiplied. The neurons of 

the hidden and output layers are ( )f u  and ( ) ,g u  where u is the sum of the input values multiplied by 

the corresponding connection weights ijw . The functions ( )f u  and ( )g u  are called activation functions. 

In some papers, this functions are called perceptron, and the neural network is called multilayer perceptron. 
This historical name is not entirely correct. A perceptron can only give output values of 1 or 0, while a 
neuron's output can be anything between 1 and 0. This is a simplified explanation of the difference, but it 
should give a general idea. The parameters ia  and kt  are the outputs of the activation functions ( )f u  

and ( ).g u  Because of the above, ia  and kt  can be written as follows:  

( )1 ,j ij i
N
ia f w x b== +∑                                                                (1) 

( )1 .k jk j k
N
jt g w a b== +∑                                                             (2) 

As can be seen from formulas (1) and (2), in this example, the activation functions ( )f u  and ( )g u  
are linear. However, in real cases, the form of the function is selected individually. The artificial neural 
network in Fig. 1 has three neurons in the input layer, four neurons in the hidden layer, and one neuron in 
the output layer. In general, the output layer can include any number of neurons. Depending on the task, 
the hidden layer could consist of several neuron layers. The number of neurons and layers in the hidden 
layer is limited only by computational capabilities and expediency. In general, the more complex the process 
being modeled, the more neurons and layers are needed. 

Before the ANN can make predictions, it is necessary to assign the correct bond weights and 
activation function coefficients. For this, the neural network needs to be trained. Neural network training is 
the process of finding weights of connections and coefficients of activation functions by means of 
successive iterations. The most common method for training neural networks is the backpropagation 
algorithm [25]. 

A training dataset is needed to train a neural network. A training dataset is a set of input and output 
data, by the example of which the network will be trained to make predictions of the output parameter based 
on the initial data. The key meaning of the ongoing process remains in the form of a set of numbers – 
weights of connections and activation function coefficients. As a rule, it is not available for interpretation. 
Simultaneously, a neural network can find and reproduce connections between phenomena, even if 
engineers do not know this connection. This is a massive advantage over traditional statistical methods.  

The soil properties dataset for this research was collected from laboratory test data. A total of 420 
shear test data of 102 cohesive soil layers were used. Sampling was carried out in the area of the city of 
Novosibirsk, Russia. All data were entered into a table, a small fragment of which is presented in Table 1. 

Table 1. Fragment of the laboratory shear test data. 

Sampling 
depth, m 

Natural 
moisture 
content 

Liquid 
limit 

Plastic 
limit 

Plasticity 
index 

Bulk 
density, 
g/cm3 

Dry 
density, 
g/cm3 

Void 
ratio 

Friction 
angle at 
natural 

humidity, 
degrees  

Cohesion 
at natural 
Moisture 
Content, 

kPa  

1.5 0.20 0.30 0.18 0.12 2.05 1.71 0.591 21 34 
3.0 0.21 0.29 0.18 0.11 2.03 1.68 0.619 22 28 
3.0 0.23 0.27 0.17 0.10 1.96 1.59 0.711 19 21 
2.0 0.15 0.27 0.18 0.09 1.67 1.45 0.876 25 39 
3.0 0.11 0.30 0.19 0.11 1.49 1.34 1.030 25 71 
4.5 0.12 0.29 0.20 0.09 1.42 1.27 1.142 24 63 

 

The soil's initial characteristics were sampling depth, natural moisture content, liquid limit, plastic 
limit, plasticity index, bulk density, dry density, and void ratio. Particle density was not used as an initial 
parameter, as all clay samples in the dataset had a particle density of 2.71 g/cm3 to 2.72 g/cm3. Ac-
cordingly, the neural network has seven neurons on the input layer. In this study, two ANNs were trained 



Magazine of Civil Engineering, 110(2), 2022 

Ofrikhter, I.V., Ponomaryov, A.B., Zakharov, A.V., Shenkman, R.I. 

to predict the friction angle at natural humidity and specific cohesion at natural humidity. As a result, we got 
two ANNs with eight input parameters and one output parameter in each.  

ANNs are believed to provide more accurate results when they do not extrapolate the range of data 
used for training [8, 26]. Although this is not the significant difference between ANN and other models, this 
feature is still a limitation. Therefore, it should be noted that the model, which is proposed in this article, is 
applicable and tested only in a limited range of data. The content of input and output characteristics used 
for training and testing is presented in Table 2. 

Table 2. Fragment of the laboratory shear test data. 

Input parameter Range of values presented in 
the database 

Sampling depth, m 1–27 
Liquid limit 0.13–0.48 
Plastic limit 0.11–0.30 

Bulk density, g/cm3 1.42–2.12 
Dry density, g/cm3 1.27–1.91 
Output parameters  

Friction angle at natural humidity 14–31 
Cohesion at natural humidity, kPa 10–69 

 

When a neural network is trained, the simultaneous development of the generalization and 
memorization effects is observed. Generalization is the ability of a neural network to capture and reproduce 
some parameters' dependence on others. Memorization is the ability of a neural network to memorize a 
specific combination of inputs and outputs. In general, when developing an NN, generalization is a positive 
effect, and memorization is negative. When the neural network does not look for dependencies but 
remembers the data offered to it, it is overfitting. Memorizing data requires a more significant model size 
than generalization. Therefore, with the same number of training examples, a more extensive neural 
network is more likely to start memorizing data rather than looking for dependencies. The ANN's size should 
be sufficient to generalize the available sample but should not be too large to develop the overfitting effect. 

The training dataset is used to fit the link weights using the backpropagation algorithm directly. A 
neural network has several hyperparameters that a person selects. These are such parameters as network 
topology, type of activation functions, loss function, number of learning epochs, learning step, etc. The 
validation dataset is not involved in finding the weights but is used to select these parameters. Therefore, 
it cannot be said that the validation dataset has no effect on the learning process. Finally, the test dataset 
is used to validate the finished model.  

The entire dataset must be split into several parts to detect overfitting. This separation is called the 
cross-validation technique. According to the generally accepted rule [27], the dataset can be divided into 
training, validation, and test datasets. Several researchers have conducted a series of tests to determine 
the optimal ratios for different datasets [28]. For geotechnical issues, there are recommendations [28] 
based on which 20 % of the dataset should be used for validation. The rest data should be distributed by 
70 % and 30 % for the training and test samples, respectively. Since the studies of the correlation of 
physical and mechanical properties of soils were carried out earlier [22, 29], there were no particular 
difficulties with the choice of hyperparameters in this study. Therefore, the entire dataset was divided into 
80 % for training and 20 % for testing. 

3. Results and Discussion 
The artificial neural network has been trained with different types of architecture. Linear and ReLU 

activation functions gave the best results. Each training was tested at least ten times. ANN for friction angle 
prediction contained three layers of 150 neurons in the hidden layer. The hidden layer for cohesion 
prediction consisted of 4 layers of 200 neurons each. The input layers are the same for both ANNs. 
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Figure 2. MSE plot of test and training (loss) datasets. 

The error fall during training was plotted for both ANNs (Fig. 2) to track the effect of overfitting. Mean 
squared error (MSE) was used as a loss function for ANN training. Fig. 1 shows that the error decreased 
evenly throughout the ANNs fitting. In recent epochs, the loss function and the test dataset error have 
approximately the same values. This means that the network is not overfitted. 

 
Figure 3. Comparison of experimental and predicted values  

of cohesion according to existing correlation and proposed ANN. 
А comparison was made with the empirical dependencies presented in table A.2 of the national 

standard SP 22.13330.2016. Comparing the obtained data with the existing correlations included in national 
standards are presented in Fig. 3 and 4. As shown in Fig. 3, the proposed ANN-based method makes it 
possible to estimate the cohesion much more accurately than the existing correlations. The mean absolute 
percentage error (MAPE) of the ANN is 15.33 %. MAPE of existing correlations – 50.43 %. 

 
Figure 4. Comparison of experimental and predicted values of friction angle according  

to existing correlation and proposed ANN. 



Magazine of Civil Engineering, 110(2), 2022 

Ofrikhter, I.V., Ponomaryov, A.B., Zakharov, A.V., Shenkman, R.I. 

Comparison of experimental and predicted values of friction angle according to existing correlation 
and proposed ANN is shown in Fig. 4. In this case, the existing correlation dependences predict well the 
angle of internal friction. The estimation error using existing methods was 9.1 %. The ANN predicts the 
angle of internal friction with an accuracy of 6.5 %. An artificial neural network made it possible to build a 
more accurate correlation, but in general, both methods give good results.  

Another identified advantage of an artificial neural network is the range of predicted values. Existing 
correlations are often applicable for clayey soils with 0 ≤ IL ≤ 1. However, in the available dataset, about 
47 % of the data had IL values, which were outside these limits. The artificial neural network was trained 
on a dataset that included negative IL, and this allowed the ANN to predict the angle of internal friction 
angle and cohesion over a broader range. 

4. Conclusion 
1. This article discusses the problems of using artificial neural networks to build correlation 

dependences for many variables. Based on the comparison results, it can be concluded that ANN is a 
promising method of analysis in geotechnics.  

2. The article proposes a neural network topology that allows predicting soils' mechanical 
characteristics by their physical parameters. The accuracy of the determination is higher than that of the 
well-known statistical methods. 

3. Since both the training dataset and the test dataset were collected in the same region, the 
proposed dependency may give an increased error in other regions. This may be due to regional soil 
conditions that are not considered in the original soil parameters. This problem can be avoided by using 
data from different regions. 
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Abstract. Skirted foundations are popular nowadays due to relatively higher bearing capacity and greater 
stability than strip footing. Foundations are generally subjected to inclined loading in the field. This study 
aimed to determine the effect of load inclination on bearing capacity, failure mechanism, and efficiency of 
skirted footing resting on cohesive soil using the finite element method. The footing has been assumed to 
be rigid, while the skirt has been assumed to be rigid as well flexible in nature. The bearing capacity of 
footing increases with the increase in skirt length, undrained strength, and footing depth. The provision of 
the skirt increases the bearing capacity by 1.4–5 times the capacity of strip footing. The bearing capacity 
decreases with an increase in load inclination, but the effectiveness of the skirt is found to increase. 
However, efficiency decreases significantly with an increase in the footing depth. The failure mechanism, 
as well as skirt effectiveness, is independent of soil strength. The failure zone always remains in the bulb 
shape, irrespective of any other factors. The skirt efficiency enhances by the provision of the rigid skirt in 
place of a flexible skirt. 

1. Introduction 
A large number of techniques and methods have been developed over the last three decades to 

improve the bearing capacity [1]. Provision of the skirt is one of the techniques to enhance the bearing 
capacity. Various experimental and numerical studies observed that the provision of the skirt enhances the 
bearing capacity significantly under different loading conditions [2]. The skirted footing constrains the soil 
mass between skirts, increasing footing depth and bearing capacity [3]. Numerous studies have been 
carried out to understand the application and advantages of skirted footing under different soil conditions, 
especially where shallow foundations are not recommended, such as soils with low bearing capacity, sites 
with scouring problems, and marine environment [4–7]. Randolph and Watson [8] suggested that the failure 
planes do not extend to the ground level in skirted footings, unlike the conventional strip footings. In another 
study, Al-Aghbari and Mohamedzein [7] concluded that the provision of skirts increases the bearing 
capacity of the foundation by 1.5 to 8.1 times the capacity of conventional circular footings in cohesive soils. 
However, Yun and Bransby [9] noted that the contribution of end bearing resistance of skirts is insignificant 
and can be ignored while designing the foundation. 

The provision of structural skirts has decreased the overall settlement and increased strip footings 
bearing capacity [10–12]. It has also been reported that under inclined loading, the optimum length of the 
skirt is equal to half the width (B) of the footing. Nazir and Azzam [13] reported that small-scale circular 
footing bearing capacity increased substantially when sand piles were used along with the skirts. Some 
studies highlighted the effectiveness of skirted footings on loose soils [6, 14–16]. In another study on the 
behaviour of skirted circular footings on soils with significant strength heterogeneity, Mana et al. [17] 
observed that a higher number of internal skirts are required; however, the required number of internal 
skirts reduces with an increase in embedment depth. In a similar study, Mana et al. [18] reported that under 
the combined effect of seepage and swelling, the displacement of the skirt varies between 0.1 and 1 times 

https://creativecommons.org/licenses/by-nc/4.0/
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the foundation diameter. Stergiou et al. [19] noted that the critical spacing between skirts is approximately 
four times of footing diameter under vertical loading. Azzam [20] reported the increment in skirted footing 
displacement resting on slopes subjected to seismic action. Some studies found that increasing the skirt 
length is relatively less effective than increasing the depth of conventional strip footings [3,9, 17, 21–22]. 
However, some other studies concluded that the provision of the skirts is more effective compared to 
increasing the depth of conventional strip footings [23–25]. 

From the literature, it can be established that the provision of the skirt increases bearing capacity 
and reduces the settlement, owing to an increase in the foundation depth. Most of the studies on the skirted 
foundations are confined to circular and other isolated footings subjected to vertical loading. Strip footing is 
a frequently used foundation in rural areas, especially in developing countries. Also, footing may be 
subjected to inclined load as well. Only a very few studies considered the skirted strip footing subjected to 
inclined loading. However, earlier studies have not discussed the failure mechanism and skirt efficiency in 
a detailed manner. Therefore, it is essential to assess the influence of skirts on the improvement of the 
bearing capacity of strip footing subjected to inclined loading. 

2. Methods 
2.1. Numerical Modelling 

A finite element plane strain model has been used to simulate the problem. The domain area has 
been assumed to be large enough to avoid any boundary effect. The footing width (B) has been assumed 
constant throughout the study. The minimum length and width of the domain have been maintained to 30B 
and 15B, respectively. All displacements have been restrained along the bottom horizontal boundary. Only 
vertical displacements have been allowed along the vertical boundaries. The numerical model used in the 
study is shown in Fig. 1. 

 
(a)       (b) 

Figure 1. Details of Models: (a) the numerical model; (b) details of the modelling. 
Previous studies on skirted footing revealed that the separation is insignificant in the inner interface 

between soil and skirt [26–27]. Therefore, the adhesion factor was assumed to be 1, which indicates no 
slipping condition. While for the external interface, the value varied from 0.5 to 1.0, which demonstrates the 
partial mobilisation. Three to four adoptive iterations were used in the earlier studies to get stable results 
[28–29]. It allows the refinement of mesh in particular areas where shear is dissipating. More than 9000 
elements do not improve the result significantly. Therefore, 9000 elements were used in the first adoptive 
iterations. The number of elements was increased to 12000 in the third adaptive iteration. 

The soil has been modelled as a 15 node Gauss element, and the foundation has modelled as a 
rigid material (undeformable) plate element. The skirt has also been modelled as a plate element made of 
infinite stiffness. A standard rigid connection (zero degrees of freedom) was made between the skirts and 
the bottom foundation plate, allowing efficient transfer of loading from bottom foundation plates to skirts. 
Mohr-Coulomb model is used to model the soil. The load was applied in terms of load multiplier. The 
resultant pressure, qu has two components, one horizontal component (H), and other vertical components 
(V). The loading inclination (θ) with the ground surface and resultant loading (qu) can be expressed as: 

cos (θ) = qu / H, 

sin (θ) = qu / V, 

(qu)2 = H2 + V2. 
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A number of factors affecting the performance of skirted strip footings, such as length of skirts, type 
of soil, strength parameters of soil, load inclination, and depth ratio of footing, are considered in the analysis. 
The skirt length (L) to footing width (B) ratio is varied from 0 to 2 with an interval of 0.5. Similarly, the footing 
depth (Df) is varied from 0 to 1.5B, with an interval of 0.5B. A number of studies used undrained strength 
to characterise the consistency of cohesive soils [30]. In the present study, the broad range of undrained 
strength has varied from 20 kPa to 320 kPa. This range is sufficient to replicate the probable range of soil 
consistency. Based on the literature review, the unit weights of soil have varied from 14 kN/m3 to 17 kN/m3. 
The parameters considered in the study are presented in Table 1. 

Table 1. Details of considered parameters. 

cu 
(kPa) 

Consistency cu/(γB) L/B (Df/B) 
Loading inclination 

(H/V) 
No.  

of analysis 
20 Soft  0.7 0, 0.5, 1, 1.5, 2.0  0, 0.5,1.0 0, 0.5, 1, 1.5, 2 150 
20 Medium 1.4 0, 0.5, 1, 1.5, 2.0 0, 0.5,1.0 0, 0.5, 1, 1.5, 2 150 
80 Stiff 2.8 0, 0.5, 1, 1.5, 2.0 0, 0.5,1.0 0, 0.5, 1, 1.5, 2 150 

160 Very stiff 5.7 0, 0.5, 1, 1.5, 2.0 0, 0.5,1.0 0, 0.5, 1, 1.5, 2 150 
320 Hard 10.6 0, 0.5, 1, 1.5, 2.0 0, 0.5,1.0 0, 0.5, 1, 1.5, 2 150 

2.2. Verification of the Numerical Model 
Before analysing the skirted footing under inclined loading, the model used in the present study has 

been verified using earlier studies [31–33]. The bearing capacity factor (Nq), which considers the effect of 
soil weight, has been compared with earlier studies in Table 1. The average values are close to those 
presented by Yin et al. [31] using FLAC. However, Nq is much higher than those determined by traditional 
limit equilibrium theories [32–33]. The difference in the bearing capacity factors indicates the limitation of 
earlier traditional theories. These theories replaced the surcharge loading to equivalent uniformly distributed 
loading. This assumption neglects the shearing resistance of soil above the base of the footing. Therefore, 
Terzaghi [32] and Meyerhof [33] provide more conservative Nq. 

The normalized bearing capacity (qu/γB) is also compared with the results of Kusakabe et al. [34] for 
purely cohesive soil and shown in Fig. 2(a). Kusakabe et al. [34] presented both lower and upper-bound 
solutions. The present study results are lower than the upper bound solution and more than the lower bound 
bearing capacity. The results of skirted footings are also compared with the results of an experimental study 
carried out by Al-Aghbari and Mohamedzein [16] and the numerical study results of Laymin et al. [35], and 
shown in Figs. 2 (b) and 2(c), respectively. The improvement factor (If), which is defined as the ratio of 
bearing capacity of the skirted footing to the strip footing, has also been compared with earlier studies. The 
improvement factor (If), indicates the effectiveness of the skirt. Fig. 2 shows that the results are shows 
comparable to those determined by Al-Aghbari and Mohamedzein [16] and Laymin et al. [35]. The 
comparison shown in Tables 1, 2, and Fig. 2 depicts that the present model can be used to predict the 
behaviour of skirted footing in the clay. 

Table 2. Comparison of numerical results (Nq) determined by the present study with earlier 
studies. 

Studies ϕ = 250 ϕ = 300 ϕ = 350 ϕ = 400 ϕ= 450 
Present study 15.50 24.70 45.20 89.70 195.56 

Yin et al. (2001) 12.00 22.00 44.00 70.00 180.00 
Meyerhof (1965) 10.70 18.40 34.78 64.10 134.70 
Terzaghi (1943) 12.65 22.50 41.40 81.30 173.30 
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a) b)  

c)  
Figure 2. Verification of the model through comparison with published studies:  

(a) with Kusakabe et al. [34], (b) with Al-Aghbari and Mohamedzein [16], (c) with Laymin et al. [35] 

3. Results and Discussions  
The results of rigid and flexible skirted footings are presented together for comparing the behaviour. 

The flexible skirted footing results are shown in the solid lines and rigid skirted footing results by the dashed 
line in each plot. The bearing capacity decreases with the adhesion factor decreasing due to reduced 
adhesion between the skirt and soil. However, the improvement factor shows the only marginal change.  

The effect of the length of the skirt on bearing capacity (cu/γB) and improvement factor (If) is shown 
in Fig. 3. The bearing capacity improves continuously with an increase in the length of flexible and rigid 
skirts, but the increment rate becomes less observable at higher skirt lengths (L/B > 1.5). The increase in 
bearing capacity is due to increased footing depth [3]. The increase in bearing capacity is maximum for 
purely vertical loading, and the footing is resting on the ground surface. The influence of skirt length on 
bearing capacity reduces with footing depth. Similar to the bearing capacity factor, the bearing capacity 
improvement (If) increases with skirt length. The bearing capacity improvement augments with an increase 
in load inclination (Fig. 3 b, d, e), and the maximum is observed at maximum load inclination. The strip 
footing does not support large lateral loads, and footing may even slide at a small horizontal load, especially 
when embedment depth is small. However, the bearing capacity increases significantly with footing depth 
for inclined and horizontal loading.  

b)  
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c) d)  

e)  f)  

 
Figure 3. Variation of bearing capacity and If with skirt length (a) qu/γB, Df/B = 0; (b) If, Df/B = 0;  

(c) qu/γB, Df/B = 0.5; (d) If, Df/B = 0.5; (e) qu/γB, Df/B = 1.0; (f) If, Df/B = 1. 

The effect of skirt length on the failure mechanism is shown in Fig. 4. It shows that the failure 
mechanism changes with skirt length. The failure surface is not developing clearly in strip footing, but it 
becomes more evident with an increase in the skirt length. The failure zone area also increases with an 
increase in the skirt length, which increases the bearing capacity. The change in the failure mechanism is 
more noticeable with the provision of the small skirt (from L/B = 0 to L/B = 0.5). The failure mechanism 
and shape of the shear zone do not change with skirt length. The failure zone always remains in bub shape 
irrespective of skirt length. However, the strip footing subjected to purely vertical loading resting on clayey 
soils generally shows the circular shear zone [28, 36]. The area of the failure zone progressively increases 
with an increase in the skirt length. It can also be seen that the failure zone moves gradually toward the 
right side of the skirt axis, which is also the opposite of the direction of horizontal force. It is due to the 
rotation of the skirt tip.  

    
(a)     (b)     (c) 

   
(d)     (e) 

Figure 4. Effect of skirt length on failure mechanism: (a) L/B = 0, (b) L/B = 0.5,  
(c) L/B = 1.0, (d) L/B = 1.5, (e) L/B = 2.0. 

The effect of footing depth (Df/B) on bearing capacity and improvement for skirted footing is shown 
in Fig. 5. Interestingly, the bearing capacity increases and skirt efficiency reduces linearly with footing depth. 

H=0 H=0.5V H=V H=1.5V H=2V



Magazine of Civil Engineering, 110(2), 2022 

Shukla, R.P. 

The reduction in efficiency is noticeably up to the depth of 0.5B and remains almost constant with a further 
increase in the depth (Fig. 5, b, d, f). The bearing capacity factor increases due to an increase in surcharge 
and confinement, but the effectiveness of the skirt (If) is reduced. The influence of embedment depth on 
bearing capacity and efficiency of the skirt decreases with an increase in the skirt length. The bearing 
capacity improvement with footing depth is substantial under purely vertical loading but diminishes with 
horizontal loading. The efficiency reduction is due to a decrease in the confining effect and due to the 
rotation of the skirt. 

a) b)  

c)  (d)  

e)  f)   

 
Figure 5. Variation of bearing and If with depth ratio: (a) qu/γB, H/V = 0;  

(b) If, H/V = 0; (c) qu/γB, H/V = 1; (d) If, H/V = 1; (e) qu/γB, H/V = 2; (f) If, H/V = 2. 

The effect of change in footing depth on the failure surface is shown in Fig. 6. The failure mechanism 
remains almost unchanged with a change in the footing depth. The area of the failure zone remains almost 
constant, with an increase in the skirt length. With an increase in the footing depth, the surcharge on footing 
increases, which increases the bearing capacity (Fig. 5 a, c, e). However, the change in the failure zone 
area is relatively significant in strip footing, which causes a sharp increase in the bearing capacity factor 
compared to the skirted footing. As If represent the efficiency of skirt relative to strip footing, the If reduces 
with footing depth. A similar reduction in skirted footing efficiency has been observed in the skirted footing 
under purely vertical loading. As bearing capacity increases with increases in the footing depth, the moment 
acting on the skirt tips also increases, which increases the rotation of the failure surface toward the right 
side of the footing axis. It causes a decrease in the efficiency of the skirt. 

L=0 L=0.5B L=B L=1.5B L=2B
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(a)    (b)     (c) 
Fig. 6. Effect of footing embedment depth on bearing capacity:  

(a) Df/B = 0, (b) Df/B = 0.5, (c) Df/B = 1.0. 

Fig. 7 shows that bearing capacity reduces, and the improvement factor increases with an increase 
in load inclination (H: V). The adverse effect of load inclination on bearing capacity is maximum for strip 
footing but diminishes with an increase in skirt length. The improvement factor increases linearly up to load 
inclination of 1; further, the increase in load inclination has only marginal influence. The bearing capacity 
and skirt efficiency are relatively higher for a rigid skirt than for a flexible skirt. The difference between rigid 
and flexible skirts becomes more noticeable with the increase in skirt length. 

a)  b)  

c) d)  

e) f)  

 
Figure 7. Variation of bearing capacity and If with load inclination: (a) qu/γB, Df/B = 0;  

(b) If, Df/B = 0; (c) qu/γB, Df/B = 0.5; (d) If, Df/B = 0.5; (e) qu/γB, Df/B = 1; (f) qu/γB, Df/B = 1. 
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The effect of load inclination on the failure mechanism is shown in Fig. 8. It shows that the failure 
mechanism changes abruptly from confined failure to general shear failure with a change in load inclination. 
The failure zone remains bulb shape, irrespective of load inclination. Increasing the load inclination reduces 
the failure zone gradually only. As shown in Fig. 7 (a, c, e), it leads to an almost linear decrease in the 
bearing capacity. However, in strip footing, the effect of load inclination on bearing capacity is more severe, 
and bearing capacity decreases significantly as compared to the skirted footing. As If represent the 
efficiency or normalized bearing capacity relative to strip footing, skirted footing efficiency increased with 
an increase in the load inclination.  

   
(a)            (b)     (c) 

  
(d)     (e) 

Fig. 8. Effect of load inclination on failure mechanism:  
(a) H/V = 0; (b) H/V = 0.5; (c) H/V = 1.0; (d) H/V = 1.5; (e) H/V = 2. 

The effect of undrained strength (cu/γB) for a skirted footing with D/B of 1 is shown in Fig. 9. The 
bearing capacity increases linearly with an increase in the undrained strength of the soil. Interestingly, the 
improvement factor is independent of soil strength (Fig. 9, c, d, f). The rate of increase in the bearing 
capacity is almost linear in strip and skirted footings. Therefore, the depth factor remains independent. 
Earlier studies highlighted that the efficiency of the skirt is a function of soil confinement or soil density in 
cohesionless soils [10–14]. However, the confinement does not increase with the soil strength in cohesive 
soil. Therefore, the failure mechanism of skirted footing does not change with the change in soil undrained 
strength. The area of the failure zone also remains almost the same irrespective of soil shear strength. 
Consequently, skirted footing efficiency is also almost constant, increasing the undrained strength 
considering the other parameters constant. 

a) b)  
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с) d)  

e) f)  

 
Figure 9. Variation of bearing capacity and If with undrained strenth: (a) qu/γB, L/B = 0;  

(b) If, L/B = 0; (c) qu/γB, L/B = 1; (d) If, L/B = 1; (e) qu/γB, L/B = 2; (f) If, L/B = 2. 

    
(a)   (b)   (c) 

  
(d)     (e) 

Figure 10. The effect of soil undrained strength on failure mechanism: (a) cu/(γB) = 0.7,  
(b) cu/(γB) = 0.1.4, (c) cu/(γB) = 2.8, (d) cu/(γB) = 5.7, (e) cu/(γB) = 10.6. 

4. Conclusions 
The bearing capacity increases with the provision of the skirt. However, the efficiency of the skirt 

under inclined load is the function of many factors. The bearing capacity enhancement and the skirt's 
effectiveness are more visible in a rigid skirt than in a flexible skirt. 

The bearing capacity and skirt effectiveness increase with skirt length. The provision of a small length 
skirt (L/B > 1) changes in failure mechanism and failure zone area significantly, but a further increase in 
the skirt length changes the failure zone progressively. The failure zone area reduces and moves opposite 
to the load direction with an increase in the load inclination. 

H=0 H=0.5V H=V H=1.5V H=2V
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The bearing capacity of skirted footing capacity reduces with increasing the load inclination. 
However, the effectiveness of the skirt (i.e., If) initially increases with an increase in the load inclination but 
becomes saturated for H/V of greater than 1.0.  

The failure mechanism changes from confined failure to shear failure with increased load inclination. 
The bulb shape shear zone is the most prominent under inclined loading in cohesive soil.  

The bearing capacity increases, and the effectiveness of the skirt reduce with footing depth. The 
adverse effect of footing depth on skirt efficiency intensified with skirt length. But the failure mechanism 
remains almost unchanged. 

The bearing capacity of skirted footing increases with soil strength. However, the failure mechanism 
and efficacy of the skirt remain unaffected with an increase in the soil undrained strength. 
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Abstract. Analysis of the applicability of wave model solution to evaluate the variation of the dynamic 
stiffness in the pile foundation versus the distance between piles at the vertical vibrations; both experimental 
data from references and our own measurements in field are involved. To justify the reliability of the 
solutions of the wave models used to determine the dynamic stiffness values of the pile foundations at the 
vertical vibrations, we use the data obtained experimentally for the determination of natural frequencies in 
the cap-bound groups. The data obtained for the natural frequencies of 3×3 floating piles with different 
distances between them are considered. In addition, the data found at the forced vertical vibrations of the 
cap-bound groups of 2×2 piles under different loads and at different distances between the piles are 
involved. Processing of available amplitude-frequency curves involves the solution of the inverse problem 
with the theory of nonlinear vibrations to determine the parameters of the “pile group – soil” system, namely 
the effective mass, stiffness, and damping. The correlation between the measured and predicted data is 
evaluated by using the data obtained at the description of the pile groups in soil behavior. It has been found 
that the relations obtained at the solution of wave models and used to calculate the dynamic stiffness at 
the vertical vibrations of pile foundations consider the mutual effect of the piles in the group and permit 
satisfactory accuracy of the results. The maximum discrepancy between the results and experimental data 
is 15 %. 

1. Introduction 
High accuracy of the evaluated characteristics of the vibrations in the pile foundations installed under 

the machines with dynamic loadings is always a topical task [1–25]. The dynamic interaction between the 
pile and pile foundation and soil is among the least understood issues, and the combined effect of grouped 
piles makes it even more complex. In the cases when the distance between piles is large, the group stiffness 
can be evaluated via simple summing up the stiffnesses of individual piles. However, the piles located close 
to each other demonstrate the essential mutual effect and finally their efficiency may change considerably. 
To evaluate the dynamic interaction of the piles, both between each other and with the soil, the theories 
describing the processes and experiments, and experimental researches are necessary to verify their 
applicability. 

Note that the activities to determine the amplitude-frequency characteristics of the pile foundations 
have been performed for a long time but still are far from over. The accurate theoretical solution of the 
problem of the dynamic interaction between the pile and soil is complicated by the non-linear character of 
the process, thus approximate approaches are applied. Particularly, the approaches proposed in [9–12] are 
among them. Many researches are devoted to the interaction of one pile with the soil under the dynamic 
loading, but at the same time, the behavior of pile groups is studied, too. Numerical simulation methods 
involving finite or boundary elements are commonly used to evaluate the dynamic condition of pile 
structures in complex application environment [16–19]. 
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For most engineering tasks, the interaction between the pile and soil is usually successfully explained 
by the elasticity theory and, as is shown by many theoretical and experimental works, wave models simulate 
quite accurately the vibration process of the pile foundations in soil [1–5, 14, 25]. The Lamb analysis of the 
reactions of the semi-infinite elastic medium excited by a periodical vertical force acting along the vertical 
axis is the first investigation in this field (1904) [26]. Today, the solutions found for the tasks of the vibrating 
infinite plate with a round cut are used successfully to determine the amplitude-frequency characteristics of 
the pile foundations under the dynamic loadings [14]. However, generalization of this result for the cases 
when there is more than one cut is of practical interest. To find the link between motions and reactions on 
the side surface of embedded solid bodies, either in-lined or grouped, the authors of [16, 27, 28] proposed 
the solution for the task with the vertical vibrations of the plate with several round cuts; they also derived 
the formulas to find the stiffness and damping characteristics of the system (see schematic in Fig. 1). But 
the issue of reliability and accuracy of these results still remains open.  

In view of this, the present work analizes the wave model solution applied to the evaluation of the 
dynamic stiffnesses varying of the pile foundations at the vertical vibrations, with due regard to the distance 
between piles; we use the theoretical evaluations from [27, 28] and compare them with the experimental 
data from references [7–9, 29, 30]. The results of series of field experiments performed by the authors are 
considered; the experiments aim to determine the natural frequencies of the pile foundations with floating 
cap-bound pile groups 3×3 ( /s d m= =  2, 3, 5, d  is the pile diameter, s  is the distance between central 
axes of neighboring piles) [29, 30]. The results obtained experimentally are compared with theoretical 
solutions. Along with it, the measurement results obtained in field for the forced vertical vibration of the cap-
bound pile groups 2×2 at /s d m= = 2, 3, 4 and under different loadings are considered [7–9]. The effective 
mass, stiffness, and damping of the pile system in soil are determined by the measured non-linear 
amplitude-frequency characteristics at the inverse task solution. Then, the theory of non-linear vibrations is 
used to calculate the amplitude-frequency curves which are then compared with experimental results. 

2. Methods 
Agreement between the measured and predicted data was evaluated for the description of the non-

linear behavior of the pile and soil system regarding the distances between piles. 

 
a    b 

Figure 1. Arrangement of cuts in a wavering thin plate:  
a) two neighboring ones, b) according to the 3×3 scheme. 

In [14], considering warping axisymmetric vibrations of the infinitely thin layer with one round cut 
(radius 0r ) described by the equation of motion of the elastic medium at zero volume forces in the cylindrical 

system of coordinates ( ),r t  as  

2

2 ,w wr
r r r t
µ ∂ ∂ ∂

= ρ
∂ ∂ ∂

 

with the boundary condition on the contour 
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0 0( , , ) ,i tw r t w e ωθ =  

the authors determine that the reaction of the single-thickness soil layer applied to the pile side surface is 
described as  

0 0 0 0 1,0 2,0( ) ( ),i t i t
w w wS kr w e w e S iSω ωµ= +  

where the real 1,0wS  and imaginary 2,0wS  dimensionless parts of 0wS  can be presented as 

0 0 1 0 0 0 1 0
1,0 0 0 2 2

0 0 0 0

2,0 0 2 2
0 0 0 0

( ) ( ) ( ) ( )( ) 2 ,
( ) ( )

4( ) .
( ) ( )

w

w

J kr J kr Y kr Y krS kr kr
J kr Y kr

S kr
J kr Y kr

π +
=

+

=
+

                                  (1) 

Here, ,n nJ Y  are the Bessel 1st and 2nd kind functions, ( , )w w r t=  is the motion along the axis ,z ρ  

is the density; 2
sVµ ρ=  is the Lame coefficient, / /k ω µ ρ= . 

The warping vibrations of the layer with several round cuts in line are described in [16]; the cuts radii 
are 0r , the centers are located within the distance of 02s r m=  or m  diameters from each other, 1m >  (see 
schematic in Figure 1а), as well as for the inner cut in line as is shown in Figure 1b, for which the reaction of 
the single-thickness soil layer attached to the pile side surface is, according to [27], 

1 0 0 0 1,1 2,1( , ) ( ),i t i t
w g w wS kr kr w e w e S iSω ωµ= +  

where, 0gr mr= , and 1,1 2,1,w wS S  are the real and imaginary dimensionless components, so 1wS  

can be presented as 
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2,1 0 2,0 2 0
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2
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∑
 

here, opposite to (1), there are additive terms regarding the effect of neighboring cuts.  

The expressions describing the reaction of the boundary (not corner) cut (schematic in Fig. 1b) were 
found in [28]  

2 0 0 0 1,2 2,2( , ) ( ),i t i t
w g w wS kr kr w e w e S iSω ωµ= +  
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1,2 0 1,0 0 1 0

2,2 0 2,0 0 2 0
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and for the corner cut 

3 0 0 0 1,3 2,3( , ) ( ),i t i t
w g w wS kr kr w e w e S iSω ωµ= +  

1,3 0 1,0 0 1 0

2,3 0 2,0 0 2 0
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8

7( , ) ( ) ( , ).
8
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Thus, the dynamic stiffnesses wjS  are described by the complex functions which depend on the 

vibration frequency ω , cut size 0r . The reactions go ahead the respective motions by time intervals j∆  

which are found in accordance with 2 1arctan( / )j w j w jS S∆ = . The parameters characterizing the motion 

amplitude can be estimated from the relation 2 2 0.5
1 2( )j w j w jA S S= + . 
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Figure 2. Variation of the relative stiffness at 0kr =  0.05 (dashed curves) and 0kr = 0.35 
(solid curves) from the distance between the piles and their position in a group  

• (j=1),  (j=2),  (j = 3) 

Fig. 2 illustrates the variation of the relative dynamic stiffness 1 10/ ,w j wS S j = 1, 2, 3 at  

0kr = 0.05, 0.35 versus the distance between the piles and their position in the group in accordance with 
the schematic in Fig. 1b. The presented results lead to the conclusion that the reducing distance between 
the piles may cause the stiffness reduction up to 40 %. 

To verify the presented theoretical evaluations of the dynamic interaction for the “pile-soil” system, 
the results of a series of field measurements are used; the experiments were carried out with the cap-bound 
groups of hanging piles 3×3 (schematics in Fig. 3 and Fig. 1b) and were purposed to determine the natural 
frequencies of the pile foundations. All three test pile foundations were made as a monolithic reinforced cap 
with the sizes 1.0×1.0×0.2 m supported by 9 rigidly fastened piles with the diameter d =  76 mm 
( )0 2 ,r d=  the working length h = 1.4 m; the piles are made from metal tubes, with the wall thickness of 

3.5 mm. The distance between pile axes was 2d, 3d and 5d. Mass of the whole structure was M =  690 kg. 
The cap has no contact with the soil. The impulse loading was carried out by a steel ballast – a 6 kg 
parallelepiped freely falling on the surface of each tested pile foundation from the height of 0.5 m. 
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Figure 3. Schematics of experimental researches of tested foundations. 

The soil is the test field contained down to 9.3 m from slightly wet loessial sand clay, the density  
ρ = 17.0 kN/m3 and deformation modulus E =  14 MPa, medium-hard loam is the sub-soil. No ground 
water in the field. The value of the cross waves rate for the test field soil was found experimentally as  

sV =  146 m/s. 

Investigation results obtained in the experimental field [29, 30] to determine the natural frequencies 
of foundations are presented in Fig. 4 and in Table 1. 

Table 1. Measured natural frequencies. 
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f z ,
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Figure 4. Measured natural frequencies of the pile foundations 3×3 at different /s d  

ο – experiment, • – average value [29, 30]. 

The natural frequencies zλ  at the vertical vibrations of the pile foundations and stiffness ,zK  in the 
presence of damping, are related as 

2 ,z z zf K Mλ π= ≈ 2 ,z zK Mλ≈  

where, M  is the mass of the whole structure. 

Distance 
between piles 

Measured frequency fz, Hz  
(the average value) 

[29, 30]  
2d 82.90 
3d 91.36 
5d 101.05 
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The stiffnesses of the pile groups were found for various s  involving the measurement results from 
Table 1 and formula 

MmfmK z
g
z

2)](2[)( π=                                                      (2) 
Theoretical evaluations of the stiffness for the pile groups were found with the relations 

0 01( ) ( , )gg
z wK m GhS kr mkr=                                                  (3) 

hence it follows that the value of the grouped pile stiffness factor g
wS 1  is related to the dimensionless 

frequency of vibrations 0kr  and pile position in the cap. For the considered pile foundations from 3×3 piles, 
g
wS 1  is determined in accordance with the schematic in Fig. 1b by the formula  

0 0 1,1 0 0 1,2 0 0 1,3 0 01( , ) ( , ) 4 ( , ) 4 ( , )g
w w wwS kr mkr S kr mkr S kr mkr S kr mkr= + + , 

where /m s d= , / sk Vω= , ω  is the angular frequency of vibrations, sV  is the rate of transversal waves 

in soil, 2
sG V ρ µ= =  is the shear modulus. In the cases under consideration, the dimensionless vibration 

frequency 0kr = 0.15 is the average value within the range from 0.13 to 0.17. 

2 4
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Figure 5. Changes in system stiffness versus the distance between piles  
(solid line – result of calculation, • –experiment [29, 30]). 

The results obtained by the engineering calculations involving formulas (2), (3) are shown in Fig. 5. 
The calculated curve and dots illustrate the varying stiffnesses in respect to the value at s d = 5. The 
values of the natural frequencies of the foundations with different distances between piles found by the 
formula (3) show the maximal difference with the test data, which is below 14 %. This result proves that the 
calculations in the framework of the used approximations permit obtaining the satisfactory agreement with 
experimental findings [29, 30]. 

In order to determine the dynamic stiffness and damping at the vertical vibrations of the pile-soil 
system, the inverse task [31] was solved involving the theory of non-linear vibrations at the processing of 
the amplitude-frequency curves available in [7, 8]. First, the effective mass, stiffness and damping are 
determined by the measured values of the vibration amplitudes and frequencies. Then, these parameters 
are used to verify the obtained formulas by means of comparison of the calculation and dynamic test results 
in the field for the frequencies and amplitudes of the vibrations of the cap-bound 2×2 floating piles [7–9].  

Let us consider the action of the harmonically changing force with the amplitude proportional to the 
frequency square ω  on the pile foundation 

2,z e eP r m ω=  

then the motion equation can be written for the system under consideration as follows 

2 sin .z z e eMz K z K z m r tω ω+ Φ + =   
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Here, M  is the effective mass which includes 0M  and the mass of the attached soil vibrating 
together with the pile foundation. The solution of this equation is written as 

2

2 2 2
sin

( ) ( )
e e

z z

m rz t
K M K

ω
ω

ω ω
=

− + Φ
 

whereas the variation of the maximal amplitude A  is described by the formula 

2

2 2 2
.

( / ) ( / )
e e

z z

m rA
M K M K M

ω

ω ω
=

− + Φ
                                        (4) 

It follows from (4) that the amplitude depends on the impact force frequency in a complex manner. 
In the onset regime, the vibration amplitude is MrmA ee /=∞  Before the system comes into the onset 
regime, the resonance is possible  

2
,

( / )(1 / 4 )
res

z z

AA
K M K M

∞=
Φ − Φ

                                           (5) 

at the frequency  

2
2

/ , / 2.
1 / 2

z
res z

z

K M K M
K M

ω = Φ <
− Φ

                                         (6) 

The relations (5), (6) permit evaluating Φ  and MKz / , if the values resA  and resf  ( resres fπ=ω 2
) are found during the measurements on site  

( ) ( )

( )

2
22 1

2

2 2 1 /
/ 1 / , .

1 /

res
z res res res

res

A A
K M A A

A A
ω ω ∞−

∞

∞

− −
= − Φ =

−
 

The performed experimental investigations focused on determination of the vibration frequencies 
and amplitudes of the groups of cap-bound floating 2×2 piles at different values of the vertical harmonic 
action [7–9]. All experimental foundations were made as a monolithic reinforced cap with overall sizes 
0.57×0.57×0.25 m supported by 4 rigidly fixed concrete piles with the diameter d =  100 mm, the working 
length h =  1.5 m. The distance between the pile axes s  was 2d, 3d and 4d. The caps do not touch the 
soil. The tests were carried out at different eccentric momenta e em r = 0.0187; 0.0278; 0.0366 and 0.0450 

where em  is the mass of the eccentric rotary element in the vibrator, and er  are the mass eccentricities. 

The methodology of the vibration tests is described in [8]. The mass of each foundation is M =  1200 kg 
including the rotary element mass. The shear modulus value G  of the experimental field soil is from 
14.106 N/m2 to 26.106 N/m2, the transverse wave sV  velocities lie in the range of 95–150 m/s, they depend 

on the depth [9]. Table 2 presents the determined resonance frequencies resf  and amplitudes .resA  

Table 2. Resonant frequencies resf  and amplitudes resA . 

mere,  
kg⋅m 

s/d = 2 s/d = 3 s/d = 4 

Ares, (μm) fres, (Hz) Ares, (μm) fres, (Hz) Ares, (μm) fres, (Hz) 
0.0187 0.0358 29.61 0.0317 35.45 0.0262 38.21 
0.0278 0.0510 29.22 0.0422 34.41 0.0381 36.71 
0.0366 0.0633 28.95 0.0589 33.35 0.0501 35.18 
0.0450 0.0832 28.46 0.0707 32.73 0.0619 33.50 
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The data from Table 2 with the resonance frequencies resf  and amplitudes resA  ( )4s d=  are used 

to determine the values of /g
zK M  and Φ  for the pile group at different s . The results of calculation are 

given in Table 3. 

Table 3. Calculated /g
zK M  and Φ . 

e em r ,  
(kg⋅m) 

/s d = 2 /s d = 3 /s d = 4 

MK g
z / , (1/s2) Φ , (s) MK g

z / , (1/s2) Φ , (s) MK g
z / , (1/s2) Φ , (s) 

0.0187 3.41⋅104 0.89⋅10–3 4.88⋅104 0.84⋅10–3 5.62⋅104 0.95⋅10–3 
0.0278 3.32⋅104 0.94⋅10–3 4.57⋅104 0.97⋅10–3 5.18⋅104 1.00⋅10–3 
0.0366 3.25⋅104 1.01⋅10–3 4.31⋅104 0.94⋅10–3 4.71⋅104 1.05⋅10–3 
0.0450 3.15⋅104 0.96⋅10–3 4.14⋅104 0.98⋅10–3 5.31⋅104 1.10⋅10–3 

 

As we know e em r , according to [28], the effective mass M  can be evaluated involving the 

experimental values for ∞A  – ∞= ArmM ee / , and then it should be specified for further calculations. The 

resulting M  is 3200 kg that is much bigger than the mass of the structure 0M =  1200 kg. This result is in 
good agreement with the estimations of the effective mass presented in [7, 8] which were obtained by 
another method [32]. 

3. Results and Discussion 

Figure 6а presents the non-linear amplitude-frequency curves calculated with the found /g
zK M

and Φ  at different e em r  [7, 8] for the pile group at 4s d= . Extra calculations were made for 2s d=  at 

3200M =  kg and respective values of /g
zK M and Φ  as an extra verification (Fig. 6b). 
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a       b 
Figure 6. Experimental and calculated frequency curves of the pile group 2×2 at s = 4d (а),  

at s = 2d (b), for different values e em r = 0.0187 ( ), 0.0278 (•), 0.0366 ( ), 0.0450 ( ) (kg⋅m) [7, 8]  
(curves – results of calculations) 

The data presented in Fig. 6 show that the theoretical results satisfactory agree with the 
measurement data from the references [7, 8]. 

The values of /g
zK M  for the pile group permit evaluating the natural frequencies zλ  at the vertical 

vibrations pile foundations and damping – z zK Mλ ≈  The results given in Table 4 lead to the 
conclusion that the natural frequencies drop as the excitation intensity rises, which agrees with the 
conclusions of [31] about the non-linear behavior of the considered “piles-soil” system. The decay modulus 
varies weakly, its average value is evaluated as Φ ≈ 0.97⋅10–3 s. Comparison with the experiment proves 
that the analytical methods permit describing the major peculiarities of the amplitude-frequency behavior of 
the pile groups at low vertical vibrational actions. In the considered cases, the effective mass and damping 
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preserve their values as the excitation intensity rises. Fig. 7 presents the variation of the dynamic stiffness 
determined by the experimental results in respect to the maximal value at s d = 4. 
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Figure 7. Variation of the relative stiffness of the pile group 2×2 versus the distance  
between the piles in the group: experiment at different values e em r = 0.0187 ( ), 0.0278 (•),  

0.0366 ( ), 0.0450 ( ) (kg⋅m) [8], (curves – computation results) 
Theoretical evaluation of the stiffness for the pile group is found with the relations 

1,3 0 0( ) 4 ( , )g
zK m GhS kr mkr= , 

at the dimensionless vibration frequency 0kr =  0.08, the average value within the range 0.06–0.1. The 
closely spaced curves in Fig. 7 illustrate the variation of the computed stiffnesses in respect to the maximal 
value at 4s d m= =  for different e em r . 

It follows from the comparison of the theoretical evaluation and experimental findings that the 
considered analytical method permits predicting the peculiarities of the dynamic interaction between the 
piles in the group. The maximal difference between the experimental results and theoretical evaluations 
which involves the interaction effect between the piles under the action of the vertical vibration loadings is 
about 15 % at 2,s d =  whereas at 3,s d =  the difference in results is maximum 5 %. Note at the same 
time that we ignore the interaction with soil under the pile end, which may be essential. However, the final 
conclusion of the satisfactory agreement of the calculation and experiment [7, 8] is valid; it is evident though 
that the development of theoretical evaluations of the interaction of pile groups between each other and 
soil needs further improvement. Experimental data obtained after the tests with full-scale pile foundations 
in the field conditions should be involved. 

4. Conclusions 
1. The results obtained from engineering calculations involving analytical expressions to determine 

the natural frequencies of the foundations with different distances between piles have the maximal 
disagreement with the experimental findings of 14 %, which proves the adequacy of the used 
approximations. 

2. The analytical methods under consideration permit predicting the major peculiarities of the 
interaction between piles in a group under the action of vertical vibration loadings on the foundation. The 
maximal difference between the experimental data and theoretical evaluations which consider the effect of 
pile interaction is about 15 % at 2s d =  and is maximum 5 % at 3.s d =  

3. At the solution of the inverse task, use of the measured values of the foundation vibration 
amplitudes and frequencies permit determining the parameters of the system “cap-bound pile group – soil”, 
i.e. the effective mass, stiffness and damping with the satisfactory agreement of the calculation results and 
experimental data. It was found that the stiffness reduces as the intensity of vertical actions rises. The 
calculated amplitude-frequency curves involving the calculated mass of the soil-pile system, stiffness and 
damping agree with the values measured for the vertical vibrations.  
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4. The performed investigations lead to a conclusion that the relations obtained in the framework of 
the wave models and used to calculate the dynamic stiffnesses at the vertical vibrations of pile foundations, 
allow considering the mutual effect of piles in the group and satisfactory accuracy of the results, which is 
confirmed by the comparison with the experimental findings. 
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Abstract. This research investigates the performance of elastomeric (laminated rubber) seismic isolators 
for the protection of medium-rise structures under the effect of long-period earthquakes. A finite element 
model of a midrise structure with elastomeric seismic isolators has been modeled and the dynamic 
performance of the structure has been examined under the effect of the 1985 Michoacán (Mexico City), 
2003 Tokachi-Oki, 2010 El Mayor, and the 2016 Kaikoura earthquakes. The performance of the structure 
is studied in three cases, all equipped with elastomeric isolators with different natural periods. The natural-
period of isolators in the first, second, and third cases is 2.5, 4, and 5 seconds, respectively. The comparison 
of the three cases in terms of mitigating earthquake energy shows that the effectiveness of elastomeric 
seismic isolators with lower periods (2–3 seconds) is significantly limited under the effect of long-period 
earthquakes. In common practice, elastomeric seismic isolators are produced and used with a natural 
period of 2–3 seconds, a seismic isolator having a period within the mentioned range will have serious 
shortcomings for dissipating earthquake energy when subjected to a long-period earthquake. The results 
of this study indicate that elastomeric seismic isolators with 5-seconds exhibited considerably better 
performance compared to that of 2.5 and 4-second seismic isolators.  

1. Introduction 
Seismic base isolation is considered a reliable technique for the protection of structures under effect 

strong ground motions, general idea of seismic isolation is to increase the natural period of structure to a 
point that enables the structures to safely overcome the harmful effect of an earthquake. Elastomeric 
seismic isolators (e.g. laminated rubber bearing, lead rubber bearing, high damping rubber bearing, etc.) 
are among the most commonly used seismic isolation devices which are produced with a 2 to 3 seconds 
natural period [1, 2]. However, based on earthquake event reports the effectiveness of elastomeric seismic 
isolators considerably diminishes when subjected to a long-period earthquake (a ground motion with a 
longer period which does not fall within the range of the mentioned elastomeric isolator period), for instance, 
there have been serious damages in the seismic isolation devices of buildings under the long-period effect 
of the 2011 Tohoku earthquake [3]. The relatively short natural period of these seismic isolation devices is 
dominated by the longer period of the long-period earthquake and as a result of it, the story acceleration of 
the structure will not be dissipated as much as expected for a seismic isolated structure, eventually, the 
seismic isolator will fail in severe cases due to large displacements (exceeding the displacement limit of 
the elastomeric isolators) [4].  

The harmful effect of long-period earthquakes has long been observed in seismically active regions 
several times, long-period earthquakes are generated due to rupture propagation and wave radiation in 
near-field ground motions. It is also generated due to seismic wave amplification in a distant sedimentary 
soft-soil basin and it imposes a serious threat to structures located far from the epicenter of the earthquake 
[5]. 1985 Michoacán, 1999 Chi-chi, 2003 Tokachi-Oki, 2010 El Mayor, 2011 Tohoku, 2016 Kaikoura 
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earthquakes are noted as the worst examples of the long-period ground motions [5–9]. The 2011 Tohoku 
earthquake generated a long-period earthquake affecting much of the east coast of Japan, tall buildings 
have been subjected to large displacement due to the long-period effect of the earthquake. For instance, a 
52-floor building in Osaka located 770 km from the epicenter of the earthquake had a 1.32 m displacement, 
Osaka region has a dominant period of 6 seconds which correlates with the dominant period of the long-
period earthquake that happened in the sedimentary soil layers of Osaka region [3].  

In the literature, there are several studies regarding the enhancement of seismic base isolation 
systems, different methods are used to improve the performance of seismic isolation. Ismail et al. proposed 
a novel seismic isolation device equipped with a mechanism to effectively dissipate the near-fault pulse-
like earthquakes [10]. Kasimzade et al. developed a seismic isolation system that intends to provide a 
longer period for the structures for improving the overall performance of important structures against near-
fault and long-period earthquakes [11, 12]. Herbut suggests the usage of a wave generator in the soil-
foundation boundary of the structure to reduce the amplitude of ground motion [13]. Tavakoli et al. examined 
the performance of fixed-base and seismically isolated buildings under the effect of far-field and near-fault 
ground motions [14]. Plenty of studies on seismic base isolation are focused on short-period and short-
duration ground motions [15–18]. On the other hand, few studies are dedicated to the effect of the long-
period earthquakes on seismic isolated structures and are focused on special structures such as oil tanks 
and bridges [19, 20].  

This paper investigates the performance of low-period (2.5 seconds) elastomeric seismic isolation 
(laminated rubber bearing) devices in comparison with a figurative seismic isolator with a longer period (4 
and 5 seconds) for protection of a 4-story building against the effect of long-period earthquakes. The finite 
element model of a 4-story seismically isolated structure has been prepared in a manner that the 
superstructure and the seismic isolators exhibit linear and nonlinear behaviors respectively. The dynamic 
finite element model has been solved using LS-DYNA explicit solver under the effect of the 1985 Mexico 
City, 2003 Tokachi-Oki, 2010 El Mayor, and the 2016 Kaikoura earthquakes.  

2. Method 
2.1. Model Description 

A finite element model of a 4-story building (Fig. 1) with a system of laminated rubber seismic 
isolators has been prepared. The model consists of 36 columns each laying on a seismic isolator, the 
isolators are positioned on a raft foundation. One-dimensional beam elements (Hughes Liu) are used to 
model the columns and beams of the superstructure, for modeling the foundation and the bases of the 
columns 8-node constant stress solid element is used. All parts of the structure are modeled using elastic 
material (C30 concrete), except for the seismic isolators which are modeled using a special material, the 
nonlinear seismic isolator which exhibits hysteresis behavior.  

 
Figure 1. Finite element model of the 4-story seismic isolated structure. 

Seismic isolators are modeled using a single discrete beam element which has the capability of 
representing an elastomeric isolator. The general properties of the seismic isolators are calculated based 
on the building and its soil characteristics and the calculated seismic isolator parameters are assigned to 
the respective beam element. The properties of the seismic isolator are modeled by considering the 
bidirectionally coupled plasticity theory which satisfies the nonlinear hysteresis behavior proposed by Wen 
[21]. The algorithm for solving the nonlinear seismic isolator was developed by Nagarajaiah et al [22]. The 
general representation of the equation of motion (equation 1) and the nonlinear formulation (equation 2) of 
the seismic isolation system are presented as follows.  
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Here, m, c, k, ü, u̇, and u are the mass, damping, stiffness matrices, acceleration, velocity, and 
displacement vectors of the model respectively. The matrix L refers to the location of isolators and fr 
represents the nonlinear hysteresis restoring force of the isolator which satisfies Wen’s nonlinear model. 
üg is the acceleration vector of ground motion and the vector e refers to the influence coefficient of 
displacement transformation respective to each degree of freedom. kb, cb, ub, u̇b, fy, and uy are the 
stiffness, damping, displacement, velocity, yield force, and yield displacement components of the seismic 
isolator respectively. α refers to the ratio of the post-yield to pre-yield stiffness of the seismic isolator. Z is 
the non-dimensional hysteresis displacement component of Wen’s nonlinear model and can be presented 
via equation (3). A, β, and τ are dimensionless parameters of the isolator that are determined based on 
experimental tests. n is a constant which controls the smoothness of transition from elastic to the plastic 
response. 

 
Figure 2. Hysteresis restoring force-displacement curve of seismic isolator. 

2.2. Properties of Isolators 
The properties of the laminated rubber seismic isolators are calculated based on the characteristics 

of the structure and the properties of the soil on which the structure is going to be built. There are various 
codes and regulations for the calculation of the properties of the seismic isolators. In this study, the standard 
published by the American Society of Civil Engineers (ASCE 7-10 and ASCE 41-13) has been used [23], 
[24]. Vertical stiffness (kv), yield force (fy), and yield displacement (uy) of the isolator is calculated as three 
cases depending on the selected period of the isolator (TD) using the following equations.  

2

min 2
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=                                                                             (4) 
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                                                                        (5) 

Here, W is the weight of structure imposed on a single seismic isolator, Kb, BD, and DD are the 
horizontal stiffness, damping coefficient, and design displacement of the isolator respectively. SD1 is the 
spectral response acceleration parameter of the ground motion and g is the gravitational acceleration. The 
sectional area (Ar) and the post-yield stiffness (Kp) of the rubber bearing are calculated based on equations 
(6) and (7) respectively.  

,D r
r

T

K tA
R

=                                                                            (6) 



Magazine of Civil Engineering, 110(2), 2022 

Abrar, O., Tuhta, S. 

,r L
p

T

GA fK
R

=                                                                          (7) 

 
where tr is the thickness of a single rubber layer separated by steel sheet, G is the shear modulus of the 
rubber, and RT is the total rubber thickness and fL is a factor commonly taken as 1.5. Experimentally, yield 
displacement (uy) is calculated as 0.05 – 0.1 times of RT. The characteristic-strength of the isolator is 
calculated using equation (8), using the described parameters the yield force of the isolator is calculated 
by equation (9).  
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Having the above parameters, the vertical stiffness (Kv) of the isolator is calculated using equation 
(10).  
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Equation (11) is used to calculate the elasticity modulus of the rubber-steel composite which is 
bonded under specific heat and pressure. K is the bulk modulus of the rubber, the value of the K and G 
varies for different rubber compounds, it varies 1000 – 2500 MPa and 0.45 – 1 MPa respectively [1]. S is a 
factor that refers to the shape of the hysteresis loop of the elastomeric isolator, ideally, it ranges between 
12 – 20. In accordance with the presented equations, the properties of the laminated rubber seismic 
isolators are calculated and presented in Table 1.  

Table 1. Properties of computed laminated rubber seismic isolators. 

Parameters TD: 2.5 s TD: 4 s TD: 5 s 

Kv (N/m) 2.674E+09 8.884E+08 6.249E+08 
Kb (N/m) 1.793E+06 7.002E+05 4.481E+05 

Fy (N) 1.165E+05 9.103E+04 7.282E+04 
uy (m) 0.01 0.02 0.025 
RT (m) 0.2 0.4 0.5 

2.3. Numerical Analysis 
The performance of presented seismic isolators for mitigation of ground motion accelerations in the 

4-story building is investigated under the effect of five earthquake ground motions as provided in Table 2 
and Fig. 3. The ground motion accelerations records are obtained from the Virtual Data Center (VDC) [25] 
and Pacific Earthquake Engineering Research Center (PEER) ground motion record databases [26]. 

Table 2. List of earthquakes used in numerical analysis. 

Earthquake Year Mw Station PGA 
(m/s2) 

PGD 
(cm) 

Hypo-central 
Distance 

(km)   
Michoacán, Mexico 1985 8.1 La Union 1.6 7.10 83.9 

El Mayor, USA/Mexico 2010 7.2 El Centro Array 11 5.7 39.7 61.8 
El Mayor, USA/Mexico 2010 7.2 Chihuahua 2.4 44.7 25.7 

Tokachi Oki, Japan 2003 8.3 Kushiro Gov. Building 2.6 15.7 136.1 
Kaikoura, New Zealand 2016 7.8 Seddon Fire Station 7.1 20.7 145.3 
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Figure 3. The spectral acceleration of earthquake excitations used in numerical analysis. 
For conducting finite element nonlinear dynamic analysis, LS-DYNA explicit solver code has been 

used, each analysis required 5-10 hours varying based on the duration of ground motion excitation. A 
computer with a capacity of 16 CPU cores and 32 GB of RAM has been used to conduct the respective 
dynamic analyses.  

3. Results and Discussion 
The top story acceleration, top story displacement of the building, and the nonlinear hysteresis force-

displacement responses of seismic isolators with different periods (2.5s, 4.0s, and 5s) have been obtained 
and presented comparatively via Fig. 4-8. 

 
Figure 4. El Mayor-Chihuahua (2010) response: (a) top story acceleration, (b) top story 

displacement, (c) and (d) hysteresis force-displacement curve in x and y directions respectively. 
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Figure 5. El Mayor-El Centro (2010) response: (a) top story acceleration, (b) top story 

displacement, (c) and (d) hysteresis force-displacement curve in x and y directions respectively. 

 
Figure 6. Michoacán (1985) response: (a) top story acceleration, (b) top story displacement,  

(c) and (d) hysteresis force-displacement curve in x and y directions respectively. 
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Figure 7. Kaikoura (2016) response: (a) top story acceleration, (b) top story displacement,  

(c) and (d) hysteresis force-displacement curve in x and y directions respectively. 

 
Figure 8. Tokachi-Oki (2003) response: (a) top story acceleration, (b) top story displacement,  

(c) and (d) hysteresis force-displacement curve in x and y directions respectively. 
Top story acceleration results indicate that the response of seismic isolators with 4s and 5s-period 

is significantly lower than the 2.5s-period isolator, the top story acceleration response has relatively 
decreased by increasing the period of the isolator as presented in Fig. 4a, 5a, 6a, 7a, and 8a. The reduction 
in acceleration response of the superstructure is due to the reason that longer period of the 5s and 4s-
period isolator, in this case, the isolator has more elasticity and has the capability of larger displacement 
compared to that of the 2.5s-period isolator. The hysteresis force-displacement behavior of the isolator 
implies that 5s and 4s-period isolator had larger displacement compared to that of the 2.5s-period isolator, 
meanwhile, the shear force on the isolators have dropped significantly as shown in Fig. 4c, 4d, 5c, 5d, 6c, 
6d, 7c, 7d, 8c, and 8d. 
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Figure 9. Comparison of top story acceleration response of the model  

under respective earthquakes. 

 
Figure 10. Comparison of shear force response of isolators  

under respective earthquakes in the x-direction. 

 
Figure 11. Comparison of shear force response of isolators  

under respective earthquakes in the x-direction 

 
Figure 12. Comparison of superstructure drift under the effect of respective earthquakes. 

Overall, the acceleration response of the top story of the structure has decreased by 35.65 % and 
60.54 % for 4s and 5s-period isolator respectively in comparison with the 2.5s-period seismic isolator as 
shown in Fig. 9. Similarly, the base shear in the seismic isolator with 4s and 5s-period have decreased by 
28.80 % and 49.50 % respectively in comparison with the 2.5s-period seismic isolator as presented in 
Fig. 10 and 11. The story drift of the model under the effect of respective earthquakes is shown in Fig. 12, 
similar to the acceleration and base shear response, the story drift has decreased in 4 and 5s-period 
seismic isolators in comparison with the 2.5s-period isolator.  

The design of an elastomeric seismic isolator with a 5s-period and above requires a deep study on 
the materials that are used in the production of elastomeric isolators. Usage of highly resilient rubber 
compounds with highly durable materials (e.g. carbon fiber) as shims is an option for the design of such 
isolators, and it is a topic for future studies.  
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4. Conclusion 
In this study, the seismic performance of three different elastomeric (laminated rubber) seismic 

isolators with different natural periods has been studied comparatively. Dynamic analysis of the seismic 
isolated structure has been conducted under the effect of five long-period earthquakes. The outcome of the 
study can be concluded as follows: 

1. The earthquake mitigation performance of commonly produced elastomeric seismic isolators 
(with 2-3s-period) is significantly low under the effect of long-period earthquakes; it could lead to failure of 
the seismic isolators due to the concentration of shear force on seismic isolators. 

2. For inhibition of long-period earthquakes a seismic isolator with a longer natural period is required 
that could allow larger displacement capabilities. 

3. Increasing the period of elastomeric isolators to 4-5 s has considerably increased the 
effectiveness of the elastomeric isolators in terms of dissipating the energy of earthquakes in the top stories 
of the superstructure. 

4. The shear-force on seismic isolators has been decreased relatively with increasing the period of 
the seismic isolators, 5-second period isolator has the lowest shear force response.  

5. The isolator model with 4 and 5s- period can be used as a reference to be implemented in the 
protection of buildings in regions with the high possibility of occurring long-period ground motions which 
can impose serious threats to buildings equipped with conventionally implemented elastomeric seismic 
isolators with a 2-3s period.  
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Abstract. In the modern world, construction is often located in remote and hard-to-reach regions, where 
there are no acceptable quality aggregates for concrete. The transportation of high-quality aggregates leads 
to a significant increase in the cost of concrete. This paper considers the possibility of developing high-
performance concretes using aggregates available in the construction region. This is possible with the use 
of modern achievements in the field of construction science and construction chemistry, as well as 
nanotechnology. The strength and mineralogical properties of gneissic granite from the Kem river bed, as 
well as gabbro-diabase, were investigated. During the experimental work, a high-performance 
nanostructured concrete based on low-strength gneissic granite was developed. The strength and 
operational properties of the concrete were determined. The dynamic of gain in strength of concrete at the 
ages of 7, 28, and 180 days was also studied. The developed binder combination can also be used to 
produce high-performance concretes with other low-strength aggregates. 

1. Introduction 
In the modern world, construction is often located in remote and hard-to-reach regions with adverse 

climatic conditions. However, there is also a need for high-quality building materials in such regions. This 
can be considered on the example of the northern regions of Russia. Moreover, this particular case can be 
scaled, since the proposed solutions are universal and applicable in other similar situations since other low-
strength aggregates can be used in the developed binders for the manufacturing of high-performance 
concrete. 

Regions of the North of Russia have huge economic and energy potentials [1]. But considering the 
absence of large settlements and the underpopulation far away from the coastal strip, the transport 
infrastructure is developed very limitedly [2], which always leads to additional huge logistic expenses for 
the construction of large construction projects. That concerns such objects as, for example, small 
hydropower plants. Their energy potential for the northern regions is proved and there are already 
constructions of several of them conducted [3]. Moreover, there is a long-term global movement to abandon 
nuclear power in its current form for the benefit of other methods of obtaining energy, especially after the 
Fukushima accident [4]. 

Small hydropower plants and other infrastructure facilities can be built on such northern rivers as 
Pechora, Northern Dvina, Kem, Mezen. 

https://creativecommons.org/licenses/by-nc/4.0/
http://creativecommons.org/licenses/by/4.0/
https://orcid.org/0000-0001-7416-927X
https://orcid.org/0000-0003-2803-8281
https://orcid.org/0000-0003-3287-3298


Magazine of Civil Engineering, 110(2), 2022 

Rassokhin, A.S., Ponomarev, A.N., Karlina, A.I. 

In particular, this problem also occurred during the construction of small hydroelectric power plants 
in the Karelia on the Kem river. 

The bed of the Kem river consists of gneissic granite. Moreover, it should be noted that it is one of 
the most widespread rocks of the Karelia region. 

Due to the fact that gneissic granite has a layered structure and inclusions of low-strength minerals, 
it quite often has a low mechanical performance [5]. For that reason, it is not suitable for use in responsible 
construction, as like small hydropower plants in a traditional way, because a high-strength hydrotechnical 
concrete is necessary for this task. It is regulated by the Russian national standard GOST 26633-2015 
“Heavy-weight and sand concrete. Specifications“ as well as DaCS (SP) 40.13330.2012 “Concrete and 
reinforced concrete dams. Updated version of Building code (SNiP) 2.06.06-85”. 

The construction of such objects means remoteness from large settlements and, as a further 
consequence, developed transportation infrastructure is absent. Therefore, the transportation of high-
quality fillers for concrete to the site often increases the cost of concrete significantly.  

This problem also occurred during the construction of small hydroelectric power stations in Karelia 
on the Kem River. The nearest sandpits and stone pit with suitable loose materials for this construction 
were at a distance of about 200 km from the construction site. 

In view of this, developers try to use those materials, which are in the location of the construction 
site, whenever it is possible. For the production of concrete of low classes, it is possible to use low-quality 
aggregates, such as broken brick, crushed concrete, crushed stone from stones mined on the location of 
the construction site, etc [6–8]. However, for the high-quality hydrotechnical concrete developing other 
technical solutions are necessary. 

Hydrotechnical concretes are subject to special requirements because of their special operating 
conditions, especially if they are in northern regions. The most stringent requirements are imposed in the 
zone of variable water level since operating conditions imply unequal climatic effects, as well as unequal 
water saturation of concrete. For that reason, strict requirements for freeze-thaw resistance and 
waterproofing are imposed on the concrete of the variable water level. Moreover, due to the movement of 
water, concrete should have increased resistance to abrasion. Additionally, a characteristic feature of 
hydrotechnical concrete is the determination of grade strength at the age of 180 days. This is due to the 
operating conditions of hydrotechnical concrete in a water-saturated state, which contributes to the gain of 
strength after 28 days [9, 10]. 

Fortunately, the science in the 21st century (in particular the concrete science) has moved far ahead 
and rather large amounts of additives to concrete have appeared. For example, the water-cement ratio can 
be significantly reduced with plasticizing agents [11]. This allows to increase the strength of concrete or 
reduce the amount of cement in concrete. Silica fumes lead to more homogeneity of concrete mixture, as 
well as to mechanical characteristics enhancement [12]. Cement accelerators [13], cement hardening 
retarders [14] allow you to regulate the hardening time of concrete, then it is especially relevant if the 
concrete needs to be transported or concrete work is carried out in adverse weather conditions. The use of 
non-metallic fibers leads to a flexural strength enhancement of concrete, as well as an increase in its 
ductility [15]. When properly used, they allow obtaining high characteristics of concrete, even when using 
low-quality raw materials. 

An overview of scientific publications also shows that using modern methods, it is possible to develop 
high-strength concretes using low-strength aggregates [16–18]. 

Moreover, the use of additional binders, such as silica fume and shale ash, reduces the 
environmental impact from the region, since they are industrial waste and need to be disposed of [19, 20]. 

Also, nanomodifiers are the most prospective ones [21]. For the moment, a large number of studies 
are already available, where the effectiveness of using catalytic amounts of various nanoparticles to 
significantly improve the characteristics of concrete has been proved [22–24]. Due to the rapid development 
of various methods of nanomaterials producing new types of nanoparticles are regularly synthesized in 
recent years. Based on a review of the literary data, as well as the authors' studies, it can be concluded 
that at the present point in time carbon nanomaterials show the highest efficiency. In particular, there are 
carbon nanotubes and carbon toroidal nanoparticles [25–27]. The authors of this paper had several studies 
on the influence of carbon toroidal nanoparticles on the properties of cement matrices, as well as polymer 
matrices [28]. In these papers, it was found that the introduction of catalytic amounts of carbon toroidal 
nanoparticles into concrete led to a significant increase in the strength of concrete since carbon toroidal 
nanoparticles became centres of crystallization of cement stone.  

Furthermore, numerous almost significant results on their use have been obtained. High-disperse 
silica fumes and fine-ground cement can also be considered as inorganic nanomaterials [29, 30]. Fine 
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crushing increases the specific surface area of the substance, which increases its chemical activity. 
Moreover, it is worth noting that with fine crushing/milling, even many materials that are not binders in the 
macrostate in any kind can have binding properties after fine crushing/milling [31, 32]. 

Also, there are a sufficient number of studies on the positive effect of carbon nanomodifiers on the 
frost resistance of concrete, as well as other fine-milled additives [33, 34]. 

Based on the above, the task of this research is to develop a high-strength nanostructured concrete 
with high mechanical and operational characteristics. The feature of this concrete is the use of local raw 
materials as aggregate. It allows to lower the logistic expenses and, as a result, the construction cost, and 
also to lower the environmental pressure on the region. This is especially relevant if the construction is 
conducted in highly protected regions, and additional actions (such as the investigation of deposits of high-
quality rocks for the construction) negatively influence the ecological situation of the region. Moreover, the 
increased traffic flows would influence the quality of the roads of the region and the ecological situation of 
the region. 

2. Methods 
2.1. Concrete aggregates 

Inert aggregate from the boulders of gneissic granite has been used for the development of empirical 
research. Boulders have been mined in the Kem river bed and have been crushed down in several steps. 

Gneissic granite has a multilayer structure. The characteristics of each of the layers are quite 
different. The goal of crushing it in several stages was to consist in that on each of the stages to sift soft 
rocks that disintegrate the first. 

At the first stage, the boulders were crushed into small fragments, into fractions of 150–200 mm, and 
further on, into fractions of crushed stone of 3–10, of 10–20 mm. Fractions were obtained by sieving on 
laboratory sieves. Gneissic granite sand of fraction of 0–2.5 mm was pulverized from the fraction of  
0–3 mm. 

The crushing of samples of a stone from local explosive rocks was made in a laboratory jar mill  
80JM-1a. 

For comparison, gabbro-diabase crushed stone of three different manufactures was also 
investigated: Berezovsk Ltd., Goloday-gora Ltd., Ramrucheyskoe Ltd. Two of the gabbro-diabase mines 
(Goloday-gora Ltd., Ramrucheyskoe Ltd.) were located in the same region where gneissic granite was 
mined. The mineralogical composition of gabbro-diabase from the Urals (Berezovsk Ltd.) was also 
investigated to expand the geography of the comparison. 

2.2. Determination of gneissic granite crushed stone characteristics 
The freeze-thaw resistance of gneissic granite crushed stone was determined according to Russian 

national standard GOST 8269.0-97. The freeze-thaw resistance of crushed stone was determined by loss 
of sample weight when immersed in saturated sodium sulphate solution and the following drying according 
to the method described in Russian national standard GOST 8269.0-97. 

The sodium sulphate solution was prepared in the following way. 185 grams of anhydrous sodium 
sulphate according to Russian national standard GOST 4166 were weighed and dissolved in one litre of 
distilled water heated to 40 °C by gradually adding anhydrous sodium sulphate to it with careful stirring until 
the solution was saturated. After that, the solution was cooled to room temperature, was drained into a 
bottle and was stored for 2 days. 

An analytical sample of gneissic granite crushed stone was poured into a vessel in one layer, poured 
with a solution of sodium sulphate so that the gneissic granite crushed stone was completely immersed in 
the solution. This was maintained therein for 20 hours at room temperature. 

Next, the solution was drained (for reuse), and a vessel with gneissic granite crushed stone was 
placed for 4 hours in a drying cabinet “Snol”, in which the temperature was maintained (105 ± 5) °C. After 
that, the gneissic granite crushed stone was cooled to room temperature and again poured with the solution. 

Subsequent test cycles consisted of maintaining the gneissic granite crushed stone for 4 hours in a 
sodium sulphate solution, drying for 4 hours, and cooling to room temperature. 

After 3, 5, 10, and 15 cycles, the crushed stone sample was washed with hot water to remove sodium 
sulphate, dried in a laboratory oven «Snol» to a constant mass, and sieved through with a sieve mesh of 
5 mm. 
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The residue on the sieve was weighed on laboratory weights VTB-12, and weight loss of gneissic 
granite crushed stone (Δm, %) was determined by the formula: 

1 100,m mm
m

∆
−

=                                                                (1) 

where m is the mass of the crushed stone sample before testing, g; m1 is the mass of residue on the control 
sieve of 5 mm, g. 

The crushability (ΔС) of gneissic granite crushed stone was determined by the grain destructiveness 
during compression (crushing) in the cylinder. For this purpose, a steel cylinder with a diameter and height 
of 150 mm according to GOST 8269.0-97 was used. Crushed stone samples are filled into the cylinder and 
a load of 200 kN was made using the hydraulic laboratory testing machine WK-18 ZARZAD SPRZETU 
(Poland). The loading speed was 1 kN/s. Laboratory scales "VTB-12" were used to determine the mass. 

1 100,m mС
m

∆
−

=                                                               (2) 

where m is the mass of crushed stone test sample, g; m1 is the mass of residue on the control sieve after 
sieving of crushed stone sample crushed in the cylinder, g. 

Radiographic studies were conducted for the determination of the mineral composition of the crushed 
stone. Radiographic studies were conducted by using the automatic powder diffractometer D2Phaser 
(Bruker) (radiation of an x-ray tube is CoKα 1 + 2, wavelengths CoKα 1 = 1.78900 Å и CoKα 2 = 1.79283 Å, 
tube operating mode 30 kW/10 mA, position-sensitive detector, geometry on reflection, scheme of focusing 
Bregg-Brentano, speed of rotation of a sample of 20 revolutions per minute, the interval of angles of 
diffraction 2theta = 5-80 °, scanning step 0.02о, exposition in a point is 1.0 seconds, T = 25 °C, the 
atmosphere is air). 

The sample was made by dry pressing of the studied substance in low-background to a ditch of 
single-crystal silicon (depth is 0.5 mm, the diameter of the studied area is 20 mm). The identification of the 
phases was contacted by using the base of powder diffraction data of the Powder Diffraction File. The 
results of the quantitative X-ray phase analysis are given in Table 7. 

Flakiness index, water absorption, specific gravity, packed density were determined according to the 
method described in Russian national standard GOST 8269.0-97. 

2.3. Preparation of concrete samples and determination of their characteristics 
Laboratory mixing of concrete according to Russian national standard GOST 10180-2012 was 

carried out according to the following recipes: 

Table 1. Concrete recipes. 

Components 
% of masses 

Recipe №1 Recipe №2 Recipe№3 
Portland Cement CEM I 42.5 N manufactured by JSC 

Mordovcement 18.14 18.14 18.14 

Gneissic granite crushed stone (fraction of 10–20) 52.44 56.51 – 
Gneissic granite sand (fraction of 0–2.5) 18.14 14.07 – 

Gabbro-diabase crushed stone (fraction of 10–20) – – 52.44 
Gabbro-diabase sand (fraction of 0–2.5) – – 18.14 

Dry mix of: 
1. Silica fume manufactured by pilot production of INRTU 

4.03 4.03 4.03 

2. Shale ash Zolest-bet manufactured by PCV LLC 
3. Modified basalt microfiber manufactured by NTC of Applied 

Nanotechnologies 
4. Plasticizing agent REOMAX PC 3901P manufactured by KUBAN-

POLYMER LLC 
5. Carbon nanoparticles Astralene manufactured by NTC of Applied 

Nanotechnologies 
Water of mixing according to Russian national standard  

GOST 23732-2011 7.25 7.25 7.25 
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The concrete was mixed as follows. Initially, water, binding materials and plasticizing agent were first 
mixed in the concrete gravity batch mixer Eco CM-71 for one minute. After that, fine aggregate and crushed 
stone were introduced and mixing lasted another minute. Fiber and Astralene were introduced last into the 
concrete mixture. The final mixing also lasted for one minute. 

Nanomodifiers (Astralene) were introduced into concrete by the serial dilution method [35]. Astralene 
were deposited on the surface of the basalt microfiber (TC 5761-014-13800624-2004), and microfiber was 
introduced directly into the concrete. This resulted in a more uniform distribution of nanomaterials 
throughout the concrete volume. 

The volume of concrete mixing was 40 litres. 

Concrete density was determined according to Russian national standard GOST 10181-2014. 

Concrete cubes with dimensions of 100×100×100 mm in the quantity of 30 pieces were made 
according to Russian national standard GOST 10180-2012. 

The concrete samples were prepared in moulds and removed from the moulds after 1-day curing at 
room temperature. All the samples (and also the control samples) have been hardened in thermo-humidity 
conditions for 28 days according to Russian national standard GOST 10180-2012. 

The compressive strength test of concrete cubes with dimensions of 100×100×100 mm was carried 
out on the hydraulic laboratory testing machine МP-1000 «Nutcracker» according to Russian national 
standard GOST 10180-2012. 

The freeze-thaw resistance was determined on the climatic chamber SM 55/50-120 SB according to 
Russian national standard GOST 10060-2012. The freeze-thaw resistance was determined in a water-
saturated state (F1). The dispersion of the density values of individual samples in the series before their 
saturation did not exceed 30 kg/m³. 

Waterproofing of concrete control samples by air permeability was determined by the device 
AGAMA-2 according to Russian national standard GOST 12730.5-2018. 

3. Results and Discussion 

 
Figure 1. Large fragments of gneissic granite – (a),  

gneissic granite crushed stone of fraction of 10–20 mm – (b). 
Table 2. Determination of crushability of gneissic granite crushed stone. 

Test 
number The mass before crushing, g. Mass passed through 

sieve 5 mm, g. 
Crushability, 

% 
Medium value of 

crushability 
1 3259 984 30.2 

30.3 2 3237 959 29.6 
3 3281 1018 31.1 

 

The value of crushability corresponds to the grade of 200 according to Russian national standard 
GOST 8267-93, which is the lowest grade declared in Russian national standard GOST. This means that 
the average person will be able to easily break crushed stone with fingers of an oblong (flatness) shape or 
spread about a hard surface. 
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Table 3. Main properties of gneissic granite crushed stone. 

Parameter Unit of 
measure 

Fraction of 
crushed stone Obtained value Regulation 

value 
According to 

GOST 

Flakiness index % 
10–20 34 

35 
Yes 

3–10 25 Yes 
Freeze – thaw 

resistance cycle 
10–20 200 

200–600 
Yes 

3–10 200 Yes 

Crushability % 
10–20 

30.3 28–35% 
Yes 

3–10 Yes 

Water absorption % 
10–20 2,1 

not applicable not applicable 
3–10 2,3 

Specific gravity – 
10–20 

2785 not applicable not applicable 
3–10 

Packed density kg/m³ 
10–20 1492 

not applicable not applicable 
3–10 1559 

 
Table 4. Main properties of gabbro-diabase crushed stone declared by manufacturer. 

Parameter Freeze – thaw 
resistance 

Flakiness 
index Crushability Specific 

gravity 
Packed 
density 

Water 
absorption 

Value 300 cycles 14 % 3.6 % 2986 1.53 kg/m³ 0.1 % 
 

The value of crushability corresponds to the grade of 1400 according to Russian national standard 
GOST 8267-93, which is the lowest grade declared in Russian national standard GOST. 

By comparison of the properties of the gneissic granite and gabbro-diabase, a significant qualitative 
superiority in favour of the latter is obvious. The most significant difference is crushability (strength). The 
crushability of gabbro-diabase is almost 10 times the crushability of gneissic granite. The significant 
difference in the flakiness index is not critical, since the flakiness index can be controlled when appropriate 
in the industrial production of gneissic granite crushed stone. This can be done by optimizing the crushers 
to suit the characteristics of the gneissic granite, as well as by sieving out an excessive amount of flatness 
grains. [36]. 

Table 5. Quantitative phase analysis of gneissic granite sample (weight. %) according to the 
full-height analysis by Rietveld method. 

Minerals Chemical formula % of masses 
Quartz SiO2 41.2 

Microcline K(AlSi3O8) 17.6 

Albite Na (AlSi3O8) 24.3 
Biotite K (Mg, Fe)3[AlSi3O10] (OH, F) 5.3 

Amphibole (Na, Ca)2 (Mg, Fe3+, Fe2+, Al, Ti)5 Si8O22(OH, F)2 4.1 
Magnetite Fe2+Fe3+2O4 2.0 
Chlorite (Mg, Fe)6Si4O10(OH)8 3.9 

Talc Mg3Si4O10(OH)2 1.2 
Calcite CaCO3 trace levels 

Zirconium silicate ZrSiO4 trace levels 
 

From these experiments it was concluded that the majority of the minerals, which are a part of 
crushed stone, received from sedimentary rocks of a bed of the Kem river (88.8 % of masses) is not 
specified on the "blacklist" of harmful components and impurity under the table A of the Russian national 
state standard GOST 8267-93 „Crushed stone and gravel of solid rocks for construction works. 
Specifications”. Chlorite (3.9 % of masses), magnetite (2 % of masses) and biotite (rock-forming mica) 
make the exception. The amount of these rocks doesn't exceed 5.3 % of the mass according to the results 
of the mineralogical research. 

However, for the specified harmful components of crushed stone, red lines are proceeding from the 
same table A of the Russian national state standard GOST 8267-93, including for magnetite, hematite, 
apatite, nepheline and phosphorite. Their content up to 10 % on crushed stone volume is allowed, or the 
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sum of the quantity of all specified minerals together should not exceed 15 % of the mass. The amount of 
these minerals is allowed to be up to 10 % on crushed stone volume, or the sum of the quantity of all of the 
specified minerals should not exceed 15 % of the mass. 

At gneissic granite crushed stone from the Kem river bed, there is the only magnetite from the listed 
minerals. Its quantity is bearable at the rate of 10 % of the mass. The results of the mineralogical analysis 
of gneissic granite crushed stone from the Kem river bed showed the availability of magnetite only in the 
amount of 2 % of the mass. That is admissible. 

The same situation occurred also for chlorite as a part of crushed stone (3.9 % of the mass) and 
biotite (rock-forming mica, 5.3 % of masses). According to Table A of the Russian national standard GOST 
8267-93 is allowed when the total amount of layered silicates (micas, hydromicas, chlorites) will not exceed 
15 % of the mass. The sum for gneissic granite crushed stone from the bed of the Kem river is not more 
than 9.2 % of the mass as both biotite and chlorite are minerals, which density is much more than 1 g/cm³. 
Consequently, the detailed analysis of the components of the structure of gneissic granite crushed stone 
from the Kem river bed led to a conclusion about a possibility to use the crushed stone as an aggregate for 
hydrotechnical concrete, because in this case, the quantities of harmful components are admissible for the 
recipes of hydrotechnical concrete. 

Based on this, it can be concluded that there are no mineralogical and physicochemical restrictions 
for the use of gneissic granite crushed stone in concrete. This allows to study the mechanical characteristics 
of gneissic granite crushed stone, as well as the characteristics of concrete based on gneissic granite 
crushed stone and their compliance with actual Russian national construction standards GOST 8267-93 
and GOST 26633-2015. 

Table 6. Quantitative phase analysis of gabbro-diabase samples (weight. %) according to the 
full-height analysis by Rietveld method. 

Minerals Permissible 
amount, % 

Amount received, % 
Berezovsk Goloday-gora Ramrucheyskoe 

Actinolite (Amphibole) 100 31 4 45 
Feldspar (Anorthite, Albite, Microcline) 100 29 48 18 

Chlorite 10 11 7 18 
Biotite (mica) 10 – – 13 

Diopside - hedenbergite 100 4 17 4 
Crystalline silica 100 – 10 2 

Mica (Phlogopite-annite) 10 – 6 – 
Dolomite 100 – 1 – 

Clinozoisite 100 25 – – 
 

It follows from the table that even high-strength material does not always satisfy the requirements of 
regulatory documents. Only one of the three crushed stone satisfies the requirements for hydrotechnical 
concrete for the content of chlorides. Based on this analysis, crushed stone manufactured by Goloday-gora 
Ltd. was selected for comparative testing in concrete. 

Table 7. Main properties of concretes. 
Properties Recipe № 1 Recipe № 2 Recipe № 3 

Compressive strength (7 days), MPa 64.6 56.4 71.2 
Compressive strength (28 days), MPa 98.2 77.5 116.6 

Compressive strength (180 days), MPa 115.4 90.1 133.1 
Fresch concrete density, kg/m³ 2481 2487 2496 

Concrete density (28 days), kg/m³ 2405 2398 2416 
Concrete density (180 days), kg/m³ 2392 2387 2396 

Freeze-thaw resistance, cycles 400 400 400 
Water absorption, % 3.5 3.7 3.4 
Waterproofing, Class W20 W20 W20 

Flowability, Class F4 F4 F5 
Fresh concrete density, kg/m³ 2481 2487 2496 
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Figure 2. Compressive strength of concrete, MPa. 

Table 7 and Fig. 2 show that the compressive strength of concrete with gneissic granite crushed 
stone of fraction of 10–20 mm differs from the compressive strength with gabbro-diabase crushed stone of 
fraction of 10–20 mm only by 18.7 % at the age of 28 days and 15.3 % at the age of 180 days. This is a 
rather nonsignificant difference considering the strength (crushability) of the crushed stone. The grade of 
gneissic granite in strength (crushability) was only 200 according to Russian national standard  
GOST 8269.0-97, while the grade of gabbro-diabase was 1400, which is the maximum strength 
(crushability) grade of crushed stone according to Russian national standard GOST 8269.0-97. By 
comparison of absolute values, the compressive strength of concrete with gneissic granite crushed stone 
of fraction of 10–20 mm differs from the strength of concrete with gabbro-diabase crushed stone of fraction 
10–20 mm by 18.4 MPa at the age of 28 days and 17.7 at the age of 180 days. 

Compressive strength values at the age of 7 days were determined as additional to characterize the 
concrete hardening process. At the age of 7 days, concrete with gneissic granite crushed stone of fraction 
of 10–20 mm had 66 % of compressive strength compared to concrete compressive strength at the age of 
28 days, on the concrete with gneissic granite crushed stone of fraction of 3–10 mm had 73 % of 
compressive strength compared to concrete compressive strength at the age of 28 days, on the concrete 
of gabbro-diabase crushed stone of fraction of 10–20 mm had 61 % of compressive strength compared to 
concrete compressive strength at the age of 28 days. 

However, following the regulatory documents for hydrotechnical concrete, it is possible to determine 
the grade strength at the age of 180 days. Due to the operation of hydrotechnical concrete in a water-
saturated state, the strength gain does not stop at the age of 28 days but continues to gain strength further. 

The difference in compressive strength in 28 and 180 days corresponds to regulatory documents, 
which provide for the introduction of increasing factors for analysing the strength gain of concrete after 28 
days of maturing. This is also supported by numerous experimental data from other researchers, [9, 37, 
38].  

 
Figure 3. Fresh concrete density, kg/m³. 
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Table 7 and Fig. 3 show that the concrete density of all recipes is practically equal at the same age. 
The concrete density value is quite typical for concrete with coarse aggregate. This demonstrates that the 
structure of concrete is not disturbed when replacing one crushed stone with another. The lowering of 
concrete density does not occur even when the crushed stone of the fraction of 3–10 mm was used, 
although this effect is quite often observed when the aggregate size is lowered. 

The difference in the flowability of concrete with aggregate from gabbro-diabase (recipe 3) in 
comparison with concrete based on aggregate from gneissic granite (recipes 1 and 2) is primarily 
associated with different water absorption of aggregates since the value of water absorption of gneissic 
granite (~2.2 % of masses) is significantly higher than that value of water absorption of gabbro-diabase 
(0.1 % of masses). Gneissic granite is saturated with water from the composition, which leads to a decrease 
in water amount in the matrix. The introduction of toroidal nanoparticles (Astralene) leads to a better 
penetration of suspension from water and binding materials deep into the crushed stone, as well as directed 
crystallization of cement stone [40]. 

This moment also has a huge positive effect. Gneissic granite crushed stone has rather large pores, 
which leads to saturation with a suspension of water and the binder materials. This leads to the 
strengthening of the crushed stone itself, as well as stronger adhesion between the crushed stone and the 
matrix. 

Table 8. Determination of freeze-thaw resistance of concrete with gneissic granite crushed 
stone of fraction of 10–20 mm. 

Reference sample Control sample (12 freezing/thawing cycles) 

No 

Sample 
dimension, cm Ultimate 

load, 
kN 

Comp. 
strength, 

MPa 
No 

Sample 
dimension, cm Ultimate 

load, 
kN 

Comp. 
strength, 

MPa 

Weight, g 
Weight 
loss, % 

length a length b length a length b before 
testing 

after 
testing 

1 10 10 941.4 94.1 1 10.1 10.0 900.9 89.2 2475 2475 

 

2 10.1 10 960.5 95.1 2 10 10.1 910 90.1 2479 2479 
3 10 10 956.7 95.7 3 10 10 892.44 92.4 2464 2465 
4 10 10 1061.2 96.1 4 10 10 935.8 93.6 2484 2484 
5 10 10 9971.9 97.2 5 10 10 947.6 94.8 2466 2467 
6 10.1 10 1008 99.8 6 10 10 957.3 95.7 2477 2477 

Strength average value 96.3 Strength average value 92.6 Total: Total: 
Mean root square deviation 1.8 Mean root square deviation 2.36 14845 14847 -0.02 

Coefficient of variation 1.88 Coefficient of variation 2.54 
No weigth loss Lower range value of confidence 

interval, Хк min 91.1 
Lower range value of 

confidence interval, Хо min 86.1 

The freeze-thaw resistance condition Хо>0.9 Хк min is positive (86.1>0.9*91.1 or 86.1>82) 
These concrete samples correspond to the frost resistance grade F1400 according to Russian national standard  

GOST 10060-2012 

 

The freeze-thaw resistance of concretes with gabbro-diabase of the fraction of 10–20 mm and 
gneissic granite of fraction of 3–10 mm was also F1400. Calculation tables are not specified, since they do 
not carry a semantic charge. Tests were carried out according to the same standard method as the freeze-
thaw resistance test of concrete with gneissic granite of the fraction of 10–20 mm (Table 8). 

The freeze-thaw resistance value F400 is a very high class of freeze-thaw resistance even for 
concrete with high-quality aggregates. The freeze-thaw resistance class of concrete the most frequently 
used in civil engineering is class F50-150. It is safe to notice in this case that the combination of basalt 
microfiber (which is distributed evenly throughout the entire volume of concrete) and carbon toroidal 
nanoparticles (Astralene) contributes to achieving such a high freeze-thaw frost resistance class. The effect 
of fibers on the freeze-thaw resistance of concrete has been studied in [41, 42], and the effect of 
nanoparticles has been studied here [34, 43]. 

Concrete with freeze-thaw resistance class F400 belongs to the group of high freeze-thaw 
resistance. Concretes with this frost resistance class belong to the group of special concretes. They are 
intended for use in special cases. For example, such concretes are used when there is a variable level of 
water contacting the concrete structure in addition to low temperatures. 
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The high waterproofing class (maximum according to Russian national standard  
GOST 12730.5-2018) indicates that this concrete does not need additional water isolation. And even more, 
the concrete itself becomes a water isolation material. This is a very significant factor, as it seriously 
simplifies the tasks of water isolation during construction when temporary and financial resources are spent 
on additional water isolation. 

A high class of freeze-thaw resistance in sum with a high class of waterproofing makes this one also 
more durable since when concrete is used in the north of Russia, the durability of concrete directly depends 
on its freeze-thaw resistance and waterproofing. 

It should be noted that this study was originally aimed at demonstrating the fundamental possibility 
of developing high-strength concretes using low-quality (low-strength) aggregate. The matrix used provides 
extensive further opportunities for concrete development already directly for practical applications using 
solid industrial and construction waste, which meets the global challenges facing construction in the 21st 
century [39, 44]. Moreover, for the production of civil and even special-purpose concretes of low classes, it 
is possible to achieve a significant decrease in the amount of cement (up to 150–200 kg/m3) using 
analogues of the developed matrix. Modern high performances concretes are not associated with an 
increased cement amount, but, above all, the use of current achievements in construction chemistry and 
pozzolan additives and fibers [45]. For example, when using pozzolan admixes and nanomodification, 
concrete strength values of more than 80 MPa were obtained in the paper [46]. Strength values of more 
than 100 MPa at the age of 90 days using nanomaterials were obtained in the paper [47]. 

It also stands to mention that this paper was not aimed at studying the effect of nanomodifiers on the 
properties of concrete. The influence of nanomodifiers has already been studied in previous works by the 
authors of this paper, as well as other researchers. Nanomodifiers were used as additives to concrete, such 
as silica fume, shale ash, etc., the effectiveness of which has already been proven in concrete. 

4. Conclusions 
1. Mineralogical, strength and climatic properties of gneissic granite crushed stone produced from 

gneissic granite rock by crushing were investigated. During the study, it was found that gneissic granite 
crushed stone has a rather high freeze-thaw resistance, but low strength and high value of water absorption. 
However, gneissic granite crushed stone does not have any restrictions for use in concrete in its 
mineralogical composition. 

2. High-strength concretes with a strength of 98.2 MPa (fraction of 10 – 20 mm) and 77.5 MPa 
(fraction of 3 – 10 mm) at the age of 28 days based on two fractions of gneissic granite crushed stone was 
developed. Concrete strength increased up to 115.4 MPa (fraction of 10 – 20 mm) and up to 90.1 (fraction 
of 3 – 10 mm) after 180 days of maturation. 

3. Obtained values of compressive strength of concrete based on low-quality gneissic granite 
crushed stone differed not too significantly from compressive strength of concrete made according to the 
same recipe using high-strength gabbro-diabase crushed stone. Compressive strength values were 
98.2 MPa and 116.6 MPa (28 days) and 115.4 MPa and 131.1 MPa (180 days) for gneissic granite and 
gabbro-diabase crushed stone, respectively. 

4. This nonsignificant difference in compressive strength of concrete compared to the huge 
difference in strength (crushability) of the crushed stone is due to the fact that in the case of using a low-
strength aggregate, the main load was taken by the concrete matrix, not the aggregate. Due to the high 
value of water absorption of the crushed stone, crushed stone was saturated with a suspension of water 
and binder materials, which led to the strengthening of the crushed stone, as well as stronger adhesion to 
the concrete matrix, which made it possible to distribute the load more evenly. 

5. The developed matrix makes it possible to produce high-strength concrete in hard-to-reach and 
remote regions with difficult access to high-strength concrete aggregates. It also makes it possible to obtain 
high-strength concretes when using aggregates from industrial and construction waste, which meets the 
global challenges facing construction in the 21st century. 

6. The freeze-thaw resistance value F400 is a very high class of freeze-thaw resistance even for 
concrete with high-quality aggregates. The freeze-thaw resistance class of concrete the most frequently 
used in civil engineering is class F50-150. Concrete with freeze-thaw resistance class F400 belongs to the 
group of high freeze-thaw resistance. Concretes with this class of frost resistance belong to the group of 
special concretes. They are intended for use in special cases. For example, such concretes are used when 
there is a variable level of water contacting the concrete structure in addition to low temperatures. 
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7. It is safe to notice in this case that the combination of basalt microfiber (which is distributed evenly 
throughout the entire volume of concrete) and carbon toroidal nanoparticles (Astralene) makes contributes 
to achieving such a high freeze-thaw frost resistance class. 

8. The combination of high compressive strength, the low value of water absorption, high water 
waterproofing class, and high freeze-thaw resistance makes the developed concrete unique since a low-
strength aggregate was used. 
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