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Abstract. The aim of the study is to determine the stress-strain state of the shell under step loading beyond 
the elastic limit. At the loading step, relations between strain increments and stress increments are obtained 
without accepting the hypothesis of a straight normal. For the numerical implementation of the algorithm in 
the calculation of the shell without using a straight normal, a prismatic finite element has been developed. 
We consider the physically nonlinear deformation of the shell, an arbitrary point of which is represented by 
a radius vector defined by the curvilinear coordinates of the reference surface and the distance from the 
reference surface to the point under consideration. By differentiating the radius-vector function, the basis 
vectors of the point under consideration are determined, the scalar products of which are the components 
of its metric tensor. The increments of deformations at the loading step are defined as the differences of 
the corresponding components of the metric tensors. The defining equations at the loading step are 
obtained in two versions. In the first version, they are determined by differentiating the stress functions of 
the deformation theory of plasticity, which are obtained on the basis of dividing deformations into elastic 
and plastic parts using the hypothesis of material incompressibility during plastic deformation. In the second 
version, they are obtained without using the operation of dividing the strain increments into elastic and 
plastic parts on the basis of the proposed hypothesis that the components of the deviator of the stress 
increments are proportional to the components of the deviator of the increments of deformations. For the 
numerical implementation, a three-dimensional prismatic finite element with a triangular base was used for 
nodal unknowns in the form of displacements and their first derivatives with respect to curved coordinates. 
The correctness of the proposed variant of obtaining physically nonlinear defining equations at the loading 
step of the deformable shell is confirmed by a numerical example. On the example of calculating a 
cylindrical shell under the action of internal pressure, clamped at one end and free at the other, the values 
of normal stresses in the embedment turned out to be approximately 14% lower in the case of using the 
proposed variant of obtaining the constitutive equations at the loading step. The developed algorithm for 
determining the stress-strain state in the physically nonlinear deformation of elements of technospheric 
objects can be used in the practice of engineering calculations. 
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1. Introduction 
Currently, technospheric objects are subject to rather stringent requirements to minimize their 

material consumption, without reducing the criterion of their strength, stability, durability, etc. The above 
requirements are fully met by shell-type structures with curved surfaces. The analysis of the stress-strain 
state (SSS) of such objects by classical analytical methods of calculation is difficult, especially in a nonlinear 
setting. The theory of the stress-strain state of a solid has received quite sufficient development [1–5]. To 
solve the problems of strength of objects of engineering practice, approximate calculation methods were 
developed both in a linear formulation [6–10] and in a nonlinear one [11–15]. Due to the complexity of 
solving the equations of deformation mechanics as applied to specific elements of engineering objects, the 
task of developing numerical methods for determining the stress-strain state has become urgent [16–20]. 
Among the numerical methods for calculating the constituent parts of engineering objects, the finite element 
method (FEM) has become widespread [20–22]. It has been applied to cylindrical shells of circular and 
elliptical sections [13, 14], as well as to plates and shells with finite deformations [15, 23, 24]. FEM was 
also widely used to calculate nonlinear elastic bodies and shells taking into account the Kirchhoff hypothesis 
[25–29]. Composite shells were calculated based on the FEM [30–33]. Volumetric finite elements were also 
used to calculate the shells without taking into account Kirchhoff's hypothesis [34–37]. Volumetric finite 
elements were used to calculate elastic and inelastic solids based on the method of virtual components 
[38, 39]. 

In the case of deformation of shell structures under various combinations of loads, it becomes 
possible for zones of significant stress concentrations to appear, in which the relationships between 
stresses and deformations become nonlinear. When solving problems of this class, the method of step 
loading [36] is widely used to obtain the governing physically nonlinear equations at the loading step, the 
method of decomposing the increments of deformations into elastic and plastic parts is used [37, 38]. 

When analyzing the SSS of shells of arbitrary configuration and thickness, the most promising are 
three-dimensional sampling elements without reduction to two-dimensional ones based on any hypothesis. 
Despite the wide range of computing systems of foreign and domestic production, the problem of improving 
the finite element algorithms for analyzing the SSS of technospheric shell-type objects based on three-
dimensional discretization elements, taking into account the elastic-plastic stage of the material used, 
remains very urgent. 

In this paper, at the loading step, an algorithm for the formation of the stiffness matrix of a prismatic 
discretization element is presented, intended for calculating structures from shells of arbitrary thickness 
and configuration, taking into account the physical nonlinearity of the material used. A distinctive feature of 
the study is the developed method for obtaining the constitutive equations at the loading step based on the 
hypothesis that the components of the deviator of the deformation increments are proportional to the 
components of the deviator of the stress increments without dividing the increments of deformations into 
elastic and plastic parts. 

When implementing the proposed hypothesis, the proportionality coefficient of the constitutive 
equations turned out to be a function of the chord modulus of the material deformation diagram, which 
opens up prospects for using the constitutive equations obtained by this method even in the presence of 
unloading zones of the calculated structures. 

2. Methods 
The reference surface, which is the curvilinear boundary of the object under study, is determined by 

the radius vector [40] (Fig. 1). 

( ) ( ) ( )0 1 2 1 2 1 2, , , ,R x i y j z k= θ θ + θ θ + θ θ



 

                                    (1) 

where , ,i j k


 

 are unit vectors of the Cartesian coordinate system, ( )ρθ ρ 1, 2=  are curvilinear 
coordinates of the reference surface. 
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Figure 1. Geometry of the shell: – an arbitrary point of the reference surface of the shell; 

 – arbitrary point of the shell. 

The position of an arbitrary point 0tM  of the object located at a distance of ,t  measured along the 
normal to the reference surface, is determined by the radius vector of the form 

0 0 0,tR R t= + α
 



                                                                     (2) 

where 0 0 0 0 0
1 2 1 2a a a a a= × ×

    

 is the unit vector of the normal to the reference surface [41]; 

1 2
0 0 0 0
1 2, ,; .a R a R

θ θ
= =
 

 

 Here and below, the comma means the operation of differentiation by the 

corresponding coordinate, for example, ( )ρθ ρ 1, 2= . 

The basis vectors of point 0tM  are determined by differentiating (2) with respect to ρθ  and t . 

1 2
0 0 0 0 0 0
1 2 3 ,, ,; ... ; ... .t t t

tg R g R g R
θ θ

= = =
  

  

                                            (3) 

1. or in matrix form 

{ } [ ]{ } { } [ ] { }10 0; ,g l i i l g−= =
 

 

                                                  (4) 

where { } { } { } { }0 0 0 0
1 2 3 , .

T
g g g g i i j k= =



  

   

 

2. Differentiation (3) with allowance for (4) determines the derivatives of the basis vectors by the 
components in this basis 

{ } [ ][ ] { } [ ]{ }10 0 0
, ,i i ig Z l g m g−= =
  

                                              (5) 

where { } { } ( )0 0 0 0 1 2
, 1, 2, 3, ; , , .

T
i i i ig g g g i t= = θ θ
   

 

When studying the stress-strain state of technospheric objects in a nonlinear formulation, a step-by-

step loading procedure is usually used, during which an arbitrary point of object 0tM  will move to point 
tM  in j  loading steps, and to point *tM  in the ( )th1j +  loading step. 

The positions of points tM  and *tM  are determined by the corresponding radius vectors 

0 *; ,t t t tR R V R R W= + = +
     

                                                        (6) 



Magazine of Civil Engineering, 113(5), 2022 

 

where 0i
iV v g=





 and 0i
iW w g=





 are the total and step vectors of displacement of point 0 .tM  

The vectors of bases at points tM  and 0tM  can be determined by differentiating (6) with respect 

to ρθ  and t . 

1 1 2 2

1 1 2 2

0 0 0
1 1 2 2 3 , 3 ,, , , ,

* * * * * *
1 1 2 2 3 , 3 ,, , , ,

; ... ; ... ;

; ... ; ... .

t t t
t t

t t t
t t

g R g V g R g V g R g V

g R g W g R g W g R g W
θ θ θ θ

θ θ θ θ

= = + = = + = = +

= = + = = + = = +

     

     

     

     

                 (7) 

The covariant components of the metric tensors at points 0 , ,t tM M  and *tM  can be obtained by 
scalar products of vectors (3), (7). 

0 0 0 * * *; ; .mn m n mn m n mn m ng g g g g g g g g= ⋅ = ⋅ = ⋅
     

                                         (8) 

The covariant components of the deformation tensor at point tM  in j  loading steps and the 

increment tensor at the ( )th1j +  loading step at point *tM  can be calculated using the classical relations 
of continuum mechanics [42] 

( ) ( )0 *0.5 ; 0.5 ,mn mn mn mn mn mng g g gε = ⋅ − ∆ε = ⋅ −                               (9) 

which are represented in matrix form 

{ } [ ]{ } { } [ ]{ }1 2
6 1 3 1 6 1 3 16 3 6 3

; ,L v L w
× × × ×× ×
ε = ∆ε =                                                (10) 

where { } { } { } { }11 22 33 12 13 23 11 22 33 12 13 23
1 6 1 6

2 2 2 ; 2 2 2 ;T T

× ×
ε = ε ε ε ε ε ε ∆ε = ∆ε ∆ε ∆ε ∆ε ∆ε ∆ε

 

{ } { } { } { } [ ]1 2 3 1 2 3
1

1 3 1 3 6 3
; ;T Tv v v v w w w w L

× × ×
= =  and [ ]2

6 3
L
×

 matrices of algebraic and differential 

operators. 

3. Matrix of elastic-plastic deformation at the ( )th1j +  step of loading 

At the ( )th1j +  loading step, it is necessary to have a relationship between the stress increment 
tensor and the strain increment tensor. 

To obtain ratios in a curvilinear coordinate system between the components of stress and strain 
tensors, the hypothesis of proportionality of the stress deviator components to the strain deviator 
components is used [43] 

( ) ( )1 1
1 2 1 ,
3 3 3

mn mn mn mn
cg I E g I σ − σ = ε − ε 
 

                                        (11) 

where mnσ  is contravariant component of the stress tensor; mng  is contravariant component of the metric 

tensor; mn mi nj
ijg gε = ε  is contravariant component of the strain tensor; ( )1

ij ij
ij ijI g gε = ε = ε  is the first 

invariant of the strain tensor; ( )1
ij ij

ij ijI g gσ = σ = σ  is the first invariant of the stress tensor; cE  is secant 

module of the deformation diagram. 

The relationship between the first invariants of the stress and strain tensors is [43] 

( ) ( ) ( )1 1 1 ,
1 2

EI I K Iσ = ε = ⋅ ε
− ν

                                                  (12) 

where E  is the modulus of elasticity of the material; ν  is coefficient of transverse deformation. 
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Using (12) from (11), expressions for the contravariant components of the stress tensor are 
determined 

( )1
2 1 2 .
3 3 3

mn mi nj mn
c ij cE g g g I K E σ = ε + ε − 

 
                                    (13) 

The relationships between the increments of the stress tensor components and the increments of 
the components of the deformation tensor are determined by differentiation (13) 

ε ,
mn

mn
ij

ij

∂σ
∆σ = ∆

∂ε
                                                       (14) 

or in matrix form  

{ } { }1
6 1 6 16 6

,CΠ

× ××

 ∆σ = ∆ε                                                          (15) 

where { } { }11 22 33 12 13 23 .
Tmn∆σ = ∆σ ∆σ ∆σ ∆σ ∆σ ∆σ  

The implementation of relations (14) in a three-dimensional formulation involves a significant amount 
of analytical calculations due to the variability of the components of the metric tensors, which significantly 
complicates the programming procedure. Therefore, in this work, we propose a layout of the constitutive 

equations at the ( )th1j +  step of loading based on the proposed hypothesis of proportionality of the 
components of the deviator of the stress increments to the components of the deviator of the increments of 
deformations, according to which the following expression can be written 

( ) ( )1 1
1 2 1 ,
3 3 3

mn mn mn mn
xg I E g I ∆σ − ∆σ = ∆ε − ∆ε 
 

                                  (16) 

where mn∆σ  is contravariant component of the stress increment tensor; mn mi nj
ijg g∆ε = ∆ε  is 

contravariant component of the strain increment tensor; ( )1
ij ij

ij ijI g g∆ε = ∆ε = ∆ε  is the first invariant of 

the strain increment tensor; ( )1
ij ij

ij ijI g g∆σ = ∆σ = ∆σ  is the first invariant of the stress increment 

tensor; xE  is chordal module of the material deformation diagram. 

Taking the relationship between the first invariants ( )1I ∆σ  and ( )1I ∆ε  according to (12), based 
on (16), the governing equations at the loading step can be written in the form 

( )1
2 1 2 ,
3 3 3

mn mi nj mn
x ij xE g g g I K E ∆σ = ∆ε + ∆ε − 

 
                               (17) 

which are represented in matrix form 

{ } { }2
6 1 6 16 6

.CΠ

× ××

 ∆σ = ∆ε                                                             (18) 

4. Stiffness matrix of the prismatic discretization element at the ( )th1j +  loading step 



Magazine of Civil Engineering, 113(5), 2022 

 

 
Figure 2. Finite element geometry: 

in the global coordinate system; b) in the local coordinate system. 

A prismatic fragment with triangular bases with nodes kji ,,  (lower base) and nml ,,  (upper 
base) (Fig. 2a) was chosen as the sampling element for the investigated technospheric object of the shell 
type. To perform numerical integration, the prismatic fragment was mapped onto a local prism with a 
triangular base in the form of a right-angled triangle with local coordinates varying within 0 , 1≤ ξ η ≤  and 
with a local coordinate in height varying within 11 ≤≤− ζ (Fig. 2b). The nodal variable parameters of this 
element are the increments of the displacement vector components and their first-order partial derivatives. 
The columns of the required step nodal unknowns in the local , ,ξ η ζ  and global 1 2θ , θ , t  coordinate 
systems can be represented in the following form 

{ } { } { } { }1 2 3

1 24 1 24 1 241 72

;
T T T TL L L LW w w w

× × ××

  =  
  

                                               (19) 

{ } { } { } { }1 2 3

1 24 1 24 1 241 72

,
T T T TG G G GW w w w

× × ××

  =  
  

                                              (20) 

where { } { }, , , , , ,
1 24

... ... ... ;
TL i j k l m n i n i n i nq q q q q q q q q q q q qξ ξ η η ζ ζ

×

=  

{ } { }1 1 2 2 , ,,θ ,θ ,θ ,θ
1 24

... ... ... ... ;
TG i n i n i n i n

t tq q q q q q q q q
×

=  q  is understood as the component of the step 

motion vector 1 0 2 0 3 0
1 2 .w w a w a w a= + +

   

 

When approximating the components of the displacement vector at the loading step, we used the 
products of two-dimensional polynomials of the third degree in the planes of triangular bases and Hermite 
polynomials of the third degree in the direction of the height of the local prism 

{ } [ ]{ } [ ] { },L Gw A W A P WR = =                                              (21) 

where [ ]RP  is transformation matrix between columns of nodal unknowns in local and global coordinate 
systems. 

Taking into account (21), the strain increments are determined by the following expression 

{ } [ ][ ]{ } [ ][ ]{ }2 .L G
RL A W B P W∆ε = =                                     (22) 

For the arrangement of the stiffness matrix and the column of nodal forces of the prismatic 

discretization element at the ( )th1j +  loading step, the Lagrange functional was used 

{ } { } { }( ) { } { } { }( )Δ d d ,T T
L

V S
Ф ε V w P P S= σ + ∆σ − + ∆∫ ∫                     (23) 
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where { }P ; { }P∆  are columns of the external load in j  loading steps and increments of this load at the 

( )th1j +  loading step; { }σ , { }σ∆  are columns containing contravariant components of stress tensors 

accumulated over j  loading steps and increments of these stresses at the ( )th1j +  loading step; V  is 

volume; S  is load application surface. 

Functional (23), taking into account (22), can be transformed to the form 

{ } [ ] [ ] { }

{ } [ ] [ ] [ ][ ] [ ]{ }

{ } [ ] [ ] { } { } [ ] [ ] { }

d

d

d d .

T T TG mn
L R

V
T T TG G

R П R
V

T TT T T TG G
R R

S S

Ф W P B V

W P B C B V P W

W P A P S W P A P S

= σ +∫

+ −∫

− − ∆∫ ∫

                      (24) 

By minimizing (24) by { } ,
TGw  one can obtain the following matrix expression 

[ ]{ } { } { } ,GK W f R= −                                                           (25) 

where [ ] [ ] [ ] [ ][ ] [ ]dT T
R П R

V
K P B C B V P= ∫  is stiffness matrix of the prismatic sampling element at the 

( )th1j +  loading step; { } [ ] [ ] { }dT T
R

S
f P A P S= ∆∫  is column of nodal forces of the sampling element at 

the ( )th1j +  loading step; { } [ ] [ ] { } [ ] [ ] { }d dT T T T
R R

V S
R P B V P A P S

 
= σ −∫ ∫ 
 

 is Newton-Raphson 

correction. 

3. Results and Discussion 
In order to verify the developed algorithm, a test problem was solved to determine the stress-strain 

state of a circular cylinder rigidly clamped along the right end and having a left end free of fixings (Fig. 3). 
The cylinder was loaded with an internal pressure of intensity 3.5q =  MPa. Geometrical dimensions of 
the cylinder: generatrix length 0.8L =  m; the radius of the inner surface of the cylinder is 0.895R =  m; 

wall thickness 0.01t =  m. Duralumin alloy 47.5 10E = ⋅  MPa was used as a material; 0.32ν = . The 
deformation diagram was selected with linear hardening determined by the formula 

( )18087 ,T T
i i i iσ = ε − ε + σ                                                    (26) 

where 0.00295T
iε =  is the intensity of deformations corresponding to the yield point; 200T

iσ =  MPa is 
stress intensity corresponding to the yield point. 

 
Figure 3. Design scheme of the shell. 
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Along the generatrix, the cylinder was divided into 25 finite elements. The shell was crushed into 8 
sampling points along the thickness. 

The results of finite element calculations are summarized in a table, which shows the values of 

"physical" normal stresses on the outer outσ  and inner inσ  surfaces of the cylinder in a rigid embedment 
and at the free end, depending on the number of loading steps. 

It should be noted that the stress values obtained using the constitutive relations according to (14) 
and (16) turned out to be quite close. 

Table 1. Values of normal stresses in the rigid termination and at the free end of the cylinder. 

Cross section Stress, MPa 
Number of loading steps Analytical stress 

values 12 22 32 42 

Rigid 
termination 

11
inσ  421.4 436.1 434.7 434.0 – 

11
outσ  –440.1 –436.5 –433.6 –432.7 – 

22
inσ  198.3 205.2 204.6 204.2 – 

22
outσ  –207.1 –205.4 –204.0 –203.6 – 

Free end 

11
inσ  0.003 0.003 0.002 0.0019 0.000 

11
outσ  -0.003 0.000 0.001 0.001 0.000 

22
inσ  310.6 313.8 314.9 315.4 315.0 

22
outσ  317.3 315.4 314.8 314.5 315.0 

33
inσ  –3.50 –3.50 –3.50 –3.50 –3.50 

33
outσ  0.003 0.003 0.003 0.004 0.000 

 

Analysis of the numerical values of the stresses presented in Table 1 shows that there is a stable 
convergence of the computational process with an increase in the number of loading steps. The numerical 
values of the stresses at the free end of the cylinder practically coincide with the values obtained from the 
static equations. The meridional stresses ( )11σ  at the end of the cylinder must be zero, because the 
external load, represented by the internal pressure q , acts along the normal to the inner surface of the 

cylinder and its projection onto the generatrix of the cylinder is zero. Hoop stresses ( )22σ  can be obtained 

from the equilibrium condition of 22
3.5 0.9 315.0

0.01
qR
t

⋅
σ = = =  MPa. The stresses acting along the normal 

to the inner surface must coincide in absolute value with the intensity of the inner pressure, i.e. 

33 3.5qσ = − = −  MPa. 

Analyzing the numerical values of normal stresses 11σ  in a rigid termination, it can be noted that 
they correspond to the condition of static equilibrium, namely: the sum of internal longitudinal forces should 
be zero, since there are no external longitudinal forces. The sum of internal longitudinal forces can be 
determined by calculating the areas of the diagrams of compressive and tensile stresses 11,σ  
approximately taking the area in the form of the sums of triangular and trapezoidal fragments (Fig. 4). 
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Figure 4. Stress diagram 11σ  in a rigid termination with the number of steps 42sn =  

The total tensile force is 1 2 1354.5N N Nt = + =  kN and the total compressive force is 

3 4 1347.0cN N N= + =  kN. 

The difference between tN  and cN  is negligible (about 0.16 %). 

In the numerical implementation of the developed algorithm on the considered test problem, a 
calculation was performed based on the relationships between stress increments and strain increments 
obtained by differentiating the governing equations of the deformation theory of plasticity (10) in accordance 
with formula (11). The use of this differentiation approach is widespread [44, 45]. The numerical values of 
normal stresses in a rigid seal based on formula (11) turned out to be 15.6 % less for 11

inσ  and 14.2 % less 

for hoop stresses 22.inσ  

Fig. 5 shows graphs showing changes in normal stresses 11σ  and 22σ  in a rigid seal on the inner 
inσ  and outer outσ  surfaces of the cylinder, depending on the number of prismatic elements along the 

generatrix of the cylinder. As can be seen from Fig. 5, there is a stable convergence of the computational 
process when the discretization grid is refined, which is an additional criterion for the adequacy of the 
developed calculation algorithm. 

 
Figure 5. Stresses 11σ  and 22σ  in a rigid termination depending  

on the number of finite elements along the generatrix. 
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4. Conclusion 
Based on the research performed, the following conclusions can be drawn: 

1. The difference in the numerical values of the normal stresses in the embedding of the cylindrical 
shell from the effect of internal pressure, obtained on the basis of the constitutive equations (10) and (11), 
turned out to differ by about 14 %. Consequently, in the case of elastic-plastic deformation, it is physically 
more reasonable to obtain the governing equations between stress increments and strain increments on 
the basis of the proposed hypothesis that the components of the deviator of the stress increments are 
proportional to the components of the deviator of the increments of deformations. 

2. For strength calculations of shells of various shapes and thicknesses, it is preferable to use the 
developed volumetric finite element without using additional hypotheses about deformation along the 
thickness of the shell structures. 

3. A numerical example confirmed the accuracy of determining the parameters of strength during 
deformation beyond the elastic limit, sufficient for solving shell-type engineering objects. 
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