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Abstract. An air-conditioned room with automatic regulation of its microclimate systems using complex 
control algorithms is one of the most complex objects for calculating non-stationary thermal regime, so this 
mode is still insufficiently studied. At the same time, such facilities are typical for providing internal weather 
parameters in civil buildings. In this paper, we consider a simplified mathematical formulation and solution 
to the problem of changing the temperature of internal air in a room equipped with a back-ground supply 
ventilation system and automated local cooling systems under variable thermal effects. The main equations 
connecting the most important components of the heat flow in the room are analyzed, given we neglect the 
heat accumulation of the array of fences in the first approximation. The dependence on time for the devia-
tion of the room air temperature from the setpoint and the expression for the moment of time at which the 
maximum temperature deviation is observed, when the heat flow changes abruptly and the equipment of 
local cooling systems is regulated according to the integral law are presented. Calculations were made to 
confirm the obtained analytical solution using a finite-difference approximation of the differential equations 
of heat balance and heat transfer, as well as by comparing the solution obtained by the author earlier, 
taking into account the spread of the temperature wave in fences, on the example of one of the currently 
existing residential buildings in the climatic conditions of Moscow. It is noted that the estimated value of the 
largest temperature deviation from the setpoint (dynamic control error) and the time for this deviation in the 
considered problem statement do not depend on the transmission coefficient of the regulator. The obtained 
relations are proposed to be used for an approximate assessment of the non-stationary thermal regime of 
an air-conditioned room served by local cooling systems controlled by the integral law, as well as for deter-
mining the required parameters of the regulator, including using multivariate calculations with changes in 
the parameters of the problem. 

Citation: Samarin, O.D. Thermal mode of a room with integrated regulation of microclimate systems. Mag-
azine of Civil Engineering. 2022. 116(8). Article no. 11610. DOI: 10.34910/MCE.116.10 

1. Introduction 
In the present paper, as an object of a study it is considered the behavior under the conditions of 

variable thermal effects of the internal air temperature in premises equipped with automated local cooling 
systems and background supply ventilation system. 

The set of internal meteorological parameters in premises must be maintained within the limits de-
termined first of all by the conditions of human comfort or the maintenance of technological process, which, 
in turn, are mainly associated with life safety requirements. In fact, the hygrothermal regime is stabilized 
mainly with the help of automatic regulation and control of engineering systems for microclimate mainte-
nance allowing for building's own thermal capacity. At the same time, since the thermal effects on premises 
and their heat losses are almost always variable, this task turns out to be significantly non-steady.  
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The issues of calculating the temperature change in air-conditioned premises in the course of ap-
pearance of thermal disturbances have been studied for quite a long time. So, some simplified analytical 
solutions to this problem are even given in reference and educational literature. Of course, they mainly 
relate only to the thermal regime of insulated enclosures when cooling a building under the conditions of 
emergency shutdown of heat supply systems or on periodic changes in heat fluxes without taking into 
account the overall heat balance of premises. However, it can be noted that in recent years more complex 
papers have been published, in particular, [1, 2], but their results in many cases turn out to be complicated 
enough, at which point it is difficult to use them for engineering calculations. At the same time, numerical 
methods are more used for study non-steady regimes and their modeling. Therefore, publications [3, 4], for 
example, may be interesting in this respect, and especially approaches of this type are currently character-
istic of foreign papers, among which there are quite typical studies [5–7]. However, a number of options for 
these solutions relate to objects of a specific type, operating in limited areas and under special conditions, 
for example, underground pipelines [8], or for ventilated facades combined with natural ventilation systems 
[9]. The work [10] is devoted to the non-stationary gas regime of a room with the release of harmful sub-
stances contained in building materials in it and the management of this regime, but the theoretical basis 
of the processes considered there and the results obtained can in many ways be extended to the thermal 
regime. Moreover, the authors of some studies in this area, on the contrary, solve the inverse problem – on 
determination of thermophysical characteristics of a material by studying temperature fluctuations [11–13] 
or using thermography methods [14]. Papers [15–19] are devoted to the modeling of processes in premises 
as a whole. Thus, in [15] it is presented a very detailed multiparameter numerical model of a simulation 
type, but it applies only to the cold season in the presence of heating. The publications [16–19] are also 
quite holistic, for example, in [16, 17] they talk about the use of the principles of fuzzy logic in organization 
of microclimate control, and [18, 19] are mostly based on the methods of automatic control theory, but their 
results are still quite difficult for use in engineering practice. Finally, there are studies concerning the general 
principles of the management of engineering systems of a building and the energy saving under these 
conditions, for example, [20–22], but due to their general nature, they also do not have specific dependen-
cies of interest to us. 

On the basis of differential equation of the balance of convective heat for premises as a whole, the 
author in article [23] managed to find an analytical solution to the problem of the temperature drop in the 
event of emergency shutdown of heat supply. However, more complicated cases require additional consid-
eration when such an equation is nevertheless amenable to integration. First of all, we are talking about 
regimes when the premises are serviced by standard systems for maintenance of internal microclimate, 
equipped with the appropriate equipment for their automatic regulation, which makes it possible to provide 
the required set of internal meteorological parameters under variable thermal effects. Therewith, in many 
cases, control algorithms with an integral component are preferable, when the control action is proportional 
to the sum of the accumulated deviation from the moment the thermal disturbance appears, and, therefore, 
the control process will be carried out until this deviation is completely eliminated. Thus, in contrast to 
simpler proportional controllers, this circuit is devoid of their main disadvantage, namely, a non-zero static 
control error. 

However, it should be noted that in the engineering practice of recent years, the more typical situation 
is when the temperature of the air in premises and the temperature of surfaces of their enclosing structures 
is actually maintained at the required level, mainly due to local cooling systems, for example, of the “chiller-
fancoil” type or split systems. They use complete recirculation of the air cooled and, therefore, do not take 
part in the overall air balance of premises. Another fairly common option is the installation of radiant panel 
cooling systems, the most common of which in recent times are chilled ceilings. In all these cases, the 
provision of the sanitary-hygiene requirements is accounted for a part of mechanical supply air system, 
namely, the maintenance of the necessary cleanliness of the internal air, and if at the same time it is pro-
vided the cooling of the inflow, then this process serves mainly to reduce, as far as possible, the heat load 
on the local cooling systems so that hot air does not enter the premises. 

In publication [24], the author obtained a very general analytical solution to the problem of change of 
the temperature in the premises under these conditions using the integral law of climate system regulation. 
The corresponding dependence is written in the form of a fairly rapidly convergent series in powers of the 
independent variable, which is the square root of the time period elapsed since the appearance of the 
thermal disturbance. However, it is advisable to consider the possibility of some simplification of this solu-
tion on retention of its physical validity, which will expand the possibilities of its analysis and comparison 
with existing analogues, with the simultaneous identification of limits when such a simplification is permis-
sible, and, thereby, with an evaluation of the degree of influence of various parameters of the problem on 
the behavior of internal temperature. 

Therefore, the relevance of the proposed work consists in the need to search for simpler analytical 
dependences of the time variation of the internal air temperature in premises cooled by local automated 
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systems, taking into account the amount of heat input, the thermal stability of premises and the character-
istics of the controller, as well as the relationship of these characteristics with the maximum temperature 
deviation from a given value. These dependencies should be written in the form of final formulas acceptable 
for engineering use, but, at the same time, physically based, having satisfactory accuracy and allowing for 
evaluative multivariate calculations to analyze the behavior of the temperature in premises and synthesize 
the corresponding automatic control system. The application of the results achieved in this case will be 
possible for a very wide range of objects of a similar type.  

The objective of the paper is to develop simplified analytical methods for calculating the non-steady 
thermal regime of premises served by local automated cooling systems in the presence of a background 
unregulated inflow. The tasks of the study are the following: 

− setting up of a basic system of differential equations describing the heat balance and heat exchange 
in air-conditioned premises, taking into account the presence of automated systems for microcli-
mate maintenance; 

− obtention of an analytical solution of this system in the form of final formulas upon a jump-like 
thermal effect and regulation of cooling systems according to the integral law; 

− construction of analytical dependencies for the maximum deviation of the air temperature in prem-
ises from the setpoint and for the moment in time when this deviation is observed, and their confir-
mation by comparison with the data of program generation; 

− identification of limits when the introduced simplifications are acceptable, and evaluation of the 
degree of influence of the problem parameters on the thermal conditions of premises based on 
comparing the results with the general analytical solution obtained by the author in paper [24]. 

2. Methods 
Let’s write the equation of the balance of convective heat for the air in premises within the framework 

of its one-zone model in the following form: 

( ) ( ).03600 ,in
in s a s in c in in r a a

dtQ G c t t Q t t V c
d

+ − − −Λ − = ρ
τ

                        (1) 

where inQ  is the delivery of sensible heat to the air of premises from sources, W; cQ  is the amount of 

regulated heat flow, W, from local cooling systems, which is designed to compensate for heat gain; rV  is 

the volume of premises, m3; τ  is the time interval, s, from the moment of the variable thermal effect; sG  is 

the mass flow rate, kg/h, which is usually considered equal to the value of the exhaust flow rate exG  due 
to the almost instantaneous stationarity of the air balance of premises in comparison with the thermal; 

ac  = 1005 J/(kg·K) is the air specific heat; aρ  = 1.2 kg/m3 is its density; int  is the temperature of internal 

air in the premises, °C; st  is the inflow temperature, °C; .0int  represents the controlled level ,int  or the so-
called setpoint; Λ  is the total index of convective heat transfer on surfaces in the premises, W/K. It is 
calculated as ,m iAα ∑  where mα  is the average coefficient of convective heat transfer, which in the first 

approximation can be taken in the amount of 3.7 W/(m2∙K), and iA∑  is the sum of the areas of surfaces 
of the enclosing structures facing the room, m2. It is assumed that the initial temperature of these surfaces 
is averagely equal to .0.int  Thus, the equation (1), in comparison with the one presented in [24] in the last 
term of the left side, takes into account only the flow of convective heat due to heat transfer on the surfaces 
of enclosures, and does not consider the temperature change of the structure material itself. But on the 
right side there is a complex representing the amount of heat that goes for change in the temperature of 
the volume of air contained in premises. Further, it will be shown that in this case, neglecting it in the 
considered formulation of the problem can lead to incorrect results. At the same time, as in [24], it is as-
sumed here that st  = const, since regulation is still carried out due to local cooling systems.  

If the level int  is automatically maintained by a controller in which a continuous integral law is realized 

by means of the necessary change in cQ  value, it is easiest to write the additional coupling equation in the 
following form: 
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                                                             (2) 

Here cK  is the equivalent transfer coefficient of an automated system, W/(K∙s), via the channel  

“ int  → derivative of cQ ”. Using the concept of excess temperature .0 ,in in int tθ = −  and term-by-term 
differentiating (1) with respect to τ  for the possibility to plug there the expression (2), we write (1) in the 
canonical form: 

2

2 0.in in
in

d dA B
dd

θ θ
+ + θ =

ττ
                                                       (3) 

Parameters ,A  s–1, and ,B  s–2, can be determined here by the following formulas: 

3600 , .s a c

r a a r a a

G c KA B
V c V c

+ Λ
= =

ρ ρ
                                               (4) 

It is easy to see that the differential equation (3) refers to linear homogeneous equations of the 2nd 
order with constant coefficients, as a result of which the simplest operational solution method can be applied 
to it. The characteristic equation for (3) will have the following form: 

2 0,p Ap B+ + =                                                                 (5) 

where p  is the Heaviside operator. In fact, in this case, the premises are treated as a second-order linear 
inertial link. From (5) we get: 

( )2
1,2 4 2,p A A B= − ± −                                                       (6) 

and finally write down the general solution in the following form: 

( ) ( )1 1 2 2exp exp ,in C p C pθ = τ + τ                                                 (7) 

where 1C  and 2C  are constants that can be obtained from the initial conditions. Obviously, that at τ  = 0 

and inθ  = 0, whence 1C  = 2.C−  From (1) it can be found that in this case there is a relation 

,in
r a a in
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τ

 whence we have: 
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                                   (8) 

It should be noted that, by virtue of relations (4) the equation (3) does not admit asymptotics at 
0,rV →  and in the case of eliminating the corresponding term from the right side of (1), it is easy to show 

that then the variables become separable, and the resulting solution will have an absolutely exponential 
form. This does not correspond to the physical meaning of the problem under consideration, since when 
using the integral control law, the controlled value, as it is known, passes through a maximum and then 
tends to zero – either monotonically or in an oscillatory manner, depending on the parameters of the object 

and the controller (oscillations will obviously be observed at 2 4A B< ). That is why, in this case, taking 
into account the rV  is mandatory, even given that this complicates the solution to a certain extent, although 
due to the constancy of the coefficients in (3), this is not critical at all. 

3. Results and Discussion 
For the sake of clarity, it is advisable to give an example of calculating the int  value according to 

expression (8) in the premises with parameters A  = 0.0059 s–1 (which corresponds to rV  = 42 m3,  
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iA∑ = 49 m2, sG  = 430 kg/h) and cK  = 0.25 W/(K∙s), whence B  = 4.9∙10–6 s–2. In the course of calcula-

tions, the initial .0int  value was taken equal to +20 °C, and the value of heat gain jump inQ  = 500 W. The 
corresponding graph is shown in Fig. 1 as a solid curve. For comparison, the dotted line shows the results 
of numerical modeling upon the same initial data using the computer software developed by the author, 
which is based on the direct solution of the system of differential equations of non-steady heat transfer in 
enclosures and heat transfer on their surfaces [23]. The dash-dot line shows the dependence of the internal 
temperature on time, obtained using an analytical solution that takes into account the heat capacity of the 
near-surface layer of the enclosing structures facing the premises [24]. 

 

Figure 1. Dependence of θin on time for the premises under study (solid line – according to for-
mula (8), dotted line – numerical calculation, dash-dotted line – analytical solution [24]). 
It can be pointed out that the numerical calculation data show a fairly satisfactory coincidence with 

an expression (8), especially for large τ  values, in any case, from the point of view of the value of the 
maximum deviation int  and the time when it occurs. Moreover, this coincidence turns out to be even closer 
than with the results of analytical calculations, with which the maximum proximity manifests itself, on the 
contrary, in the initial period, at the stage of temperature deviation increase. Apparently, this is related to 
the fact that the analytical solution [24] still gives a better asymptotic behavior at 0,τ→  while at higher τ  
prevails the fact that, up to a certain limit, when the penetration of the temperature wave into the thickness 
of the material of enclosures already becomes significant, the simplified equation (3) describes quite well 
the real process of regulation of the temperature in premises. In any case, the solution (8), on the one hand, 
shows its physical validity and suitability for rough estimates, taking into account its relative simplicity and 
the possibility of carrying out necessary operations to find the maximum and solving other problems of 
analysis, and on the other hand, it also confirms the sufficient reliability of more exact analytical solution 
[24].  

The expression for the moment in time max ,τ  s, at which it is observed the maximum temperature 

deviation from the setpoint, can be obtained from the condition 0,ind dθ τ =  whence, bearing in mind that 

in real conditions for stable automatic control systems, the ratio of the parameters 2A B  is much greater 
than 1 (in particular, for the example under consideration, it is equal to 7.16), and neglecting the small 
terms, we can write down the approximate formula: 

( )2

max

ln
.

A B

A
τ =                                                                     (9) 

In our case, the maxτ  value turns out to be equal to 332 s, while the graph in Fig. 1 gives a value of 
about 380 s, i.e., the error is about 13 percent, but taking into account the simplicity of dependence (9) and 
its deliberately estimated character, this can be deemed quite satisfactory. However, both the numerical 
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calculation and the analytical solution [24] lead to higher maxτ  (about twice). This is physically more justi-
fied, since these options already take into account the influence of heat inertia of the array of enclosing 
structures, which leads to a shift in the moment of a maximum temperature deviation to a later term. Nev-
ertheless, within the framework of the problem under consideration, the expression for maxτ  is auxiliary, 

necessary for estimation of the maximum level ,inθ  i.e. maxθ  that interests us the most. Plugging (9) to 
(8) and, neglecting once again small terms, we obtain: 

.max 3600

Qin
G cs a

θ =
+ Λ

                                                     (10) 

It is easily seen that this expression has a very simple physical meaning, namely, it turns out that 
within the model used, and the maximum temperature deviation from the setpoint is determined by the 
heat-assimilating ability of the air in the background ventilation system and the resulting heat flux due to 
heat transfer on the surfaces of enclosures. In our example, the maxθ  value according to formula (10) will 
be equal to 1.66 °C, which is 25–30 percent higher than directly according to the dependence graph (8) 
and according to the calculation data for the rest of the options in accordance with Fig. 1, so the relation 
(10) gives the result with a certain margin due to neglect of the influence of the thermal inertia of enclosures. 
It should also be said that for the general nature of the dependence (8) depicted in Fig. 1, one can find a 
significant similarity with the relations that lead, for example, to the authors [15] and [16] under similar initial 
conditions, and the observed temperature deviations from the initial values generally correspond to the 
level that is noted in [25] under close regimes. In addition, Fig. 2 shows a comparison of the calculation 
results according to expression (8), shown earlier in Fig. 1, with the data of full-scale measurements of the 
non-stationary thermal regime of a room serviced by an automated air heating system under similar control 
conditions given in [26] (dotted line), after normalization by the magnitude of the maximum temperature 
deviation. It can be seen that, up to the moment of maximum and even somewhat further, experimental 
measurements give a similar nature of dependence, which further confirms the theoretical provisions of the 
proposed work. The dash-dotted line represents the change in the relative concentration of harmful impu-
rities in the room air rC  according to [10] also under similar control conditions after bringing to the appro-
priate deviation scale and time. Although the equations describing the gas regime differ somewhat from 
those considered here, the simplifications adopted in the derivation (8), namely the neglect of heat accu-
mulation of the structural material, bring (8) closer to the result that can be obtained for changing the con-
centration, which is confirmed by Fig. 2. 

 
Figure 2. Dependence of θin on time for the premises under study (solid line –  

according to formula (8), dotted line – full-scale measurements [26], the dash-dotted line  
is the same according to [10] for the relative concentration of the harmful substance Cr). 
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4. Conclusion 
1. It is shown that the simplified analytical solution obtained in the paper, which describes the change 

in int  value in premises served by a background uncontrolled inflow and automated local cooling systems, 
subject to their control according to the integral law, for an abrupt change in heat input, it satisfactorily 
describes the real process of heating or cooling, at least at not too small τ  values. 

2. It is noted that the discovered dependence for int  is expressed explicitly through exponential 
functions of τ  and allows to easily analyze the problem and the subsequent synthesis of the automatic 
control system by varying the numerical coefficients in the solution.  

3. It was confirmed that, as in other versions of the problem statement, the maximum deviation of 

int  from the setpoint (dynamic control error) is proportional to the value of thermal disturbance, however, 
in the considered embodiment, the estimated level of this deviation and the moment in time, for which it is 
observed, are not directly related to the value of the controller gain. 

4. It is proved that, all other things being equal, the simplified solution gives the maximum coinci-
dence with the data of numerical calculations for the moments in time, starting with the maximum deviation 

int , since the analytical solution [24] still gives better asymptotics at 0.τ→  

5. It is shown that the results obtained additionally confirm the reliability and practical applicability of 
the previously found analytical solution [24], which takes into account the thermal stability of the enclosures 
of premises in the course of propagation of a temperature wave in the material of the enclosing structures. 

6. It is noted that the obtained simplified solution is quite successfully confirmed by the nature of the 
dependencies discovered by a number of authors by experimental measurements under appropriate con-
ditions, including for changing the concentration of harmful impurities, which in physical sense should be 
described by equations similar to (8). 

7. It is proposed to apply the relations obtained in the paper for an approximate analytical assess-
ment of the non-steady thermal regime of air-conditioned premises served by local cooling systems 
equipped with an automation system with an integral control mode, to check the conditions for human 
comfort and safety of his life, as well as to determine the required parameters of the regulator, in particular 
using multivariate calculations with change in task parameters. 
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