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Abstract. Various engineering structures include lightweight or thin-walled beam structures that are used
in a complex loading situation which includes restrained torsion of closed or open section. The importance
of restrained torsion of thin-walled cross-sections is significant as the deformations and stresses caused
by torsion affect the behaviour of the structures with open as well as closed section. The aim of this study
is to demonstrate and compare different methods used to develop stiffness matrix for the finite element
beam calculation of open and closed thin-walled sections with restrained torsion. The beam stiffness
matrices are presented and graphically compared in order to choose the most convenient method for
advanced structural analysis of thin-walled 3D beams with restrained torsion. The interpolation functions
containing hyperbolic and approximate functions are considered, which satisfy the governing differential
equation for torsion, with different value of characteristic number of torsion (ka). Comparing both methods,
we can conclude that both are similar for small value of ka and this is commonly considered for open thin-

walled section as their value of ka is small. The percentage of error between the results obtained by two
methods of element stiffness matrix development for torsion with restrained warping is given graphically.
Based on this study, numerical examples are considered and compared with results obtained by different
finite element software. The examples include restrained and free torsion which are nonuniform and uniform
torsion, respectively.
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1. Introduction

Steel members are widely used in civil engineering because of its high strength, excellent ductility,
fast construction, and effective space partition. Normally steel members are manufactured as thin-walled
structures. The behaviour of a thin-walled bar in torsion depends strongly on the topology of its section. If
the network of the section does not contain any loop, the section is called open whereas if the network of
the section contains at least one loop, the section is called closed. This geometric property is used to
develop special methods for the computation of their torsion and warping constants. It will be shown that
the torsion properties of open thin-walled sections differ significantly from those of closed thin-walled
sections. This difference has an effect for the structural response of the beam, most importantly when it
comes to shear and torsion behaviour. The importance of restrained torsion of thin-walled cross-sections
is significant as the deformations and stresses caused by torsion affect the behaviour of the whole structure.
The present study deals with beam member subjected to torsion and uses different finite element approach.

© Gebre, T.H., Galishnikova, V.V., Lebed, E.V., Tupikova, E.M., 2023. Published by Peter the Great St. Petersburg
Polytechnic University.
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The governing equations are solved to calculate displacements and internal forces and moments for the
structure.

It is well known that the effect of non-uniform torsion must be considered in structural analysis of
thin-walled beams with open cross-sections. It was unusual to check the influence of torsion on load
carrying structural elements, but today it is quite often that the stresses and deformations caused by torsion
will determine the studs of the structures. The importance of restrained torsion of thin-walled cross-sections
has grown significantly as the deformations and stresses caused by torsion will affect the behaviour of the
structures with open as well as closed section [1]. It is well known that the effect of non-uniform torsion
must be considered in structural analysis of thin-walled beams with open cross-sections. It was unusual to
check the influence of torsion on load carrying structural elements, but today it is quite often that the
stresses and deformations caused by torsion will determine the studs of the structures. Thin-walled sections
do not behave according to the law of the plane sections employed by Euler-Bernoulli-Navier however, the
general theory of thin-walled section is developed by Vlasov and In addition, thin-walled structures like
plates and shells associated with finite element formulations are the most common construction elements
in nature and technology [2—-4]. When a thin-walled beam is undergoing flexure and torsion simultaneously,
transverse and torsional shear deformations would be coupled [5].

If the structures are designed using only the effect of Saint Venant torsion resistance thus the
analysis may ignore the torsion part in the members and the design may be underestimated. To overcome
this inaccuracy, several researchers tried to develop stiffness matrix with four degrees of freedom for a
member subjected to a restrained torsion [6-11]. This additional stiffness matrix considers the warping
degree of freedom at the ends of the member with thin-walled section. This study deals with the member
finite element method subjected with torsion and it is done by considering beam element and equation
which are necessary for the computing deformations will be derived thus to calculate the displacements
and internal forces and moments for the structures.

A Number of researchers have dealt with restrained torsion of thin-walled beams with open and
closed cross sectional types [12—17]. Different thin-walled torsion hypotheses have been developed to
account for the shear deformation due to restrained torsion of open thin-walled section with the assumption
in which the derivative of shear stress in middle surface is constant along the length of the member as they
much used in engineering structures [18—23]. A finite element model is studied based on mixed variational
formulation in order to improve convergence and provide an explicit way to calculate internal forces and
stresses in thin- walled bar [24]. Also, different studies are developed a numerical method of thin-walled
bar systems design by different theories and formulated matrixes of the stiffness of thin-walled finite
elements [25-27]. The bending and torsion behaviour of cold-formed steel bars was studied experimentally
based on the strengths of unbraced cold-formed steel channel beams loaded eccentrically [28—29]. Many
design methods have been developed to deal with or without restrained torsions. There are different
commercial softwares commonly consider with two degrees of freedom at each node of a member for a
space frame without considering the effect of warping restraint at the ends of the members [30-33]. The
warping part of the first derivative of the twist angle has been considered as the additional degree of
freedom in each node at the element ends which can be regarded as part of the twist angle curvature
caused by the warping moment [34-35]. Numerous studies developed the 4x4 member stiffness matrix
including warping as an additional degree of freedom and commonly with open thin-walled section [11, 36,
37].

In this contribution, which is an extension of previous studies on thin-walled structure different 3D
finite elements for open and closed sections are compared based on their section properties. Currently,
many residential, social and sports buildings are being built using a steel frame, the application field of steel
frame is expanding. Results of this research are applicable for software implementation, that is an
advantage in respect to analogous jobs. There is lack of papers devoted to numerical solutions of the
problem, that proves insufficient development of the topic and so that the investigation is relevant.

So, the first objective of this study is to consider the stiffness matrices including additional degrees
of freedoms at the nodes and added to member displacement vector, apply these matrices for analysis and
assess them by considering several examples and validate by comparing different finite element software.

One more objective is to analyze the effect of changing interpolation function, the same test example
numerical experiments are conducted. First interpolation function type considered is hyperbolic, it contains
hyperbolic functions of deflection. Such function satisfies the governing differential equation for torsion
exactly and use above derivatives of stiffness matrix. The alternative approach is considered too, which is
using approximate shape function. The second approach has an advantage for varying cross sections and
non-linear problems and compared results with different studies [20, 38].

The last objective of the study is conducting of verification examples by commercial software. The
examples of open and closed section members under uniformed and non-uniformed torsion are considered
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and compared to results obtained by the new approaches introduced in this paper. Comparing both
methods, we can conclude that both are similar for small value of ka and this is commonly considered for
open thin-walled section as their value of ka is small. The percentage of errors between the two methods
of element stiffness matrix for torsion with restrain torsion are given graphically.

2. Methods

2.1. Governing equations for 3D thin-walled beams with restrained torsion

The differential equation of restrained torsion of thin-walled beams can be obtained by the following
expression and the total free warping torsion and total restrained torsion are corresponding to uniform
warping rotation and nonuniform or restrained rotation, respectively. The governing equation for non-
uniform torsion is used to study the behaviour of a bar with restrained torsion and it is derived for bars with

thin-walled sections with local coordinate systems Y1, Y9, Ygas shown in Fig. 1.

MT ==
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Figure 1. Prismatic bar subjected to torsion
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when @, is angle of twist; E,G are elastic constant; J, is warping constant; ka is characteristic number

for torsion; J; is torsion constant; My is twisting load per unit length of bar; a is length of the bar.

The general solution for the homogeneous equation (1) is satisfied by the following assumed twisting
angle function 91 ( yl) and it yields to the exact solutions of the angle of twists of a node as it is defined in

the following expression:

The governing equations for a member and frame are derived by applying the principle of virtual work
to the beam. The differential governing equations for the generalized member displacements are satisfied
for arbitrary virtual displacements and expressed as follows:

Eleglllll—GJtelll—ml—ma)l :0 (3)

The sum over the members of the virtual work 6W,,, of the inner forces in (1) equals the sum over

the members of the virtual work dW,,,4 of the member loads.

a
Y Wy = XM Wiy + W, [ E1, 0y, +G1,56,,6), ) dy;. )
0

The nodal displacement and corresponding nodal moments vectors can be expressed as follow:
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where M; and M, are the torsion moments and the warping moments respectively at the nodal points.

The positive directions of the member end moments and node rotations are shown in Fig. 2.
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Figure 2. Positive nodal displacement (a) and nodal loads (b) of the bar.

As it is known, the relationship between the generalized force vector (,, and displacement vector

Vp, is established by the stiffness matrix K, of the element as show below.

Om = K Vi, ®)
where K, is the stiffness matrix of current torsion element and for non-uniform torsion.

A trigonometric interpolation and approximation solutions of rotation &, are used as an initial
parameter and finally compared based on the nature of section type. For non-uniform torsion, a
trigonometric interpolation of rotation [ is used as an initial parameter and finally compared with the

approximation solution. To consider the warping of the restrained member, additional degrees of freedoms
are introduced at the nodes and added to member displacement vector. An interpolation function containing

hyperbolic functions of Y;, which satisfies the governing differential equation for torsion considered as
given below:

6(y,) = gn)'b
T

g = [ 9:1(y1) | 92(y1) | 93(y1) | 94( Y1)
b'=| 6 | Gia| 68 | G
ﬂlz hI;C
sinhky,
coshk
hy = L N A I
Y1
1

The interpolation functions are substituted into the left-hand side of (4) and the integration over the
length of the member is performed for axial and bending loads but separately considered for torsion as it
developed based on the two different methods. The contribution of torsion to the internal virtual work of the
governing differential equation is given as the following expressions:

fo (E 061116111 + G ;861613 ) dA=5b" ( K1+ K 5)b

where K, is component of stiffness matrix with warping restrained
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sz is component of stiffness matrix without warping restraint.

The Stiffness matrices components K , and K, are added to the member stiffness matrix K,
in the usual manner.

Kri | kro | kg | kra
_EJ, | kr2 | ke | kr7 | Krg

a kT3 kT? kT11 leZ

I(T 4 kT 8 kT 12 le6

sinhka 2 ©6)

)*a’,

KT]. = KTll = S *ka3|nh ka, KTG = KT16 = S *(COSh ka_

a

2

An alternative to the above derivatives of stiffness matrix can be replaced by using approximate
shape function and it has an advantage for varying cross sections and non-linear problems. The element
stiffness matrix for torsion with restrain warping can be used by divided into two matrices. The parameters

Kr1, Kya, Kyg and Kyg can be replace by approximation as shown below:

5 10 @
2 a2 1,2
Kig=4+—*ka", Kig=2-—>ka
T6 15 T8 30

Considering the above series expressions, the alternative matrices can express as shown below:

12 —6a | -12 6a 36 -3a | -36 |-3a
EC, 6a 4a® | 6a 2a? GJ|-3a 4a° | 3a —a?
KT = 3 + (8)
a®> |-12 |-6a | 12 |6a 30a| 33 [3a |36 | 3a
6a 2a® | 6a 4a° —3a | -a’ 3a 432

3. Results and Discussions

3.1. The assessment of the exact and approximate methods
for different value of ka

Comparing both methods, we can conclude that both are similar for small value of ka, and this is
commonly considered for open thin-walled section as their value of ka is small as shown in Fig. 3. Referring
equation 6, the components of stiffness matrix are generated based on the trigopnometric and approximate

methods. The percentage of error between the two methods of element stiffness matrix for torsion with
restrain warping is given graphically as shown below in Fig. 3.
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Figure 3. Evaluation of the exact and approximate methods for different value of ka.

Referring Fig. 4, for ka =1 and 2 the errors range between 6.7 % to 9.7 % which is considered
reasonable and both methods are acceptable for open thin-walled sections. So, the lengths of the member
can be limited based on the section type and should be chosen for small value of ka.
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Figure 4. Approximation error graph for the values of Kt1, K12, K16 and Krs.

Considering the results of Fig. 3 and 4, the lengths of the member can be limited based on the section
type and should be chosen for small value of ka = 2 as given below.

a<0.1925x j—t

(2]

If the member is free to warp, C,, = 0 and the torsional moment is carried by St Venant's torsion

which is considered as uniform torsion. Considering Expression 8, only the second part of the matrix or the
uniform torsion stiffness matrix can be used as given below.
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36 |-3a |-36 |-3a
GJ | 1] GJ,|-3a | 4a® | 3a |-a°
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The local element stiffness matrix after formation must be transformed to global coordinate system.
The transformation is performed by extended transformation matrix and can be formally expressed as
follow:

where R, is member rotation matrix.
The member load vector is transformed by analogy to the member displacement vector:

Omx = RimGmy »

where (p,, is member load vectors refereed to the global coordinate system; (,,, is member load vectors

refereed to the member coordinate system.

A system displacement vector Ug and a system load vector (g are defined for the frame, which

contain the nodal displacement and load coordinates in an order that is favorable for the solvers of the
algebraic system equations. The member displacement and load vectors are related to the corresponding

system vectors with topology matrices T, :

Un :Tmu51 Om = Im0s-

This study considers several section types, including the | section, rectangular hollow section, and
channel section. Considering the prismatic bar of Fig. 1 as it is fixed at vertex y; =0 and subjected to a

twisting moment of M without warping restraint at vertex Y; = a. The section properties, displacements,

rotations, stresses are to be compared for all cases and compared their distribution within the span based
on the required value of ka. The value of ka for the closed and open sections differs largely, accordingly
for closed section the shear stress is constant while for open section varies its direction and magnitude
across the thickness. The section property for open and closed sections varies with respect to torsional and

warping constants thus the value of ka differs. For small value of ka both torsion mechanisms contribute to
M+ throughout the beam in both cases but with the increasing of the value of ka the influence of the
twisting moment differs. For value of ka greater than 10, the total torsional moment is restricted to small
length (approximately 0.2a) near to the support and its magnitude changes rapidly in both cases. A
combined graphs for Mtp, Mg, and M, for the values of ka =1 and ka =10 are shown in the Fig. 5.

Referring Fig. 5, the values of Mp, Mg, and M, differ for ka =1 and for ka =10. For ka =1, the
total torsional moment components are extent throughout the span of the beam as shown in Fig. 5 (a) and
its magnitude changes gradually as the value of ka is small. If the value of ka is small, it is most common
for open sections. For ka =10, the total torsional moment is restricted to small length near to the support

and its magnitude changes rapidly as shown in Fig. 5 (b). If value of ka is large, it is most common for
closed sections.
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Figure 5. Combined Mtp, MTs and My for value of ka = 1 (a), and ka = 10 (b).

The variation of Mtp, Mg, and My on the axis of the bar are shown in Fig. 6. Both Mp and
Mg contribute to My through the span of the beam and the torsional stresses are due to St Venant
shear stresses and the restraint of warping. The applied twisting moment is resisted entirely by the
secondary twisting moment at support (yl = 0) and entirely by the primary twisting moment at y; = a. In

addition, the variation of the uniform angle of twist, non-uniform angle of twist, Mtp, M+g, and M1 on
the axis of the bar are shown in Fig. 6. The rotation at vertex y; =a due to non-uniform torsion is around

50 percent of the rotation for uniform torsion of an I-section. Both Mp and Mg contribute to Mt

through the span of the beam and the torsional stresses are due to St Venant shear stresses and the
restraint of warping. The applied twisting moment is resisted entirely by the secondary twisting moment at

support (yl = 0) and entirely by the primary twisting moment at y; =a. The distribution of the total
moment between uniform and non-uniform torsion at intermediate points is shown in Fig. 6.
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Figure 6. The normalised graphs of 81, (a) Mtp, Mts and Mr of restrained I-beam section (b).

3.2. Numerical Examples

Based on the studies of the stiffness matrix for finite element procedure, the two methods are
considered for the analysis of the uniform and non-uniform torsion behaviour of steel beam. The theory of

restrained torsion is applied to a cantilever beam of length L subjected to external distributed torque. The
two approaches of stiffness matrixes for the finite element methods compared in the previous sections,
several problems of thin-walled beams with external torque applied on shear centre are presented to
demonstrate the applicability of the methods. Three different sections of thin-walled beams loaded with
external torque applied on shear centre are considered and compared with different methods as shown in
Table 1. The accuracy of the presented model is illustrated by three examples using most commonly finite
element software. The twisting effects and stresses are calculated, and the angle of twisting are presented

graphically furthermore we considered the axial stress &, variation within individual section types.
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Table 1. Different section types considered in this study

- f _ o f o - f _
__!_
—tf R tf
Section type h
G=M wm. | .G h h |e=wm. L¢,
1 tw
— T tw
Lel ! !
h(mm) 400 400 400
f(mm) 180 180 180
t(mm) 11 11 11
tw(mm) 8 8 8
E =200%10°kN/m?2 My =10kNm G =77*10° kN/m?

For the above numerical examples, we considered different methods for comparison and validation
of the results for uniform and nonuniform torsions. The verification of the model was conducted by means
of FEM software ANSYS, Abaqus, Mathcad and current theory. Six models were created for three
restrained and three uniformly twisted beams with I-section, Channel, and rectangular sections. The finite
element BEAM 189 was used for Ansys because it can consider warping by entering special key options.
Similarly, the non-homogeneous torsion is evaluated in ABAQUS by using of a shell model. A shell model
is used because a thin-walled spatial beam is investigated and it works with the reduced number of finite
elements in a way that less equations to solve. The following model is considered using ANSYS software
and each model consists of 100 linear elements, the section is divided by 10 points in each direction and
the results for each one is available. Such meshing is sufficient for the purposes of this analysis. One end
of the cantilever beam is fixed for all degree of freedom and the torque moment is applied at another end

by Mt command in the shear centre of the beam center.

a) b)
Figure 7. The load and support scheme for an | section.
The section properties, displacements, rotations, stresses are to be calculated for all cases and

compared their distribution with the span based on the required value of ka. The variation of the uniform
and non-uniform angle of twist (restrained torsion) on the axis of the three section types of the bar are

shown in Table 2. The rotations at vertex y; =a due to non-uniform torsion are around 49, 39 and 95
percent of the rotation for uniform torsion of the | section, channel section and rectangular hollow sections
respectively. The rotation at vertex y; =a due to uniform and non-uniform torsion is almost the same for
the rectangular hollow cross section and its magnitude is negligible.

Table 2. Comparison of uniform and uneven torsion for different types of cross sections.

Methods Applied torsion I-Section Chunnel Section Rectangular Section
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Current Restrained 1.09E-01 9.32E-02 3.27E-04

) 47.7% 38.9% 98.2%
theory Uniform 2.28E-01 2.40E-01 3.33E-04
Restrained 1.12E-01 9.10E-02 3.36E-04

Ansys . 49.3% 38.7% 91.8%
Uniform 2.27E-01 2.35E-01 3.66E-04
Mathcad Restrained 1.19E-01 9.21E-02 3.31E-04

7DOF . 52.4% 38.8% 94.7%
FEM Uniform 2.28E-01 2.38E-01 3.50E-04
Restrained 1.10E-01 9.21E-02 3.33E-04

Abaqus . 48.1% 38.6% 97.6%
Uniform 2.28E-01 2.39E-01 3.41E-04

The variation of the non-uniform angle of twist (restrained torsion) on the axis of the three different
cross-sections of the bar are shown in Table 2. The values of rotation angle in each node of restrained and

uniformed cases were used for constructing comparison diagram. The rotation at vertex y; =a due to
non-uniform torsion is around 50 percent of the rotation for uniform torsion of an I-section. For I-cross-
section as the value of ka is small and the magnitudes of the angle twist are extent throughout the span of
the beam and its magnitude changes gradually as the value of ka is small as shown in Fig. 8 and 9.

NODAL 3OLUTION LINE 3TRE33

3TEE=1 STEE=1
aTE =1 suB =1

TIME=1 TIME=L

ROTZ ROTZ
MIN =, 977E=08
DMK =.028765 ELEM=100

; =.112818 MAX =,112124
ELEM=1

[ —

| — o= < - o __. (—
o -025093 -050186 -07sz28 -100373 -5772-08 .0zaszz 045834 T 055638
.01z547 03764 .062733 -0B782§ -112919 Lo1zd6E 037378 oeazs 087302 L113114

Figure 8. Variation of angle of twisting for an I-section of thin wall structure.
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Figure 9. Rotations along the longitudinal direction of the I-section of thin wall structure.

For rectangular hollow cross-section as the value of ka is large and the angle of twist is very small
in its magnitude. The angle of twist at points nearer to the support has significant magnitude as shown in
the Fig. 10 and 11 and suddenly drops to a small value at the free end.
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Figure 10. Variation of angle of twisting for rectangular section of thin wall structure.
—a— current theory —e— Abaqus —e—MathCad 7 DOF FEM —— Ansys
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Figure 11. Rotations along the longitudinal direction of rectangular section of thin wall structure.

The variation of the non-uniform angle of twist (restrained torsion) on the axis of the channel section
of a bar is shown in Fig. 12 and 13. The rotation at vertex y; =a a due to non-uniform torsion is around

40 percent of the rotation for uniform torsion of the channel section.
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Figure 12. Variation of angle of twisting for channel section of thin wall structure.
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Figure 13. Rotations along the longitudinal direction of channel section of thin wall structure.

The study is compared with different research works which are considered for open thin-walled
sections. The section properties are considered as the main criteria to compare the two different stiffness
matrix and presented their comparison graphically. Associating both methods, we can achieve that both

are similar for small value of ka and this is commonly considered for open thin-walled section as their value

of ka is usually small and all results are compared with different studies [6, 10, 13, 18, 24, 38, 40]. For
closed sections, the rotations are very small and are considered negligible but comparing to different
studies, it shows that the effect of warping must be considered in the case of non-uniform torsion of closed-
section beams [38-39].

4. Conclusion

In this study, two methods of stiffness matrix for the thin-walled structures with restrained torsion are
used based on the exact and approximate methods. Based on different studies and design practices the
two methods are successfully applied for the design of thin-walled structures with restrained torsion as part
of finite element methods. According to this study, it is concluded that:

1. Comparing both methods, we can conclude that both are similar for small value of ka and this is
commonly considered for open thin-walled section as their value of ka is small.

2. The percentage of error between the two methods of element stiffness matrix for torsion with
restrain warping is negligible for the value of ka less than 2.

3. As the variation of the total torsional components depends on the value of ka and we can consider

different section types. For ka = 1 and 2 the errors range between 6.7 % to 9.7 %, which is considered
reasonable and both methods are acceptable for open thin-walled sections. So, the lengths of the member
can be limited based on the section type and should be chosen for small value of ka.

4. For small value of ka both torsion mechanisms contribute to My throughout the beam in both

cases but with the increasing of the value of ka the influence of the twisting moment differs. For value of
ka greater than 10, the total torsional moment is restricted to small length (approximately 0.2a) near to the
support and its magnitude changes rapidly in both cases.

5. For ka = 1, the total torsional moment components are extent throughout the span of the beam
as shown in Fig. 4 and its magnitude changes gradually as the value of ka is small. If the value of ka is
small, it is most common for open sections.

6. The angle of twist of non-uniform torsion differs from uniform torsion by 50, 1.8, and 41 percent
for the I-section, rectangular tube, and channel section, respectively.

7. For ka = 10, the total torsional moment is restricted to small length near to the support and its
magnitude changes rapidly. If value of ka is large, it is most common for closed sections.
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