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Abstract. A solution to the problem of parametric oscillations of a viscous-elastic orthotropic shallow shell 
of variable thickness is presented. Dynamic loading acts along one side of the shell in the form of a periodic 
load. Unlike linear problems, the nonlinear problem under consideration could not be solved by applying 
analytical methods; therefore, approximate methods were used. The mathematical model of the problem is 
built within the Kirchhoff-Love theory. In this case, tangential inertial forces and geometric non-linearity are 
taken into account. Deflection and displacements approximation is performed using the Galerkin method in 
higher order approximations, which allows reducing the problem solution to a system of nonlinear integro-
differential equations (IDE) with variable coefficients. The weakly singular Koltunov-Rzhanitsyn kernel with 
three rheological parameters is used as the relaxation kernel; it describes the viscous-elastic properties of 
the shallow shell. A numerical method based on the use of quadrature formulas is used to obtain a resolving 
system of equations for the problem. To obtain numerical results, a computer software was compiled in the 
Delphi environment for a computational algorithm of the problem solution. The effects of viscous-elastic, 
orthotropic, nonlinear properties of the shell material, thickness variability, and other physical, mechanical, 
and geometrical parameters on the dynamic strength of a shallow shell are studied. 
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1. Introduction 
The problem of parametric oscillations of elastic and viscous-elastic thin-wall structures (plates and 

shells of variable thickness) is one of the most relevant problems in the mechanics of a deformable rigid 
body. The solution to such problems is of great importance for the modern aerospace industry, rocket 
technology, and mechanical engineering. Structural elements (plates and shells of variable thickness) can 
be found in many engineering and building structures, in aviation and motor transport, and in various units. 

The first studies devoted to the problem of parametric oscillations of plates and shells of constant 
thickness, within the framework of the theory of thin plates, include the research work by V.V. Bolotin [1]. 
To solve problems, he used methods based on the variational approach.  

There are a great number of articles in the literature devoted mainly to the dynamic stability and 
parametric oscillations of elastic thin-wall structures (plates, panels, and shells) under the impact of periodic 
load. 
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An analysis of the study of oscillation problems of shells made of various materials, conducted in the 
period from 2003 to 2013, can be found in [2], [3]. It also contains a review of publications related to 
parametric oscillations. 

Analytical and numerical solutions for different types of structures (plates and shells) were 
considered in [4]. 

In [5], the dynamic stability of truncated-conical shells under dynamic axial load was studied. To 
solve the problem, described by a differential equation of the Mathieu-Hill type, the Galerkin method was 
used. 

Reference [6] is devoted to the dynamic stability of a linearly elastic thin rectangular plate subjected 
to a bi-axial time-varying load. The differential equation of plate motion was solved using the finite difference 
method (FDM). To identify domains of dynamic stability, the Mathieu-Hill equation was derived. 

The dynamic stability of a viscous-elastic rectangular plate subjected to constant and variable loads 
in the plane of the plate was considered in [7]. The equation of motion is described by an integro-differential 
equation with respect to an unknown time function. The effect of the viscous-elastic characteristics of 
material on the dynamic instability zone was shown. 

Reference [8] considers the dynamic instability of laminated non-homogeneous orthotropic 
truncated-conical shells under periodic axial loading. The problem was reduced to solving the Mathieu 
equation. Bolotin's method was used to evaluate the behavior of the shell for various parameters. 

The dynamic instability of layered composite panels of variable stiffness under non-uniform periodic 
excitation was studied in [9]. The Ritz method was used to obtain the resolving system of equations for the 
problem. The domains of dynamic instability were constructed by the Bolotin method. 

In [10], the behavior of a footbridge under rhythmic loading was studied. The footbridge was 
considered a shell of variable thickness. The problem was solved by the FEM. The influence of different 
mass distributions along the footbridge on its dynamic behavior was analyzed. 

In [11], the dynamic stability of a cylindrical shell with linear variable thickness was considered under 
axial forces and pulsed external pressure. The Bubnov–Galerkin method was used to solve the problem. A 
resolving system of equations for the problem was derived in the form of an infinite system of homogeneous 
algebraic equations.  

In [12], the dynamic instability of toroidal shells was studied. The Galerkin method was used to obtain 
a semi-analytical solution to the problem. The results obtained were compared with the ones available in 
the literature. The effect of various geometric and mechanical parameters on the dynamic instability of 
shells was studied. 

A study of the nonlinear dynamic stability of a cylindrical shell of variable thickness is given in [13]. 
The equation of motion was derived based on the classical theory of shells in a geometric non-linear 
formulation. The solution to the equation was obtained by the fourth-order Runge-Kutta method and the 
Galerkin method. The effect of the characteristics of material and geometrical parameters on the dynamic 
behavior of a shell was investigated. 

In [14], the impact behavior of an elastic spherical shell under step pressure was considered. Initial 
geometric imperfections were introduced. 

The study in [15] concerns the analysis of the nonlinear dynamic behavior and stability of 
heterogeneous axisymmetric shells of variable thickness. The equation of motion was constructed based 
on the Kirchhoff–Love hypothesis. The Ritz method was used. 

In [16], the dynamic behavior of a three-layer (sandwich) conical shell under the action of a periodic 
load was studied. At that, various boundary conditions were considered. The problem was reduced to 
solving an equation of the Mathieu-Hill type, the solution of which was obtained by the Bolotin method. The 
results obtained were compared with the results obtained by other authors. 

The behavior of a sandwich plate under periodic load was considered in [17]. Using the constructed 
mathematical model of the problem, the effect of various geometric and mechanical parameters of a plate 
on its dynamic behavior was studied. 

The study in [18] is devoted to the dynamic instability of a cylindrical shell made of a thin-walled 
composite material. The ABAQUS program was used. The influence of the parameters of periodic loading 
and initial geometric imperfections on the dynamic behavior of the shell was investigated. 

In [19], the dynamic stability of sandwich panels under periodic load was considered. The solution to 
the problem was obtained by reducing the obtained equation of motion to an equation of the Mathieu type 
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and applying the Bolotin method. The effect of different geometric and mechanical parameters of panels 
on their dynamic behavior was studied. 

Reference [20] is devoted to the study of the dynamic stability of cylindrical composite shells under 
the action of a pulsed loading. The FEM was used with the ABAQUS program. The impact of different 
parameters on the dynamic behavior of the shell was shown. 

In [21], an annular plate under external harmonic excitation was studied. Resolving equations were 
derived based on the non-linear von Karman theory. New mechanical effects were observed. 

A brief analysis of the available scientific publications showed that there are almost no studies of 
nonlinear oscillations and dynamic stability of thin-wall structures (viscous-elastic plates and shells of 
variable thickness) [22]–[24]. In the article below, nonlinear parametric oscillations of viscous-elastic 
shallow shells of variable thickness are numerically studied. 

The object of the research is various viscous-elastic thin-wall constructions of variable thickness. 

The purpose of the study is to develop effective methods, algorithms and a computer program to 
evaluate the dynamic behavior of thin-wall constructions, taking into account the viscoelasticity of the 
material properties and variable thickness. 

The following problems were solved to achieve this goal: 

− to obtain resolving systems of nonlinear integro-differential equations with singular kernels of 
viscous-elastic thin-wall constructions of variable thickness under the impact of periodical loads; 

− to develop an effective approach to numerical solution, computational algorithm and software 
products for evaluating the strength of viscous-elastic thin-wall constructions of variable 
thickness under periodical influences. 

2. Methods 
A rectangular viscous-elastic shallow shell of variable thickness ),( yxh  is considered with an 

account fort the geometric nonlinearity based on the Kirchhoff-Love hypotheses. Let the shell be 
dynamically loaded along side a  by a periodic load 0 1( ) cos( )P t P P t= + Θ , Θ= ,, 10 constPP  - is the 
frequency of external periodic load (Fig.1). A coordinate lines x  and y  of the curvilinear orthogonal 
coordinate frame is directed along the lines of principal curvatures, and the z -axis - along the internal 
normal of the middle surface. 

 
Figure 1. Shallow shell of variable thickness. 

The system of equations of motion in the framework of the chosen theory has the following form [25]  

02

2
=

∂
∂

−+
∂

∂
+

∂
∂

t
uhp

y
N

x
N

x
xyx ρ , 02

2
=

∂
∂

−+
∂

∂
+

∂

∂

t
vhp

y
N

x
N

y
yxy ρ , 

 +







∂
∂

+
∂
∂

∂
∂

+++
∂∂

∂
+

∂

∂
+

∂
∂

y
wN

x
wN

x
NkNk

yx
H

y

M

x
M

xyxyyxx
yx

2

2

2

2

2
2  (1) 

( ) 02

2

2

2
=

∂
∂

−+
∂
∂

+







∂
∂

+
∂
∂

∂
∂

+
t
whq

x
wtP

y
wN

x
wN

y yxy ρ , 



Magazine of Civil Engineering, 120(4), 2023 

where 1/1 Rkx =  and 2/1 Rk y =  are the principal curvatures ( 1R  and 2R  are the principal radii of 

curvature) of the shell along the x  and y  axes, respectively; xp , yp  and q  - external static loads 
applied to the shell element in directions x , y  and z .  

The system of equations (1) is supplemented by the corresponding boundary conditions [25], which 
will be used in the solution to the problems: 

1. All edges are simply supported: 

at 0 ,0 ,0 ,0 :,0 ===== xMwvuax ; at 0 ,0 ,0 ,0 :,0 ===== yMwvuby .  

2. All edges are fixed: 

at 0 ,0 ,0 ,0 :,0 =
∂
∂

====
x
wwvuax ; at 0 ,0 ,0 ,0 :,0 =

∂
∂

====
y
wwvuby .  

3. Two opposite edges are simply supported, the other two edges are fixed: 

at 0 ,0 ,0 ,0 :,0 =
∂
∂

====
x
wwvuax ; at 0 ,0 ,0 ,0 :,0 ===== yMwvuby . 

The initial conditions at t=0 are as follows: 

( ) ( )yxuyxu ,0,, 0= , ( ) ( )yxuyxu ,0,, 0 = , ( ) ( )yxvyxv ,0,, 0= , ( ) ( )yxvyxv ,0,, 0 = ,  

( ) ( )yxwyxw ,0,, 0= , ( ) ( )yxwyxw ,0,, 0 = . 

Here, ( )yxu ,0 , ( )yxv ,0 , ( )yxw ,0 , ( )yxu ,0 , ( )yxv ,0  and ( )yxw ,0  are given functions. 

The components of the vector of forces { } ),,( xyyx NNNN =  and moments 

{ } ),,( xyyx MMMM =  for symmetric structure shells in matrix form can be written as: 
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Stiffness matrices [ ]C  and [D]  have the following form: 
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where the coefficients of the stiffness matrix ijC , ijD  )66,26,16,12,22,11( =ij , depending on the 
mechanical characteristics of the material and coefficient m  are determined as follows: 
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Here ijB  are the stiffness coefficients [26], −ΓΓ **, ij are the integral operators with relaxation 

kernels ( )tΓ  and ( )tijΓ , respectively: 

( ) ( ) ( ) ( ) 2,1,,,
0

*

0

* =−Γ=Γ−Γ=Γ ∫∫ jidtdt
t

ijij

t
ττϕτϕττϕτϕ . 

In operator form, the system of equations of motion (1) is written as: 
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Here vu,  and w  - are the components of displacement vector { }U  in the directions of the ,Ox  
Oy , and Oz  axes, respectively. 
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If the shell under consideration has orthotropic properties, then the coefficients are 02616 == CC  

and 02616 == DD . In relationships (2), the stiffness matrices have the following form: 



Magazine of Civil Engineering, 120(4), 2023 

 ,
00

0
0

66

2212

1211
















=

C
CC
CC

C  ,
00

0
0

D

66

2212

1211
















=

D
DD
DD

 (8) 

Here, coefficients ijC  and ijD )66 ,22 ,12 ,11( =ij  are expressed in terms of elastic constants ,1E  

,2E  ,12G  1µ , 2µ  as follows: 
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Here −21, EE are the moduli of elasticity in the direction of the x  and y axes; 12G  is the shear 

modulus; −21,µµ are the Poisson's ratios. 

If the shell has isotropic properties ( 2121 , µµ == EE ), then the elements of the stiffness matrix take 
a simpler form with two elastic constants E  (modulus of elasticity) and µ  (Poisson's ratio): 
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By introducing into equation (6) the following dimensionless quantities 
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and taking into account relationship (9) for orthotropic shells and keeping the previous notation, we 
obtain a dimensionless system of nonlinear integro-differential equations for problems of parametric 
oscillations of a viscous-elastic orthotropic shallow shell of variable thickness. Here, operators ijL  take the 
following form: 
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the frequency of the fundamental tone of oscillations; 
( ) ( )21

2

2
021 13/ µµ

π
−

==∗

hbEE
PP cr

cr ; 
2

1
E

E=∆

. 
The system of equations (6), (11) with the corresponding boundary and initial conditions describes 

the motion of a viscous-elastic orthotropic shallow shell of variable thickness under a periodic load 
)cos()( 10 tPPtP Θ+= . 

In calculations, the singular Koltunov-Rzhanitsin kernels [27] are used as relaxation kernels: 

 ( ) ( )10,1 <<= −− ααβ tAetГ t , ( ) ( )10,t 1 <<= −−
ij

t
ijij

ijij teAГ ααβ
 (12) 

Let the shell thickness change following the law ( )xhxh *1
2
1)( 0 α+= , i.e., it leads to a linear 

increase in the shell thickness (Fig.2). 

Here, *α  is the parameter characterizing the thickness variability; 0h  is the shell thickness 

corresponding to 0* =α . 

  
a) b) 

Figure 2. Change in the shell thickness depending on the value 
of parameter ∗α : 

a) 2.0=∗α ; b) 5.0=∗α  

The solution to the obtained IDE system that satisfies the boundary conditions of the problem is 
sought with respect to the displacements u and v, and the deflection w in the form 
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where ( )tuu nmnm = , ( ),tvv nmnm = ( )tww nmnm =  - unknown functions of time; ( ),, yxnmφ  

( ),, yxnmϕ  ( )yxnm ,ψ , ;,...,2,1 Nn =  Mm ,...,2,1=  - coordinate functions that satisfy the given 
boundary conditions of the problem. 

Substituting (13) into the system of equations (6), (11) and performing the Bubnov-Galerkin 
procedure, we obtain the following system of basic resolving nonlinear IDEs: 
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where the constant coefficients included in this system are related to coordinate functions and their 
derivatives and have the following form: 
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System (14) was integrated using a numerical method based on the use of quadrature formulas [28]. 
Assuming harmonic oscillations, system (14) in integral form is obtained by integrating it twice over time t: 
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By the formula for replacing the double integral with a single integral the system (15) is given in the 
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( ) nmnm uu 00 = , ( ) nmnm uu 00  = , ( ) nmnm vv 00 = , ( ) nmnm vv 00  = , 

( ) nmnm ww 00 = , ( ) nmnm ww 00  = , ;,...,2,1 Nk =  Ml ,...,2,1= . 

Assuming that itt = , ,...2,1 , =∆= ititi  (where t∆  is the integration step) and replacing the 

integrals with quadrature trapezoidal formulas to calculate the unknowns ( )iinminm tww = , 

( )iinminm tuu =  and ( )iinminm tvv = , a system of recurrent formulas is obtained. 

Based on the developed algorithm, a program was compiled in the Delphi algorithmic language. 

3. Results and Discussion 
The results of calculations for various physical and geometric parameters are shown in graphs in 

Fig. 3–7. Numerical results are compared to the ones available in the literature. 

The effect of orthotropic properties of the material on the behavior of a shell was studied (Fig. 3). As 
seen from the figure, an increase in parameter ∆  that determines the degree of anisotropy (curve 1 -  
∆ =1; curve 2 - ∆ =1.5; curve 3 - ∆ =2.0) leads to an increase in the oscillation amplitude and a phase 
shift to the left. 
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Figure 3. Dependence of the deflection vs time for 

;1.1 ;5.0 ;0 ;0 ;0 ;10 ;10 ;25 ;1 * =Θ======== αδλ yxyx ppqkk  

;2,1,,05.0 === jiAA ij  

∆ =1 (1); 1.5 (2); 2.0 (2) 
Figure 4 shows the results obtained from different theories. Here, curve 1 corresponds to the case 

when the shell material is elastic, curve 2 - to the case when the viscosity of the material is taken into 
account in the direction of shear ( )2,1,,0,05.0 === jiAA ij , and curve 3 - to the case when the viscosity 

is taken into account in all directions ( )2,1,,05.0 === jiAA ij . 

 
Figure 4. Dependence of the deflection vs time for 

*1;  25;  10;  10;  0;  0;  0;  0.5;  1.1;  1x y x yk k q p pλ = δ = = = = = = α = Θ = ∆ =  

The results obtained confirm that viscous-elastic properties of the material should be considered not 
only in the shear direction but also in other directions. 

The influence of the shell thickness on its behavior is studied. Figure 5 shows the results obtained 
for various values of the thickness change parameter ∗α . It can be seen that with an increase in this 
parameter, the oscillation amplitude increases. In particular, the results obtained for a shallow shell of 
constant thickness ( 0=∗α ) coincide with the results obtained in [29]. 
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Fig.5. Dependence of the deflection vs time for 

;1.1 ;0 ;0 ;0 ;10 ;10 ;25 ;1 =Θ======= yxyx ppqkkδλ  

1 ;2,1,,05.0 =∆=== jiAA ij  
∗α =0 (1); 0.5 (2); 0.8 (3) 

Figure 6 shows the results obtained for various values of the curvature parameter xk . An increase 
in this parameter leads to an increase in the amplitude of oscillations. 

 
Figure 6. Dependence of the deflection vs time for 

;1.1 ;5.0 ;0 ;0 ;0 ;10 ;25 ;1 * =Θ======= αδλ yxy ppqk  

1 ;2,1,,05.0 =∆=== jiAA ij  

xk =10 (1); 15 (2); 20 (3) 

Figure 7 shows the results obtained for various values of the frequency of the external periodic load 
Θ . An increase in this parameter leads to an increase in the amplitude of oscillations. 
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Figure 7. Dependence of the deflection vs time for 

 ;5.0 ;0 ;0 ;0 ;10 ;10 ;25 ;1 * ======== αδλ yxyx ppqkk  

1 ;2,1,,05.0 =∆=== jiAA ij  

Θ =1.1 (1); 1.3 (2); 1.5 (3) 

4. Conclusion 
A mathematical model, method, and computer program were developed to estimate parametric 

oscillations of a viscous-elastic orthotropic shallow shell of variable thickness, taking into account geometric 
nonlinearity under periodic loads. 

The dynamic stability of a viscous-elastic orthotropic shallow shell of variable thickness was 
described by a nonlinear system of IDEs. 

The application of Galerkin method with the discretization of spatial variables at each time point 
reduces the problem of dynamic stability of a viscous-elastic orthotropic shallow shell of variable thickness 
to solving a non-decaying system of ordinary nonlinear IDEs with weakly singular kernels with variable 
coefficients. 

The impact on the amplitude-time characteristics and the SSS of a change in the physical-mechanical 
and geometric parameters of the shell material was estimated. 

The method proposed in this article can be used for various types of thin-wall structures (plates, 
panels, and shells of variable thickness). 
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