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Abstract. Introduction. The floods caused by ice phenomena are among the "three leaders" of dangerous 
hydrological phenomena that damage the economy and the environment in Russia. Methods. The 
methodological basis of the study was: passive experiment, analysis and synthesis, generalizations, 
methods of mathematical modeling of hydrological and hydraulic processes, multivariate analysis and 
expert assessments. Results and Discussion. Generalization, analysis and systematization of knowledge 
about the processes of formation of ice difficulties were carried out. It is shown that under the conditions of 
climate change and ice regime of water bodies as a result of human economic activity, the methods of 
forecasting ice phenomena are being transformed, which are mainly based on statistical dependencies 
established according to the hydrometeorological observations. An updated zoning of the territory of Russia 
by the genesis of the ice phenomena and types of dangerous hydrological phenomena with recorded 
material damage is presented. The views on modern methods of monitoring dangerous ice phenomena 
and the use of its results for timely forecasting, adoption of rules for the use of water resources and 
preventive measures are expounded, while the consequences of the impact of these phenomena on water 
bodies are assessed. The modern trends in the development of mathematical modeling of the processes 
of formation of ice hanging dams and ice jams, the transporting ability of subglacial flows in combination 
with models of river flow formation and functioning of water management systems are revealed. The 
prospects for research aimed at developing measures to counter threats to water safety caused by 
dangerous ice phenomena are determined. Conclusion. The results of qualitative and quantitative analysis 
can be used to collect information on the consequences of exposure and monitoring of ice hazards. Trends 
in the development of mathematical modeling of the processes of congestion and anchor ice dam formation, 
transporting ability of subglacial flows in sections of rivers with engineering structures are associated with 
a combination of hydrodynamic models, models of river flow formation and the functioning of water 
management systems. The prospects for research aimed at developing measures to counter threats to 
water safety caused by dangerous ice phenomena were determined. 

Funding: The article is based on the results of the scientific project "Development of composite modeling 
methods for exploratory design and feasibility study of hydraulic structures" (2023 NRU MGSU). 
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1. Introduction 
Water safety is the most important challenge of our time. For the national safety of Russia, the water 

factor is associated, first of all, with such sources of risks as accidents at hydraulic structures and floods 
caused by dangerous hydrological phenomenon (DHP). DHP occur in the vast majority of countries of the 
world [1]. In Russia, the damage from all possible hydrometeorological phenomena is 80–90 % of the total 
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damage of a natural environment. At the same time, floods caused by high water, ice jam or ice hanging 
dam are among the "three leaders" of the DHP, which have a "damaging effect on people, economic sectors 
and the environment" [1]. In 2020, The Russian Federal Service for Hydrometeorology and Environmental 
Monitoring (Roshydromet) recorded 1,000 dangerous hydrometeorological phenomena in Russia (97 
phenomena more than in 2019), of which 372 phenomena caused significant damage to critical 
infrastructure [2]. Such DHPs in each of the subjects of Russia have their own characteristics and different 
repeatability. The role of each of the possible sources of an emergency accompanied by the occurrence of 
significant material damage is different and unique both in time and place of origin on the territory of the 
country [1, 3].  

Over the past 25 years, more than 130 ice-clogging floods with recorded material damage have been 
registered in Russia. The scale of damage varies: from the maximum in the spring of 2001 on the Lena 
River to the insignificant – in sparsely populated river basins of the Far North. The studies of the processes 
of ice jam both in natural riverbeds and in regulated sections of rivers show that the development of ice jam 
and ice hanging dam, as a rule, leads to a decrease channel capacity of the channel and a significant rise 
in the water level in the river. The annual ice floods on the Sukhona River near Veliky Ustyug [3], the winter 
flooding on the Volga River in Yaroslavl in 2020 [4], and the formation of congestion in the alignment of the 
bridge gate across the river are a confirmation of that [5]. 

Despite the sufficient study of the ice regime of rivers and the processes of ice jams, there are still 
some urgent problems of the engineering hydrology concerning dangerous ice phenomena, which include: 

• the study of the causes and features of their formation; 

• the analysis of achievements in the development and application of methods for calculating 
and forecasting their quantitative characteristics; 

• their physical and mathematical modeling; 

• monitoring and consequences of their formation both in natural environment and on 
regulated sections of rivers, including in the presence of engineering structures, to reduce 
threats to water safety. 

The technological complex of engineering hydrology includes monitoring of surface and groundwater, 
including the observations (with a system for collecting and transmitting information) and the measurements 
of physical and geographical characteristics; the water resources management technologies; the statistical 
analysis of hydrological data; the modeling of hydrological (and hydraulic) systems; the hydrological 
forecasts. 

In this study, using the capabilities of the technological complex of engineering hydrology, the 
following tasks were solved: 

1. The search for statistically significant trends in the historical timing of the ice formation and the 
ice break-up (based on a statistical analysis of the characteristics of the ice regime of the mouth section of 
the Northern Dvina River in the retrospective period). 

2. The classification of the subjects of the Russian Federation by the spectrum of hazardous 
hydrological and ice phenomena (ice jams and ice hanging dams) with recorded material damage, 
statistical assessment of the long-term dynamics of these phenomena and the advanced nature of their 
forecasts in each of the regions. 

3. The qualitative and quantitative assessment of the factors that influenced the occurrence of ice 
jam and the development of winter flooding in the regulated section of the river (based on the results of 
monitoring the hydrometeorological and hydrological situation in the Volga River basin below the Rybinsk 
hydroelectric complex). 

4. The mathematical modeling of the river flow in the area of the bridge crossing in the conditions of 
ice jam formation (on a section of the Volga River to assess the flow velocities and slopes of the water 
surface) followed by an assessment of ice impacts on the temporary transport structure. 

2. Materials and Methods 
2.1. Area of research 

2.1.1. The ice regime of rivers of the north of the European part of Russia 
Due to intensive anthropogenesis and climate change, the ice regime of the rivers of Russia, as part 

of the hydrological regime of the river, underwent significant changes in the XX–XXI centuries. In order to 
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assess the latest changes of the ice regime, it is necessary to retransform information about the ice regime 
of watercourses in the past. 

The continuous data on the ice regime of Russian rivers are available since the first half of the XVIII 
century. For example, information about the timing of freezing and the complete clearance of the Northern 
Dvina River from ice has been known since 1734. For the first time, the analysis of long-term observations 
of the timing of the ice phenomena onset in the basin of this river was performed by K.S. Veselovsky in 
1857. In 1868–1869 S.F. Ogorodnikov systematized this information, pointing to the factors affecting the 
height of water rises, linking the height of the spring flood of the river "... with the rapidity of snow melting, 
the thickness and strength of the ice, the strength or direction of the wind during the ice breakup of the 
lower part of the river" 1. Today, these are generally accepted predictors in models for forecasting the height 
of ice jams rises in water levels [6]. In the same work, an assumption was made about the possibility of 
predicting the timing of freezing and ice breakup: "the ice breakup and freezing of rivers are inextricably 
linked with the air temperature". The research of S.F. Ogorodnikov was developed in the works of 
M.A. Rykachev (1886)2 and P.N. Orlov (1915)3. 

The surface air temperature is one of the indicators characterizing the climate change at high 
latitudes. Compared with the variations in air temperature, the rate of warming in the Arctic in recent 
decades has exceeded the global and regional warming rates [7]. The increase in the average annual 
temperature in Arkhangelsk in the last decades of the twentieth century was 0.6 °C, the temperature 
increase at a rate of 1 °C per 100 years occurred mainly in the cold period of the year [3]. The variability of 
the near-surface air temperature in the Dvina River Bay of the White Sea was studied for 1915–2015 [8]. It 
was found that the increase in the average daily air temperature in the spring has shifted to an earlier date, 
and the decrease in autumn – to a later date; the average rate of change was 10 days in 100 years. 

The consequence of the change in the temperature regime was a change in the ice regime of the 
Northern Dvina River. The dates of freezing have shifted to a later date and the dates of clearing from ice 
– to the earlier ones [3]. For the lower section of the river for 1880–2004, a statistically significant trend in 
the timing of the appearance of ice and ice breakup dates was obtained. The freezing came later by 4–5 
days, and the ice breakup 2 days earlier. The general trend of shifts in the timing of the appearance of ice 
and the freezing was revealed throughout the observation period, starting from 1734. 

The data on the ice regime of the Northern Dvina River for 1961–2016 were analyzed [9]. For the 
lower reaches of the river, the dates of freezing shifted by 5 days, the freezing started at higher water levels, 
which caused an increase in the frequency of ice jams. The timing of cleaning from ice shifted by 4–5 days. 

The ice and temperature regimes of the Northern Dvina River according to the reports of the 
Solombala hydrological post and the Arkhangelsk meteorological station for the period 1914–2013, and 
historical data for 1733–1855 were studied [10]. A later ice breakup of the river in the period from 1733 to 
1855 was explained by the fact that this period belonged to the so-called Little Ice Age. For the dates of the 
beginning of ice phenomena for 1972–2012, a linear positive trend was obtained [10]. It was noted that the 
tendencies of deviation of the average air temperature from the norm and changes in the dates of ice 
formation were unidirectional.  

On a 45-kilometer stretch in the delta of the Northern Dvina River almost every spring, ice jams are 
formed. A lot of historical evidence has been preserved about the spring floods with high water rises and 
their consequences for Arkhangelsk (high flood of 1621 with ice drift in Kholmogory, water rise of 5.3 m in 
the spring of 1779, flood of 1811) [11]. Almost annually, in the period from 1900 to 1915 in Arkhangelsk 
during the spring ice drift, the rise of water was 3-4 meters. To prevent ice jams and related floods in the 
city since 1915, icebreaking work began to be carried out. From 1922 to 1970, the icebreaking included 
bombing [12], and since 1954, radiation for ice weakening. Since 1962, directed explosions has became a 
part of the annual icebreaking works [13]. The early descent of ice into the river mouth has become a 
powerful anthropogenic factor affecting not only the occurrence of ice jams, but also the course of spring 
ice phenomena. The ice drift in the Arkhangelsk region began to advance a few days earlier [14]. Over the 
centuries, the population of the city has grown significantly (from 11 thousand in 1811 to 345 thousand in 
2021). The ice regime of the Northern Dvina River is now affected by discharges of warm wastewater from 

                                                      

1 Trudy Arkhangel'skogo gubernskogo statisticheskogo komiteta za 1867 i 1868 g. [Proceedings of the Arkhangelsk 
Provincial Statistical Committee for 1867 and 1868]. (rus) 
2 Rykachev, M.A. Vskrytiya i zamerzaniya vod v Rossiyskoy imperii [Breakup and freezing of waters in the Russian 
Empire]. St. Petersburg: printing house of the Imperial Academy of Sciences. 1886. 309 p. (rus) 
3 Orlov, P.N. Vskrytiye i zamerzaniye reki Severnoy Dviny v g. Arkhangel'ske po dannym za 1734-1915 gg. 
[Breakup and freezing of the Northern Dvina River in the city of Arkhangelsk according to data for 1734-1915]. 
Arkhangelsk: Provincial Printing House, 1915. 14 p. 
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the municipal economy and industrial enterprises. It is very problematic to distinguish the degree of 
anthropogenic influence and the influence of climate change on the characteristics of the ice regime at the 
mouth of the Northern Dvina River according to the hydrological data collected later than 1915.  

The information basis for long-term analysis of the possible non-stationarity of ice phenomena and 
the search for statistically significant trends in the historical timing of the ice formation and the ice breakup 
at the mouth of the Northern Dvina River was the archival information of M.A. Rykachev, supplemented by 
the data of P.N. Orlov. 

2.1.2. Dangerous hydrological and ice phenomena on the territory of Russia 
The features of the distribution of DHP, including ice genesis, on the territory of Russia depend 

primarily on the natural and climatic conditions and characteristics of anthropogenic activity. The various 
aspects of the impact of DHP on natural and technical systems, flood hazard assessment in Russia and in 
its subjects are considered, for example, in works of [15, 16]. The use of methods of multidimensional data 
analysis and GIS technologies in the creation of regional information and cartographic databases on DHP 
is set out, for example, in the work of [17]. Integrated hydrometeorological modeling for early flood detection 
is used in foreign practice [18].  

The starting material for studies of the long-term dynamics of dangerous hydrological and ice 
phenomena were Roshydromet data on adverse weather conditions and dangerous hydrometeorological 
phenomena that caused socio-economic losses in Russia for a 29-year period from 1991 to 2019 [19]. The 
total data set of DHP includes almost 1900 events. 

2.1.3. Factors affecting the occurrence of ice jam and development of winter flooding in the 
regulated section of the river 
The ice jams play an important role in the formation of catastrophic floods on rivers. Features, causes 

and consequences of the formation of ice jams both in natural and overregulated sections of rivers have 
been studied for several decades [20, 21, 22]. In the recent years, there have been more studies on 
regulated rivers as well [5, 23]. The studies showed that ice-hanging dams during the formation of ice 
covers and ice jams during its destruction mainly develop due to the presence of fractures in the longitudinal 
profile of the river, increased slopes and flow rates in the river section in combination with fluctuations in 
the mode of releases to the hydroelectric power station. The conditions for the formation of ice jams in the 
regulated section of the river differ from the natural conditions of ice jams by the presence of pre-flood 
discharge of the water level. One of the main reasons (factors) for ice jam is the insufficient flow capacity 
of the channel (both ice and water) associated with its morphological features [23]. 

The authors attempted to assess the factors that influenced the occurrence of ice jam and the 
development of winter flooding on the Volga River below the Rybinsk hydroelectric complex near Yaroslavl 
in February 2020. For this purpose, they compared this case with a similar situation that occurred in the 
winter of 2007. The authors used the results of monitoring observations based on operational reports of the 
Ministry of Emergency Situations of Russia, PJSC RusHydro and Roshydromet. Information from the 
Federal Agency of Water Resources on the water management situation in the territory of the Upper Volga 
Basin Water Management and the operating modes of the reservoirs of the Volga-Kama cascade was used 
as well.  

The factor of insufficient throughput of the channel is relatively constant, but in the considered case 
(2020) on the river section of the Nizhny Novgorod reservoir of the Volga River in the Yaroslavl region, it 
played a decisive role in the formation of an ice jam. 

2.1.4. Factors and methods of modeling river flows in the area of the bridge crossing in the 
conditions of ice jam formation 
For the successful implementation of infrastructure projects in the river basins of Russia, modeling 

of ice phenomena and the capacity of river channels in the autumn-winter and winter-spring periods, 
including in the presence of engineering structures on rivers (bridges, crossings, power transmission 
towers, etc.), is of great importance. An overview of methods of mathematical modeling of ice processes 
and the experience of their implementation for practical problems is contained, for example, in the papers 
[23–25].  

In [26] issues of dynamics of water flows with ice cover and a set of mathematical models of ice jams 
and their consequences are considered. The methods of calculation, forecast and comprehensive 
assessment of the impact of ice jams on the environment were set out in a monograph [27]. 

Researches [28, 29] are devoted to the creation of a physical model of the ice jammed section of the 
riverbed. In foreign practice, both one-dimensional mathematical models of ice processes implemented in 
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computer programs RIVICE, RIVJAM, ICEJAM, and two-dimensional ones, for example, CRISSP, are 
widely used. A comparison of numerical models of river ice jams was made in papers [30, 31]. 

The object of the study was a new bridge across the Volga River in its middle course during the 
construction period. The estimated flow rate was assumed to be equal to the construction flow rate with a 
10% security of 30,000 m3/s. The corresponding water levels were determined taking into account the 
support from the Zhiguli hydroelectric complex, and the calculations were carried out at two levels at the 
output border, equal to 53.0 m and 54.0 m. 

2.2. Research Methodology 
The solution of the tasks was established on the methodological approaches based on the 

fundamental provisions of engineering hydrology and methods of scientific and cognitive activity: empirical 
(passive experiment) and universal general logical methods (analysis, synthesis, generalization, etc.), as 
well as methods of mathematical modeling of hydrological and hydraulic processes, mathematical statistics, 
multidimensional analysis and expert assessments. 

The achievements of applied mathematical sciences and the development of the theory of ice 
processes at the present stage have provided a new way to assess the variability of the ice regime of the 
mouth of the Northern Dvina River in historical retrospective, which excludes the influence of anthropogenic 
factors. The methodological basis of the study were multidimensional data analysis and methods of 
mathematical statistics. Verification of the significance of the trend was carried out on the recommendations 
of the State Hydrological Institute (SHI, 2010) [32]. 

The classification of the subjects of Russia by type, number and frequency of occurrence of ice DHP 
in the development of work of [1] was carried out using the method of multidimensional data analysis – 
cluster analysis. The regression analysis methods were used to verify the stationarity of long-term DHP 
series by cluster, region, and type. 

The authors generalized the features of ice jam processes in overregulated sections of rivers, and 
assessed the hydrological situation and ice conditions with an analysis of the causes and consequences of 
ice jams on the river section of the Gorky reservoir below the Rybinsk hydroelectric complex. The work was 
carried out as a result of a passive empirical experiment using meteorological, hydrological (on water flows 
and levels) data and information on ice phenomena on the river. The authors also employed a universal 
(general logical) method - analysis and synthesis, induction and deduction, generalization. The draft Rules 
for the Use of Water Resources of the Rybinsk and Gorky Reservoirs on the Volga River were useful for 
the study. 

The assessment of ice impacts on the capacity of the Volga River bed and the temporary bridge 
crossing during the construction period was carried out by the method of mathematical modeling of the river 
flow in the area of the bridge crossing in the conditions of ice jam using the Russian software package 
STREAM 2D CUDA [33]. It was based on the numerical solution of the equations of shallow water in a two-
dimensional (planned) formulation and the simplest model (with no consideration of the elastic properties 
of ice). 

3. Results and Discussion 
3.1. Statistical analysis of the characteristics of the ice regime in retrospective period 

For statistically reliable conclusions about the possible non-stationarity of ice phenomena on the river 
over a retrospective observation period of more than 180 years (1734–1915), the Northern Dvina was tested 
for the hydrological homogeneity of the studied characteristics in accordance with the current 
methodological guidelines of the State Hydrological Institute (SHI, 2010) [32]. 

A method for estimating the significance of linear regression equations over time was used. If the 
trend was significantly different from zero, then the hydrological characteristic (including the date of 
occurrence of the ice event) was non-uniform in time. 

The significance of the trend was assessed by comparing the correlation coefficient r of the linear 
regression equation with a random mean square error calculated by the formula: 

2(1 ) / 1,r r nσ = − −       (1) 

where n  is the number of years of observations. At a 5 % significance level, the condition 2r
r
σ ≥  must 

be satisfied, at a 1 % significance level 3r
r
σ ≥ . 
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Figure 1 shows the factor field of breakup dates from the ice of the Northern Dvina River. The date 
of the opening of the river corresponded to the first of the dates of the complete clearing of the river from 
ice. The earliest opening date is April 21, the latest date is June 7. Along the y-axis, the boundaries 
(Figure 1) of the studied field of opening dates are: April 15 – lower and June 14 – upper. The beginning of 
the series under consideration corresponds to the 1st year. The domain of definition is taken at 200 years. 

The general trend of autopsy dates reversed after 120 years (1860). For verification, 2 periods were 
considered: observation data from 1734 to 1859 and from 1860 to 1915. The abscissa shows the years 
(1st – 1734 and 182nd – 1915) of the study series of observations of the opening of the Northern Dvina 
River. The ice breakup trend equation has the form in the format of numbers: y = -0.038x + 43227. It was 
obtained as a result of applying the STATISTICA package using the “encoding” of dates (converting the 
“date” format to the “number” format). 

The trend of the ice breakup dates (April 15 to June 14) for the period of 1734–1859 is not statistically 
significant. The trend for the period of 1860–1915 is statistically significant: the coefficient of determination 
R2 is greater than 0.1. For the model of paired linear regression, the coefficient of determination is equal 
to the square of the usual correlation coefficient between y and x at both 5% and 1% (Figure 1).  

 
Figure 1. Ice breakup in 1734–1859 (blue) and 1860–1915 (red). 

 
Figure 2. Freezing in 1734–1859 (blue) and 1860–1915 (red). 

The trend of dates of river freezing (from October 12 to December 21) for 1734–1859 is statistically 
significant at the level of 5 %, and at the level of 1 % it is no longer significant. The trend of dates of river 
freezing in 1860–1915 is not statistically significant (Figure 2). In addition, the shift of the ice breakup dates 
in 1860–1915 towards earlier dates and the shift of freezing dates in the period 1734-1859 towards later 
dates were proven. 

Analysis of retrospective data for 182 years (from 1734 to 1915) made it possible to exclude the 
influence of anthropogenic factors on the assessment of the variability of the ice regime on the mouth 
section of the Northern Dvina River. The identified trends indicated a possible warming of the climate in the 
northern latitudes. The findings could be useful for analyzing long-term regional and global climate change. 
Similar conclusions about shifts in the timing of ice breakup and freezing of the rivers of Central Siberia 
were made based on the results of a retrospective analysis of two-hundred-year observations. 
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3.2. Classification of the subjects of the Russian Federation by the spectrum of 
hazardous hydrological and ice phenomena 

Floods (33.3%) and high waters (29.8%) caused the most material damage on the territory of Russia 
out of all the events of the DHP, and cases of recorded damage from ice jams and ice hanging dams 
amounted to 7.2% and 0.5%, respectively. Descriptive data statistics showed that the maximum number of 
DHP types found in a particular region (in 2% of the subjects of the Russian Federation) can reach up to 
six (ice jam and ice hanging dam, low baseflow, high water and flood, mudflow). 

For each type of DHP within the territory of Russia, linear trends were built. The temporal 
homogeneity of the series was checked according to the recommendations of the State Hydrological 

Institute [32], with the ratio 2r
r
σ ≥ (r is correlation coefficient; rσ  is root mean square error; n = 29 is 

the number of years of observations) the trend was recognized as significant at 5 % of the level of 

significance, with the ratio 3r
r
σ ≥  trend was recognized as significant at 1 % level of significance [32]. 

The final conclusion about the significance of the trend or the non-stationarity of the series was made with 
the same conclusions for 5 %, and for 1 %. The results of assessing the significance of trends for all types 
of DHP, including ice jams, are shown in Table 1. For the period of 1991–2019, all DHP analyzed with 
recorded material damage had upward trends, but trends were recognized as statistically insignificant at 
both 5 % and 1 % significance levels. 

Table 1. Significance of linear trends of dangerous hydrological and ice phenomena for  
1991–2019. 

DHP types Trend equation r σr r/σr 
Ice jams y = 0.0546x + 4.4507  0.13 0.19 0.71 

All types of dangerous hydrological phenomena  
y = 1.0128x + 50.015 

 
0.34 

 
0.17 2.03 

 
Using cluster analysis, the DHP were grouped into 4 typical groups: ice difficulties (ice jam, ice 

hanging dam, early ice formation), high waters and floods, mudflows, low base flow. The combination of 
these phenomena is special for each subject of the Russian Federation. Each of the 85 subjects of Russia 
was assigned to one of nine clusters, depending on the combination of DHP types, which in different years 
caused material damage to the region [1]. 

The list of clusters, the combination of DHP types of which includes ice difficulties (ice jams and 
anchor ice dam, early ice formation), is given below in ranked order: 

1. Cluster No. 3 (ice difficulties, high waters): 13 subjects (16 % of all subjects of the Russian 
Federation), 

2. Cluster No. 4 (ice difficulties, high waters, low base flow): 8 subjects (9.9 % of all subjects of the 
Russian Federation), 

3. Cluster No. 1 (ice difficulties, high waters, mudflows, low base flow): 3 subjects (3.7 % of all 
subjects of the Russian Federation), 

4. Cluster No. 2 (ice difficulties, high waters, mudflows): 2 subjects (2.5 % of all subjects of the 
Russian Federation). 

The lists of subjects of the Russian Federation corresponding to each of the clusters No. 3, 4, 1 and 
2 are shown in Table 2. 

In regions where two or more types of DHP are recorded, the frequency of their occurrence 
sometimes differs significantly. During the period under review from 1991 to 2019, some subjects of the 
Russian Federation could bear material losses from high waters, and others could suffer from ice difficulties, 
etc. Therefore, within clusters No. 3, 4, 1 and 2, a more detailed typing of subjects was carried out according 
to the share of DHP of each type in their total number. 

The division of subjects of the Russian Federation into groups within these clusters was performed 
by means of cluster analysis in the STATISTICA program using the K-means method and grouping at 
constant intervals. The results of clustering are shown in Table 2. 
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Table 2. Clustering of Subjects of the Russian Federation within clusters by DHP frequency 
of each type. 

% DHP case ratio Subjects of the Russian Federation within each dedicated cluster 
Cluster No. 3 (ice difficulties / high waters) 

10% / 90% Omsk Region, Penza Region, Primorsky Krai, Ulyanovsk Region 
30% / 70% Leningrad Region, Murmansk Oblast, Nenets Autonomous Okrug, Orenburg Oblast, 

Pskov Oblast, Republic of Tatarstan 
47% / 53% Arkhangelsk Region, Ivanovo Region, Republic of Khakassia 

Cluster No. 4 (ice difficulties / high water / low baseflow) 
42% / 57% / 1% Krasnoyarsk Krai, Republic of Sakha (Yakutia) 
10% / 40% / 50% Novosibirsk Region, Tomsk Oblast 
10% / 75% / 15% Amur Region, Kemerovo Region, Tyumen Region, Khabarovsk Territory 

Cluster No. 1 (ice difficulties / high waters / mudflow / low baseflow) 
20% / 75% /2%/ 3% Altai Republic 
24% / 70%/5%/1% Altai Krai 

5% / 50%/35%/10% Krasnodar Krai 
Cluster No. 2 (ice difficulties / high waters / mudflows) 

25% / 70% / 5% Zabaykalsky Krai (Trans-Baikal Territory) 
10% / 70% / 20% Republic of Dagestan 

 
Within each cluster, depending on the share of DHP of each type, the subjects of the Russian 

Federation were also divided into groups. For example, cluster No. 3 unites regions for which material 
damage was caused by such types of DHP as ice difficulties and high waters. In the Omsk, Penza and 
Ulyanovsk regions, as well as the Primorsky Krai, on average, only 10% of all cases of the recorded material 
damage were caused by ice difficulties, the remaining 90% of cases were due to high waters and floods. 
In addition, in cluster No. 4, which unites other subjects of the Russian Federation, material damage was 
caused by such types of DHP as ice difficulties, high waters and low baseflow. For example, in the 
Novosibirsk and Tomsk regions, on average, 10% of all cases of the recorded material damage was caused 
by ice difficulties, 40% were due to high waters and floods, and 50% were due to low baseflow. In the 
Krasnoyarsk Territory and the Republic of Sakha (Yakutia), an average of 42% of all cases of recorded 
material damage was caused by ice difficulties, 57% of cases were freshets and floods, and the remaining 
1% of cases were caused by low baseflow. 

The use of cluster analysis methods made it possible to zone the territory of Russia according to the 
predominant types of DHP (including ice) and to assess the degree of exposure of the subjects of the 
Russian Federation to their impact. The information obtained makes it possible to assess the territorial risks 
caused by DHP and to timely identify negative processes. The possible manifestation of that may affect the 
occurrence and development of emergency situations in water bodies and adjacent territories. Floods, 
freshets and ice difficulties (congestion and anchor ice dam) cause material damage in a significant part of 
the subjects of the Russian Federation. Therefore, the organization of monitoring of these DHP on the 
territory of Russia is a priority. 

3.3. Assessment of the factors that influenced the occurrence of ice jam and the 
development of winter flooding in the regulated section of the river 

On the longitudinal profile (Figure 3) of the Nizhny Novgorod Reservoir [4], a 50-kilometer "rapid" 
section of the channel near Nekrasovskoye village on the river section from Yaroslavl to Kostroma is visible. 
In addition, it is on this section of the Volga River that large morphometric obstacles are located: several 
islands, narrowings and turns of the channel. It is obvious that these morphometric barriers have led to the 
restriction of the living section and the formation of slush in some areas in this part of the reservoir. The 
combination of unfavorable morphological conditions, the alternation of strong thaws and significant cold 
snaps, unstable ice and short-term winter ice drift in an exceptionally ice jams area in the zone of wedging 
the water level of the Nizhny Novgorod Reservoir in the area of Mininsky Island have led to the formation 
of an ice jam above Nekrasovskoye village. The formation of ice jam caused a significant narrowing of the 
live section of the flow, but at the same time the decrease in capacity in this section of the channel (taking 
into account the additional rise in the water level above the ice jam) did not exceed 30–40%, and an ice 
survey of ice jam was not carried out. 

A decisive role in the formation of ice jams in the river section of the Nizhny Novgorod Reservoir both 
in 2020 and in 2007 was played by the factor of insufficient ice and water capacity of the channel associated 
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with the morphological features of the Volga River section. The time of formation of ice jams both in 
February 2020 and in January 2007 clearly coincided with the periods of significant fluctuations of tail-water 
volume at the Rybinsk hydroelectric complex with their overall significant growth. In both cases, during the 
formation of ice jams, the water level at the dam of the hydroelectric complex of the Nizhny Novgorod 
Reservoir was discharged by more than 0.3–0.35 m due to a corresponding increase in discharge costs at 
the Nizhny Novgorod hydroelectric complex.  

This once again confirms the extremely negative impact of the water level in the reservoir before the 
flood on the conditions and the possibility of ice jams on the regulated section of the river above the 
hydraulic complexes.  

 
Figure 3. Calculated curves of the free surface of the Nizhny Novgorod Reservoir on a congestion-
prone section of the Volga River 1, 2, 3, 4, 5 – water levels (m) for years of different probability of 

exceeding [4]. 
The magnitude of the maximum rise in ice dam levels in the Volga River near Yaroslavl in 2020 

exceeded the maximum of 2007 by almost 1 m with even slightly smaller fluctuations in discharges from 
the Rybinsk reservoir. Under very similar weather and hydro meteorological conditions, in both cases, the 
main difference was the "lower background" of water levels in the upper stream near the dam of the Nizhny 
Novgorod hydroelectric complex (in 2020 in January-February they were 0.8 m lower than in 2007). 
Therefore, when establishing the operating modes of reservoirs, special account should be taken of the 
emerging water management and hydro meteorological situation, taking into account the analysis of 
observations of hazardous hydrological phenomena on the water body. The results of the study were used 
to substantiate the modes of operation of the reservoirs of the Volga-Kama cascade of hydraulic complexes 
and the development of a new edition of the regulations for the use of water resources of reservoirs. 

3.4. Modeling of river flow in the bridge area under conditions of ice jam formation 
The hydrodynamics of the streams was taken into account by additional friction on the inner surface 

of the ice cover. For tangential stresses on a free surface, a quadratic dependence on the average depth 
of the flow velocity with Manning roughness coefficients n was assumed. At the same time, the influence 
of wind was not taken into account, since the free surface of the water was shielded by ice. The problem of 
the vertical velocity profile in the subglacial stream was not considered, since it is not significant for 
determining water levels in ice jam floods. 
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Full-scale measurements of real currents showed that additional roughness coefficients from the 
presence of ice on the surface of the flow have values from 0.02−0.03 for the average winter period to 
0.03−0.06 or more in the presence of ice jam during the flood period [34, 35]. In the calculations, the total 
roughness coefficient for the area with ice jam was taken to be equal to 0.05. 

A digital elevation model (DEM) of the Volga River bed above and below the gate of the bridge 
crossing was constructed (Figure 4). Calculations of water levels and flow rates in the conditions of the ice 
jam formed along the entire width of the channel with an ice thickness of 0.73 m (with the probability of 
exceeding 10% and obtained from field measurements in early March 2021) were performed by means of 
the STREAM 2D CUDA software package development of NPP Aquarius Analytic LLC [33]. For numerical 
simulation in the computational domain, a hybrid grid of a triangular-quadrangular structure (63 thousand 
cells) was used. 

In the calculations, the ice jam was located above the gate of the bridge crossing the entire width of 
the river at a distance of 6 km upstream. According to hydrological surveys, at water flows of 29800 m3/s 
and 30200 m3/s, the water levels in the gate of the bridge crossing were equal to 54.16 m and 54.34 m 
(during the ice age), respectively. At the same time, the slope of the water surface in the area above the 
bridge without ice is 3 cm/km (I = 0.00003), and taking into account the stable ice (ice jam is located above 
the bridge) – 6.7 cm/km (I = 0.000067), i.e. increases by more than 2 times. The depth of the flow along 
the line of the main fairway at such levels reaches 18–19 m, and in the shallow water zone is 5–6 m Fig.4. 

The calculations taking into account ice phenomena for the conditions of spring 2021 have shown 
that the temporary structures that existed at that time practically do not affect the hydrodynamic 
characteristics of the flow and the ice itself cannot have a strong negative impact on them. 

Forecast calculations of ice phenomena for the conditions of spring 2022, when the temporary bridge 
will be fully operational, can lead to a long ice jam (up to 10 km long). However, the ice cutters provided for 
the temporary bridge, according to the assessment, should cope with the regulatory load. With an ice jam 
length of 7.5 km, they should start cutting the ice floes. 

The ice load on the supports of a permanent bridge during the period of the temporary bridge 
preservation can reach 60 Tf per support due to the effect of ice jam, in addition, a shock effect from floating 
single ice floes is possible (the strongest is in the deep-water part of the fairway, where speed reaches 
2 m/s). These issues require further special studies and observations. 

 
a)       b) 

Figure 4. Comparison of water levels calculated at Q=30000 m3/s (a – without ice, b – with ice) with 
the water level at the output boundary of 54 m (dash line – ice boundary, solid line – gate of the 

bridge crossing). 
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4. Conclusion 
In the context of climate change and the ice regime of water bodies as a result of human economic 

activity, the methods of forecasting ice phenomena are being transformed, which are mainly based on 
statistical dependencies established according to hydro meteorological observations. 

The results of continuous monitoring of ice and hydrological regimes are important for timely 
forecasting, taking preventive measures and assessing the consequences of the impact of ice hazards on 
water bodies. 

Russian territories were clustered by the genesis of ice phenomena and types of dangerous 
hydrological processes with recorded material damage, obtained using the cluster analysis method. 
Ensuring counteraction to technogenic and natural threats on water bodies, the developed information 
resource can be used in determining regional lists and criteria for dangerous ice hydrological phenomena, 
collecting information about the threat, possible consequences and monitoring of such processes. The 
results of qualitative and quantitative analysis can be used to collect information on the consequences of 
exposure and monitoring of ice hazards, as well as to provide public authorities and other organizations 
with factual and predictive data on hydrological hazards in the whole country and on the territory of the 
subjects of the Russian Federation. In addition, the results of the study can be used to substantiate the 
modes of operation of reservoirs of hydraulic complexes (cascades of hydraulic systems) and the 
development of regulations for the use of water resources. 

Modern trends in the development of mathematical modeling of the processes of ice jam formation, 
transporting ability of sub glacial flows in sections of rivers with engineering structures are associated with 
a combination of hydrodynamic models, models of river flow formation and the functioning of water 
management systems. 
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Abstract. The stress-strain and volumetric behavior, shear strength parameters, permeability and stiffness 
of soft clayey soil stabilised with various proportions of molasses, waste foundry sand, and lime are 
investigated in this article using the variable head permeability test and consolidated drained triaxial test. 
The results of the tests showed that the permeability, stress-strain and volumetric behavior of the soft clayey 
soil were significantly enhanced by the addition of molasses, waste foundry sand, and lime. At all confining 
pressures, the volumetric strain was found to decrease with the inclusion of additives. The additives to soft 
clayey soil reduced cohesion to a limited extent whereas significantly increasing the angle of shearing 
resistance. Furthermore, scanning electron microscope (SEM) images of all the optimum composites 
demonstrate that with the additives, a composite with higher strength and density is observed, and the 
geotechnical properties of soft clayey soil are improved, thereby making it suitable as a subgrade material 
in pavement construction. 
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1. Introduction 
Expansive soil is a type of clayey soil that is prone to large volumetric variations caused by changes 

in water content. As expansive soils act differently than other types of soil, geotechnical engineers in 
particular have obstacles when working with them. Structures that are constructed on them are susceptible 
to damage as a result of their tendency to swell and shrink. Damage caused by swelling and shrinking 
behaviour of expansive soils owing to moisture fluctuations costs billions of dollars worldwide [1, 2]. 
Disruption caused by weak expansive soil is most evident on structures that are lightly stressed, such as 
single or double-story buildings, canal linings, earth retaining structures, pavements, etc.Soil stabilization 
is the technique of improving the engineering and index properties of poor soils [3, 4]. It is particularly of 
immense importance in civil engineering as it increases the shear strength of the soil and fulfils essential 
geotechnical requirements under specific environment. Efforts have been made in the past to stabilise 
expansive soils using a variety of materials such as molasses, waste foundry sand (WFS), construction 
demolition waste, cement, lime, polyurethane resin, and glass waste etc. [5–13]. It was observed that 
strength of expansive soil enhanced with the help of using these materials. 

An enzyme is a biological system product that accelerates the chemical reactions in the cells by 
catalysis. Enzymes are hydrophilic organic catalysts that promote extremely particular chemical reactions 
under favourable circumstances [14]. According to a number of investigations, enzyme-based stabilisers 
result in maintenance-free roads with increased bearing capacity (UCS, CBR, and resilient modulus) 
[15–19]. The addition of molasses to sodic clay and soft murum soil modified structural strength of soil and 
proved to be economical in road construction [20]. The plasticity of the composite was reduced from 53 % 
to 19 % when 4 % molasses was added to the soil cement blend, and the CBR value was raised from 1 % 
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to 64 %. Lab tests conducted on mixtures of clayey soil and bio-enzyme revealed that the CBR value of the 
clayey soil was increased by 5–10 % in the presence of the bio-enzyme, compared to the CBR value of the 
untreated soil [21]. The unconfined compressive strength of kaolin clay increased from about 1.42 MPa to 
2.04 MPa for samples with 0.1 wt% of fibres and 2.0 wt% molasses with respect to the dry weight of the 
soil [22]. 

The rapid development of industry has resulted in the production of a massive amount of waste, both 
solid and liquid. These wastes are often dumped on land or released into water bodies, without sufficient 
treatment, despite the fact that pollution control measures are required, and as a result they represent a 
significant source of environmental pollution and health hazard. High-quality silica sand, known as waste 
foundry sand (WFS) is a byproduct of the ferrous and non-ferrous metal casting industries. Because of its 
high thermal conductivity, it has been used for decades as a casting material for making moulds. The waste 
foundry sand is usually thrown away when the casting process is complete [23]. Every year, India produces 
nearly 1.8 million tonnes of waste foundry sands. More than 60 million tonnes of WFS were produced 
worldwide in 2016 and much of it was deposited in landfills [24]. The waste disposal problem of WFS might 
be overcome, and the environment would benefit, if it were utilized to stabilize expansive soils. Efforts to 
utilize WFS as a construction material have been increased significantly in recent years [25–29]. Standard 
proctor and CBR tests performed on combinations of lime, WFS, molasses, clayey soil and concluded that 
at 20 % WFS the CBR value of clayey soil was found to be the highest when compared with the other 
percentages of WFS used in the study [30]. Waste foundry sand materials (samples) from ten different 
industries were collected and investigated for use in road construction and as a structural fill. It was 
concluded that the finer sample may be used for the construction of the subbase layer of pavement [31]. 

The stabilization of clayey soil by the addition of lime is a method that is widely utilized across the 
globe to increase its suitability for construction. Lime is the oldest traditional stabilizer used for soil 
stabilization [32]. The term "lime stabilization" refers to the process of improving the quality of the soil by 
the incorporation of burned limestone products, such as calcium oxide (CaO) or calcium hydroxide  
(Ca (OH) 2). Lime stabilization is used to strengthen sub-bases and subgrades in roads, to build railroads 
and airports, embankments, to exchange soil in unstable slopes, to backfill bridge abutments and retaining 
walls, to line canals, to enhance the soil under foundation slabs, and to make lime piles [33, 34]. 
Stabilization of the expansive soil with 6 % lime decreased soil swelling without increasing soil pressure 
[35]. Eastern Croatian clay soils were combined with lime, and the results demonstrated an improvement 
in the geotechnical properties of the clays [36]. The unconfined compressive strength (UCS) and small-
strain dynamic characteristics of lime- and water-stabilized soft clay specimens revealed that increasing 
the lime concentration up to 10 % resulted in increasing the shear wave velocity (Vs), shear modulus 
(Gmax) and UCS values [37]. 

It has become clear from reviewing the existing research that using molasses and WFS individually 
in soil stabilization not only enhanced the geotechnical properties of clayey soils, but also proved to be 
environmentally friendly by resolving WFS disposal issues. Strength characteristics of composites and the 
shear response of clayey soils were significantly enhanced by the separate addition of molasses, WFS, 
and lime. 

However, the shear response of clayey soil blended with molasses (M), waste foundry sand (WFS), 
and lime (L) in combination with each other has been understudied in the past. In the present study, a set 
of permeability tests and consolidated drained triaxial tests was carried out on clayey soil stabilized with 
molasses, WFS, and lime separately and in combination. The effect of adding different amounts of additives 
to clayey soil on deviator stress was examined. In addition, the strength ratio and stiffness of stabilized soil 
at different strain levels were compared with those of unstabilized soil. 

2. Materials and Methods 
The soil samples were takenfrom the side of NH-88 (Kangra-Shimla route) near the Jukhala village 

in the Bilaspur district of Himachal Pradesh, India. After sample collection in airtight bags, samples were 
transported to the laboratory. The soil samples were pulverized in the pulverizing machine after drying. 
Then they were sealed again in air-tight bags to avoid any variation in moisture content. The soil was 
classified as clayey soil of high plasticity (CH) according to Unified Soil Classification System (USCS). 
Tables 1 and 2 present the geotechnical characteristics and mineral composition of the soft clayey soil 
investigated in the research. 

Molasses used in the study was obtained from Budhewal Co-Operative Sugar Mill Ltd., located in 
the Punjab region of Ludhiana. Table 3 shows the chemical characteristics of molasses. The waste foundry 
sand used in this work is a recycling waste from Shakti Foundries in Ludhiana (Punjab). WFS has a dark 
colour and a sandy texture due to the angular shape of the waste particles and the fines adhering to the 
sand particles. Dry sieve analysis in accordance with ASTM D6913-04 gave the gradation curve for WFS. 
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The effective size (D10), coefficient of curvature (Cc) and coefficient of uniformity (Cu) for the sand are 
0.14 mm, 0.89 and 1.44 respectively, indicating that WFS is poorly graded in nature, with the majority of 
the particles falling into the fine sand range. Fig. 1 displays the particle-size distribution curve of the sand 
used in this study. The various geotechnical and chemical properties of WFS were tabulated in Tables 4 
and 5. The powdered lime utilized in this investigation was purchased from a hardware store in Hamirpur, 
Himachal Pradesh. The chemical composition of lime is presented in Table 6. 

 
Figure 1. Particle size curve for soft clayey soil and WFS. 

According to American society for testing and materials (ASTM) standards, grain size analysis 
(ASTM D6913-04, ASTM D422-63), pH (ASTM D4972-18), Atterberg limits (ASTM D4318-10), permeability 
(ASTM D5084-03), and consolidated drained (CD) triaxial compression tests (ASTM D7181-11) were 
performed on soft clayey soil, clay-molasses mix, clay-WFS mix, clay-lime mix, clay-molasses-WFS-lime 
mix, clay-molasses-lime mix, and clay-molasses-WFS-lime mix. 

Using two 100 ml cylindrical beakers, one with distilled water and the other with 30 gm of soil mixed 
in 75 ml of distilled water, the pH of soft clayey soil alone and soil combined with varied amounts of 
molasses, WFS, and lime were tested in the lab. Soil and distilled water were combined and stirred every 
15 minutes for an hour, following which the pH was recorded using an electronic pH metre inserted in the 
beaker. The laboratory tests confirmed that Atterberg limits of the soft clayey soil and stabilized soil 
conformed to standards. The samples used to determine the liquid limit and plastic limit were screened 
using a 0.425 mm sieve. The liquid limit of the sample is the water content corresponding to 25 blows 
determined using Casagrande test apparatus and plastic limit is the moisture content at which soil begins 
to crumble when rolled into a 3 mm diameter thread using a ground glass plate. The plasticity index of the 
soil is the numerical difference between the liquid and plastic limits. 

To investigate the drainage properties of soft clayey soil and different composites of unstabilized and 
stabilized clayey soil a variable head permeability test was performed. A mould with a diameter of 100 mm 
and a height of 125 mm was used to conduct the variable head permeability test, and the sample was 
compacted in three layers at maximum dry density equal to optimum moisture content using 25 blows at 
each layer. The samples were soaked after preparation until water constantly came out of the mould. The 
starting and final heads were recorded, as well as the time it took for the heads to decrease, keeping the 
head difference constant. The triaxial tests were performed in a Perspex cell on 76×38 mm cylindrical 
materials compacted to the maximum dry density at optimum moisture content. The consolidated drained 
triaxial test was carried out in two stages: first, the sample was placed in the triaxial cell, confining pressure 
was applied, and drainage was allowed; secondly, an additional axial stress (also known as deviator stress) 
was applied, allowing drainage to occur, resulting in shear stresses in the sample. The sample was 
subjected to increasing axial stress until it failed. Applied stresses, axial strain, and sample volume change 
were all monitored during both phases. 
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Table 1. Geotechnical properties of clayey soil. 
Soilproperties Value 

Soil type CH 
Liquid limit 55% 
Plastic limit 20% 

Plasticity index 35% 
Specific gravity 2.6 

Differential free swell index 35% 
Optimum moisture content 16.5% 

 
Table 2. Mineral composition of clayey soil. 

Mineralcomposition Content (%) 
Oxygen, O 45.4 
Silicon, Si 18.5 

Aluminium, Al 8.69 
Carbon, C 10.9 

Iron, Fe 1.42 
Potassium, K 1.86 

Magnesium, Mg 2.30 
Titanium, Ti 2.51 

 
Table 3. Chemical properties of molasses used. 

Constituents Result 
Color Black 
Brix 83.2 

pH (1:1 at 20 ºC) 5.6 
Specific Gravity 1.39 

Viscosity 17500 mPa-s 
Moisture 21.76% 

Total sugar 47.83% 
Invert sugar 10.20% 

Sulphated sugar 15.50% 
Ca 1.63% 

 
Table 4. Geotechnical properties of WFS. 

Property Value 
Specific Gravity 2.64 

Optimum moisture content 8.20 % 
Maximum dry density 1.59 g/cc 

 
Table 5. Chemical properties of WFS. 

Chemical composition Percentage 
SiO2 84.90 
Al2O3 5.21 
Fe2O3 3.32 
CaO 0.58 
MgO 0.67 
SO3 0.29 
MnO 0.08 
TiO2 0.19 
K2O 0.97 
P2O5 0.05 
Na2O 0.50 

Loss of ignition 2.87 
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Table 6. Chemical composition of lime used. 
Chemicalcomposition Content (%) 

SiO2 2.1 
Al2O3 1.3 
Fe2O3 1.2 
CaO 82.8 
MgO 0.3 
SO3 0.4 

Na2O 0.4 
K2O - 
C 2.2 

CaCO3 4.3 
Impurities 5.0 

Loss of ignition at 800°C - 

3. Results and Discussion 
The following sections provide a summary of the effect of varying molasses, WFS, and lime 

percentages on pH, Atterberg limits, permeability, and shear strength parameters of soft clayey soils. 

3.1. pH tests 
The influence of molasses, WFS, and lime on soft clay pH is discussed in this section. pH of clayey 

soil treated with 5, 10, 15, and 20 % molasses was measured. Fig. 2 depicts the change in clay pH as a 
result of the addition of molasses. Soft clayey soil had a pH of 7.56, which was somewhat alkaline, whereas 
molasses had a pH of 5.8, which was slightly acidic. When molasses was added to soft clay, the pH of the 
composite decreased and reached neutral (pH = 7) at 10 % molasses concentration, and continued to drop 
as the molasses percentage was increasing. Molasses with a concentration of 10 % may be used for 
fixation in clay-molasses mixtures. Because molasses has a lower pH than soft clayey soil, it causes the 
pH of the mixture to drop when it is added [38]. 

Fig. 3 depicts the change in soft clay pH as a result of the addition of WFS (10, 20, 30, and 40 %). 
Soft clayey soil had a pH of 7.56, which was somewhat alkaline, whereas WFS had a pH of 6.42, which 
was slightly acidic. When WFS was added to soft clay, the pH of the composite decreased and reached 
neutral (pH = 7) at 20 % WFS concentration, and continued to drop as the WFS percentage was increasing. 
WFS with a concentration of 20 % may be used for fixation in clay-WFS mixtures. Because WFS has a 
lower pH than soft clayey soil, it causes the pH of the mixture to drop when it is added [39]. 

As shown in Fig. 4, the pH of the soft clay-lime mix rises as the lime concentration rises. The alkaline 
nature of lime causes a rise in pH with its addition. At 9% lime concentration in clay-lime combination, a 
maximum pH of 12.2 (pH of commercial lime employed in this research, which includes some impurities) 
was attained, suggesting that it might be utilized for soil stabilization. According to ASTM-C977, if the pH 
of the soil is 12.40 or above, the lowest proportion that yields a pH of 12.40 is the optimum lime 
concentration. When lime was added to soft clay, a reaction between the lime and the soil particles 
occurred, resulting in cation exchange up to a specific lime content, at which point the pH reached its 
maximum value, beyond which further lime dose had no effect on the pH value [40–42]. 

 
Figure 2. pH of clay-molasses mixes. 
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Figure 3. pH of clay-WFS mixes. 

 
Figure 4. pH of clay-lime mixes. 

3.2. Consistency limit tests 
For soft clayey soil the liquid limit was 55 % and plastic limit was 20 % and from plasticity index chart 

it was observed that clayey soil can be categorized as CH (clay of high plasticity) (Fig. 5). Adding molasses 
(at 5 %, 10 %, 15 %, and 20 % concentrations) to soft clayey soil lowered the plasticity index (Ip) from 35 % 
to 21 %. Noteworthy, Ip value dropped more significantly when 10 % molasses was used compared to other 
percentages of WFS. The points of the curve in the plasticity index chart shifted from the high plastic (CH) 
zone to the intermediate plastic clay (CI) zone, as shown in Fig. 5. Similar trend was observed in the past 
by some researchers [6, 43]. The Ip in soft clayey soil was lowered from 35 % to 29 % after WFS (10, 20, 
30, and 40 %) was added. It is worth noting that the percentage of WFS at which the Ip value dropped the 
most was 20 %. Fig. 5 shows a shift from the high plastic (CH) to the intermediate plastic clay (CI) region 
on the plasticity index chart. Similar trend was observed in the past by some researchers [39, 44]. The 
plasticity index (Ip) dropped from 35 % to 9 % with the addition of lime (3, 6, 9, and 12 %) to the soft clayey 
soil. It is important to note that the Ip value dropped significantly at 9 % lime compared to other lime 
concentrations. Variations in the plasticity index chart are depicted in Fig.5, where the points of the curve 
moved from the high plastic (CH) zone to the MI zone sufficiently below the A-line. Similar trend was 
observed in the past by some researchers [45, 46]. 

A combination of molasses and WFS reduced the Ip value of clayey soil to 17 %, by keeping 
molasses content constant at 10 % and varying the WFS content (10, 20, 30, and 40 %). Low plastic clay 
(CL) is represented by a variation in the plasticity index chart shown in Fig. 5. When WFS was added to 
soft clayey soil containing 10 % molasses and 10 % WFS, the plasticity index of the composite dropped, 
and it continued to drop considerably as higher percentages of WFS were added. As a result, the 
combination C: M: WFS:: 80: 10: 10 may be considered the optimum combination for soil stabilization from 
clay-molasses-WFS mix. 

Plasticity index was reduced from 10 % to 3 % when soft clayey soil was treated with molasses and 
lime, by keeping molasses content at 10 % and varying lime content (3, 6, 9, and 12 %). The points of the 
plasticity index curve in Fig. 5 deviate from the standard chart by shifting to the MI region below the  
A-line. The plasticity index of the composite decreased when 6 % lime was added to clayey soil with 10 % 
molasses, followed by a considerable increase in the value of the Ip the next percentages of lime, 
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suggesting that the combination C: M: L:: 84:10:6 is the optimal combination for soil stabilization from clay-
molasses-lime mix. 

Plasticity index value was reduced from 14 % to 8 % when WFS and lime were added to clayey soil, 
with WFS held constant at 20 % and varying lime content. The points of the plasticity index curve in Fig. 5 
deviate from the plasticity index chart by shifting to the MI region below the A-line. The plasticity index of 
the composite decreased with the addition of lime 6 % to clayey soil containing 20 % WFS, followed by a 
considerable improvement in the value of the plasticity index for the subsequent percentages of lime, 
suggesting that the combination C: WFS: L:: 74:20:6 may be considered the optimum combination for soil 
stabilization from clay-WFS-lime mix. 

Adding molasses, WFS, and lime to clayey soil lowered the Ip value down to 2 %, by keeping 10 % 
molasses, 20 % WFS constant, and varying lime content. The points of the curve in Fig.5 of the plasticity 
index chart shift to the ML region, which is sufficiently below the A-line. The plasticity index of the composite 
decreased with the addition of 3 % lime to clayey soil containing 10 % molasses and 20 % WFS, followed 
by a considerable increase in the value of the Ip for the next percentages of lime, suggesting that the 
combination C: M: WFS: L:: 67: 10: 20: 3 may be the optimum combination for soil stabilization from clay-
molasses-WFS-lime mix. 

From the above performed tests it was concluded that the geotechnical characteristics of soft clayey 
soil were improved significantly with the following proportions: 

− 10 % molasses in clay-molasses mix; 

− 20 % WFS in clay-WFS mix; 

− 9 % lime in clay-lime mix; 

− 10 % molasses and 10 % WFS in clay-molasses-WFS mix; 

− 10 % molasses and 6 % lime in clay-molasses-lime mix; 

− 20 % WFS and 6 % lime in clay-WFS-lime mix; 

− and 10 % molasses, 20 % WFS and 3 % lime in clay-molasses-WFS-mix. 

Hence all these mentioned combinations, considered optimum combinations, were further subjected 
to permeability test and consolidated drained triaxial tests. 

 
Figure 5. Plasticity index chart showing additives effect on classification of soft clayey soil. 
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3.3. Permeability tests 
Permeability tests were conducted to assess the drainage characteristics of soft clayey soil alone 

and combined with optimum contents of molasses, WFS, and lime. The coefficient of permeability (k) of 
soft clayey soil was 3.4×10–8 cm/sec. On adding optimum percentage of molasses (10 %) individually the 
coefficient of permeability of soft clayey soil decreased and it increased with the addition of optimum 
percentages of WFS (20 %), and lime (9 %). Fig. 6 shows the coefficient of permeability values observed 
for soft clay and optimum combinations. 

The addition of molasses to soft clayey soil caused an increase in the force of attraction between soil 
particles, which, in turn, reduced the amount of pore space between them resulting in a reduction of the 
soil permeability. The percentage of coarser particles in WFS was more than in clayey soil which may be 
the cause of the rise in permeability value of soft clayey soil after the addition of WFS. The pozzolanic 
interaction between lime and clay particles may be the cause of rise in permeability value observed after 
the addition of molasses and lime to clayey soil. Similar trend was observed in the past by some researchers 
[47, 48]. 

 
Figure 6. Permeability coefficient values of soft clay and optimum combinations. 

3.4. Consolidated drained triaxial tests 
3.4.1. Stress-strain curves from triaxial tests 

Fig. 7–9 show typical stress–strain curves for soft clayey soil and optimum combinations of clayey 
soil blended with molasses, WFS, and lime at confining pressures of 49.03 kPa, 98.06 kPa, and 147.1 kPa, 
respectively. A significant increase in deviator stress was seen when clayey soil was stabilized using 
molasses, WFS, and lime, when compared to unstabilized clayey soil. With the addition of the optimum 
combination (C:M:WFS:L:: 67:9:20:3), the maximum deviator stress enhanced by 185 % for confining 
pressure of 49.03 kPa, 203 % for confining pressure of 98.06 kPa, and 179 % for confining pressure of 
147.1 kPa. The deviator stress enhanced with increasing confining pressure for the samples stabilized with 
optimum percentages of additives (molasses, WFS, and lime), as shown in Fig. 10. The substantial impact 
of molasses, WFS, and lime as stabilizers occurred at high strain values, but at low strain (up to 2 %), the 
stabilization with these additives had no significant effect on the axial stress–strain behavior of the samples. 
Similar trend was observed in the past by some researchers [49–51]. 

3.4.2. Volumetric strain behavior 
Fig. 11 shows volumetric strain curves on soft clayey soil stabilized with varied molasses, WFS, and 

lime concentrations for a confining pressure of 98.06 kPa. For moderate strains, the volumetric strain during 
shearing remained relatively constant and increased strain levels resulting in a higher volumetric strain 
reduction. The soft clayey soil showed the most significant reduction in volumetric strain. When the 
stabilization of soil was done using additives, decreased rate of volumetric strain was observed more for 
clay:molasses:WFS:lime mix followed by clay:WFS:lime mix, clay:molasses:lime mix, clay:molasses:WFS 
mix, clay:lime mix, clay:WFS mix, and clay:molasses mix. For soft clayeysoil, the rate of change in 
volumetric strain increased significantly up to strains of 10 %, after whichit decreased. The rate of change 
in volumetric strain was significantly lower for soil stabilized with molasses, WFS, and lime when compared 
to soft clayey soil. 
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Figure 7. Deviator stress versus axial strain for soft clay  

and optimum combinations for confining pressure 49.03 kPa. 

 
Figure 8. Deviator stress versus axial strain for soft clay  

and optimum combinations for confining pressure 98.06 kPa. 
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Figure 9. Deviator stress versus axial strain for soft clay  

and optimum combinations for confining pressure 147.1 kPa. 

 
Figure 10. Deviator stress versus confining pressure for soft clay and optimum combinations. 
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Figure 11. Volumetric strain-axial strain curves for soft clay  
and optimum combinations at confining pressure 96.06 kPa. 

3.4.3. Effect of additives on deviator stress 
Fig.12–14 illustrate the influence of altering optimum percentages of molasses, WFS, and lime in 

clayey soil for confining pressures of 49.03, 98.06, and 147.1 kPa for two axial strain values 6 % and 12 %. 
It was observed that the deviator stress of the optimum combinations was substantially higher when 
compared to the unstabilized soil. 

 
Figure 12. Maximum deviator stress for soft clay  

and optimum combinations of the composites (confining pressure 49.03 kPa). 
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Figure 13. Maximum deviator stress for soft clay and optimum combinations  

of the composites (confining pressure 98.06 kPa). 

 
Figure 14. Maximum deviator stress for soft clay and optimum combinations  

of the composites (confining pressure 147.1kPa). 

3.4.4. Shear strength parameters 
The p-q diagram for unstabilized clayey soil and stabilized soil is shown in Fig. 15. The shear strength 

characteristics of clayey soil were shown to be significantly influenced by the addition of molasses, WFS, 
and lime. 

As shown in Fig. 16, the friction angle increases as the percentage of additives in unstabilized clayey 
soil varied. The friction angle was greatly improved when molasses, WFS, and lime content blended with 
soft clayey soil. As the percentage of molasses, WFS, and lime increased, there was a fairly linear shift in 
the friction angle; hence, it ranged from 17° to 29.68°. The friction angle was around 14.86° for soft clayey 
soil. The friction angle value increased by 19.4 % on addition of 10 % molasses content, 35.5 % on addition 
of 20 % WFS content, 50.6 % on addition of 9 % lime content, 67.8 % for soil stabilized with 10 % molasses, 
and 10 % WFS content, 80.5 % for soil stabilized with 10 % molasses, and 6 % lime content, 98.02 % for 
soil stabilized with 20 % WFS, and 6 % lime content and 113.8 % for soil stabilized with 10 % molasses, 
20% WFS, and 3 % lime content, when compared to un-stabilized soil. 

Fig. 17 shows that stabilised soil cohesion value (range from 19.92 to 13.89 kPa) is lower than soft 
clayey soil cohesion value (about 21.771 kPa). The cohesion value decreased by 8.5 % on addition of 10 % 
molasses content, 12.36 % on addition of 20 % WFS content, 19.06 % on addition of 9 % lime content, 
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24.48 % for soil stabilized with 10 % molasses, and 10 % WFS content, 28.34 % for soil stabilized with 
10 % molasses, and 6 % lime content, 32.11 % for soil stabilized with 20 % WFS, and 6 % lime content 
and 36.19 % for soil stabilized with 10 % molasses, 20 % WFS, and 3 % lime content, when compared to 
un-stabilized soil. 

 
Figure 15.p-q diagram for the soft clay and optimum combinations. 

 
Figure 16. Effect of optimum content of molasses, WFS, and lime  

on friction angle of soft clayey soil (confining pressure 98.06 kPa). 

 
Figure 17. Effect of optimum content of molasses, WFS, and lime on cohesion value  

of soft clayey soil (confining pressure 98.06 kPa). 
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Figure 18. Secant modulus versus soft clayey soil and optimum combinations  

of the composites (confining pressure 49.03 kPa). 

3.4.5 Effect of stiffness 
For a confining pressure of 49.03 kPa, Fig. 18 depicts the difference between the secant modulus of 

soft clayey soil and stabilized clayey soil with the optimum content of molasses, WFS, and lime at lower 
strain levels (3 %). Initially, for clay-molasses and clay-WFS mixes, the rate increment in secant modulus 
was low; for clay:lime mix, clay:molasses:WFS mix, clay:molasses:lime mix, and clay:WFS:lime mix, the 
rate of increment in secant modulus value was somewhat higher; but for clay:molasses:WFS:lime mix, the 
secant modulus increased abruptly. The percentage increase in stabilized soil was 15.5 % for 
clay:molasses mix; 24.3 % for clay-WFS mix; 60.8 % for clay:lime mix; 93 % for clay:molasses:WFSmix; 
123.7 % for clay:molasses:lime mix ;162 % for clay:WFS:lime mix; and 232 % for clay:molasses:WFS:lime 
mix soil. For red clayey deposits, [52] found that as confining pressure and saturation increased, the 
stiffness value also improved. 

3.5. Microstructure 
The addition of optimum proportions of additives was studied for their effects on the clayey soil 

structure using the scanning electron microscope (SEM) approach. Plate-like structures and numerous 
cavities can be seen in the SEM picture of the clayey soil (Fig.19). When the proper amount of molasses 
(about 10 percent) was mixed with clayey soil, a jelly-like structure formed (Fig. 20) and the gaps in the soil 
were filled, leading to an increase in the composite's strength. When clayey soil was mixed with the 
optimum percentage of waste foundry sand, a compact structure was created (Fig. 21), which helped in 
boosting the composite's strength. By adding lime to the clayey soil at the optimum content of 9 %, the void 
ratio was reduced because the finer particles of lime helped to fill the gaps, creating a denser and thread-
like structure (Fig. 22), which in turn increased the strength of the composite. 

Fig. 23 is a SEM image of a composite consisting of clay, molasses, and WFS, showing that the 
voids present in the composite were reduced and a compact structure was formed. When compared to 
clay-molasses or clay-lime composites, the SEM image of the clay-molasses-lime composite (Fig. 24) 
shows a more uniform and compact structure. Fig. 25 displays the result of combining WFS with lime, which 
is a denser structure than both clay-WFS or clay-lime composites alone. In Fig. 26, a thick micro-structure 
was observed that was formed when clay blended with molasses, WFS, and lime. Hence it can be 
concluded that by combining the right proportions of molasses, WFS, and lime with clay, a composite with 
increased strength and a more compact structure is produced, which in turn enhances the geotechnical 
properties of clay. 
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Figure 19. SEM image of clay. Figure 20.SEM of clay-molasses. 

  
Figure 21.SEM of clay-WFS. Figure 22. SEM of clay-lime. 

  
Figure 23. SEM of clay-molasses-WFS Figure 24. SEM of clay-molasses-lime. 

  
Figure 25. SEM of clay-WFS-lime. Figure 26. SEM of clay-molasses-WFS-lime. 
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4. Conclusion 
Atterberg limits tests and pH tests on soft clayey soil and stabilized clayey soil were conducted to 

study about the behavior of soft clayey soil. The engineering characteristics of both soft clayey soil and 
optimum combinations were studied using permeability and consolidated drained triaxial tests. The 
following conclusions were drawn from this study: 

1. The pH of soft clayey soil decreased with the addition of molasses and WFS and reached neutral 
value at 10 % molasses and 20 % WFS. The alkaline nature of lime caused a rise in pH of soft clayey soil 
with its addition and reached a maximum of 12.2 pH with 9 % lime. 

2. The addition of molasses, WFS, and lime separately and in combination to each other decreased 
the plasticity index value of the soft clayey soil. For clay-molasses-WFS mix 10 % WFS, for clay-molasses-
lime mix 6 % lime, for clay-WFS-lime mix 6 % lime and for clay-molasses-WFS-lime mix 3 % lime was found 
to be satisfactory to improve the workability of the clayey soil. 

3. The considerable improvements in the deviator stress of soft clayey soil are obtained by 9 % lime, 
followed by 20 % WFS and 10 % molasses. Furthermore, among the optimum combinations, the clay-
molasses-WFS-lime mix showed the most significant improvements in the deviator stress of soft clayey 
soil, followed by the clay-WFS-lime mix, the clay-molasses-lime mix, and the clay-molasses-WFS mix. 

4. Scanning electron microscope (SEM) results showed that addition of molasses and WFS filled 
the voids between the soft clayey soil particles rendering a compact composite thus improving the strength 
characteristics. A combination of all the three additives in optimum proportion produced a composite 
possessing higher strength and dense structure, the geotechnical characteristics of clayey soil were 
improved making it suitable as a foundation material. 

Based on the findings of this study, it is evident that clayey soil can be adequately stabilized for use 
as a foundation material. The significance of the results is that in contrast to other lime stabilization cases 
where larger amounts of lime (and invariably higher construction costs) were involved, the findings show 
that smaller amounts of lime (and thus lower construction costs) used in this study can provide a stronger 
foundation material. Optimum stabilization of clayey soil was achieved with 10 % molasses, 20 % WFS, 
and only 3 % lime. 
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Abstract. In a mixed formulation, a four-node finite element was developed, which is a fragment of the 
middle surface of the elastic shell. Longitudinal forces and bending moments, as well as displacements and 
their first derivatives with respect to curvilinear coordinates, were taken as nodal unknowns. To obtain the 
compliance matrix, the Reissner functional was used, in which the stresses, when using the direct normal 
hypothesis, are represented by dependences on the forces and bending moments of the middle surface, 
the approximation of which was carried out by bilinear functions. In the interpolating expressions for the 
kinematic sought quantities, Hermite polynomials of the third degree were used. As a result of minimizing 
the transformed functional with respect to the force and kinematic nodal unknowns, the compliance matrix 
of the accepted discrete element was formed. Verification of the developed discrete element in a mixed 
formulation was carried out on the examples of calculations of cylindrical shells with circular and elliptical 
cross sections. The values of the force parameters found using the developed algorithm adequately 
satisfied the conditions of static equilibrium (the calculation error was less than 0.5 %). An analysis of the 
obtained finite element solutions showed the effectiveness of the developed algorithm and made it possible 
to note the possibility of its use in calculations of thin-walled structures made of incompressible materials. 

Citation: Klochkov, Yu.V., Pshenichkina, V.A., Nikolaev, A.P., Vakhnina, O.V., Klochkov, M.Yu. Stress-
strain state of elastic shell based on mixed finite element. Magazine of Civil Engineering. 2023. Article no. 
12003. DOI: 10.34910/MCE.120.3 

1. Introduction 
Definition of the object of the study. The current widespread use of thin-walled shell-type structures 

(pipelines, tanks, hangars, domed roofs, wide-span ceilings, and others) puts forward a rather urgent task 
of creating domestic computational algorithms for analyzing the stress-strain state of such technospheric 
systems and objects. 

Literature review. At present, when choosing the optimal shapes and sizes of thin-walled shell-type 
structures, numerical methods for analyzing their SSS [1–6] come to the fore, with FEM taking the priority 
position. It is widely used in calculations of plates and shells both under elastic [7–12] and elastoplastic [13, 
14] deformation. FEM is essential in the analysis of SSS structures made of composite materials [15–17], 
as well as in matters of shell stability [18]. Three-dimensional finite elements are used both in the analysis 
of the stress-strain state of bulk structures and thin-walled structures [19–21]. 

The relevance of the research. Most of the currently created finite element computing systems are 
based on FEM in the formulation of the displacement method, which inevitably leads to the need to calculate 
second-order partial derivatives of the normal component of the displacement vector when using the theory 
of thin shells [22] based on the Kirchhoff-Love hypotheses. At the same time, finite element algorithms for 
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determining the stress-strain state of shell structures in a mixed formulation [23, 24] make it possible to 
obtain the desired internal force quantities (longitudinal forces and bending moments) directly in the process 
of solving the system of equations formed as a result of minimizing the mixed Reissner functional. This can 
also achieved without organizing additional computational procedures that greatly complicate the finite 
element algorithm for calculating thin-walled shell-type structures. 

The purpose and objectives of the study. This paper presents the derivation of the modified Reissner 
functional, in which the total specific work of stresses is expressed in terms of the specific work of 
longitudinal forces and bending moments at a point of the middle surface on deformations and curvatures 
of the middle surface at this point. By minimizing the modified mixed functional with respect to force 
(longitudinal forces and bending moments) and kinematic (displacement vector components and their first-
order partial derivatives) nodal unknowns, the compliance matrix and the column of nodal forces of a 
quadrangular discretization element, which is a fragment of the middle surface of a thin-walled shell-type 
structure, are assembled. 

The verification of the developed algorithm was carried out on the example of determining the SSS 
of cylindrical shells with circular and elliptical cross sections. An analysis of the results of the obtained finite 
element solutions made it possible to conclude that the developed algorithm is effective and that the 
calculation accuracy of the required force and kinematic nodal unknowns is acceptable. 

2. Materials and Methods 
The median surface of a thin-walled shell-type structure can be given by the radius vector 

( ) ( )0 , , ,R xi y x t j z x t k= + +



 

                            (1) 

where t  is a parameter counted from the vertical axis in a plane perpendicular to the axis ,Ox  which is 
at a distance of x  from the origin. 

Basis vectors of a point 0M  are determined by derivatives 

0 0 0 0 0 0 0
1 , 2 , 1 2 0; ; ,x ta R a R a a a a= = = ×

 

    

                        (2) 

where ( )( ) ( )20 0 0 0 0 0
0 1 1 2 2 1 2 .a a a a a a a= ⋅ ⋅ − ⋅

     

 

The derivatives of the basis vectors of point 0M  are determined by the components in the same 
basis [25] 

0 0 0 0 0 0 0 0
, ,; ,a a b a a b aρ ρ

α β ρ αβ β ραβ β= Γ + = −
    

                        (3) 

where indices ,α  ,β  ρ  take values 1, 2; 0ρ
αβΓ  are Christoffel symbols of the second kind; 0b ρ

β  are 

mixed components of the curvature tensor. 

The position of the point of the shell at a distance of ζ  from the point of the middle surface 0,M  
as well as its position after the application of a given load, are determined by the radius vectors 

0 0 0 0; .R R a R R Vζ ζ ζ= + ζ = +
    



                            (4) 

The displacement vector V


 of point 0M ζ  according to the direct normal hypothesis [22] can be 
represented by the following expression 

( )0 ,V v a a= + ζ −


  

                                    (5) 

where 0 0v v a vaρ
ρ= +

  

 is the displacement vector of point 0 ;M ζ  1 2a a a a= ×
  

 is unit vector of the 

normal at point ;M  0
,a a vρ ρ ρ= +

  

 are covariant vectors of the local basis of point M  of the deformed 
state. 
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Here and below, the comma means the operation of differentiation with respect to global coordinates 
x  and .t  

The basis vectors of points 0M ζ  and M ζ  are determined by the corresponding differentiation (4) 
with respect to x  and t  

( )0 0 0 0 0 0 0 0
, , , ,; .g R a b a g R g v a b aζ γ ζ γ

ρ ρ ρ ρ γ ρ ρ ρ ρ ρ ρ γ= = − ζ = = + + ζ −
 

       

            (6) 

Deformations at point M ζ  of a thin-walled shell-type structure are determined by the difference 
between the components of the metric tensors at the point of the initial and deformed states [26] 

( )0 2.g gζ
ργ ργ ργε = −                                      (7) 

Four-node element. The finite element is represented by a quadrangular part of the middle surface 
with nodes ,i  ,j  ,k  .l  Taking into account that when implementing the mixed formulation of the FEM, 
there is no need to include the desired unknown higher-order derivatives in the structure, the column of 
nodal variable parameters of the used quadrangular sampling element in the local 1 , 1− ≤ ξ η ≤  and 
global ,x  t  coordinate systems was chosen in the form 

{ } { } { } { } { } { }1 2

1 12 1 121 60 1 12 1 12 1 12

;
T T T TT TL L L LU N M v v v

× ×× × × ×

  =  
  

                  (8) 

{ } { } { } { } { } { }1 2

1 12 1 121 60 1 12 1 12 1 12

,
T T T TT TG G G GU N M v v v

× ×× × × ×

  =  
  

                 (9) 

where { } { }11 11 11 11 22 22 12 12

1 12
;T i j k l i l i lN N N N N N N N N

×
=    

{ } { }11 11 11 11 22 22 12 12

1 12

T i j k l i l i lM M M M M M M M M
×

=    are columns of power parameters; 

{ } { }, , , ,
1 12

;
TL i j k l i l i lq q q q q q q q qξ ξ η η

×

=    { } { }, , , ,
1 12

TG i j k l i l i l
x x t tq q q q q q q q q

×

=    are columns of 

kinematic parameters in local 1 , 1− ≤ ξ η ≤  and global ,x  t  coordinate systems, respectively. 

Here, q  means the values ,vρ  .v  

Bilinear functions of local coordinates ,ξ  η  [27] were used as shape functions for the force 
unknowns 

{ } { } { } { }
1 4 1 44 1 4 1

; ,T TN N M Mαβ αβ αβ αβ

× ×× ×

= ϕ = ϕ                        (10) 

and for the kinematic required unknowns, the products of Hermite polynomials of the third order were 
applied [27] 

{ } { }
1 12 12 1

.T Lq q
× ×

= ψ                                       (11) 

Compliance matrix of a four-node bin. To obtain the compliance matrix of a four-node discretization 
element, one can use the Reissner functional written in the following form 

{ } { } { } [ ]{ } { } { }0.5 0.5 ,
T T T

S
V V F

dV C dV U P dFργ ζ ργ ργ
ργΠ = σ ε − σ σ −∫ ∫ ∫      (12) 
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where { } { }11 22 12 ;
Tργσ = σ σ σ  { } { }11 22 122 ;

Tργ ζ ζ ζε = ε ε ε  { } { }1 2 ;TU v v v=  { } { }1 2TP p p p=  is 

column of the external surface load vector. 

In accordance with [26], the elasticity matrix [ ]C  included in (12) determines the relationship 

between columns { }ζ
ργε  and { }ργσ  

{ } [ ]{ }.Cζ ργ
ργε = σ                                    (13) 

Column { },ργσ  on the basis of the theory of thin shells [22], can be expressed in terms of the 

required force unknowns, which are the longitudinal forces Nαβ  and bending moments M αβ  

{ } [ ]{ }
6 13 63 1

,D NMργ
σ

×××

σ =                                  (14) 

where [ ]
3 6

1 0 0 0 0
0 1 0 0 0 ;
0 0 1 0 0

h I
D h I

h I
σ
×

ζ 
 = ζ 
 ζ 

 { } { }11 22 12 11 22 12 ;TNM N N N M M M=  h  is 

the shell thickness; 3 12I h=  is moment of inertia. 

The column of covariant components of the strain tensor at point ,M ζ  taking into account the direct 
normal hypothesis [22], Cauchy relations (7), and interpolation dependence (11), can be represented by 
the matrix relation 

{ } [ ]{ } [ ] [ ]{ } [ ] [ ] [ ] { }
3 36 3 36 36 363 6 3 6 3 66 1 36 1 36 1

,L GD D B u D B T uζ
ργ ε ργ ε ε

× × ×× × ×× × ×

ε = ε = =             (15) 

where [ ]
3 6

1 0 0 0 0
0 1 0 0 0 ;
0 0 1 0 0

Dε
×

ζ 
 = ζ 
 ζ 

 { } { }11 22 12 11 22 12
1 6

2 2
Tργ

×

ε = ε ε ε ℵ ℵ ℵ  is a column of 

deformations and curvatures at point M  of the middle surface; { } { } { } { }1 2

1 36 1 12 1 12 1 12

;
T T T TL L L Lu v v v

× × × ×

  =  
  

 

{ } { } { } { }1 2

1 36 1 12 1 12 1 12

;
T T T TG G G Gu v v v

× × × ×

  =  
  

 [ ]T  is transformation matrix of the column of kinematic quantities 

from the local coordinate system ,ξ  η  to the global one ,x  .t  

The column of power variable parameters { }NM  is interpolated through its nodal values using 
relations (10) 

{ } [ ]{ }
6 1 6 24 24 1

,NM H Gαβ

× × ×

=                                  (16) 

where { } { } { } { } { } { } { }11 22 12 11 22 12

1 4 1 4 1 4 1 4 1 4 1 4

.
T T T T T T T

G N N N M M Mαβ

× × × × × ×

  =  
  

 

Functional (12), taking into account (14) and (16), can be represented as 
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{ } [ ] [ ] [ ] [ ] [ ] { }

{ } [ ] [ ] [ ][ ][ ] { }

{ } [ ] [ ] { }

24 6 6 36 36 366 3 3 61 24 36 1

24 6 3 3 6 246 3 3 61 24 24 1

3 136 36 36 31 36

0.5

0.5 ,

T T T G
S

T T T

T T TG

V

V

F

G H D D B dV T u

G H D C D H dV G

u T A P dF

αβ
σ ε

× × ×× ×× ×

αβ αβ
σ σ

× × ×× ×× ×

×× ××

Π = −

− −

−

∫

∫

∫

                 (17) 

where [ ]

{ }

{ }

{ }

1 12

1 123 36

1 12

0 0

0 0 .

0 0

T

T

T

A
×

××

×

 
ψ 

 
 = ψ 
 
 ψ  

 

Applying to (17) the procedure of minimization with respect to the required unknowns { } ,
T

Gαβ  we 

can obtain the following matrix expression 

{ } [ ] { } [ ] { }
24 36 24 2436 1 24 1

0,
T G

S G S u Z Gαβ αβ

× ×× ×

∂Π ∂ = − =                    (18) 

where [ ] [ ] [ ] [ ] [ ] [ ]
24 36 24 6 6 36 36 366 3 3 6

;
T T

V

S H D D B dV Vσ ε
× × × ×× ×

= ∫  [ ] [ ] [ ] [ ][ ][ ]
24 24 24 6 3 3 6 246 3 3 6

.
T T

V
Z H D C D H dVσ σ
× × × ×× ×

= ∫  

The first integral in functional (12) can be represented in the following form 

{ }{ } { } { }

{ } [ ] [ ] [ ] [ ] [ ] { }
1 3 3 1 1 3 3 1

36 36 36 6 6 246 3 3 61 36 24 1

.

T

T T TT TG

V V

V

dV dV

u T B D D H dV G

ργ ζ ζ ργ
ργ ργ

× × × ×

αβ
ε σ

× × ×× ×× ×

σ ε = ε σ =

=

∫ ∫

∫
              (19) 

By minimizing the functional (17) taking into account (19) with respect to the kinematic unknown 

unknowns { } ,
TGu  we can write the following matrix relation 

{ } [ ] { } { }
36 136 24 24 1

0,
T TG

S u S G Rαβ

×× ×

∂Π ∂ = − =                   (20) 

where { } [ ] [ ] { } .
TT

F
R T A P dF= ∫  

The system of equations obtained as a result of minimizing the functional SΠ  with respect to 

{ }T
Gαβ  and { }TGu  can be represented in the matrix form 

[ ] [ ]

[ ] [ ]

{ }

{ }
{ }

{ }
24 24 24 36 24 1 24 1

36 136 24 36 36 36 1

0

0T G

GZ S

RS u

αβ

× × × ×

×× × ×

  −        =     
     

       

                      (21) 
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or in a more compact form 

[ ] { } { }
60 160 60 60 1

,GK U f
×× ×

=                                 (22) 

where [ ]
[ ] [ ]

[ ] [ ]
24 24 24 36

60 60
36 24 36 36

0T

Z Z

K
S
× ×

×
× ×

 −
 

=  
 
  

 is the flexibility matrix of a four-node sampling element; 

{ } { } { }
1 60 1 24 1 36

0T T Tf R
× × ×

  =  
  

 is column of nodal forces. 

An analysis of the structures of matrices [ ]Z  and [ ]S  in the compliance matrix [ ]K  shows that 

matrix [ ]K  is also a determinable value in the case of an incompressible material at a transverse strain 

coefficient of 0.5.ν =  

Analyzing the resulting compliance matrix [ ],K  it can be noted that it contains a significant zero 

block [ ]
36 36

0 ,
×

 which can significantly reduce the conditionality of the global compliance matrix of the entire 

shell-type structure. To eliminate this problem, this paper proposes to carry out the following 
transformations. 

Let us express from equation (18) the column of force nodal unknowns 

{ } [ ] [ ] { }1

24 24 24 3624 1 36 1

GG Z S u−αβ

× ×× ×

=                           (23) 

and substitute relation (23) into equation (20) 

[ ] [ ] [ ] { } { }1

36 136 24 24 24 24 36 36 1

0.T GS Z S u R−

×× × × ×

− =                      (24) 

Transforming (24), we can obtain the following matrix expression 

[ ] { } { }
36 136 36 36 1

,T GL u R
×× ×

= =                              (25) 

where [ ] [ ] [ ] [ ]1

36 36 36 24 24 24 24 36

TL S Z S−

× × × ×
=  is the modified compliance matrix of the four-node bin. 

Analyzing (25), it can be noted that [ ]
36 36

L
×

 does not contain a zero block and differs from [ ]
60 60

K
×

 in 

a significantly smaller dimension, which reduces the requirements for the amount of RAM used by computer 
equipment when studying the stress-strain state of a thin-walled shell-type structure. 

Based on the obtained modified compliance matrix [ ]
36 36

,L
×

 with the help of the index matrix [28], the 

global compliance matrix of the entire calculated thin-walled shell-type structure is assembled and the 
solution of the global system of algebraic equations is performed, the unknowns of which are only the 

kinematic nodal unknowns { }.Gu  

After calculating the kinematic nodal unknowns { }Gu  using (23), without any difficulty, one can 

obtain the values of the desired force unknowns at any point of interest to the designer in the considered 
thin-walled shell-type structure. 
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Verification of the developed computational algorithm based on the use of the modified compliance 
matrix of the four-node discretization element [ ]

36 36
L
×

 was performed on specific calculation examples. 

3. Results and Discussion 
Calculation example 1. As a test example, a circular cylinder was calculated, rigidly clamped on the 

right end and having a free edge on the left end. The radius vector (1) in this case will look like 

0 sin cos .R xi R t j R t k= + +



 

                            (26) 

The cylinder was loaded with an internal pressure of intensity wq  and a uniformly distributed axial 

load uq  applied along the free left end. The design scheme of the shell is shown in Fig. 1. 

 
Figure 1. Calculation scheme of a circular cylinder with a uniformly distributed axial  

load uq  and internal pressure wq . 

The following initial values are accepted: R  = 0.9 m; h  = 0.02 m; L  = 0.8 m; E  = 2·105 MPa; 
ν  = 0.3; wq  = 5 MPa; uq  = 500 kN/m. 

The values of stresses in the edge sections of the shell are presented in Table 1 for various variants 
of discretization of the shell fragment, considered according to the symmetry conditions. 

Table 1. Stress values in sections of a cylindrical shell. 
Characteristic 

section Stress, MPa Grid of Discretization Nodes Analytical Solution 21×21 41×41 51×51 61×61 

Rigid 
termination 

11
inσ  

410.5 417.5 418.3 418.8 – 

11
outσ  

–360.5 –367.5 –368.3 –368.8 – 

11
midlσ  

25.00 25.00 25.00 25.00 25.00 

22
inσ  

117.5 122.3 123.0 123.3 – 

22
outσ  

–113.7 –113.1 –113.0 –112.9 – 

22
midlσ  4.48 7.24 7.62 7.84 – 

Free end 

11
inσ  

24.98 24.99 25.00 25.00 – 

11
outσ  

25.02 25.01 25.00 25.00 – 

11
midlσ  

25.00 25.00 25.00 25.00 25.00 

22
inσ  

226.8 226.8 226.8 226.8 – 

22
outσ  

222.0 222.0 222.0 222.0 – 

22
midlσ  

224.5 224.5 224.5 224.5 225.0 
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An analysis of the data presented in Table 1 allows us to state the fact of a fairly fast convergence 
of the computational process as the grid of discretization nodes thickens. In addition, it should be noted 
that the numerical values of normal stresses correspond to the physical meaning of the problem being 
solved. Meridional stresses 11σ  on the middle surface in the outer and inner fibers of the edge sections 
of the cylindrical shell correspond to a given axial external load 

11 500 kN m 0.02 m 25.0 MPa.midl
uq hσ = = =  

Ring stresses of the middle surface at the free end of the cylinder 22
midlσ  = 224.5 MPa correspond 

to the specified internal pressure wq  with an acceptable level of error δ  = 0.22 %. 

22
5 MPa 0.9 m 225.0 MPa.

0.02 m
midl wq R

h
⋅ ⋅

σ = = =  

The developed algorithm for determining the stress-strain state of thin shells, which implements a 
mixed version of the FEM, makes it possible to immediately obtain internal force factors (longitudinal forces 
and bending moments) at any point of the shell structure of interest to the researcher without excessive 
labor-intensive calculations. "Physical" values of forces and moments in the edge sections of the cylindrical 
shell, referred to the middle surface, are presented in Table 2, the structure of which is similar to Table 1. 

Table 2. Values of forces and moments in a circular cylinder. 

Characteristic 
section 

Efforts, N; 
moments,  

N ⋅m 

Grid of discretization nodes 
Analytical Solution 

21×21 41×41 51×51 61×61 

Rigid 
termination 

11N  500.0 500.0 500.0 500.0 500.0 

22N  89.7 144.7 152.5 156.8 – 

11M  –2570.0 –2616.6 –2622.3 –2625.4 – 

22M  –771.2 –785.8 –787.6 –788.6 – 

Free end 

11N  500.0 500.0 500.0 500.0 500.0 

22N  4490.5 4490.3 4490.3 4490.3 4500.0 

11M  0.131 0.035 0.023 0.016 0.000 

22M  –49.3 –49.3 –49.3 –49.3 – 

 

The data in Table 2 testify to the stable convergence of the computational process in terms of forces 
and moments. The values of the axial longitudinal forces 11N  in the edge sections of the cylindrical shell 

correspond to a given axial load of uq  = 500 kN/m. The value of the longitudinal ring force also 

corresponds to a given internal pressure wq  with a minimum error δ  = 0.2 %. 

The bending moment 11M  tends monotonically to zero in the end section. 

On the basis of the foregoing, it can be concluded that the developed algorithm is correct and that 
the accuracy of calculating the controlled strength parameters of the SSS of shell structures is sufficient for 
engineering practice. 

Calculation example 2. The stress-strain state of a cylindrical shell with an elliptical cross section, 
rigidly fixed at the ends, loaded with an internal pressure of q  = 5 MPa is determined. Due to the presence 
of symmetry, 1/8 of the shell was considered. The design scheme is shown in Fig. 2. 
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Figure 2. Calculation scheme of a cylindrical shell with elliptical cross section. 

The radius vector expression (1) for an elliptical cylinder will look like this: 

0 sin cos .R xi b t j c t k= + +



 

                             (27) 

In the problem under consideration, the following initial data are accepted: b  = 1.0 m; c  = 0.8 m; 
L  = 1.0 m; h  = 0.02 m; E  = 2·105 MPa; ν  = 0.3. 

The values of normal stresses and bending moments in the shell sections for various variants of 
discretization of the calculated fragment of the shell are presented in Table 3. 

Table 3. Values of normal stresses and bending moments in an elliptical cylinder. 

Characteristic 
section 

Stress,  
MPa; moments,  

N•m 

Grid of discretization nodes Solution in the 
formulation  

of the 
displacement 

method, 61×61 
41×41 51×51 61×61 81×81 101×101 

Rigid 
termination,  

x = 0.0; 

t = 0.0 rad. 
 (point А) 

11
inσ  642.1 642.4 642.5 642.7 642.8 642.4 

11
outσ  –544.6 –544.9 –545.0 –545.2 –545.2 –544.8 

22
inσ  183.5 185.1 186.1 187.4 188.1 192.7 

22
outσ  –172.5 –171.1 –170.1 –169.0 –168.3 –163.4 

11M  –395.6 –395.8 –395.8 –396.0 –396.0 – 

22M  –118.7 –118.8 –118.9 –118.9 –118.9 – 

Rigid 
termination, 

x = 0.0; 

t = π / 2 rad. 
 (point В) 

11
inσ  264.8 265.2 265.4 265.6 265.7 265.5 

11
outσ  –118.3 –118.7 –118.9 –119.1 –119.2 –119.0 

22
inσ  85.21 84.00 83.16 82.06 81.38 79.65 

22
outσ  –29.70 –31.12 –32.10 –33.32 –34.06 –35.70 

11M  –127.7 –128.0 –128.1 –128.2 –128.3 – 

22M  –38.90 –38.95 –39.00 –39.00 –39.00 – 

Mid-span, 

x = L / 2; 

t = 0.0 rad. 
 (point C) 

11
inσ  71.35 71.34 71.33 71.33 71.32 71.27 

11
outσ  95.77 95.79 95.80 95.80 95.81 95.67 

22
inσ  312.4 312.3 312.3 312.3 312.3 312.0 

22
outσ  338.5 338.5 338.5 338.5 338.5 338.1 
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Characteristic 
section 

Stress,  
MPa; moments,  

N•m 

Grid of discretization nodes Solution in the 
formulation  

of the 
displacement 

method, 61×61 

41×41 51×51 61×61 81×81 101×101 

Mid-span, 

x = L / 2; 

t = π / 2 rad. 
 (point D) 

11
inσ  37.72 37.72 37.73 37.73 37.73 37.84 

11
outσ  9.81 9.81 9.81 9.81 9.81 9.83 

22
inσ  173.9 173.9 174.0 174.0 174.0 174.7 

22
outσ  144.2 144.2 144.2 144.3 144.3 144.8 

 

As follows from the analysis of tabular data, the convergence of the computational process in terms 
of both stresses and moments is very stable. In order to verify the developed algorithm, the rightmost 
column contains the stress values found based on the use of a quadrangular finite element, the stiffness 
matrix of which was composed on the basis of a finite element procedure in the formulation of the 
displacement method [27]. As shown by a comparative analysis of the finite element solutions obtained on 
the basis of the developed algorithm, and the FEM in the formulation of the displacement method, the 
numerical values of the normal stresses practically coincide at all characteristic points with an acceptable 
minimum discrepancy in the values of 22σ  at points A and B. When performing this comparative analysis 
one should take into account the fact that when implementing the developed algorithm in a mixed 
formulation, it is possible to directly obtain the numerical values of force factors (forces and moments) and 
stresses at any of the nodal points of the calculated shell. When using FEM in the formulation of the 
displacement method, to obtain numerical values of stresses, it is required to perform several stages of 
computational procedures, namely: after obtaining the displacement values and their first derivatives, it is 
necessary to calculate the values of the second derivatives of the normal displacement using an 
interpolation procedure. Then, using the Cauchy relation [22], it is necessary to calculate the deformations 
of the midsurface point. Next, it is necessary to proceed, on the basis of the Kirchhoff-Love hypotheses, to 
deformations at a point of an arbitrary layer of the shell, and only after that, using the relations of Hooke's 
law, it is possible to obtain the stress values. All the above computational procedures complicate the 
calculation algorithm and increase the calculation error. The use of a mixed formulation of the FEM 
implemented in the developed algorithm makes it possible to avoid additional cumbersome computational 
procedures and makes it possible to directly obtain the desired strength parameters of the calculated shell 
structure, which ultimately makes the developed algorithm the most preferable in the analysis of SSS of 
shell structures of various configurations. 

Calculation example 3. The quadrangular discretization element developed in this work in a mixed 
formulation can be effectively used to study the SSS of shells made of an incompressible material. The 
problem was solved to determine the strength parameters of an elliptical cylinder, the design scheme, the 
geometric and physical characteristics of which coincide with the data of calculation example 2. The 
difference was that Poisson's ratio was taken equal to ν  = 0.5, i.e. it was assumed that the shell is made 
of an incompressible material. The results of the numerical experiment are presented in tabular and 
graphical forms. Table No. 4, the structure of which is similar to the structure of Table No. 3, presents the 
numerical values of normal stresses and bending moments in the support and span sections of an elliptical 
cylinder, depending on the degree of refinement of the grid of discretization nodes of the calculated shell 
fragment. Analyzing the tabular data, one can state the stable convergence of the computational process 
as the grid of discretization nodes becomes denser. 
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Table 4. Values of normal stresses and bending moments in an elliptical cylinder made of 
incompressible material. 

Characteristic 
section 

Stress,  
MPa; moments,  

N•m 

Grid of discretization nodes 

41×41 51×51 61×61 81×81 101×101 

Rigid termination,  

x = 0.0; 

t = 0.0 rad. 
 (point А) 

11
inσ  689.8 690.0 690.1 690.2 690.3 

11
outσ  –493.3 –493.5 –493.6 –493.7 –493.8 

22
inσ  334.4 336.0 337.1 338.4 339.1 

22
outσ  –257.0 –255.6 –254.7 –253.6 –252.9 

11M  –394.3 –394.5 –394.6 –394.6 –394.7 

22M  –197.6 –197.7 –197.8 –197.8 –197.8 

Rigid termination, 

x = 0.0; 

t = π / 2 rad. 
 (point В) 

11
inσ  247.8 248.1 248.3 248.5 248.6 

11
outσ  –41.27 –41.60 –41.77 –41.95 –42.03 

22
inσ  129.5 128.3 127.4 126.3 125.7 

22
outσ  –14.97 –16.52 –17.55 –18.83 –19.60 

11M  –96.36 –96.57 –96.69 –96.81 –96.86 

22M  –49.39 –49.47 –49.51 –49.55 –49.56 

Mid-span, 

x = L / 2; 

t = 0.0 rad. 
 (point C) 

11
inσ  108.7 108.7 108.7 108.7 108.7 

11
outσ  156.3 156.3 156.3 156.3 156.3 

22
inσ  305.4 305.4 305.4 305.4 305.4 

22
outσ  347.3 347.2 347.2 347.2 347.2 

Mid-span, 

x = L / 2; 

t = π / 2 rad. 
 (point D) 

11
inσ  73.92 73.92 73.92 73.91 73.91 

11
outσ  34.0 34.0 34.0 34.0 34.0 

22
inσ  179.4 179.4 179.4 179.5 179.5 

22
outσ  139.2 139.2 139.3 139.3 139.3 

 

Fig. 3 shows the graphs of changes in normal stresses on the inner inσ  and outer outσ  surfaces 
of the shell, as well as bending moments 11,M  22M  on the middle surface along the generatrix of the 
elliptical cylinder. 

The analysis of the graphical material shows that the maximum values of the edge effect appear 
directly in the rigid embedment, gradually fading towards the zone located at a distance of 0.1 L  from the 
reference section, which corresponds to the physical meaning of the problem being solved. 
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Figure 3. Diagrams of normal stresses and bending moments along the generatrix at t = 0.0 rad. 

Fig. 4 shows the changes in the normal stresses inσ  and outσ , as well as the bending moment 

11,M  22M  along the arc of the shell cross section in a rigid enclosure ( x  = 0.0 m). 

Analyzing the graphs presented in Figure 4, it can be noted that the controlled strength characteristics 
(normal stresses and bending moments) reach a maximum at the value of parameter t  equal to zero. 
Then the values of normal stresses and bending moments gradually decrease (by about two times) to their 
minimum values in the reference section at the value of parameter t  equal to 2.π  

 
Figure 4. Diagrams of normal stresses and bending moments in rigid termination at x = 0.0 m. 

4. Conclusions 
Taking into account the results of the numerical studies, we can draw the following conclusions. 

1. The convergence of the computational process using the developed finite element in a mixed 
formulation is stable in terms of both force and kinematic factors. 
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2. The obtained numerical values of the stresses at the controlled points are in adequate agreement 
with the stress values found from the conditions of static equilibrium (the calculation error does not exceed 
0.5 %). 

3. The use of the developed mixed finite element leads to the possibility of determining the power 
parameters directly as a result of solving the system of resolving equations. 

4. The developed finite element in a mixed formulation is suitable for determining the SSS of thin-
walled structures made of incompressible materials (ν  = 0.5 ). 
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Abstract. The behavior of timber composite structure made of cross laminated timber (CLT) panel and 
glued laminated timber (GLT) beam was considered in this paper. Bending tests of a CLT-GLT composite 
structures with and without fasteners were conducted. CLT panel and GLT beam were connected by screws 
installed at a 45° angle to the GLT axis grain. It was experimentally proved that the application of inclined 
screws increases the strength of the CLT-GLT composite structure by 1.3 and 1.6 times, stiffness – by 1.6 
and 2.1 times, shear capacity – by 2.1 and 3.5 times for two orientation types of CLT panel (CI and CII), 
respectively. Two types of CLT panel orientations were considered: with the top layer oriented parallel to 
the GLT axis (CI) and oriented perpendicular to the GLT axis (CII). The CLT-GLT composite structure with 
the top layer oriented parallel to the axis of the GLT beam has 50 % more strength and 14 % more stiffness 
than a composite structure with the top layer oriented perpendicular to the GLT axis. Based on numerical 
and experimental results, a design procedure was suggested to determine the strength and strain 
characteristics of the CLT-GLT composite structure connected by inclined screws. 
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1. Introduction 
The successful development of engineered wood products (such as CLT, LVL, OSB, etc.), nowadays 

a building materials of global interest, offered further favorable opportunities for copious application of 
construction wood. One of the directions for the application of engineered wood products is the research of 
new design solutions for CLT composite structures.  

In the composite structures the CLT panel is connected with GLT beam in forms of a ribbed or box-
shaped cross-section, supported by metal beams or profiled sheeting, formed into a timber-concrete 
composite structure, i.e. timber composite systems (Fig. 1, a-d). 
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a b c d 

Figure 1. Timber composite systems [1]: a – ribbed cross-section of the CLT-GLT structure;  
b – CLT with metal beams; c – box-shaped cross-section of the CLT-GLT structure;  

d – composite cross-section of CLT-concrete. 
CLT panels formed into steel-timber composite (STC) were considered by [2, 3], etc.; timber-concrete 

composite (TCC) – by [4–9], etc.; timber-timber composite (TTC) – by [10–24], etc. 

The research results of timber composite structures connected by screws were given in the papers 
of J.M. Branco [11], A.A. Chiniforush [12], I. Giongo [14, 15], R. Masoudnia [18–21], D. Riccadonna [22], 
G. Schiro [23], etc.; by glued perforated steel plates – in the paper of J. Estévez-Cimadevila [13], etc.; by 
punched metal plates – in the papers of N. Jacquier  [16, 17], etc.; by glue – in the papers of S. Aicher [10], 
I. Sustersic [24], etc. 

The studies of R. Masoudnia et al. [18–21] present the effect of the panel and beam configuration on 
the effective flange width of timber composite beam. Research of J.M. Branco et al. [11] confirms the 
increase in strength and stiffness characteristics of TTC connections with screws installed at an angle of 
45° to the grain of wood, compared with TTC connections with screws installed perpendicular to the grain 
of wood. 

The issues of composite action between elements and reinforcement of timber composite structures 
by dowel fasteners installed at an angle to the grain of wood were investigated by [25–31], etc. 

The research results of reinforcement of timber composite structures by screws were given in the 
papers [25–27]; by glued-in steel rods – in papers [28, 29]; by screws with anchorage details – in paper 
[30]; by twisted cruciform rods – in paper [31]. 

The models for predicting the behavior of the composite structures can be classified into three 
groups: numerical, empirical, and analytical. 

Nowadays, numerical methods are widely used. In particular, finite element models are the most 
common way to analyze composite structures. Unfortunately, a finite element model of a composite 
structure that has not been checked against analytical results or experimental data does not guarantee high 
reliability, since many factors impinge on a numerical solution. The most precise design method for 
composite structures is an experimental one, but it is characterized by increased workability. Therefore, 
analytical methods, which are the most general and economical, are used. There are several analytical 
design procedures for composite structures [32], including mechanically jointed beams theory (gamma 
method), composite theory (k-method) [33], shear analogy method and transformed section method. In 
addition, other methods [34–36] are used for the designing of composite structures subjected to flexure. 
None of the above mentioned analytical design procedures has been universally accepted yet. 

The aim of the study was to verify the suggested design procedure for determining the strength and 
strain characteristics of a composite structure made of CLT panel and GLT beam connected by inclined 
screws. 

Study objectives: 

− to determine the strength and strain characteristics of a composite structure made of CLT panel 
and GLT beam connected by inclined screws; 

− to compare the results obtained by the suggested design procedure, the numerical and 
experimental results for a composite structure made of CLT panel and GLT beam connected by 
inclined screws. 

2. Methods 
The research program includes numerical, analytical and experimental analyses of the strength and 

strain characteristics of a timber-timber composite structure. 
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Numerical analysis of the strength and strain characteristics of composite structures made of CLT 
panel and GLT beam connected by inclined screws, without fasteners and the CLT-GLT solid structure with 
rigid connection was carried out. 

Numerical analysis of the behavior of the CLT-GLT composite structure was conducted using the 
ANSYS software (Fig. 2), taking into account the anisotropic properties of wood (Orthotropic Elasticity) for 
the GLT beam and the layers of the CLT panel. Solid elements (SOLID 186) were used for the numerical 
analyses. Boundary conditions were applied to the numerical model of timber composite structure by 
constraining the necessary nodes to represent the simply-supported condition. The CLT-GLT composite 
structures with a span of 3,000 mm were loaded according to a 2-point scheme for each GLT beam. A 
contact region between the layers of the CLT panel was modeled using “bonded” configuration. Contact 
regions between CLT panel and GLT beam were applied using different configurations: “no separation” for 
the CLT-GLT composite structures connected by inclined screws and without fasteners, “bonded” for the 
CLT-GLT solid structure with rigid connection. 

 
Figure 2. Numerical model of CLT-GLT composite structure. 

The coefficients Wk  and EIk  were obtained from numerical analysis: 

solid

W compositek =
σ

σ
, 

solid

EI composite
wk

w
=                                                         (1) 

where σ ,solid  solidw  are normal stress and mid-span deflection of the CLT-GLT solid structure with rigid 

connection; σ ,composite  compositew  are normal stress and mid-span deflection of the CLT-GLT composite 
structure. 

The suggested design procedure for determining the strength and strain characteristics of a 
composite structure made of CLT panel and GLT beam connected by inclined screws includes: 

− calculation of normal stresses and mid-span deflection of the CLT-GLT solid structure with rigid 
connection; 

− application of coefficients Wk  and EIk  for calculation of normal stresses and mid-span 
deflection of a composite structure made of CLT panel and GLT beam connected by inclined 
screws. 

Normal stresses σ  and mid-span deflection w  of the CLT-GLT solid structure loaded according to 
a 2-point scheme can be determined by the equations: 
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                                  (2) 

where M  is a bending moment; redW  is a section modulus of the cross-section of a structure relative to 

its own neutral axis; R  is a design resistance taking into account a coefficient ;m  N  is a magnitude of 
concentrated load; l  is a span of the structure; a  is a distance between support and concentrated load; 
E  is a modulus of elasticity of the GLT beam in longitudinal direction; redI  is the second moment of area 

of the structure relative to its own neutral axis; ,Wk  EIk  are coefficients ( Wk  = 1, EIk  = 1 for the CLT-
GLT solid structure with rigid connection). 

Section modulus of the cross-section of the CLT-GLT solid structure with rigid connection relative to 
its own neutral axis can be determined by equation (3): 
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where iA  is cross-sectional area of separate element (layer or GLT beam); iI  is second moment of area 

of separate element (layer or GLT beam) relative to its own main axis; ie  is distance from the neutral axis 
of the whole structure to the neutral axis of separate element (layer or GLT beam); e  is distance from the 
neutral axis of the whole structure to the point on the cross section of the structure at which the normal 
stress is to be determined. 

The following simplifications must be taken into account during the design procedure for determining 
the strength and strain characteristics of a composite structure made of CLT panel and GLT beam 
connected by inclined screws:  

− cross-sectional area of the CLT panel layer must be determined using the reduction factor, which 
depends on the ratio of modulus of elasticity of the layer and GLT beam; 

− coefficients Wk  and EIk  depend on geometrical parameters and strength characteristics of 
connection; 

− modulus of elasticity of CLT panel in transverse direction can not be taken into account. 
Experimental analysis of two groups of CLT-GLT composite specimens was carried out.  

The first group included four CLT-GLT composite specimens without fasteners where CLT panel was 
simply-supported by GLT beam. Two variants of the CLT panel’s orientation were considered: with the top 
layer of the panel oriented parallel to the GLT axis (CI) and oriented perpendicular to the GLT axis (CII). 
Nondestructive tests of the first group specimens were conducted during elastic stage. The tested 
specimens were used later to second group of CLT-GLT composite specimens. 

The second group included four CLT-GLT composite specimens, which were prepared with 
compliant joint provided by inclined screws SPAX with length and diameter equal to 300 and 8 mm, 
respectively. The screws were placed under the angle of 45° relatively to longitudinal axis of the specimens. 
The screw spacing was taken as 150 mm. Two variants of the CLT panel’s orientation (CI and CII) were 
considered. Tests of the second group were conducted until failure. 

The characteristics of the materials used in the experimental tests were as follows: 

− GLT beams with a strength class of GL20h were formed into cross-section of 150×60 mm (3 
parts with a cross-section of 50×60 mm). The moduli of elasticity of the spruce GLT beams 
(9,465 MPa in longitudinal direction, 410 MPa in transverse direction) were experimentally 
determined; 

− CLT panels with a strength class of C14 were 57 mm thick and were composed of three layers 
of 19 mm. The moduli of elasticity of the spruce CLT longitudinal boards (7,000 MPa in 
longitudinal direction, 230 MPa in transverse direction) were defined from technical approval; 

− SPAX screws were made of carbon steel with characteristics from European Technical Approval 
ETA-12/0114. 

The simply supported composite structure with the span of 3,000 mm was tested in a 4-point bending 
setup (Fig. 3). The loading scheme was selected so that the shear forces in the connection of timber 
composite structure were most fully manifested. The CLT-GLT composite structure was loaded by a jack 
with a developing load of 200 kN. The loading was applied to the structure through a steel distribution 
beams. Steel plates 20 mm thick were installed on the supports and under the distribution beams to avoid 
compression perpendicular to the grain of the wood. The tests were conducted at the temperature of  
20–24 °C and relative humidity of 50–60 %. 

 
                                                        a b 
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Figure 3. Test setup: a – longitudinal section; b – cross-section; c – general view; 1 – CLT panel;  
2 – GLT beam; 3 – screws; 4 – flexometer; 5 – strain gauges; 6 – displacement transducers. 

The mid-span deflections of the structures were measured by flexometers. Measurements of wood 
grain strain were obtained using strain gauges installed at the compressed surface of the CLT panel and 
the tensile surfaces of the GLT beams. Slips between the CLT panel and the GLT beams were determined 
using displacement transducers installed at the edges of the CLT panel.  

The sequence of the experiments:  

1. Bending tests of composite structures by loading in stages of 1.4 kN at intervals of 5 minutes until 
failure. The mid-span deflections, slips between the CLT panel and the GLT beams, wood grain strain at 
each loading step are recorded and the destructive load maxN  is determined. 

2. Graphic documenting and analysis of the failure mode of the CLT-GLT composite structures. 

3. Drawing of mid-span normal stresses distributions along cross-sectional depth of composite 
structures, load-deflection and load-slip curves. 

4. Calculation of reliability coefficient for brittle failure of timber in accordance with the requirements 
of Interstate Standard GOST 33082-2014: 

( )νγ 1.64 1.94 0.116 lg ,t= ⋅ − ⋅                                                       (4) 

where max 38.2t t=  is loading time to failure adjusted to a constant destructive load max ,N  sec; 
2

max nt n t= ⋅  is test time, sec; n  is number of load stages; nt  is stage time, sec. 

5. Calculated load-carrying capacity of the CLT-GLT composite structure: 

exp ν max νγ .R N=                                                            (5) 

6. Comparison of the results obtained by the suggested design procedure, the numerical and 
experimental results for composite structure made of CLT panel and GLT beam connected by inclined 
screws. 

3. Results and Discussion 
The mid-span deflections and slips derived from the numerical analysis of the CLT-GLT composite 

structure were compared with the experimental deflections and slips (Table 1). 
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Table 1. Experimental and numerical results for timber composite structures. 

Type of structure  

At N = 3.5 kN 
At Nmax = 25.44 kN for CI 

At Nmax = 16.97 kN for CII 
Mid-span 

deflection, mm Slip, mm Mid-span deflection, 
mm Slip, mm 

Exp. Num. Exp. Num. Exp. Num. Exp. Num. 

Rigid 
connection 

CI – 4.90 – 0 – 35.65 – 0 
CII – 6.19 – 0 – 30.03 – 0 

With 
fasteners 

CI 8.28 8.67 0.594 0.600 63.30 63.00 4.943 4.365 
CII 9.41 9.97 0.606 0.594 47.00 48.33 3.325 2.881 

Without 
fasteners 

CI 13.10 15.00 1.275 1.254 (95.24) (109.08) (9.269) (9.119) 
CII 19.63 21.29 2.114 2.191 (95.15) (103.22) (10.248) (10.624) 

 

Fig. 4 shows the load-deflection and load-slip curves for CI and CII composite structures made of 
CLT panel and GLT beam connected by inclined screws (B+P+S), without fasteners (B+P+0) and the CLT-
GLT solid structure with rigid connection (B+P). 

 

 
Figure 4. Load-deflection and load-slip curves  

for the CLT-GLT composite structures bending tests. 
As a result of the stress-strain characteristics studies carried out for the CLT-GLT composite 

structure, it can be noted: 

− the CI composite structure has 50 % more strength and 14 % more stiffness than the CII 
composite structure; 

− the application of inclined screws increases the strength of the CLT-GLT composite structure by 
1.3 and 1.6 times, the stiffness by 1.6 and 2.1 times, and the shear capacity by 2.1 and 3.5 times 
for CI and CII, respectively. 

Fig. 5 shows the mid-span normal stresses distributions along cross-sectional depth of CI and CII 
composite structures (MPa) obtained by numerical and experimental analyses. The experimental values 
are shown in brackets. 
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Figure 5. Mid-span normal stresses distributions along cross-sectional depth  

of CI and CII composite structures: 1 – top layer of CLT panel; 2 – cross layer of CLT panel. 
When bending tests of CI and CII composite structures connected by inclined screws, brittle failure 

of the GLT beams in the middle of the span caused by normal tensile stresses was observed (Fig. 6, a-d). 

The failure of the CI composite structure occurred in the tensile zone of the GLT beam with 
subsequent cracking along the plane perpendicular to the longitudinal axis of the beam. 

The failure of the CII composite structure occurred in the tensile zone of the GLT beam. The crack 
developed from a knot along the plane inclined to the longitudinal axis of the beam. During loading, a gap 
developed between the lamellas of the bottom CLT layer. 

The brittle failure of GLT beams in the middle of the span caused by bending tensile stresses 
corresponds to the results of studies in the publications [12–15]. 

   
a b 

   
c d 

Figure 6. Failure of the CLT-GLT composite structures: a – CI; b – CII; c – knot in the tensile zone 
of the GLT beam (CII); d – gap between lamellas of the CLT panel. 



Magazine of Civil Engineering, 120(4), 2023 

A comparison of the results obtained by the suggested design procedure, the numerical and 
experimental results for the CLT-GLT composite structures is provided in Table 2. 

Table 2. Comparison of experimental and numerical results for the CLT-GLT composite 
structures. 

Method 

Numerical  
analysis (1) 

Design procedure (2), 
(3) Experimental analysis 

CI CII CI CII CI CII 

Destructive load Nmax, kN – – – – 25.44 16.97 

Reliability coefficient, γν – – – – 2.81 2.88 

Load-carrying capacity Rexpv, kN 8.31 5.36 8.51 5.98 9.04 5.89 
Differences between load-carrying 

capacity, % 8.10 9.00 5.90 1.48 – – 

Mid-span deflection of composite 
structure wcomposite, mm 63.00 48.33 56.57 47.16 63.30 47.00 

Differences between mid-span 
deflection, % 0.47 2.75 10.64 0.33 – – 

Mid-span deflection of solid structure 
wsolid, mm 35.65 30.03 32.01 29.3 – – 

Coefficient kEI  0.57 0.62 0.57 0.62 – – 
Normal stresses of composite 
structure ,

composite
c CLTσ , MPa –23.64 –0.89 –26.63 0.00 –21.30 –0.92 

Normal stresses of composite 
structure ,

composite
t GLTσ , MPa 55.13 42.75 57.43

 
45.43

 
58.19 44.64 

Differences between normal stress 
in tensile zone, % 5.26 4.42 1.31 1.75 – – 

Normal stresses of solid structure 

,
solid
c CLTσ , MPa -19.15 -0.79 -21.57 0 – – 

Normal stresses of solid structure 

,
solid
t GLTσ , MPa 41.49 32.34 43.22 34.37 – – 

Coefficient kW for ,c CLTσ  0.81 0.89 0.81 0.89 – – 

Coefficient kW for ,t GLTσ  0.75 0.76 0.75 0.76 – – 

Slip υ , mm 4.365 2.881 – – 4.943 3.325 
Differences between slip, % 11.69 13.35 – – – – 

 

Table 2 presents determining of a coefficients Wk  and EIk  from numerical analysis, calculation of 
normal stresses and mid-span deflection of the CLT-GLT solid structure with rigid connection and 
application of coefficients Wk  and EIk  for calculation of normal stresses and mid-span deflection of a 
composite structure made of CLT panel and GLT beam connected by inclined screws. 

For the CI (CII) composite structure connected by inclined screws the differences between numerical 
and experimental results are as follows: 

− load-carrying capacity is 8.1 % (9.0 %); 
− mid-span deflection is 0.47 % (2.75 %); 
− normal stress in tensile zone is 5.26 % (4.42 %); 
− slip between the CLT panel and the GLT beam is 11.69 % (13.35 %). 
The differences between the slips obtained by numerical and experimental analyses can be 

explained by determining slips between the CLT panel and the GLT beam in the elastic stage of numerical 
modeling. 
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For the CI (CII) composite structure connected by inclined screws the differences between the results 
obtained by the suggested design procedure and experimental tests are as follows: 

− load-carrying capacity is 5.9 % (1.48 %); 
− mid-span deflection is 10.64 % (0.33 %); 
− normal stress in tensile zone is 1.31 % (1.75 %). 
The close agreement between results obtained by design procedure, the numerical and experimental 

results confirmed that the suggested design procedure is sufficiently accurate for determining strength and 
strain characteristic of a composite structure made of CLT panel and GLT beam connected by inclined 
screws. 

4. Conclusions 
1. A numerical model for determining the strength and strain characteristics of a composite structure 

made of CLT panel and GLT beam connected by inclined screws was developed. The accuracy of the 
proposed numerical model of timber composite structure was verified. The maximum differences between 
the load-carrying capacity, mid-span deflection, normal stress in tensile zone and slip between CLT panel 
and GLT beam calculated using numerical model and experimentally were equal to 9.0 %, 2.75 %, 5.26 % 
and 13.35 %, respectively.  

2. A design procedure for determining the strength and strain characteristics of a composite 
structure made of CLT panel and GLT beam was suggested. The suggested engineering method for the 
CLT-GLT composite structure was verified. The maximum differences between the load-carrying capacity, 
mid-span deflection and normal stress in tensile zone of the CLT-GLT composite structure obtained by the 
suggested design procedure and experimental tests were equal to 5.9 %, 10.64 % and 1.75 %, respectively 

3. It was experimentally proved that the application of inclined screws increases the strength of the 
CLT-GLT composite structures by 1.3 and 1.6 times, stiffness – by 1.6 and 2.1 times, and shear capacity 
– by 2.1 and 3.5 times for CI and CII, respectively.  

4. The CLT-GLT composite structure with the top layer oriented parallel to the axis of the GLT beam 
has 50 % more strength and 14 % more stiffness than composite structure with the top layer oriented 
perpendicular to the GLT axis. 
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Abstract. This research paper presents a comprehensive investigation on soil-structure interaction, 
combining theoretical research and in-situ observations. Detailed calculations and a thorough comparison 
of the results with long-term settlement observations are provided, accompanied by the validation of the 
proposed elasto-visco-plastic soil model through rigorous calculations. Real-world examples showcasing 
the application of design methods incorporating soil-structure interaction calculations in civil and industrial 
engineering, as well as in the reinforcement and restoration of historical buildings, are also presented. The 
study reveals that neglecting the spatial behavior of soil leads to significant underestimation of stresses in 
structures. For buildings on spread footings, the underestimation can range from 150% to 400%, while for 
buildings on pile foundations, it can be as high as 200% to 900%. Furthermore, an innovative architectural 
solution employed in a high-rise building successfully mitigated settlement issues by utilizing longer piles. 
The calculated settlement was reduced to 60 mm, and the actual settlement observed three years after 
construction was only 32 mm, indicating the effectiveness of the implemented solution. By emphasizing the 
importance of soil-structure interaction calculations, this research fosters a unified approach among various 
stakeholders involved in construction design. The findings and methodologies presented in this paper hold 
great potential to significantly enhance the field of geotechnical engineering, enabling more accurate and 
effective design approaches for various structures and applications. 
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1. Introduction 
The impacts of soil-structure interaction on calculations have been extensively studied and validated 

by the behavior of structures and soils [1-13]. When a rigid plate is loaded, contact pressure contours 
emerge in the deformed half-space. The Boussinesq analytical solution, which is widely recognized, 
indicates that these contours are parabolic with asymptotes running along the edges of the plate, assuming 
the plate is entirely rigid and circular [14-16] (Fig. 1): 
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Figure 1. Contact pressure contours in the deformed half-space under a plate:  

1 – according to the analytical solutions, 2 – in reality considering the development of plastic 
deformations. 

In reality, the contact contours are typically saddle-shaped (contours 2 in Fig. 1, experimental values 
in Fig. 2). 

 
                         a.                                                   b.                                 c. 

Figure 2. Experimental diagrams of reactive pressures: under a square plate 71×71 cm on the 
surface of sand soil at pressures 0.2–8 kgs/cm2 (from 20 to 800 kPa) [17, 18]:  

а – layout of pressure gauges; b – contours along the middle axis; 
c –contours along the diagonal [19]. 

The same contours of vertical forces form within the plate, reflecting the contract contours under the 
plate in the deformed half-space. The values of reactive forces in the plate depend on the rigidity of the 
deformed half-space. It is also apparent that while considering a real structure of a final rigidity instead of 
the rigid plate, the contact contours will also depend on the rigidity of this structure (Fig. 3).  

 
                                    a.                                                   b.                                             c. 

Figure 3. The results of calculation of a building on a slab foundation with subsoil:  
а – calculation model (cross-section), the areas of limit state are marked in red;  

b – linear forces (kN/m) in a transversal wall at calculation on inflexible soil;  
c – forces considering of spatial soil behavior. 
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Although there is clear evidence of the regularities in soil-structure interaction, differential pressure 
in the subsoil of rigid structures is not always considered in design practice, raising the question of whether 
it is necessary to consider this feature in structural design. 

2. Methods 
2.1. Idealized models of reinforced concrete buildings 

In order to investigate the effects of soil-structure interaction, idealized models of reinforced concrete 
buildings were used, with different structural schemes including transversal bearing walls at a spacing of 3 
and 6 meters, longitudinal and transversal bearing walls, and longitudinal bearing walls. The use of 
idealized models enabled to obtain of the fundamental regularities of soil-structure interaction without being 
distracted by the details of the structural scheme (openings, changes in the spacing of bearing walls etc.). 
To compare the results, the calculations for each building on elastoplastic soil were compared with the 
results of a corresponding calculation on a completely inflexible subsoil (on rigid supports), which is 
equivalent to the loading of a building on a subsoil per loaded area, as commonly accepted in design 
practice. This comparison was highly informative as it ultimately identified the studied effect, which was 
completely absent when considering a structure on rigid supports. Figure 4 shows a comparison of stresses 
in the walls of the building on rigid supports and a flexible subsoil with medium compressibility (with a strain 
modulus of approximately 10 MPa).  

 
Figure 4. Distribution of vertical forces in a face wall of the building (kN)  

at various structural schemes. 

 
Figure 5. The contours of distribution of vertical forces (kN) in a transversal face wall of the 

building at calculation on nonlinear deformed soil made of soils of medium deformability, and 
KSSI contour. 
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2.2. Account of nonlinear soil behavior in time, account of nonlinear properties of 
structural materials 

Based on the analysis of behavior models used for solving problems related to soil-structure 
interaction, models with double or independent strain hardening at volumetric and shape-changing 
deformations are considered the most promising. It has been demonstrated that strains in buildings and 
structures are not only caused by the consolidation process but also by the process of shape-changing, 
which is often the deciding factor in practical situations [20]. To accurately predict changes in the stress-
strain behavior of soil during loading, models with independent descriptions of the behavior of soil during 
consolidation and shape-changing are necessary. A model with independent strain hardening has been 
verified through a series of in situ investigations of building strain development [21-23].  

The central concept behind creating a visco-plastic model of soil behavior is to develop an 
independent description of the reversible deformations area, also known as the strain hardening area, for 
both consolidation and shape-changing. In this model, the relationships between the shear strain pγ ( p,q )  

and volumetric strain vpε ( p,q )  are determined based on laboratory soil tests and can be graphically 

represented by contours in p–q coordinates (Fig. 7). As the limit stress approaches, strains increase, and 
the contours of pγ ( p,q )  align along the Coulomb law line. 

 
Figure 8. The scheme of making an elastoplastic model with independent strain hardening. 

The approach described here involves defining the complete set of dependencies between shear 

pγ ( p,q )  and volumetric strains vpε ( p,q )  and varying values of stress deviator. These dependencies 

can be represented as contours in p-q coordinates, with the contours of pγ ( p,q )  concentrating along the 

Coulomb law line as strains increase, approaching the limit stress. Points above the limit line of Coulomb 
law correspond to stress states that are impossible for the soil milieu and should not be considered in the 
model. The vector of plastic deformation for a given increment of stresses is then defined by the set of 

pγ ( p,q )  and vpε ( p,q )  dependencies. This approach does not require any theoretical assumptions 

about the shape of a "tent" or other mathematical abstractions, allowing the maximum approximation of the 
model behavior to experimental results. Any differences between the model and experiment are primarily 
due to inaccuracies in approximating the pγ ( p,q )  and vpε ( p,q )  functions. 

The limitations of existing models in describing soil behavior over time and predicting the strains of 
buildings and structures are acknowledged. Specifically, there is a lack of models that can accurately 
describe the development of shear strains in time. Most models assume immediate development of shear 
strains, which is inconsistent with the accumulated construction experience. Therefore, there is a need to 
develop more advanced models that can better capture soil behavior over time and provide more accurate 
predictions of strain development. 
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The Creep Model is a method of modeling the development of creeping deformations over time. It 
relates the strains caused by creeping in shear and secondary consolidation as two projections of a vector 
that is orthogonal to the tent surface in the Cam Clay model. However, the tent surface and the associated 
law of plastic flow are mathematical abstractions that may not be applicable to describing the actual soil 
behavior. As a result, it is uncertain whether using these abstractions will lead to success in describing 
shear creeping based on the dependency for compression. 

The proposed model used the simplest linear dependency: viscosity decreases according to the 
linear law with an increase of shear stress and approaches null at reaching the strength limit: 

 lim
0

lim
( ) −

=
τ τη τ η
τ

. (1) 

The model incorporates a linear relationship between the rate of development of shear strains and 
acting stresses, which aligns well with previous research [24]. This enables the model to integrate different 
soil behaviors, where slow strain development occurs at small shear stresses and quick failure occurs at 
stresses approaching the strength limit. As the strength limit approaches, the shear viscosity resistance 
decreases to zero, leading to soil failure. 

To validate the proposed model, a database of long-term observations of settlements of buildings 
and structures was compiled and analyzed (Fig. 9). 

 
Figure 9. The results of long-term observations of 30 buildings on soft soils (duration of 

observations 23–77 years [25]). 

3. Results and Discussion 
3.1. The results of the Numerical modeling using the proposed soil-structure 

interaction ideology 
The ratio between a force in a point of structure at the flexible soil solution and a force in the same 

point in the rigid support solution is called "an indicator of the effect of soil-structure interaction, denoted as 
KSSI. Fig. 5 displays the KSSI graphs for various structural schemes of the building on medium 
compressive soil. Its shows that the stresses in structures are evidently affected by the soil-structure rigidity 
ratio. Fig. 6 and 7 exhibit the KSSI dependencies on the soil-structure rigidity ratio for different structural 
schemes and various types of foundations. 
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Figure 6. The dependency of an indicator of non-linearly deformed soil-structure interaction effect 

on their ridigity ratio for different structural schemes. 
The scheme with transversal 

bearing walls 
The scheme of cell type The scheme with longitudinal 

bearing walls 

   
 

 
Figure 7. The graphs of dependency of an indicator of soil-structure interaction effect for the 

building on pile foundation and non-linearly deformed soil on their ratios for various structural 
schemes of buildings. 

The results of numerical experiments indicate a significant underestimation of stresses in structures 
when the spatial behavior of soil is not considered. The underestimation can range from 150 to 400% for 
buildings on spread footings, while for buildings on pile foundations, it can be as high as 200–900%. Despite 
the importance of this issue, both in Russia and abroad, it is often ignored in design practice. One reason 
for this is the division of experts involved in structural and geotechnical calculations, which results in using 
different software suites that do not interact well. Furthermore, practical design experience highlights the 
importance of accounting for soil-structure interaction to design more durable and cost-effective structures. 
Despite this, doubts remain about the accuracy of soil calculations, which hinders the adoption of soil-
structure interaction calculations. To address these doubts, extensive work has been done to compare 
calculated and observed strain values, discussed in detail below. 
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3.2. Comparison of the calculated results according to different methods and 
observation results 

Fig. 9 demonstrates that considering buildings on soft soils, the notion of "final settlement" loses its 
sense as settlements develop as per logarithmical law, which does not have an asymptote. Therefore, a 
clear scientific setting of the task of comparison of calculations and observations requires a comparison of 
settlements in a certain time moment. Fig. 10 compares results according to the simplified method of strata 
summing (set in the Russian regulations) and nonlinear calculations according to the abovementioned 
model with results of long-term observations. The figure shows that the accuracy of geotechnical 
calculations using nonlinear models increases significantly. 

 
Figure 10. Comparison of the results of calculations according to different methods and 

observation results. 
With the correct account of soil deformations, there is a problem of the correct account of structural 

rigidity since the values of forces in soil-structure interaction calculations largely depend on a rigidity ratio. 
There is a need to consider the long-term creeping of concrete and cracking for reinforced concrete 
structures. N.A. Evseev [26] has elaborated on convenient methods of accounting for the rigidity of RC 
structures in soil-structure interaction calculations. 

3.3. Application of the design ideology considering the soil-structure behavior 
3.3.1. Design of the unique high-rise building 

The account of soil-structure behavior is essential for both usual and unique high-rise buildings. An 
example of a unique high-rise building constructed in difficult soil conditions in St. Petersburg is considered. 
At the pre-design stage, soil-structure interaction calculations were performed for the unique building for 
different configurations of its underground floor (Fig. 11). As a result, a structural scheme was proposed, 
which minimized settlements and tilts and formed the basis of the architectural solution (Fig. 12). The 
proposal was to increase the area of building spread on soil and simultaneously deepen the underground 
part, and construct rigid radial walls to provide transfer of pressure throughout the foundation area. 

The concept, which was accepted as the basis of the architectural solution, allowed minimizing 
settlement of the high-rise building (Fig. 13). Increasing the pile length provided reduced the calculated 
settlement to about 60 mm, according to the observation results, the actual settlement three years after 
completion of the construction was 32 mm. At the same time, soil-structure interaction calculations allowed 
considering the development of forces in radial walls of the underground part and ensuring the strength of 
these structures. 
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а)   b)   c)  
Figure 11. Pre-design calculations of the high-rise building on dispersed soils in St. Petersburg:  

а – the settlement at the underground part diameter of 55 m (the maximum value 64 cm);  
b – the settlement at the underground part diameter of 80 m (the maximum value 28 cm),  

c – the plan of the underground floor with radial walls proposed at pre-design stage. 

 
Figure 13. Calculation of settlements of the high-rise building, m (in the top right corner, there is a 

fragment of the calculation model for the configuration of the underground part accepted in the 
design). 
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3.3.2. Account of soil-structure interaction in industrial construction  

In contrast to civil engineering, where traditional structural schemes are used for most buildings (as 
discussed in detail in part 1), complex shapes are more common in industrial construction structures due 
to the requirements of technological processes. In these cases, adequate consideration of soil behavior is 
necessary to determine the forces acting on superstructures accurately. For example, an 80-meter-high 
silo tower for production (Fig. 14) experiences the same loads as a 200-meter-high skyscraper, while a 
clinker brick warehouse (Fig. 15) applies almost the same pressure to the soil as the 500-meter-high 
building discussed earlier. In the latter case, a unique technical solution was implemented involving cutting 
structures with numerous deformation joints to allow the structures to adapt to the significant soil 
deformations that could not be minimized using long piles. 

 
Figure 14. The calculation model (the exaggerated strain model at the calculation for wind action) 

and view of the erected structure of the silo tower for ready production, the cement plant in 
Novorossiysk. 

 
Figure 15. The strain model (in a larger scale) and view of the erected structure of the clinker 

warehouse, the cement plant in Novorossiysk. 
3.3.3. Soil-structure interaction calculation at the analysis of causes of deformation of historical buildings  

The consideration of soil-structure interaction also proves to be beneficial for diagnosing the causes 
of defects in historical buildings and selecting the most effective options for strengthening foundations and 
structures. The analysis of the strains of the Marine Cathedral in Kronshtadt, for instance, revealed 
characteristic settlement features for cross and cupola temples, where the four central pillars, on which the 
dome rests, experienced the largest settlement (Fig. 16), while the surrounding structures were less 
deformed. Based on the structure calculation, tensile areas prone to cracking were identified. These were 
found to be the areas where cracks had occurred (Fig. 17), allowing for unequivocal conclusions about the 
reasons for the development of defects. The clearly stated reason for the development of defects allowed 
for substantiating the lack of necessity to reinforce foundations and avoid the dangerous influence of 
technology on the building structures. 
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Figure 16. Calculation of Kronshtadt Marine Cathedral:  

а – photo and calculation model (cross-section);  
b – settlement contours in one-fourth of the building plan. 

 
Figure 17. Matching of the expected areas of cracking according to the calculation and the 

examination results. 

4. Conclusions 
The paper highlights the importance of considering soil-structure interaction in construction design, 

particularly for high-rise buildings, industrial structures, and historical monuments. Based on the calculation 
analysis, the main findings of the research are: 

1. Soil-structure interaction calculations are essential for both usual and unique high-rise buildings, 
industrial construction structures, and historical buildings. These calculations help correctly define forces in 
superstructures and diagnose causes of defects in historical buildings. 
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2. The results of numerical experiments indicate a significant underestimation of stresses in 
structures when the spatial behavior of soil is not considered. The underestimation can range from 150 to 
400% for buildings on spread footings, while for buildings on pile foundations, it can be as high as  
200–900%. 

3. Based on the information provided, the architectural solution implemented in the high-rise building 
successfully minimized settlement using longer piles. The calculated settlement was reduced to 60 mm, 
and the actual settlement three years after construction was only 32 mm, indicating that the solution was 
effective. 

4. Adequate consideration of soil behavior is necessary for industrial construction structures with 
complex shapes due to the requirements of technological processes. The results of calculation of an 80-
meter-high silo tower and a clinker brick warehouse shows that such structures can experience similar 
loads and pressures on the soil as much taller buildings in civil engineering. 

5. The calculation model of soils and structures plays a unifying role, interconnecting geological 
data, foundation engineering details, and features of structural behavior. 

6. Reliable investigation data and application of nonlinear models in soil calculations provide the 
accuracy required for calculation of structures. 

7. The calculation of structures considers expected and differential settlements, which increase the 
reliability of structures and exclude additional costs in foundation construction. 

8. Soil-structure interaction calculations provide a reliable tool for diagnostics of causes of 
development of strains and defects in historical structures and rational designating measures to strengthen 
foundations and structures. 

9. Using soil-structure interaction calculations results in a single ideology of interaction of different 
participants of construction design. 
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Abstract. The effectiveness of piles with reverse surface slope in frost heaving of soil has been the subject 
of discussion in many papers. In the previous works, the author considered cylindrical piles with an upper 
reverse taper and calculation method for the piles under these conditions. However, in order to extend the 
area of their use it is necessary to consider other configurations of piles as well. In this study, prismatic face 
slope piles are modeled for soil frost heaving conditions; equilibrium equations for calculating prismatic 
piles with four, six and eight faces are derived. The equilibrium equation for prismatic face slope piles in 
general form is also given. The equations make it possible to determine geometric parameters of piles 
ensuring their stability in soil under the action of tangential frost heaving forces. The author analyzes 
material capacity of cylindrical taper piles and prismatic face slope piles. The piles have the same bearing 
capacity in thawed soil and operate under the same geological and climatic conditions set before. The 
square pile with a sloping face shows the lowest material capacity. The proposed approach can be used 
for prismatic piles with a different number of faces in various conditions. 

Citation: Tretiakova, O.V. Prismatic face slope piles operating under frost heaving. Magazine of Civil 
Engineering. 2023. 120. Article no. 12006. DOI: 10.34910/MCE.120.6 

1. Introduction 
The effectiveness of a pile under frost heaving is characterized by its stability, which can be achieved 

through the equilibrium of the acting forces. This equilibrium prevents the pile from being lifted by frost 
heaving forces, which contributes to the integrity of the structure above. The pile uplift can be avoided in 
various ways. The first way is to increase the load on the pile by changing the weight of the structures 
above. However, this might lead to unjustified cost increases. Another way is to use piles that reduce the 
impact of frost heaving forces on the structures. The design of such piles involves creation of surface slope 
resulting in additional restraining forces. The latter counteract the frost forces that cause the piles to rise. 

The surface slope for a cylindrical pile can be created by means of a truncated taper at the top of the 
pile. The bottom base of the taper corresponds to the diameter of the pile, which creates the surface slope 
where forces are formed to counteract the frost heaving. The author of the paper [1] has developed a pile 
with an upper reverse taper. 

If the pile is prismatic and has a square cross-section, the necessary counter-bulging forces can be 
obtained by shaping the upper section of the pile into a pyramid, with the upper square base being smaller. 
This makes it possible to create a slope on the side faces of the pile resulting in counter-bulging forces. 
Prismatic piles can have a cross-section with a different number of faces. 

The effectiveness of surface slope piles has been verified by numerous experimental studies and 
practical use. V.F. Zhukov [2] described the practice of using piles with an expanded base in harsh climatic 
conditions of Magadan. K.A. Linell and E.F. Lobacz [3] reviewed the practice of applying foundations in 

https://creativecommons.org/licenses/by-nc/4.0/
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frozen soil. They gave recommendations on designing trapezoidal foundations with expansion in the lower 
part and on pile foundations with a developed base in the form of an anchor plate. P.A. Abbasov and 
A.A. Kovalevskii [4] developed piles with ribbed surfaces, which they recommended to use in frost heaving 
soil conditions. F.G. Gabibov [5] confirmed the effectiveness of such piles in soils increasing in volume.  
O.P. Medvedeva, I.N. Kazakov and N.F. Bulankin [6] analyzed the performance of pyramidal-prismatic piles 
in conditions of Siberian climate. The prismatic part of the pile made it possible to use such piles in 
conditions of freezing and frost heaving. B.S. Yushkov and his colleagues [7–8] conducted research into 
the performance of the double taper pile (‘double cone pile’) in seasonally freezing soils. They proved the 
effectiveness of such a pile under soil frost heaving due to the upper reverse taper. S.V. Feshchenko, 
A.V. Veshkurtsev, G.B. Barskaya [9] proposed to increase the cross-section of the lower part of the pile in 
order to anchor it in permafrost. L. Domaschu k[10–11] studied foundations with expanded bases and their 
performance in heaving soils. In his paper [10] he considered a tower foundation consisting of inclined 
elements forming a truncated pyramid. The test results indicated that the influence of frost heaving on the 
inclined elements decreased as the angle of inclination increased. X. Huang, Y. Sheng and others [12–13] 
tested bell-shaped piles in freezing soil. They found increased resistance of such piles to lifting caused by 
tangential forces of frost heaving.  M. Schafer and S.P. Madabhushi [14] conducted experimental studies 
of small pile models with an expanded base in soils increasing in volume. The results showed that the 
expanded base increased the resistance of piles to uplift, which is efficient under frost heaving. Z. Zhu, 
L. Han [15] proposed a taper-cylindrical foundation for a tower in frozen soil. D.C. Sego, K.W. Biggar and 
G. Wong [16] extended traditionally used investigation methods for straight piles to bell-shaped piles under 
permafrost. They pointed out that the bearing capacity of a pile in permafrost can be increased by base 
expansion. Thus, experimental studies reliably confirm the effectiveness of surface slope piles under frost 
heaving conditions. 

However, practical design of such piles requires calculation methods taking into account frost 
heaving forces and other factors. The latter include climatic and hydrogeological conditions and also the 
thermal regime of the soil. The existing calculation regulations are based on the theory of elasticity and 
Fourier laws related to thermal conductivity of frozen soil. Calculation models of soil frost heaving have 
been developed by Russian and foreign authors. V.M. Ulitsky, I.I. Sakharov, V.N. Paramonov and S.A. 
Kudryavtsev [17–18] published a series of papers where they proposed a mathematical model to determine 
the thermal characteristics and stress-strain state of freezing soil. S. Nishimura and others [19] presented 
a thermo-hydro-mechanical formulation for frost heaving suitable for assessment of foundation stability. 
J.H. Dong, X.L. Wu and others [20] developed a computational model of horizontal frost heaving. 
A.G. Alekseev [21] compared the simulation results obtained by means of various software tools with the 
analytical solution of the soil frost heaving problem. Based on their work, the author of the paper [22] has 
developed a method for calculating normal frost heaving forces. However, calculation of piles of complex 
configurations, including surface slope piles, under frost heaving requires consideration of additional 
factors. 

Many scientists have worked on calculation methods for piles with reverse surface slope and other 
configurations. Among them are A.Z. Ter-Martirosyan and Z.G. Ter-Martirosyan [23], who used analytical 
and numerical methods to calculate interaction of a pile with an enlarged base with the surrounding soil. 
They obtained the dependence of stress-strain state of soil on pile geometric parameters. Their approach 
can be applied to evaluate pile operation both in thawed and in frozen soil. V.S. Sazhin [24] analyzed frost 
heaving forces and deformations for shallow foundations. He investigated foundations of trapezoidal 
section and truncated pyramid-shaped blocks [25]. V.S. Sazhin presented the sloping faces of a trapezoidal 
foundation as stepped ones in the calculation scheme. To calculate heaving deformations, V.S. Sazhin 
proposed a design model of freezing soil in the form of a cylinder, with a taper representing a pyramidal 
pile being placed in it [26]. He used the equation of axisymmetric thermal stress of the soil cylinder. Z.G. Ter-
Martirosyan [27] considered the stress-strain state of a freezing cylindrical soil element surrounding the 
pile. X.Y. Xu and others [28] suggested calculating foundations by the finite difference method, taking into 
account the stiffness of the foundation that limits soil heaving. G.Q. Kong and others [29, 30] conducted 
analytical study of a taper pile with an expanded base. They analyzed side resistance of the pile, taper 
angle and diameter of the lower base by numerical simulation methods and obtained increased load-
bearing capacity of the taper pile for its lifting and under the action of negative soil friction. This is of interest 
for piles under conditions of soil frost heaving and soil thawing. M. Schafer and S.P. Madabhushi [14] 
mathematically described the behaviour of expanded base piles in layered soils increasing in volume. This 
mechanism of pile-soil interaction may find its application in frost heaving conditions. P. He et al [31] 
obtained analytical solution for calculation of trapezoidal channel in frost heaving. H. Jiang and others [32] 
developed a method for designing a parabolic channel in frozen soil using digital technology. Wu Y. and 
others [33] calculated stresses and strains of soil around a single bridge pile during freezing and used non-
linear finite-element model of pile-soil interaction. S. Jianzhong and others [34] presented a numerical 
three-dimensional model of a bridge pile foundation in permafrost. It is evident from their research that 
calculation methods for piles of complex configurations have received attention in scientific practice. 
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Piles with reverse surface slope, on the one hand, are effective in conditions of soil frost heaving due 
to their configuration, on the other hand, they require more complex approaches to their calculation than 
piles of constant section. B.S. Yushkov and others [35–36] gave an analytical quantitative assessment of 
the effect of the angle of surface slope on pile displacement. However, the angle in each case was not 
calculated, but was set from a limited number of values, as the pile was manufactured in factory conditions. 
So this method of selecting geometric parameters of piles is time-consuming. The author of the paper  
[37–38] has developed a method for calculating the pile with the upper reverse taper, which makes it 
possible not to select, but to calculate the geometric parameters of the pile with the least time and labor 
consumption. As the upper reverse taper pile is only one of the variants of piles with reverse surface slope, 
other pile configurations need to be considered for design practice.  

The aim of the study is to extend the taper pile design method developed by the author to prismatic 
piles with sloping faces (prismatic face slope piles). To achieve the aim, the following tasks have been set:  

− to model square, hexagonal and octagonal prismatic piles with the upper part in the form of 
truncated pyramid; 

− to obtain equations with respect to geometric parameters of piles in the soil under the action of 
heaving forces; 

− to estimate material capacity of piles. 

2. Methods 
A cylindrical pile with the upper reverse taper in frost heaving conditions was developed by the author 

[37–38] in previous works. However, a special case of a taper is a pyramid, i.e. taper is a pyramid with an 
infinite number of faces. This paper describes behavior of a cylindrical reverse taper pile and several 
prismatic face slope piles under frost heaving, the cross-sections of the prismatic ones being square, 
hexagonal and octagonal. The upper part of the prismatic piles is designed as a truncated pyramid. 
Calculation schemes for two cases of frost boundary position along the height of the piles are shown in 
Fig. 1. 

In Fig. 1 ,fS  fiT  are the frost heaving normal and tangential forces and iF  is the frictional force on 

the side of the pile in the thawed soil, respectively; P  is the sum of the external load and the pile weight 
and α  is the pile surface angle. The figure also shows the position of the inherent sections of the pile: 0z  

is the bed of non-heaving material under the grillage; ( )tp prz  is the bottom base of the taper (pyramid), 

plz  is the base of the pile. 

Table 1 shows the input data for the pile design, where the soil conditions are represented by a stiff 
clay loam with a liquidity index of 0.4. 

Table 1. Initial data for piles calculation 

№ Parameter name Parameter 
designation 

Parameter 
value 

1 Frost heaving tangential stresses fτ  100 kPa 

2 Frost heaving normal stresses fσ  200 kPa 

3 Sum of the external load on the pile and the pile weight P  130 kN 

4 Side resistance of the pile in the thawed soil if  26 kPa 

5 Frost boundary position ξ  2.1 m 
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                    a                                                       b 

 Figure 1. Two cases of frost boundary position of the pile:  
a) frost boundary within the part of the pile with a surface slope;  
b) frost boundary within the part of the pile of constant section. 

 

2.1. Cylindrical pile with upper reverse taper 
The bearing capacity of the cylindrical pile (Fig. 2a) for tangential frost heaving forces is 198.6 kN 

and tangential frost heaving forces is 231.2 kN. Thus, the tangential frost heaving forces that cause pile 
uplift exceed its bearing capacity and the condition of pile stability is not met. In this case we propose to 
specify the taper of the pile and determine the taper angle required for pile stability in the soil, the latter 
referring to the absence of vertical displacement, i.e. lifting. The taper angle is determined from the equation 
(1) obtained by the author [37–38]. 

Fig. 2b illustrates the cylindrical pile with an upper reverse taper and the coordinates of inherent 
sections. Fig. 2b shows a part of the taper ,tpL  subject to the influence of frost heaving forces. clR  is the 

radius of the cylindrical part of the pile. 

 

 
                          a      b 

 Figure 2. Piles with (a) constant section and (b) upper reverse taper, mm. 
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The equilibrium equation for the pile under the action of frost heaving forces [37–38] is illustrated in 
Fig. 1b and 2b. 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

2 22
0 0 1 0

1
1 0 2 2

0.5 sin 0.5 sin

0.5 0.

f tp cl f tp f tp

cl f tp f tp pl

z z R z z z z

R z z z f z P−

 σ − α + − σ − − τ − α +  
 + τ − + τ ξ − − −ξ − π = 

       (1) 

The equation will make it possible to determine the taper angle required to ensure stability of the pile 
in the soil under frost heaving. 

2.2. Prismatic square pile 
A prismatic pile with a square cross section having sloping faces (hereinafter, prismatic square pile) 

is considered in the same soil conditions as the cylindrical taper pile discussed above, and their lengths are 
equal. Fig. 3 shows the pile and coordinates of its inherent sections. In Fig. 3 prL  is a part of the pyramid 

subject to the influence of frost heaving forces; pra  is the side of the upper base of the pyramid exposed 

to frost heaving forces; ( )pra z  is the variable face width; pla  is the side of the bottom base of the pyramid. 

 
Figure 3. Prismatic square pile with sloping faces, mm. 

Fig. 1b shows the forces acting on sloping and vertical faces of piles. The upper part of the prismatic 
pile is designed as a truncated pyramid. 

The normal frost heaving force acting on the sloping faces of the pyramid (Fig. 1b) is presented as 
follows: 

0

,
pr

f f pr

z

z
S dF= σ∫                                                                 (2) 

where prF  is the side surface area (hereinafter surface area) of the pyramidal part of the pile. 

The tangential frost heaving force acting on the sloping faces of the pyramid is presented by the 
equation 

1 1
0

.
pr

f f pr

z

z
T dF= τ∫                                                                    (3) 
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And equation (4) presents tangential frost heaving force acting on vertical faces of the constant-
section pile in the frozen zone. 

2 2 ,f f pl
prz

T dF
ξ

= τ∫                                                                  (4) 

where plF  is the side surface area (hereinafter surface area) of the pile part with constant cross-section. 

The frictional force on the side of constant section pile in the thawed soil is as follows: 

2 2 .
pl

pl

z
F f dF

ξ
= ∫                                                                    (5) 

Equation for the face slope angle of the square pile is based on equilibrium of acting forces. The 
equilibrium equation at frost boundary position 0 prz z< < ξ  (see Fig. 1b) is as follows: 

1 2 2sin cos 0.f f fP S T T F− − α + α + − =                                         (6) 

Supposing that at small angles of face slope cos 1,α ≈  we rewrite the equation (6) as follows: 

1 2 2sin 0.f f fP S T T F− − α + + − =                                               (7) 

Taking into account inherent sections in Fig. 1b and 3 and expressions (2–5), equation (7) will look 
like 

21 2
0 0

sin 0.
pr pr pl

f pr f pr f pl pl

pr

z z z

z z z
P dF dF dF f dF

ξ

ξ 
 − − σ α + τ + τ − =  
 
∫ ∫ ∫ ∫                 (8) 

The upper part of the square pile is designed as a truncated pyramid. Fig. 4 shows the projection of 
the pyramid face to the vertical plane, where z  is an arbitrary coordinate; prdF  is a variable area of the 

elementary stripe of the pyramid face. For small angles, it is assumed that the face area is equal to the 
area of its projection. 

 
Figure 4. Pyramid face. 

The variable area of the elementary stripe of the pyramid face, according to Fig. 4 is as follows: 

( )4 .pr prdF a z dz=                                                                (9) 

Its variable width is as follows: 

( ) 2 .pr pra z a= + ∆                                                               (10) 
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Taking into account ( )0 ,z z tg∆ = − α  and at small angles sin ,tgα ≈ α  we obtain 

( ) ( )02 sin .pr pra z a z z= + − α                                                 (11) 

From the condition 

( ) ( )
0

2 2
sin ,pl pr

pr

a a
tg

z z

−
= α ≈ α

−
                                            (12) 

we have 

( )02 sin .pr pl pra a z z= − − α                                                   (13) 

After substituting (13) in expression (11), we obtain 

( ) ( )( ) ( )0 02 sin 2 sin .pr pl pra z a z z z z= − − α + − α                             (14) 

After simplifying (14), the variable width of the elementary stripe will be written as the expression 

( ) ( )2sin .pr pl pra z a z z= − α −                                               (15) 

Taking into account (15), the variable area of the elementary stripe of the pyramid surface along its 
perimeter (9) will be 

( )4 2sin .pr pl prdF a z z dz = − α −                                              (16) 

The elementary stripe area of the constant section pile along its perimeter is 

4 .pl pldF a dz=                                                                (17) 

Equation (8) after substituting (16) and (17) will be written as 

( )

( ) 21

0

2

0

4 2sin sin

4 2sin 4 4 0.

pr

f pl pr

pr pl

pl pr f pl plf
pr

z

z

z z

z z

P a z z dz

a z z dz a dz f a dz
ξ

ξ

 
  − − σ − α − α +   
 

 + τ − α − + τ − = 

∫

∫ ∫ ∫

         (18) 

After transformations, the equation (18) will take the form of a quadratic equation with respect to the 
sine of the face slope angle of the pyramidal part of the pile. 

( ) ( ) ( ) ( )

( ) ( ) ( )
1

1 2

2 22
0 0

0 2

sin sin

0.25 0.

f pr pl prf

pl pr pr prf f

z z a z z

a z z z f z P

 σ − α + − σ− τ − α +  
 + τ − + τ ξ − − −ξ − =  

                    (19) 

The equation will make it possible to determine the taper angle required to ensure stability of the pile 
in the soil under frost heaving. 

2.3. Prismatic hexagonal pile 
A prismatic hexagonal pile with sloping faces (hereinafter prismatic hexagonal pile) is considered 

under the same soil conditions as the cylindrical taper pile discussed above and their lengths are equal. 
Fig. 5 shows the pile with the coordinates of the inherent sections. In Fig. 5 clR  is radius of the circle 
inscribed in the bottom base of the pyramid, i.e. radius of the cylinder inscribed in the hexagonal constant-
section of the pile. 
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Equation for the face slope angle of the hexagonal pile is based on equilibrium of acting forces. The 
equilibrium equation at frost boundary position 0 prz z< < ξ  (see Fig. 1b and 5) with regard to the inherent 

sections and expressions (2-5) is as follows: 

1 2
2

0 0

sin 0.
pr pr pl

f pr pr pl plf f
pr

z z z

z z z
P dF dF dF f dF

ξ

ξ

 
 − − σ α + τ + τ − =  
 
∫ ∫ ∫ ∫                  (8) 

The upper part of the pile is designed as a truncated hexagonal pyramid. The bottom base of the 
pyramid corresponds to a cross-section of a part of the pile with constant size. The angle of face slope for 
the truncated pyramid is calculated through the variable radius of the taper inscribed in the pyramid (Fig. 6). 
Fig. 6 shows: tpdF  is the variable surface area of the elementary strip of the inscribed taper; tpR  is the 

radius of the upper base of the inscribed taper subjected to soil frost heaving; ( )tpR z  is the variable radius 

of the taper; clR  is the radius of the bottom base of the inscribed taper. 

Radius of the circle inscribed in the bottom base of the pyramid, i.e. radius of the cylinder inscribed 
in the hexagonal section of the pile, is calculated as follows: 

( )
285.8 mm,

2 6
pl

cl
a

R
tg

= =
π

                                                       (20) 

where pla  is the face width of the hexagonal constant section pile (Fig. 5). 

The variable area of the elementary stripe around the perimeter of the truncated hexagonal pyramid 
will be 

( ) ,prdF P z dz=                                                                        (21) 

where ( )P z  is the perimeter of the elementary pile stripe at its pyramidal part. 

The perimeter of the elementary stripe of the pyramid surface is calculated through the radius of the 
inscribed circle. 

( )2 ,P Rntg n= π                                                                       (22) 

where n  is the number of faces of the pyramid; R  is the radius of the inscribed circle. 

The perimeter of the hexagonal pyramid is 

6.928 .P R=                                                                            (23) 

If the radius of the inscribed circle is assumed to be the variable radius of the taper inscribed in the 
pyramid, the area of the elementary stripe on the pyramidal part of the pile (21) will be as follows: 

( ) ( )6.928 ,pr tpdF P z dz R z dz= =                                                   (24) 

where ( )tpR z  is the variable radius of the taper inscribed in the pyramid (Fig. 6). 

According to Fig. 6, the expression for the variable radius of the inscribed taper is presented as the 
equation 

( ) .tp tpR z R= + ∆                                                                 (25) 

Taking into account ( )0 ,z z tg∆ = − α  we obtain the equation 

( ) ( )0 .tp tpR z R z z tg= + − α                                                      (26) 
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Figure 5. Prismatic hexagonal pile with sloping faces, mm. 

 
Figure 6. Taper inscribed in the pyramid. 

Based on the condition 

( ) ( )0 ,cl tp tpR R z z tg− − = α                                                        (27) 

the expression for radius of the inscribed taper will be as follows: 

( )0 .tp cl tpR R z z tg= − − α                                                             (28) 

Then the expression for the variable radius of the taper (26) in view of (28) will be 

( ) ( ) ( ) ( )0 0 .tp cl tp cl tpR z R z z tg z z tg R tg z z = − − α + − α = − α −                     (29) 

Taking into account the variable radius of the inscribed taper (29), the expression for the area of the 
elementary stripe on the hexagonal pyramidal part of the pile (24) is written as 

( )( )6.928 .pr cl tpdF R tg z z dz= − α −                                                    (30) 

Given sintgα ≈ α  for small angles, we obtain an expression for the area of the elementary stripe 
of the pyramid along its perimeter 
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( )( )6.928 sin .pr cl tpdF R z z dz= − α −                                                  (31) 

where α  is the angle of formatrix slope of the inscribed taper, clR  is the radius of the circle inscribed in 
the hexagonal base of the pyramid. 

As for the elementary surface stripe of the constant section pile, its area along the perimeter will be 

6 .pl pldF a dz=                                                                          (32) 

Then equation (8) with account of (31) and (32) will be written as a quadratic equation with respect 
to the sine of the face slope angle of the pyramidal part of the pile. 

( ) ( )

( ) ( ) ( )

( ) ( ) ( )

1

1 2

2 2
0

2
0 0

0 2

3.464 sin

6.928 3.464 sin

6.928 6 0.

f tp

cl f tp tpf

cl tp pl tp clf f

z z

R z z z z

R z z a z f z P

σ − α +

 + − σ − − τ − α +  
 + τ − + τ ξ − − −ξ − =  

                   (33) 

The equation will make it possible to determine the taper angle required to ensure stability of the pile 
in the soil under frost heaving. 

2.4. Prismatic octagonal pile 
A prismatic pile with an octagonal cross section and sloping faces (hereinafter a prismatic octagonal 

pile) is considered in the same soil conditions as the cylindrical pile with a taper discussed above. The 
lengths of the prismatic pile and cylindrical one discussed above are the same. Fig. 7 shows the pile with 
coordinates of the inherent sections. 

Equation for the face slope angle of an octagonal pile is based on equilibrium of acting forces. Taking 
into account inherent sections and expressions (2–5), the equilibrium equation at frost boundary position 

0 prz z< < ξ  (see Fig. 1b) is as follows: 

21
2

0 0

sin 0.
pr pr pl

ff pr pr pl plf
pr

z z z

z z z
P dF dF dF f dF

ξ

ξ

 
 − − σ α + τ + τ − =  
 
∫ ∫ ∫ ∫                 (8) 

The upper part of the pile is designed as a truncated octagonal pyramid. The bottom base of the 
pyramid corresponds to a cross-section of the part with constant size. The angle of face slope of the pyramid 
is calculated through the variable radius of the taper inscribed in the pyramid (Fig. 6). Radius of the circle 
inscribed in the bottom base of the pyramid (Fig. 7) is calculated as follows: 

( )
298.7 mm.

2 8
pl

cl
a

R
tg

= =
π

                                                    (34) 

Variable surface area of the elementary stripe of the truncated pyramid is 

( ) .prdF P z dz=                                                                 (21) 
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Figure 7. Prismatic octagonal pile with sloping faces, mm. 

The perimeter of the elementary stripe of an octagonal pyramid is 

6.627 ,P R=                                                                        (35) 

where R  is the radius of the inscribed circle. 

The radius of the circle inscribed will be considered as a variable radius of the taper inscribed in the 
pyramid. Then, taking into account the variable radius of the taper (21), the area of the elementary stripe 
on the pyramidal part of the pile is written as 

( ) ( )6.627 .pr tpdF P z dz R z dz= =                                                      (36) 

When substituting the equation (29) in the expression (36) we obtain the equation 

( )( )6.627 .pr cl tpdF R tg z z dz= − α −                                              (37) 

Given sintg α α≈  for small angles, the expression for the area of the elementary stripe of the 
pyramid along its perimeter can be written as 

( )( )6.627 sin .pr cl tpdF R z z dz= − α −                                              (38) 

The area of the elementary surface stripe of the constant section pile along its perimeter is as follows: 

8 .pl pldF a dz=                                                              (39) 

where pla  is the width of the face of the octagonal constant section pile. 

Equation (8) with regard to (38) and (39) will be written as a quadratic equation with respect to the 
sine of the face slope angle of the pyramidal part pile. 

( ) ( )

( ) ( ) ( )

( ) ( ) ( )

1

1 2

2 2
0

2
0 0

0 2

3.314 sin

6.627 3.314 sin

6.627 8 0.

f tp

cl f tp tpf

cl tp pl tp clf f

z z

R z z z z

R z z a z f z P

σ − α +

 + − σ − − τ − α +  
 + τ − + τ ξ − − −ξ − =  

                   (40) 
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The equation will make it possible to determine the taper angle required to ensure stability of the pile 
in the soil under frost heaving. 

2.5. Equation of face slope piles in general form 
The equation for prismatic pile with sloping faces in general form is based on the equilibrium of all 

forces acting on the piles in the freezing soil. 

1 2
2

0 0

sin 0.
pr pr pl

f pr pr pl plf f
pr

z z z

z z z
P dF dF dF f dF

ξ

ξ

 
 − − σ α + τ + τ − =  
 
∫ ∫ ∫ ∫                 (8) 

The upper part of the piles is designed as a truncated pyramid. The variable elementary surface area 
of the pyramid is 

( ) .prdF P z dz=                                                                 (21) 

The perimeter of the elementary stripe of the pyramid surface through the radius of the inscribed 
circle is 

( )2 ,P Rntg n= π                                                                       (22) 

where n  is the number of faces of the pyramid, R  is the radius of the inscribed circle. 

If the radius of the incircle is assumed to be the variable radius of the taper inscribed in the pyramid, 
then the expression (21) considering (22) will be as follows: 

( ) ( ) ( )2 ,pr tpdF P z dz n tg n R z dz= = π                                                (41) 

where ( )tpR z  is the variable radius of the taper inscribed in the pyramid. 

Then the area of the elementary stripe of the pyramidal part of the pile (41) with account of the 
variable radius of the taper (29) will be written as 

( ) ( )( )2 .pr cl tpdF n tg n R tg z z dz= π − α −                                            (42) 

where clR  is the radius of the circle inscribed in the base of the pyramid. 

Given tg sinα ≈ α  for small angles, the expression (42) will be as follows: 

( ) ( )( )2 sin .pr cl tpdF n tg n R z z dz= π − α −                                           (43) 

The elementary stripe area of a constant section pile along its perimeter will be 

.pl pldF na dz=                                                                    (44) 

where pla  is the face width of the constant section pile. 

Equation (8) with (43) and (44) will be written as a quadratic equation with respect to the sine of the 
face slope angle of the pyramidal part of the pile. 
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( ) ( ) ( ) ( ) ( )
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1
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2
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0
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f tp

cl f tp tpf

cl tpf
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ntg n z z

ntg n R z z ntg n z z
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na z f z P

π σ − α +

 + − π σ − − π τ − α +  

+ π τ − +

 + τ ξ − − −ξ − =  

                 (45) 

The equation will make it possible to determine the taper angle required to ensure stability of the pile 
in the soil under frost heaving. 
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3. Results and Discussion 
The paper considers a cylindrical pile with an upper reverse taper and prismatic pile with sloping 

faces in the upper part, operating under frost heaving conditions. The cylindrical pile was developed by the 
author earlier. Prismatic piles with four, six and eight faces are modeled in this study. The upper part of the 
cylindrical pile is a truncated taper while that of the prismatic pile looks like a truncated pyramid with a 
different number of faces.  

The author provides equations of equilibrium for prismatic piles with sloping faces, the equations 
being presented in integral form. These equations establish a relationship between the geometric 
parameters of the piles and the magnitudes and ratios of these forces, which makes it possible to determine 
the parameters of the piles. Considering the soil in the framework of elasticity theory, the integral values of 
forces within the given intervals are taken equal to their average values. In view of this and also sectional 
variability, the equilibrium equations are transformed into second-order equations with respect to geometric 
parameters of piles. To derive the second-order equations, the area of a truncated pyramid is used, the 
area being represented through the variable width of the faces and the variable radius of the taper inscribed 
in the pyramid. The calculation method developed by the author can be used for prismatic piles with any 
number of faces. The equations are given in Table 2. 

Table 2. Pile equations. 

Pile type Equation regarding the geometric parameters of the pile Equation 
number 

Cylindrical 
pile with 
upper 

reverse 
taper 

1

1 2

2 2
0

2
0 0

1
0 2

0.5 ( ) (sin )

[ ( ) 0.5 ( ) ](sin )

[ ( ) ( ) ( )] 0.5 0.

f tp

cl f tp f tp

cl f tp f tp pl

z z

R z z z z

R z z z f z P−

− +

+ − − − − +

+ − + − − − − =

σ α

σ τ α

τ τ ξ ξ π

 (1) 

Prismatic 
octagonal 

pile  1

1 2

2 2
0

2
0 0

0 2

3.314 ( ) (sin )

[ 6.627 ( ) 3.314 ( ) ](sin )

6.627 ( ) 8 [ ( ) ( )] 0.

f tp

cl f tp f tp

cl f tp pl f tp cl

z z

R z z z z

R z z a z f z P

− +

+ − − − − +

+ − + − − − − =

σ α

σ τ α

τ τ ξ ξ

 (40) 

Prismatic 
hexagonal 

pile  1

1 2

2 2
0

2
0 0

0 2

3.464 ( ) (sin )

[ 6.928 ( ) 3.464 ( ) ](sin )

6.928 ( ) 6 [ ( ) ( )] 0.

f tp

cl f tp f tp

cl f tp pl f tp cl

z z

R z z z z

R z z a z f z P

− +

+ − − − − +

+ − + − − − − =

σ α

σ τ α
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 (33) 

Prismatic 
square pile  

1

1 2

2 2 2
0 0

0 2

( ) (sin ) [ ( ) ](sin )

[ ( ) ( ) ( )] 0.25 0
f pr pl f pr

pl f pr f pr pl

z z a z z

a z z z f z P

− + − − − +

+ − + − − − − =

σ α σ τ α

τ τ ξ ξ
 (19) 

Equation of 
a prismatic 

pile in 
general form 

1

1 2

2 2
0

2
0 0

0 2

( ) ( ) (sin )

[ 2 ( ) ( ) ( ) ( ) ](sin )

2 ( ) ( ) [ ( ) ( )] 0.

f tp
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− +

+ − − − − +

+ − + − − − − =

π σ α

π σ π τ α

π τ τ ξ ξ  

(45) 

 

For the conditions, given in Table 1, the geometric parameters of the piles such as cylindrical piles 
with upper reverse taper and prismatic piles with sloping four, six and eight faces have been obtained. The 
piles operate in the same soil and climatic conditions and are loaded with the same vertical load. All piles 
meet the design requirements for the section size at the point of embedding in the pile grillage. The length 
of all the piles is 3.0 m. The cross-section of the lower part of the piles is constant. The length and cross-
section of the lower part is calculated from the condition of the vertical compressive load in the thawed soil, 
i.e. in summer. The cross-section of the upper part of the pile is variable with a sloping surface. The 
corresponding top length and angle are limited by the cross-section of the pile at the embedment point in 
the pile grillage. The surface slope angle is obtained from the equilibrium condition of the pile in the soil 
under the action of frost heaving forces. The parameters of the pile are shown in Table 3. 
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Table 3. Parameters of piles. 
Parameters of  

piles 
Piles type  

Bearing 
capacity of 

piles in thawed 
soil, кN 

Pile (inscribed 
circle) radius, 

 m 

Taper 
(pyramid) 

length,  
m 

Taper (inscribed 
taper) angle, 

degree 

Pile 
volume, 

m3 

Cylindrical pile with taper 134.92 0.3 1.0 5.96 0.73 
Prismatic octagonal pile  134.29 0.2897 1.0 6.13 0.71 
Prismatic hexagonal pile  134.72 0.2858 1.1 5.57 0.71 

Prismatic square pile 135.0 0.54, face width 1.33 4.6, face angle 0.70 
 

A comparison of the piles (Table 3) for the geological conditions given in the article has shown that 
under equal geological conditions with the same vertical load, the square pile with sloping faces has the 
smallest volume. Consequently, the minimum material capacity has been shown by the prismatic square 
pile. As the pile spacing in the group is determined by the cross-section, the square piles with sloping faces 
require the smallest space between them. 

Surface slope piles have been the subject of attention of many scientists. Piles with expanded base 
were investigated by V.F. Zhukov [2], B.S. Yushkov [7–8], S.V. Feshchenko [9], L. Domaschuk [10–11], 
M. Schafer and S.P. Madabhushi [14] and others. Huang and Sheng [12–13] tested bell-shaped piles. 
However, in existing studies the range of configurations is mostly limited to cylindrical piles, although 
prismatic piles also occur in design and construction practice. The author of the paper has considered the 
performance of both cylindrical and prismatic piles in heaving soil and developed a method for calculating 
the geometric parameters of piles under the set conditions. 

Another important aspect is applicability and practical relevance of the calculation factors. 
V.S. Sazhin [39] investigated the behavior of the soil under a strip foundation and derived an equation for 
the soil uplifting and internal forces of the foundation. Relying on the equality of works [26] performed by 
the forces that contribute to the pile uplift and prevent it, V.S. Sazhin [26] also determined the displacement 
of a pile in the swelling soil. He pointed out that, despite different nature of soil swelling and heaving, the 
deformations of foundations caused by these processes were due to similar laws. Therefore, in his 
calculations he used the same methods both for swelling and frost heaving soils. V.S. Sazhin obtained a 
universal formula for the vertical displacement of piles with any cross-section under heaving forces. 

Later on B.S. Yushkov and D.S. Repetsky [40] proposed a formula for calculating the displacements 
of a ‘double cone pile’ [40] under the action of tangential frost heaving forces. These equations can be 
successfully used to verify the displacements of piles operated under frost heaving. However, based on the 
personal experience, the author considers the geometric parameters of foundations that ensure zero 
displacement under specified conditions more important than displacements themselves. So, in 
construction design, the author emphasizes the importance of using the equations for calculating 
geometrical parameters of foundations, which is especially true for piles of complex shapes, in particular 
those with a surface slope. 

In the paper the author presents solutions to determine the required geometric parameters of 
cylindrical piles with upper reverse taper and prismatic piles with sloping faces, where the equilibrium is 
zero displacement of piles under the action of frost heaving forces. The author follows the system approach 
to the solution of the problem, i.e. takes into account the frost boundary position, values of soil frost heaving 
forces, etc. 

When deriving equations for calculating prismatic piles with a pyramidal part, the author uses the 
expression for the variable radius of the inscribed taper and the same experimental approaches [38] as for 
the pile with taper. It is due to the fact that the cylindrical pile with the upper reverse taper is effective in 
frost heaving conditions due to the taper part, while the prismatic pile with sloping faces provides such 
efficiency due to the pyramidal part. Taking into account that a taper is a pyramid with an infinite number of 
faces, the latter may be considered as a special case of a taper. 

Modern methods of calculating piles under frost heaving conditions do not distinguish between 
cylindrical and prismatic piles. Only the surface area of the pile subject to frost heaving forces is taken into 
account. However, the author's experience reveals that in seasonally freezing soils the ribs of a prismatic 
pile affect the size and speed of its lifting by frost heaving forces. The rib effect and the difference in the 
operation of prismatic and cylindrical piles under frost heaving have become the subject of the author’s 
further research. 
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4. Conclusion 
With large areas affected by frost heaving, protection methods based on the properties of 

constructions, without use of additional elements and measures, are of particular interest. Such 
constructions are piles with reversed surface slope, whose configuration makes it possible to reduce the 
negative effect of frost heaving.  

In this study, the calculation method for cylindrical piles with an upper reverse taper is extended to 
prismatic piles with sloping faces. Equations for calculating geometric parameters of piles with sloping faces 
are derived and conclusions on the material capacity of the piles are drawn. The equations make it possible 
to determine geometric parameters of piles ensuring their stability in soil under the action of tangential frost 
heaving forces. 

Further research will be aimed at performance of face slope piles in a group, as well as technological 
provisions for manufacturing piles at the construction site and in the factory. Attention will be paid to the 
automation of the developed calculation method for surface slope piles. 
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Abstract. This paper is concerned with changes in the phase structure of cement paste modified by 
complex antifreeze agents based on sodium formate, calcium chloride and S-3 superplasticizer. Complex 
modifiers were developed for cement-crushed mixtures hardening at low temperatures (down to –15.0 °C) 
used in pavement structures. In countries where construction and operation of highways occur at low air 
temperatures (below 0 °C), it is promising to use the method of modifying cement-crushed mixtures with 
complex antifreeze agents. The structural studies of cement paste with these additives are poorly described 
in scientific literature. Therefore, the aim of this work was to consider the impact of complex antifreeze 
agents in cement paste on the peculiarities of phase structure formation and the relationship between the 
structure and the properties of the obtained materials. The cement paste was tested for compressive 
strength using the standard technique; then after preparation, the samples were tested by X-ray, differential 
thermal and thermogravimetric analyses. It was established that the modification provides the possibility to 
increase the content of the crystalline phase compared with the amorphous one in the form of new 
formations (portlandite and dicalcium hydrosilicates). The developed complex modifiers contribute to 
activation of hydration processes in cement paste, which is confirmed by the level of the hydration degree 
up to 0.6 and the integral value of weight loss up to 20.5 %. The relationships between the increase in the 
compressive strength of cement paste and the increase in the hydration degree of calcium silicates and the 
integral value of weight loss were established. It was shown that the combined use of components of the 
complex three-component additive provided synergism of processes of structure formation and, as a 
consequence, an increase in the strength of cement paste. The use of the developed compositions of 
antifreeze agents in the technology of construction of cement-crushed bases at subzero temperatures (up 
to –15 °C) prolongs the road construction season and improves the operational indicators of road pavement 
materials. 

Citation: Vdovin, E.A., Stroganov, V.F. Phase structure of cement pastes with antifreeze agents. Magazine 
of Civil Engineering. 2023. 120(4). Article no. 12007. DOI: 10.34910/MCE.120.7 

1. Introduction 
The priority tasks in the development of building materials science include the creation of materials 

with improved physical and mechanical characteristics by modifying them with complex multifunctional 
additives [1, 2]. 

In countries where construction and operation of highways occur at low air temperatures (below 0 °C) 
[3–5], these tasks can be solved using technologies for constructing structural layers of road pavements 
made of low-strength stone materials and soils, reinforced with cement and modified with functional 
additives [6–9]. 

For example, the effect of combined use of hydromechanical activation of cement and antifreeze 
agents on the physical and technical properties of fine-grained materials, hardening at low temperatures, 
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was studied in [10]. The proposed approach made it possible to increase the effectiveness of the studied 
additives and opened up additional possibilities for their application in winter concreting. 

The admixtures for winter concreting were studied in [11, 12]. It was shown that calcium chloride was 
effective, but its use as an antifreeze agent was not recommended due to the serious danger of 
corrosiveness. The impact of chloride-containing antifreeze additives with two types of chloride-containing 
components (NaCl and CaCl2) on the rheological properties of cement concrete at negative temperatures 
was studied [13] the modification with two types of chlorides provides a decrease in the yield strength and 
an increase in viscosity. Increase in antifreeze concentration and cement content, decrease in sub-zero 
curing temperature, and addition of slag were found to have significant effects on the rheological properties 
of cement-mineral mixtures. In addition, chlorides promote early cement hydration, reduce the freezing 
temperature and prevent early freezing of cement-mineral materials. The authors [14] additionally found 
that chloride-based accelerators adversely affect the strength of concrete, while non-chloride-based 
accelerators provide an alternative use if mixed with the appropriate type and amount of cement. 

Accelerators are used at low temperatures for patching the road surface using fast-hardening 
concrete mixtures of high strength and construction of cement-mineral road pavement bases [12, 15, 16]. 
It is noted that at subzero temperatures the accelerator promotes cement hydration, shortening the setting 
time and increasing the strength gain at an early age. 

It should be noted that one-component antifreeze agents in cement-mineral materials do not provide 
the required level of cement paste (CP) hydration at subzero temperatures, especially at air temperatures 
below –5 °C [12]. It was found that in some cases the chloride antifreeze deteriorates the physical and 
mechanical properties of materials [12, 17]. 

A chemical mechanism of concrete destruction under the action of magnesium chlorides was 
discussed in [12, 18]. The authors explain it by the formation of multiphase nanosized crystals in the 
material, including CaCl2, Mg(OH)2 and Mg3(OH)5Cl(H2O)4. Additionally, the destruction of concrete by the 
proposed mechanism is indirectly confirmed by testing concrete samples taken from several selected 
concrete bridge decks. It is shown that the cumulative effect of MgCl2 antifreeze caused a significant 
decrease in splitting tensile strength (up to 50 %), as well as a decrease in microhardness (up to 60 %), 
even at a depth of 25 to 50 mm. 

The use of advanced composite materials with magnesium oxychloride cement and mineral 
aggregates was discussed in [19]. It was found that the problem of magnesia composites hardening under 
freezing temperatures hadn’t been solved yet. 

The studies on replacing chlorides or reducing their negative effects in antifreeze agents are of high 
versatility. For example, in [20], urea was discussed as an antifreeze agent instead of chlorides for 
concreting in cold weather. However, its effectiveness as an antifreeze agent has been confirmed only at 
temperatures down to –5 °C. The use of calcium nitrate as an additive in antifreeze was considered in [20]. 
The negative effect of corrosion processes on the physical and mechanical characteristics of concrete was 
shown in [21], where calcium nitrate was studied as an antifreeze agent. The authors [22] believe that 
sodium nitrite (NaNO2) and potassium carbonate (K2CO3) are the most common antifreeze additives that 
ensure the required level of properties of concrete (compressive strength, tensile strength, flexural strength, 
modulus of elasticity and Poisson's ratio) at negative temperatures. The effect of chloride-free antifreeze 
additives (calcium nitrite (Ca(NO2)2), calcium nitrate (Ca(NO3)2) and urea (CO(NH2)2)) on the rheological 
properties of cement-mineral materials with different types and content of binders (Portland cement, ground 
blast furnace slag) at negative temperatures were also studied [23–25]. 

High-strength calcium sulfoaluminate was also used as a mineral accelerator in winter construction 
[26–28]. 

The process of cement hydration acceleration during winter concreting can be performed through 
the use of accelerating additives of various chemical structures: calcium formate and nitrate, CSH crystals, 
and triethanolamine [29–31]. It was shown that additives based on calcium nitrate, calcium formate, and 
CSH crystals were the most efficient for Portland cement mortars, and triethanolamine was the most 
efficient for cement with the addition of ground granulated blast furnace slag. 

The positive effect of sodium formate (SF) on the process of concrete hardening at subzero 
temperatures and its effective anti-icing properties was experimentally confirmed in works [32, 33]. This 
work presented a regression equation, which predicted the strength of concrete with the addition of sodium 
formate used in winter works. The effect of an antifreeze additive on the flexural strength of road concrete 
was also studied in [34]. Here the authors used the method of orthogonal planning of the experiment and 
took into account water-cement ratio, the content of antifreeze modifier, fly ash and technological factors of 
the works. 



Magazine of Civil Engineering, 120(4), 2023 

It is important to take into account that cement-crushed stone mixtures (CCSMs) have significant 
porosity. When CCSMs are exposed to subzero temperatures, the number of pores and capillaries 
increases, in which stresses are formed during the transition of water into ice, causing material destruction 
[2]. To solve this problem, it is necessary to develop multifunctional antifreeze additives that provide the 
greatest compaction of the material to reduce open porosity and determine their effect on the formation of 
a frost-resistant and durable phase structure of the material. 

It is recommended to develop complex antifreeze additives using mixtures of nitrate and thiocyanate, 
and in some cases using alkanolamines, carboxylic acids, or their salts [11, 35]. These studies also confirm 
that chemical combinations can provide synergistic effects when combined antifreeze additives are used. 

The effective implementation of multifunctional additives is exampled by the development of a nano-
modified high-tech additive [36], applied in concreting at outside air temperatures up to –5 °C. The 
multifunctionality of this additive consists in the combined use of four components (sulfonaphthalene-
formaldehyde, amorphous nano-silica, saponified wood resin, and sodium nitrite). The proposed ratio of 
plasticizing, stabilizing, air-entraining, and antifreeze components made it possible to provide optimal 
conditions for the cement hydration during winter concreting and, as a consequence, the required strength 
and workability. 

O. Tene carried out similar studies on the development of a multifunctional antifreeze additive for 
modifying cement-based pavements during work under subzero temperatures [37]. As components of 
complex additives, he proposed a combination of plasticizing (solutions of melamine-formaldehyde 
polymers, technical lignosulfonates), antifreeze (sodium and calcium formates), and hydrophobizing 
substances (sodium liquid glass, ethyl silicones, and sodium methylsiliconates) with hardening accelerators 
(sodium, ammonium and iron sulfates), and the introduction of mineral fillers and stabilizers (fly ash, active 
microsilica, dolomite flour, slaked lime). 

The authors [38, 39] point out that when developing complex antifreeze additives, it is necessary to 
consider the nature of the effect of the components of antifreeze modifiers on the composition of hydration 
products, processes and features of the formation of structure and hardening of concrete. 

While developing a method for modifying CCSMs hardening at low temperatures, we took into 
account the positive experience and previous results on the complex antifreeze additives. We used the 
multifunctional antifreeze compositions, including sodium formate, calcium chloride, and superplasticizer 
S-3. It should be noted that superplasticizer S-3 as part of a complex multifunctional modifier, is intended 
to reduce moisture, improve technological properties and increase the density of the central chemical 
mixture [2]. In addition to accelerating the hardening process, calcium chloride enhances the antifreeze 
effect of sodium formate, and its reduced content in the complex additive should prevent the development 
of destructive processes during hardening of cement-mineral materials. Modification of cement-crushed 
mixtures with the developed additives makes it possible to increase the material compressive strength by 
3.6, splitting tensile strength by 4.3, frost-resistance by 7.0, crack-resistance by 1.5, elasticity modulus by 
1.9 times as compared to unmodified compositions (at a hardening temperature of –15 °C). The use of the 
developed compositions of antifreeze agents in the technology of construction of cement-crushed bases at 
subzero temperatures (up to –15 °C) prolongs the road construction season and improves the operational 
indicators of road pavement materials. 

The performed analysis shows the prospects of CCSMs modification with complex antifreeze 
additives in countries where construction and operation of highways occur at low air temperatures (below 
0 °C). It also indicates the need for research on the cumulative positive effect of antifreeze additives, 
plasticizers, and hardening accelerators in cement pastes on the formation of the phase structure and the 
identification of the relationship between the structure and the properties of the materials obtained. 

Given the lack of structural surveys of cement pastes with antifreeze additives, this work aims to 
study the effect of multifunctional antifreeze compositions, including sodium formate, calcium chloride, and 
superplasticizer S-3, on the formation of the phase structure of cement pastes. 

To achieve this aim, the following tasks were solved: 

1. Determination of the phase compositions of cement paste and the ratio of amorphous and 
crystallization phases in the material. 

2. Investigation of the impact of the components of antifreeze multifunctional additives on the degree 
of cement hydration, the qualitative and quantitative composition of the hardening products. 

3. Determination of the relationship between CP strength and the degree of cement hydration in the 
presence of antifreeze agents used. 
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2. Materials and Methods 
The research was carried out in the laboratories of the Scientific and Educational Center "Roads" of 

the Institute of Transport Structures of the Kazan State University of Architecture and Civil Engineering. 
The studied materials were CP without additives, with one-, two- and three-component antifreeze 
compositions and with each component of complex additives after hardening for 28 days at a temperature 
of –15 °C. 

The studies used CEM I 42.5N Portland cement of the following mineral and chemical compositions 
(Tables 1 and 2). 

Table 1. Mineral composition of cement. 

Material C 3 S C 2 S C 3 A C 4 AF 

Content, % 58 17 8 13 

 

Table 2. Chemical composition of cement. 

Material SiO2 Al2O3 Fe2O3 CaO MgO SO3 
R2O (Na2O+ 
+0.65 K2O) 

СаОfree 

Content, 
% 21.1 5.85 4.2 65.4 1.13 1.03 1.07 0.16 

 

The following substances were used as components of complex antifreeze agents (Table 3), by 
analogy to [2]: 

− sodium formate is the sodium salt of formic acid (HCOONa), a chemically pure water-soluble 
product; 

− crystalline calcium chloride (CC) (CaCl2), a chemically pure water-soluble product; 
− superplasticizer S-3 is the sodium salt of the condensation product of naphthalenesulfonic acid 

and formaldehyde. It was used as a 2.5 % aqueous solution, pH 7-9. 
− tempering water, according to EN 1008:2002. 
The CP samples after 28 days of curing were tested for compressive strength, according to  

EN 1 96-1: 2005. The prepared samples were examined by X-ray, differential thermal and 
thermogravimetric analyzes. 

The X-ray diffraction of samples was studied using the DRON-3 X-ray diffractometer. The following 
operation mode was used: CuKα with a wavelength of 1.54178 Å, exposure 10 sec., step 0.05°, interval 
from 2° to 78°. 

Differential thermal analysis (DTA) and differential thermogravimetry (DTG) of samples were carried 
out on the 3425-1500-OD optical derivatograph of the F. Paulik, J. Paulik and L. Erdey system (MOM, 
Hungary). The sample weighed portions varied from 400 to 1700 mg, with a thermal balance sensitivity of 
100 mg. The recording modes were DTA, DTG – 1/5, heating rate was 15 deg./min up to 1000 °C. Air was 
used as a comparison standard (empty crucible on the T-junction). 

Diagnostics of each crystalline phase was carried out by identifying the corresponding characteristic 
reflections with specific interplanar distances ( )d  and relative intensities ( )l  on the obtained 
diffractograms. The identification procedure was carried out by comparing the obtained diffraction patterns 
with the international database of powder diffractometric data (JCPDS database), which contains the l  and 
d  values of reference minerals. 

The relative contents of the amorphous and crystalline components in the studied CP were calculated 
using the XRYTOOL interactive computer program (Russia). 

The hydration degree (HD) of cement pastes was determined by two independent methods. 

− in X-ray technique, HD was assessed using the ratio of the intensities of reflexes of non-hydrated 
components of cement (alite, belite) and reflections of hydrated new formations (portlandite and 
aqueous dicalcium hydrosilicates): 
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( ) ( ) ,Ca2SiO4*nH2O Ca2SiO4*nH2O C2S+C3SCa OH 2 Ca OH 2

=

   
= + + +   
   

HD

I I I I I
  (1) 

where Ca2SiO4*nH2OI  is the intensity of dicalcium hydrosilicate reflection, d  = 9.6 Å; ( )Ca OH 2I  is 

the intensity of portlandite reflection, d  = 4.9 Å; C2S+C3SI  is the intensity of alite and belite reflection, 

d  = 2.78 Å. 

− in differential thermal analysis and differential thermogravimetry, HD was assessed using the 
mass loss ( )m∆  within the limits of the considered effect on thermoanalytical curves. 

3. Results and Discussion 
Phase composition of cement pastes hardened at subzero temperatures was determined using the 

X-ray, differential thermal and thermogravimetric analyzes. 

The CP samples hardened for 28 days were tested for compressive strength compR  (Table 3). 

Table 3. Compressive strength of CP hardened at –15 °C. 

Sample No. 
Content of additives in 

cement pastes, % by weight of cement W/C 
Rcomp, MPa, of CP samples 

hardened for 28 days  
at -15 °C CC SF SP 

1 - - - 0.26 4.7 
2 - 6 - 0.23 20.2 
3 3 - - 0.26 33.3 
4 3 6 - 0.23 25.9 
5 3 6 2 0.20 48.4 
6 - - 2 0.21 7.5 
7 - 6 2 0.20 22.6 
8 3 - 2 0.21 35.4 
 

The studied CPs have a similar composition of crystalline phases. The main predominant compound 
in them is unhydrated C3S. Calcium aluminate and aluminoferrites remained at the same level in 
quantitative terms, i.e. they underwent insignificant hydration in contrast to alite. New hydration formations 
in cement pastes are represented by portlandite Са(ОН)2 and dicalcium hydrosilicate (Ca2SiO4∙nH2O). 
Along with the crystalline phases, CP also contains an amorphous component, which consists of new 
hydration formations of colloidal dimension, with a probable composition of Ca2SiO4∙nH2O (Table 4). 

Analysis of X-ray diffraction patterns for CPs without additives shows that in Portland cement the 
most hydrated were alite and belite, while calcium aluminates and alumoferrites were hydrated to a much 
lesser extent. 

Table 4. Relative phase content and hydration degree for alite and belite in CP. 

Sample No Sample composition 
Relative phase content,% 

Relative HD,  
r.u. Crystalline Amorphous 

1 Cement paste without additives 49.5 50.5 0.45 
2 Cement paste with 6% SF 53.6 46.4 0.58 
3 Cement paste with 3% CaCl2 62.0 38.0 0.7 

4 Cement paste with 3% CaCl2; 6% 
SF 61.4 38.6 0.51 

5 Cement paste with 3% CaCl2; 6% 
SF; 2% S-3 62.6 37.4 0.6 

6 Cement paste with 2% S-3 64.4 35.6 0.37 
7 Cement paste with 6% SF; 2% S-3 67.2 32.8 0.31 

8 Cement paste with 3% CaCl2; 2% 
S-3 61.5 38.5 0.56 
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The scheme of hydration transformation that took place in CPs can be described by two main 
reactions: 

( )Ca SiO nH O Ca SiO nH O Ca OH ,23 5 2 2 4 2+ → ∗ +                                 (2) 

Ca SiO nH O Ca SiO nH O,2 4 2 2 4 2+ → ∗                                             (3) 

These equations show that both compounds (alite and belite) are converted into dicalcium 
hydrosilicate, which in the initial period of Portland cement hardening exists in the form of colloidal particles. 
The appearance of Ca2SiO4∗nH2O results in the presence of a significant amount of amorphous component 
in CPs (Table 4), when the main part of the new formations is in colloidal form and the process of Portland 
cement hydration is fixed at the initial stage. Only a small part of the colloid crystallizes into portlandite 
Ca(OH)2 and calcium hydrosilicate 2CaO∗SiO2∗nH2O. The number of water molecules in its structure is 
from 3 to 4 and it belongs to the group of highly basic hydrosilicates of the CSH (II) type by H. Taylor or 
C2SH2 by R. Bogg. 

 
Figure 1. X-ray diffraction patterns of CP samples hardened for 28 days at –15 °C:  

a) without additives, b) with addition of 6 % SF, с) with addition of 3 % CC and 6 % SF,  
d) with addition of 3 % CC, 6 % SF, 2 % S-3. 
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It should be noted that CP with addition of 6 % SF shows a higher degree of hydration. It results in a 
larger crystallization of the amorphous component into portlandite Ca(OH)2 and calcium hydrosilicate 
2CaO∗SiO2∗nH2O. The latter is represented by two varieties: one modification is characterized by reflection 
d  = 10.5 Å, the other one has d  = 9.69 Å (Fig. 1), their position is explained by the different content of 
water molecules. The deeper hydration process is explained by the fact that the addition of SF under the 
conditions of formation of cement paste at –15 °C has a multifunctional effect on the hydration of Portland 
cement. Firstly, SF helps to lower the freezing point of water, which ensures hydration in CP at subzero 
temperatures. Secondly, SF enhances the hydrolysis of compounds that make up Portland cement, i.e. 
increases the rate of hydration of the crystalline phases of the clinker. Thirdly, when SF dissolves in water, 
free sodium ions are formed in the solution, which, being activators of hardening, accelerate the hydration 
of Portland cement. The listed factors together determine the increase in CP strength. 

It was shown that the CC additive, being an accelerator of the hardening process, to a greater extent 
promotes the hydration transformation of di- and tricalcium silicates. It works like SF additive, lowers the 
freezing point of water, thereby increasing the hydration time of Portland cement. It should be noted that at 
this stage chloride does not form independent phases, since the concentration of chlorine ions in the 
solution is obviously insufficient for the formation of independent compounds. 

In the considered variants of CP modification with the superplasticizer, a lower degree of hydration 
was noted than that obtained by joint addition of SF and CC. Such CPs are characterised by hydration 
degree similar to that of CPs without additives. The absence of a significant amount of amorphous phase 
in them is probably explained by the lower water-cement ratio (W/C) compared to that of CP without 
additives. It can be concluded that the SP additive is not a stimulator of the hydration transformation of 
Portland cement at subzero temperatures. Its effective impact is explained by a decrease in the water-
cement ratio, which reduces the destructive effect of the liquid phase at subzero temperatures and affects 
improvement of the CP strength characteristics. 

Cement paste with a complex additive of SF, CC and SP shows a fairly high degree of hydration of 
the cement silicate components. The X-ray diffraction pattern of this sample shows high intensities of 
reflections of calcium hydrosilicate d  = 9.69 Å, portlandite d  = 4.921 Å, d  = 2.632 Å, and a significant 
decrease in the intensities of reflections of alite d  = 3.041 Å and belite d  = 2.778 Å. The combined use of 
SF and CC promotes the activation of hydrolysis and hydration of Portland cement, and addition of SP 
results in a decrease in the W/C ratio, which leads to acceleration of the hardening process and 
achievement of maximum CP strength at subzero temperatures. 

It should be noted that each complex additive, especially a three-component one, maximally 
manifests its activity in hydration processes. This is confirmed by the strength characteristics of cement 
pastes. 

The considered cases confirmed that the XRD method does not allow to unambiguously estimate 
the contribution of the X-ray amorphous component for assessing the hydration degree. In this regard, we 
carried out additional thermal studies to obtain more reliable information. The content of hydrated water in 
CP was used to assess the hydration degree of CP, the weight loss was used to determine the new 
formations (Fig. 2, Table 5). 

It is shown that in the temperature range of 40–350 °C an endothermic effect is recorded, which 
characterizes the process of removing weakly bound, mainly adsorbed water (Fig. 2). The DTA curves for 
CP without additives in the range of 440–500 °C recorded the process of dehydration of calcium hydroxide 
Са(ОН)2 (Fig. 2a). The endothermic effect is a consequence of two processes' superposition, it is observed 
on thermoanalytical curves with a maximum of 720–760 °C. The first process is dehydration of newly 
formed dicalcium hydrosilicates 2CaОSiO2∗nH2O of the CSH (II) type. The second process is dissociation 
of calcium carbonate СаСО3, formed as a result of calcium hydroxide carbonization. 
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Figure 2. Thermoanalytical curves DTA (1) and DTG (2) of CP samples hardened for 28 days  

at –15 °C: а) without additives, b) with addition of 6 % SF, с) with addition of 3 % CC and 6 % SF,  
d) with addition of 3 % CC, 6 % SF, 2 % S-3. 

It should be noted that a slight increase in total weight loss is observed in CP without additives 
(Table 5). This indicates a slow process of hydration of cement minerals and is confirmed by the minimum 
CP strength achieved. 

A characteristic feature of the DTA curves of cement paste with SF (Fig. 2 b) is the appearance of 
peaks with maxima in the range of 330–450 °C, characterizing exothermic transformations. They are 
obviously associated with the destruction of organic substances of additive components. This indicates a 
deeper hydration process in CP with SF additive and provides an increase in the intensity of weight loss 
over the entire investigated temperature range (Table 5). 

The positive impact of CC on the hydration process in CP was established. The active role of CC 
additive during the hydration transformation of alite and belite to CP is to increase the process of portlandite 
dehydration. 

The SP additive has an insignificant impact on the hydration transformation of Portland cement in 
conditions of subzero temperatures. 

When using a three-component additive from SF, CC and SP, the presence of thermal effects typical 
for each component is observed (Fig. 2d). However, each component of the additive is involved in the 
acceleration of the hydration of the clinker crystalline phases. The combination of additives provides an 
enhancement and deeper course of the hydration process, which is confirmed by the maximum total weight 
loss – 20.5 % (Table 5) and the highest CP strength – 48.4 MPa. 
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Table 5. Weight loss of CP with various additives and temperature modes. 

Sample 
No 

Material and content of 
additives in CP, % 

Weight loss, % mass,  
In the temperature interval, оC 

20 -350 20 -500 20 -700 20 -800 20 -1000 

1 Without additives 7.7 9.2 10.7 13.2 13.3 
2 SF 6.0 10.0 11.3 17.4 18.6 19.1 
3 CC 3.0 12.6 14.8 16.2 18.5 19.3 

4 
CC 3.0;  
SF 6.0 

11.4 12.5 15.4 19.3 20.0 

5 
CC 3.0;  
SF 6.0 
SP 2.0 

11.6 13.0 16.3 20.0 20.5 

6 SP 2.0 6.8 8.0 10.0 11.9 12.0 

7 
SF 6.0 
SP 2.0 

8.8 10.1 14.2 17.2 18.5 

8 
CC 3.0;  
SP 2.0 

9.8 11.2 12.6 15.7 16.2 

 

Data from Tables 3, 4, and 5 were used to build the relationships between the compressive strength 
of cement pastes ( )CS ,σ  the hydration degree of calcium silicates in them ( )α  and the integral weight 
loss. Analysis of these curves confirmed an increase in the level of compressive strength of cement pastes 
with an increase in the hydration degree of alite and belite (Fig. 3). It is important to note that the nature of 
the obtained dependencies was confirmed by independent methods: X-ray and differential thermal analysis. 
The established dependences testify to the effectiveness of practical application of the developed antifreeze 
modifiers and explain the role of hydration processes in providing improved operational reliability of cement-
mineral materials. 

 
Figure 3. Relationships between the compressive strength of cement pastes (σCS)  

and the hydration degree (α) – 1 and the integral weight loss (∆m) – 2. 
Thus, the combined use of the components of the complex three-component additive provides 

synergism of processes of structure formation and, as a consequence, an increase in the CP strength. It is 
recommended to use the developed antifreeze additives in the technologies of construction of cement 
concrete bases of pavements at temperatures up to –15 °C. The composition of additives is determined 
depending on the hardening temperature to ensure a given level of operational indicators and durability of 
pavement layers based on the results of previous research [40]. 

The results obtained are relevant as evidenced by the existing literature [11, 41]. As noted by the 
authors [11], action mechanisms of new non-chloride modifiers for cement paste have not been fully 
studied. The novelty of the present research consists in the establishment of synergistic effect of 
combinations of chemicals on the rate of hydration. 
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The effect of three-component modifiers on acceleration of cement hydration and increase in early 
strength [42, 43] in conditions of positive temperatures has been previously described. In contrast to [42, 
43], it is shown that the modification with complex additives developed by us makes it possible to provide 
acceleration of cement hydration processes and increase the strength level of cement paste, not only at 
positive but also at subzero temperatures, during both fast and prolonged hardening. It should be noted 
that the modification provides an opportunity to increase the content of new formations [41, 42, 43] in the 
form of hydrosilicates. When using the developed compositions of additives, the new formations can be 
formed even at subzero temperatures, which increases the strength of the modified cement paste. 

The authors [11, 41, 42] note the prospects of continuation and development of structural studies 
and examination of mechanisms of cement paste modification by complex modifiers of synergistic action in 
connection with insufficient information on this subject of research. 

4. Conclusions 
1. The features of formation of the phase structure of cement pastes hardened at subzero 

temperatures were established. They depend on the qualitative and quantitative compositions of the 
hardening products and the ratio of amorphous and crystallization phases in them, the rate and depth of 
the processes of cement hydration. These features determine the level of the achieved material strength. 

2. The phase compositions of cement pastes and the ratio of amorphous and crystallization phases 
in them were determined. Hydrated new formations in cement pastes are represented by portlandite and 
dicalcium hydrosilicate. Along with crystalline phases, cement paste also contains an amorphous 
component, which comprises hydrated new formations of colloidal dimension, with a probable composition 
of Ca2SiO4∙nH2O. 

3. The influence of complex additives and their components on the degree of cement hydration, the 
qualitative and quantitative composition of the hardening products was investigated. It is noted that the 
developed complex additives, especially the three-component ones, ensure the maximum manifestation of 
their activity in hydration processes. 

4. It was confirmed that compressive strength of cement pastes increased with an increase in the 
degree of cement hydration and the integral weight loss in the presence of the used antifreeze agents. The 
combined use of the components of the complex three-component additive provides synergism of 
processes of structure formation and, as a consequence, an increase in the CP strength. The established 
dependences testify to the effectiveness of practical application of the developed antifreeze modifiers and 
explain the role of hydration processes in providing improved operational reliability of cement-mineral 
materials. 

5. Modification of cement-crushed mixtures with the developed additives makes it possible to 
improve the construction and technical indicators of materials in road pavements of highways. Application 
of the developed polyfunctional compositions of antifreeze additives in technologies of cement concrete 
bases at subzero temperatures (up to –15 °C) extends of road construction season and improves the 
operational indicators of road pavement materials. The composition of additives is determined depending 
on the hardening temperature to ensure a given level of operational indicators and durability of pavement 
layers based on the results of the previous research. 
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Abstract. The sedimentation of the approach channel and the water area of Temryuk port is an important 
problem that has recently attracted the attention of researchers and engineers. The object of the study is 
the influence of the extension of the east and west breakwaters of the port. An analytical method of 
forecasting lithodynamic processes for various extensions of protective breakwaters was used. To verify 
the results, an analysis of space images of the coastal zone was applied. The volumes of sedimentation of 
the sea part of the Temryuk port approach channel were determined; recommendations for the extension 
of breakwaters were given. The sedimentary layer in the Temryuk Bay has two demarcated zones, one 
dominated by silty material, and the other, coastal, by fine-grained sand. Therefore, to determine the total 
alongshore sediment flow, the movement of muddy and sand flows was determined separately. The west 
breakwater retains only a small part of the sand transported to the canal; the east breakwater also has an 
insufficient length. The majority of the sand passing in the west and east directions falls into the canal. After 
the extension of the east breakwater by 100 m, the sedimentation of sand will be due mainly to its arrival 
from the west side, and thus the maximum thickness of the sediment layer will be about 2 m. The extension 
of the east breakwater by 200 m does not lead to a significant improvement compared to the extension 
option of 100 m, therefore, to reduce the sedimentation, it is necessary to extend the west breakwater by 
100 m as well. After the extension of the west breakwater, the flow of sand into the channel from the west 
side will be significantly reduced. Thus, after the lengthening of both breakwaters, the volume of 
sedimentation of the channel with sand will decrease from 55 to 15 thousand cubic meters per year. The 
main contribution to the sedimentation will continue to be made not by sandy, but by silty material. 

Citation: Kantardgi, I.G., Leont'yev, I.O., Kuprin, A.V. Sedimentation simulation of the Temryuk seaport 
approach channel. Magazine of Civil Engineering. 2023. 120(4). Article no. 12008. 
DOI: 10.34910/MCE.120.8 

1. Introduction 
Construction of protective structures at seaports is a classical way to protect the approach channel 

and water area from sedimentation and penetrating waves. However, in practice, the effectiveness of 
breakwaters as a protection against sedimentation decreases with the time of port operation. Sedimentation 
in the area of the unprotected approach channel approaches catastrophic levels. It is expressed in more 
rapid reduction of depths in the fairway at the port gates, as compared to the remote parts of the channel 
at sea. The most exposed to this type of sedimentation are port approach channels located on the shallow 
sandy shores of the Black, Azov and Baltic Seas with a developed longshore sediment flow. 

https://creativecommons.org/licenses/by-nc/4.0/
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Enclosing west and east breakwaters are located in the port of Temryuk, Krasnodar region, Temryuk 
district, Temryuk Bay of the Azov Sea (Fig. 1). The approach channel of Temryuk seaport was built in 1910 
for navigational safety of vessel passage. 

 
Figure 1. Location of the investigated breakwaters of Temryuk port, Russia  

(breakwaters are highlighted in red). 
A serious problem of Temryuk port geographical location is its proximity to the mouth of the Kuban 

River. Solid flow of the Kuban River determines morphodynamic changes in the coastal zone, including a 
significant sedimentation of the approach channel of Temryuk port by sand and silt deposits.  

Observations and experimental studies in a number of ports [1, 2] revealed the sedimentation 
characteristics of approach channels protected by barrier structures. The construction of breakwaters 
divides the coastal zone into two regions with a different dynamic activity of waves, currents and sediment 
transport. As a result of the interruption of longshore sediment flow, large volumes of bottom sediments 
rapidly accumulate at the root of the windward mole (Fig. 1). This form of filling the incoming angle with 
sediment, followed by downstream erosion of the section of coast behind the leeward breakwater, is most 
relevant to port construction. 

Previous work on the subject was analysed in the preparation of this paper. Papers [3–6] provide 
material on the modelling of longshore sediment transport. Information on the comparison of different 
approaches to the determination of longshore sediment transport rates is given in [7]. The papers [8, 9] 
discuss new models for predicting shoreline changes: a model based on the dynamic coupling of a high-
resolution one-dimensional cross-shore model to a two-dimensional area model for calculating the total 
longshore sedimentation rate; a model based on machine learning techniques. A new method for 
verification of beach dynamics predictions was developed in [10]. 

One of the goals of this work is to estimate the possible volumes of sediment accumulation in the 
approach channel to the port of Temryuk, considering the general lithodynamic situation in the adjacent 
area. We are talking about the marine part of the channel, where the main factors of sedimentation are 
waves and associated currents that generate longshore sedimentations, which deliver the material to the 
channel bed. 

The second goal of the work is to develop recommendations for extending the breakwaters enclosing 
of the coastal part of the channel on the east and west sides. The extension of the breakwater should 
reduce the sedimentation of the channel. However, the considerable cost of the structure imposes 
restrictions on the choice of its optimal length. 

The mentioned problems are investigated in the present work on the basis of mathematical modelling 
of coastal lithodynamic processes [11–18]. 

At present, all-Russian and departmental normative documents on the design of approach channels 
[19] do not contain recommendations for determining the volume of catastrophic sediment deposition and 
methods for preventing it. Existing software complexes for determining the volume of approach channel 
sedimentation have certain drawbacks. 

The existing normative base for design of sea approach channels is outdated and requires updating. 
A number of recommendations of all-Russian and departmental normative documents do not meet the 
requirements of modern design practice. They are developed on the models, which do not correspond to 
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the modern level of knowledge about hydrolytodynamics of the coastal zone. The norms of design of sea 
approach channels do not contain recommendations, in which the initial data would include the parameters 
of engineering geology and coastal hydrolytodynamics. The sedimentation reserves are set depending on 
the dimensions of the design vessel. The phenomenon of sedimentation is accounted for by an empirical 
coefficient. In the process of designing, incorrect decisions lead to unjustifiably high volumes of repair 
dredging, and, consequently, to significant financial costs. In this connection, investigation of the process 
of sedimentation of the approach channels and the ways of its prevention is an actual problem. 

Analysis of baseline information confirms high, constant sedimentation of the approach channel, 
which leads to the need for regular repair clearing of the channel and the port water area. Thus, according 
to FSUE Rosmorport, the volume of repair dredging was 129406.2 m3 in 2020 and 120102.4 m3 in 2021. 

At the same time, sedimentation ability of the approach channel varies significantly along its length. 
According to the passport of approach channel, its sedimentation varies from 10 cm per year, to 100 cm 
and more per quarter. 

Maximum sedimentation occurs in the head part of the east breakwater, both in the direction to the 
sea part of the channel and to the port part of the channel. 

Simultaneously with sedimentation of the channel, the incoming angle for the east breakwater is 
filling up with shoreline advance into the sea. The rate of shore advance near the breakwater during the 
first year after its construction is about 50 m. The process of shore advancement from the inlet corner of 
the east breakwater directly affects the sedimentation of the approach channel, since after the shore 
reaches the head of the breakwater, the sediment will be transported by the longshore current directly into 
the channel. 

According to survey data, the sedimentation of the approach channel occurs by storms from the east 
and west directions, the main sediment flow occurs from the east direction. 

The main objectives of the work are: 

1) Study of lithodynamic regime of the area under consideration in natural (modern) conditions. 

2) Forecast of sedimentation of the approach channel of the seaport for several proposed variants 
of the east and west breakwater extension and selection of the extension option that provides an acceptable 
level of sedimentation. 

2. Methods 
An important feature of the sediment layer on the bottom in the studied area of the Azov coast, Russia 

(Temryuk Bay) is the existence of two rather clearly delineated zones, one of which (at depths greater than 
3 m) is dominated by silty material, while the other, coastal (at depths less than 3 m) is dominated by fine-
grained sand. This leads to the need to model separately the flows of sandy and muddy sediments when 
determining the total longshore flow. It should be noted that existing methods focus mainly on sandy 
sediments. In order to obtain estimates with respect to silt transport, it was necessary to develop a special 
calculation methodology. 

2.1. Sandy sediment 
The methodology for calculations concerning sandy sediments is outlined, for example, in [17,  

20–26]. The basic formula for determining the local longshore sand discharge q under the action of waves 
and the accompanying current, expressed in m3m–1h–1:  

( )9 4 .
8 tan

b sf
f b

g m g

D
q D B V

u w
 π

= µ + + 
α  

ε ε
                                              (1) 

Here ( )( )μ 3600 ρ ρ 1 σgg = − −   is the coefficient, which agrees dimensions, g  is acceleration 

of gravity, ρ and gρ  are densities of water and solid particles, σ  and gα are porosity and angle of natural 

slope of ground, εb  and εs  are efficiency coefficients of transport of bedload and suspended sediments 

(0.1 and 0.02 respectively), mu  is amplitude of orbital wave velocity near the bottom, 32
3f w mD f u= ρ
π

 is 

energy dissipation rate due to bottom friction, wf  is coefficient of bottom friction for waves, gw  is 

sedimentation rate of solid particles (hydraulic coarseness), B  value accounts for additional energy 
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dissipation in the bottom layer due to turbulence penetration from surface layer at wave collapse, bV  is 

bottom velocity of longshore current. The latter is related to the depth-averaged current velocity V  as 

( )ln 1 ,b aV V h z = −   where h  is depth and az  is the apparent roughness of the bottom for the current. 

The value V  is calculated using the equations of hydrodynamics, and Snell's law of refraction and the 
energy balance equation are used to calculate refraction, transformation, and wave energy dissipation. 

2.2. Slimy sediments 
Unlike sand, physical properties of silty sediments change in time and depend on dynamic conditions. 

Thus, to set in motion a layer of silt formed relatively recently (days, weeks), a flow velocity of about  
0.2 m*s–1 is sufficient, and to move the sediment particles that have been at rest for a long time (months, 
years) a speed of about 1 m*s–1 is required. It is also known that under the influence of waves the threshold 
of touching for silty soils is much lower, since periodic pressure changes in the pores lead to weakening of 
particles adhesion. According to the data given by Van Rijn [27] the wave action on low compacted clayey 
soil starts the movement of the material at bottom tangential stress mτ  > 0.2 N*m–2. Even relatively small 
waves can create an appreciable flow of muddy material. 

In contrast to the sandy bottom, the current above the silt layer acts in a smooth regime, the 
roughness parameter is characterized by a value of less than 1 mm. Accordingly, the friction coefficient is 
significantly reduced. 

Considering the fact that the sludge is mainly transported in suspension, its flow rate ,q′  based on 
formula (1), can be expressed as 

4 , s
w f b w

g
q D V

w
ε′ = µα α =                                                       (2) 

(B is neglected, assuming that the muddy sediments lie outside the collapse zone). The main problem is 
the estimation of the parameter .wα  In the case of sand, the efficiency factor εs  is estimated to be 0.02, 

the settling velocity gw  for fine sand is of the order of 10–2 m*s–1, and the value of wα  is close to unity. 

For silt, due to the bonding forces between particles, the value of εs  should probably be lower than for 

sand. However, the solids deposition rate gw  is also significantly lower here. The order of magnitude of 

αw  for silty soil can only be estimated from experimental data. 

Let us express flow q′  in units of dry mass (in kg m–1s–1), rewrite formula (2) in terms of bottom 

tangential stress τm  and pass from flow to depth average suspended solids concentration C  (kg/m3), 

connected with flow as .
b

qC
hV
′

=  Keeping in mind that in wave flow 
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where the numerical coefficient in the last ratio corresponds to the typical value of the density of mud 
particles gρ  = 2×103 kg/m3. 

To estimate the value of ,wα  the data on suspended sediment concentration obtained in [28] can 
be used. The measurements were made both in a wave basin and in full-scale conditions (in the coastal 
zone of the Yellow Sea). The observation conditions and obtained estimates of wα  values are shown in 
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Table 1. The depths ,h  significant heights sH  and corresponding wave periods ,sT  as well as the values 
of concentration C are shown here. 

In the calculations it was assumed that under smooth bottom conditions the coefficient of friction is 
close to the values of wf  = 0.01. The obtained values of wα  have quite a large scatter, but in general of 

the same order. In the first approximation it is possible to accept the averaged estimation wα  = 2.8, on 
which further calculations of sediment flow using formula (2) will be based. 

Table 1. Measurement conditions of sludge suspended solids concentration in laboratory and 
marine conditions [20] and calculated estimates of parameter wα . 

h, m Hs, m Ts, s C, 
kg/m3 

αw, s 
m-1 

Wave Pool 
0.1 0.075 1.2 0.5 1.8 
0.1 0.050 2.2 0.2 2.5 
0.1 0.035 1.2 0.05 1.7 

Marine conditions 
5 2 8 0.65 2.4 
5 1.5 8 0.55 4.8 

2.3. The amount of accumulation in the channel 
Some of the sediment passes over the channel by transit. Therefore, it is necessary to estimate how 

much of the material falls to the bottom and contributes to the sedimentation. In this case, the well-known 
Galvin dependence is used for this purpose [29]: 

2

1 ,
c

hAc q
h

   = −  
   

                                                                       (4) 

where Ac  is the local rate of sediment accumulation in the channel (per meter of length), q  is the 
longshore flow rate of sediment in front of the channel, h  is the natural depth, hc  is the depth in the 

channel. The deeper the channel is relative to the natural depth, the more sediment it absorbs. 

3. Results and Discussion  
The bathymetric basis for modelling is a navigation map of scale 1:10000, as well as survey data in 

the vicinity of the channel. The isobath plan in the Temryuk port area is shown in Fig. 2. The general 
direction of the coastline in the area under consideration is close to the west-east direction. 

As mentioned above, at depths less than 3 m the bottom is covered by a layer of fine sand with shell 
fragments averaging 0.15 mm, while deeper than 3 m there is silt. The bottom within the sandy layer has a 
slope of about 0.01, and more narrowly the slopes decrease to values of 0.002–0.005. 

 
Figure 2. Bottom bathymetry in the channel vicinity. 
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The position of the existing structures at the mouth of the channel is reflected in Fig. 2. The east 
breakwater currently terminates at a depth of 1 m and thus allows sandy sediments to flow into the channel 
at depths of 1 to 3 m. The depth at the end of the west breakwater is only about 0.5 m, and the longshore 
flow of sediment created by the waves of the west channels is almost unimpeded into the channel. 

The length of the offshore part of the channel from the beginning in the open sea to the head of the 
east breakwater is 2,700 m. The channel floor width varies from 95 to 100 m. The design depth in the 
channel varies from 6.4 to 6.9 m. The deepest part is before the end of the east breakwater. During 
calculations, the depth of the channel was assumed to be 6.9 m. 

 
Figure 3. Diagram of the shoreline at the mouth of the channel. 

The wave pattern in the Temryuk coastal area is characterized by the predominance of the NE 
direction. The wave mode is shown in Table 1, based on data from the Russian Maritime Register of 
Shipping [30]. 

Table 2. Annual duration of waves of different strengths for the main directions. 

Hs, m Ts, s 
tw, h 

W 
Θ = 85o 

NW 
Θ = 40o 

N 
Θ = –5o 

NE 
Θ = –50o 

0.6 3.6 429 473 394 929 
1.0 4.2 184 158 131 464 
1.3 4.7 53 35 26 166 
1.8 5.0 8.8 6.1 3.5 44 
2.1 6.0    7.0 

 

Here is the total annual duration of waves ( )wt  of different strength for the main wave directions  

( sH  and sT  are the significant height and corresponding period of waves in the open sea, Θ  are the 
angles of approach of waves relative to the coastal normal). 

3.1. Modelling of longshore sediment flows 
The calculated distributions of the volumes of sand and silt moving over the profile of the coastal 

slope during the year are shown in Fig. 4. Separately, the westward and eastward flows created by the 
eastward and westward waves, respectively, are shown. As can be seen, the resultant flows are directed 
westward. The sandy sediment flow peaks closer to the water's edge at 1–2 m depths, while the silt flow 
peaks near the upper boundary of its distribution. The maximum values of sand fluxes in the near-river 
zone reach 200–400 cubic meters per meter of profile length per year. The peaks of flows to the west and 
to the east are shifted relative to each other due to the unequal position of the coastline on both sides of 
the channel (Fig. 3). 
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Figure 4. Distribution of longshore sediment fluxes along the profile of the coastal slope. 
At depths greater than 3 m, only muddy sediment moves (at a peak of about 75 m3m–1yr–1). Although 

the silt flows subside with increasing depth, the movement of material can be traced throughout the channel. 

An idea of the integral material flows is given in Table 3. About 40,000 cubic meters of sand and silt 
move in the east direction per year, and about 100,000 cubic meters in the west direction. The resulting 
flow is westward and is about 60 thousand cubic meters per year, and the contributions of sand and silt are 
comparable. 

Table 3. Integral longshore sediment flows (thousand cubic meters per year). 
Flow Sand Silt 

On east 27.2 9.4 
On west –58.8 –37.8 
Totally –31.6 –28.4 

3.2. Channel sedimentation under existing conditions 
The results of calculations of specific sediment accumulation (per meter of channel length) are shown 

in the upper graph of Fig. 5. The accumulation of sand is characterized by two peaks. The smallest and 
closest peak is associated with the westward rumb waves (209 m3m–1 year–1). The second and largest peak 
(440 m3m–1 year–1) is due to the eastward waves. It is displaced towards the sea, as part of the flow is 
blocked near the coast by the east breakwater. As for the silt, it is deposited mainly at depths of 3 to 5 m 
(in the peak up to 75 m3m–1 year-1 at 3 m depth).  

Specific channel sedimentation is also presented as Table 4. The distance between pickets is 100 m, 
they are counted from the end of the east breakwater towards the sea. Picket №-1 is located at the distance 
between the west and east breakwaters (Fig. 3). 

Table 4. Accumulation of sediment in the channel at the existing conditions. 

No range 
Accum., 

m3m-1 year-1 No range 
Accum., 

m3m-1 year-1 
No range 

Accum., 
m3m-1 year-1 

-1 209 9 10 19 0.2 
0 440 10 9.0 20 0.0 
1 140 11 7.1 21 0.0 
2 75 12 5.6 22 0.0 
3 50 13 4.4 23 0.0 
4 33 14 3.3 24 0.0 
5 24 15 2.6 25 0.0 
6 19 16 1.9 26 0.0 
7 15 17 1.2 27 0.0 
8 13 18 0.7   
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The middle graph of Fig. 5 shows the distribution of conditional thickness of sediment layer h∆  along 
the length of the channel (quotient of specific accumulation volume divided by the width of the channel). At 
depths less than 3 m, the thickness of sand sediment layer can reach 4 m per year. Maximum silt layer up 
to 0.7–0.8 m per year is observed at a depth of about 3 m (near the conventional boundary between sand 
and silt). With the distance from the shore the thickness of accumulation layer decreases and at the depth 
of more than 5 m the value of h∆  becomes less than 0.2 m. 

Integral indices of channel sedimentationing and accumulation near moles are shown in Table 5. 
Total volume of channel sedimentationing is estimated as 78 thousand m3/year, 70 % of which is caused 
by sand. 

The west breakwater retains only a small part of the sand transported to the channel (3 thousand 
m3/year). The east breakwater, apparently, also has insufficient length and retains only 24 thousand 
m3/year. Most of the sand passing in the west and east directions enters the channel (55 thousand m3/year). 

Table 5. Accumulation at the breakwaters and in the channel (thousand cubic meters per year) 
at the existing breakwaters. 

Material  W breakwater E breakwater Channel 
Sand 3.2 24.3 55.1 
Silt - - 23.1 

 
Figure 5. Distribution of the volume of sedimentation and thickness  

of sediment in the channel along the profile of the bank slope. 
It should be noted that a certain part of sand can move along the breakwater and eventually end up 

in the channel as well. This is evidenced by the results of modelling of storm bottom deformations in the 
area of the channel mouth under NE storm conditions (Fig. 6). As can be seen, an accumulative sand body 
is formed near the head of the breakwater, which can be later moved into the channel. Thus, the local 
sedimentation here may exceed the values given above. 

 
Figure 6. Storm deformation in the area of the channel mouth during the NE storm.  

Accumulation is highlighted in yellow and brown. 
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3.3. Options for extending the east breakwater 
Based on the results obtained and the planned service life of the structures (class III – 50 years), two 

options for extending the east breakwater are considered. 

Variant 1 assumes extension by 100 m. In this case, after 25 years, the situation with sedimentation 
will be approximately the same as it is at present. Namely, the presently existing section of the breakwater 
will be reached by the extending coastline. And about 100 m of the breakwater will provide protection. 

Variant 2 assumes an extension of 200 m from the present position. In this case, the entire sandbar 
will be blocked. The sedimentationing will decrease and reach the present values only in 50 years.  

Let's return to consideration of variant 1. If the breakwater is extended by 100 m, its length with 
respect to the current position of the shore will be 200 m, and the depth at the head will be about 2 m 
(Fig. 3).  

The results of calculations of sedimentationing in variant 1 are shown in Fig. 7. 

 
Figure 7 - Distribution of the channel skid volumes  

after extending the east breakwater by 100 m (variant 1). 
As can be seen, the inflow of sand into the channel from the east side is markedly reduced (at a peak 

of 140 vs. 440 m3m–1 year–1 under the current position). The sand accumulation is now caused mainly by 
its inflow from the west side. The volume of silty sedimentation from the east side does not change.  

The specific sedimentation of the channel in variant 1 is shown in Table 6, and the integral indices 
of sediment load and accumulation near the breakwaters are shown in Table 7. The east breakwater now 
retains twice as much sand. In total, about 30 thousand m3 of sand per year enters the channel, which is 
almost twice less than under the existing situation (Table 5). 

Table 6. Accumulation of sediment in the channel, variant 1. 
No 

range 
Accum., 

m3m-1 year-1 

No 
range 

Accum., 
m3m-1 year-1 

No 
range 

Accum., 
m3m-1 year-1 

–1 209 9 10 19 0.2 
0 43 10 9.0 20 0.0 
1 140 11 7.1 21 0.0 
2 75 12 5.6 22 0.0 
3 50 13 4.4 23 0.0 
4 33 14 3.3 24 0.0 
5 24 15 2.6 25 0.0 
6 19 16 1.9 26 0.0 
7 15 17 1.2 27 0.0 
8 13 18 0.7   

 



Magazine of Civil Engineering, 120(4), 2023 

Table 7. Accumulation at the breakwaters and in the channel (thousand cubic meters per 
year), variant 1. 

Material  W breakwater E breakwater Channel 
Sand 3.2 50.3 30.2 
Silt - - 23.1 

 

The catching capacity of the east breakwater will gradually decrease over time, due to shoreline 
advance, which was noted in [19]. 

Variant 2. After extending the breakwater by 200 m, its length relative to the current position of the 
shore will be 300 m, and the depth at the head will be about 3 m (Fig. 3).  

The results of calculations of sedimentationing in variant 2 are shown in Fig. 8. The enclosing 
breakwater now completely cuts off the inflow of sand on the east side. However, the sand sedimentation 
on the west side remains the same (more than 200 m3m-1 year-1, sediment thickness 2 m/year). The volume 
of sediment sedimentation is also unchanged.  

Specific sedimentation of the channel in variant 2 is shown in Table 8, and the integral indices of 
sedimentation and accumulation near the breakwaters are characterized in Table 9. 

 
Figure 8. Distribution of channel skid volumes  

after extending the east breakwater by 200 m (variant 2). 
Table 8. Accumulation of sediment in the channel, variant 2. 

No range 
Accum., 

m3m-1 year-1 No range 
Accum., 

m3m-1 year-1 
No range 

Accum., 
m3m-1 year-1 

-1 209 9 10 19 0.2 
0 43 10 9.0 20 0.0 
1 10 11 7.1 21 0.0 
2 75 12 5.6 22 0.0 
3 50 13 4.4 23 0.0 
4 33 14 3.3 24 0.0 
5 24 15 2.6 25 0.0 
6 19 16 1.9 26 0.0 
7 15 17 1.2 27 0.0 
8 13 18 0.7   
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Table 9. Accumulation at the breakwaters and in the channel (thousand cubic meters per 
year), variant 2. 

Material  W breakwater E breakwater Channel 
Sand 3.2 58.8 22.8 
Silt - - 23.1 

 

As can be seen, the sedimentation of sand in the channel is now a little less than 23 thousand cubic 
meters per year, which is only 7 thousand cubic meters less than in option 1. Consequently, Option 2 
(extension of the breakwater by 200 m) does not result in a significant improvement over Option 1 
(extension by 100 m). A more noticeable reduction in sedimentation can most likely be achieved by 
extending the west breakwater by the same 100 m. 

 
Figure 9. Distribution of channel skid volumes at different lengths of the east breakwater. 

For the convenience of comparison, the channel sedimentation for different variants of the east 
breakwater is shown in Fig. 9. Variant 2, as compared to variant 1, removes the second peak of sand 
sedimentation on the east side, which is almost half the size of the sand sedimentation on the west side. 

3.4. Channel sedimentation after extending the west breakwater 
The distribution of the sedimentation after the extension of the west breakwater by 100 m is shown 

in Fig. 10. It is assumed that the east breakwater has already been extended by the same distance. The 
inflow of sand into the channel from the west side is now significantly less than before (at peak about 100 vs. 
200 m3m-1 year-1 under the current position). 

 
Figure 10. Distribution of the volume of the channel sedimentation  

after extending the west breakwater by 100 m (it is assumed that the east breakwater  
has already been extended by 100 m). 
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The specific sedimentation of the channel after extending the west breakwater is shown in Table 10, 
and the integral indices of sedimentation and accumulation at the breakwaters are characterized in Table 
11. The west breakwater now retains 6 times more sand than before. In total, less than 15 thousand m3 of 
sand per year enters the channel, which is half as much as before the west breakwater extending (Table 
5). 

Table 10. Accumulation of sediment in the channel after extending the west breakwater. 

No range 
Accum., 

m3m-1 year-1 No range 
Accum., 

m3m-1 year-1 
No range 

Accum., 
m3m-1 year-1 

-1 102 9 10 19 0.2 
0 43 10 9.0 20 0.0 
1 140 11 7.1 21 0.0 
2 75 12 5.6 22 0.0 
3 50 13 4.4 23 0.0 
4 33 14 3.3 24 0.0 
5 24 15 2.6 25 0.0 
6 19 16 1.9 26 0.0 
7 15 17 1.2 27 0.0 
8 13 18 0.7   

 

Table 11. Accumulation at the breakwaters and in the channel (thousand cubic meters per 
year) after the extension of the west breakwater. 

Material  W breakwater E breakwater Channel 
Sand 19.9 50.3 14.6 
Silt - - 23.1 

 

Thus, after extending the breakwaters, the volume of sedimentation of the channel will decrease 
from 55 to 15 thousand cubic meters per year. As a result, the main contribution to the sedimentation will 
be made not by sand, but by silty material. It should be emphasized that the planned measures for 
extending the breakwaters have no effect on the volume of silty sediment accumulation, which spreads 
beyond the 3-meter isobath. 

Distribution of sedimentation volumes at the existing position, at extension of the east breakwater 
only, as well as at extension of both breakwaters are compared in Fig. 11. Obviously, the latter option is 
the most preferable in terms of sedimentation reduction. 

 
Figure 11. Comparison of the distributions of channel sedimentation volumes  

for different phases of breakwater extension. 

3.5. Shoreline dynamics in the vicinity of the east breakwater 
In order to solve the problem of the breakwater extension, it is first necessary to trace the dynamics 

of the shoreline in the vicinity of the structure and assess its possible future changes. The fact is that due 
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to the accumulation of sand in front of the breakwater, the shore gradually grows. If we compare the present 
position of the shoreline with the one marked on the sea maps of the 1980s, it turns out to be shifted towards 
the sea by about a hundred meters. 

 
Figure 12. Shoreline changes in the area of the channel mouth  

from 2006 to 2019 based on the analysis of satellite images. 
The coastal advance is most clearly demonstrated by satellite images taken at intervals of several 

years. Fig. 12 shows the changes in the shore position near the east breakwater for the period from 2006 
to 2019 (the results were obtained at MGSU). The linear scale in this case can be a channel width of 100 m. 
The figure shows that over 13 years, the coastline has shifted toward the sea by about 40–50 m, i.e., the 
rate of advancement is close to 3–4 m/year. 

3.6. Shore dynamics to the west of the channel 
The dynamics of the shoreline area adjacent to the channel on the west side can be judged based 

on information obtained by analyzing satellite images taken over the past decades. The results of the 
shoreline changes analysis provided by MGSU are shown in Fig. 13. 

First of all, it should be noted that there are no significant changes in the area in question. The 
shoreline fluctuates from year to year with an amplitude of about 10 m. However, its average position 
remains generally stable. The tendency to erosion is not detected. It is rather possible to speak about some 
accretion of the shore. For example, between 2003 and 2020, the west breakwater shore has moved out 
at a distance of about 10 m. I.e., the average advance rate over 17 years was about 0.6 m/year. 

 
Figure 13. Shoreline changes to the west of the approach channel. 

Thus, over the next 50 years, the shoreline at the west breakwater may be extended by about 30 m. 
However, this is unlikely to noticeably affect the protective function of the structure, the length of which, 
considering the planned extension, should be about 150 m. 

Although there is no coastal retreat in the area considered, it is possible that there may be 
downstream erosion due to interruption of sediment flow after the extension of the breakwater. It should, 
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however, be considered that the flow is also interrupted in the present position, with the bulk of it 
accumulating in the channel. After the reconstruction of the breakwaters, most of the material will be 
retained not in the channel, but near the structures, i.e. there will be a redistribution of accumulation 
volumes, but the total volume of sediment deficit downstream will not change significantly. Consequently, 
we can expect shoreline changes to the west of the channel to continue to be insignificant. 

4. Conclusions 
The results of the study can be summarised as follows: 

1) The sedimentation of the approach channel is determined separately for the area of predominantly 
sandy and the area of predominantly muddy sediments. The technique allows you to explore various 
scenarios of mole extension and determine the best option. The results are verified by the data of space 
images. 

2) At present, the existing protective structures of Temryuk seaport contain a relatively small part of 
sand sedimentation moving along the shore: 3 thousand m3/year for the west breakwater and 24 thousand 
m3/year for the east one. The total volume of sand sedimentation into the channel reaches 50 000 m3/year. 
Maximum specific sedimentation exceeds 400 m3m-1year-1 (at the head of the east breakwater). 

3) Due to the accumulation of sand in front of the east breakwater, the coastline is gradually 
advancing into the sea and, based on the obtained estimations, will reach the head of the existing 
breakwater in 25 years. In this connection, two variants of the east breakwater extension are considered: 
variant 1 – by 100 m, variant 2 – by 200 m. 

4) If the east breakwater is extended by 100 m, the sedimentation of the channel will almost halve 
(from 55 to 30 thousand m3/year). Maximum specific accumulation will decrease to 200 m3m-1year-1. 

5) If the east breakwater is extended by 200 m, the sedimentation will decrease insignificantly in 
comparison with the variant of extended by 100 m (from 30 to 23 thousand m3/year), though the structure 
will be able to fulfil its protective function twice as long (approximately 100 years). 

6) If the west breakwater is lengthened by 100 m, the sedimentation will become two times less, and 
the volume of sand accumulation in the channel will not exceed 15 thousand m3/year. The maximum 
specific accumulation will decrease to 140 m3m-1year-1. For a radical reduction of the channel's sanding, it 
is advisable to extend not only the eastern, but also the west breakwater. 

7) According to the available data, the bank to the west of the channel is generally stable and will not 
undergo significant changes after the breakwater reconstruction. At the same time, the shoreline may be 
extended by about 30 m over a 50-year period at the west breakwater, which, however, will not lead to any 
noticeable deterioration of the protective properties of the structure. 
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Abstract. Subgrade clay is subjected to frost heaving under the effect of cold air and adequate soil 
moisture. The existing prediction models for frost heaving have a number of drawbacks: they are 
complicated for practical use and unable to evaluate irregular vertical displacements. Winter monitoring of 
14 road sections was performed to evaluate irregular vertical displacement of pavement surface cross 
section under the action of frost heaving. The obtained data on vertical displacement of points were 
processed using mathematical statistics methods, and predictive regression models were built for vertical 
displacement of pavement during winter season. Stable relations were defined between displacement of 
points on the broken line (center-line of a road) and the factors including air-freezing index, thermal 
resistance of pavement, impact of subsurface water on frost heave, the pressure of pavement on the 
subgrade surface. Adequacy of the built models was checked using the results of displacement of points 
on the pavement surface within test sections. The first check concerned comparison of the values of 
modeling of the average displacement of points on the broken line caused by frost heaving, where mean 
absolute error was up to 20 %. For the case of close occurrence of subsurface water, the model prediction 
of the average displacement of points on the broken line showed significant difference from the actually 
recorded values. The second check concerned the displacement of points on the pavement in relation to 
displacement of points on the broken line, with the mean absolute value of up to 13 %. 
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1. Introduction 
Phase change of water in clay soil in cold climate regions (according to the climate classification by 

Köppen-Geiger [1]) causes significant pavement defects and increase of repair costs [2–4]. When subgrade 
soil freezes, the water in it starts migrating and transits from liquid to solid state, thus leading to 
displacement of pavement surface, or frost heaving. The study performed by Taber [5] highlights that the 
main reason of frost heaving is ice segregation in the subgrade soil caused by mass transfer (of water) to 
the cooling region. In 1929, Taber performed an experiment with freezing soil samples saturated with 
benzene (the latter contracts as it freezes) which enabled him to conclude that volume expansion of pore 
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water while freezing in soil is not related to the main mechanism of frost heaving. S. Taber’s vision of the 
reasons of mass transfer to the cooling region has been improved in the research by Beskow [6] and other 
studies. In 1937, Tsytovich [7] formulated the concept of moisture redistribution, which found scientific 
consensus. 

Today, studies on physical causes of ice segregation, influencing factors and their combination, as 
well as their impacts on engineering structures are still ongoing [8, 9]. Fig. 1 shows the development of 
research on frost heaving of soil. The qualitative parameter of publications shows an annual growth, which 
demonstrates the relevance of the topic of soil frost heaving and its effect on engineering structures. 

 
Figure 1. Variation of the number of publications on frost heaving  

(based on scopus.com and scholar.google.com data as of January 2021). 
Studies on physical mechanisms, chemical and thermodynamic processes in frozen subgrade soil 

are the basis for building predictive models of frost heaving of soil. 

A comprehensive description of predictive model building and development forsoil frost heaving is 
provided in the review carried out by Black [10]. Other studies that are worth to mention include research 
works that consider heat transfer through isotopic medium [11, 12] and the secondary frost heaving theory 
developed in 1985 by O’Neill and Miller [13]. These studies made a considerable contribution to the 
understanding and prediction of frost heaving of soil. Recent investigations suggest the adoption of both 
traditional and innovative approaches that can be used to model the frost heaving process [14–17]. 

The study performed by Jing et al. in 2021 [18] is worth noting for providing a prediction of longitudinal 
strains occurring in the railway subgrade under the action of frost heave by using the Artificial Intelligence 
(AI) technology, namely Artificial Neural Network (ANN) and Long-Short Term Memory (LSTM). The frost 
heave prediction made for a 10-day period with the use of the LSTM model of a single-layer neural network 
revealed good agreement between the modeling and full-scale experiment results. Eighty percent of the 
data obtained during the monitoring were used for training of the neural network, while twenty percent were 
applied in the network testing. The LSTM model was tested using the full-scale monitoring results obtained 
for the railway sections and used for its training. This may not be representative of the frost heave pattern 
on other railway sections taking into account variation of railway subgrade freezing conditions. The 
prediction of frost heave for the entire period is necessary for the model to be applicable for practical use. 
This aspect implies that a high computing capacity is needed. 

Despite the actual achievements in frost heaving prediction, difficulties were found in performing 
practical comparison between the above-mentioned models and their applications. The problem of irregular 
vertical displacements of the pavement surface caused by frost heaving cannot be easily solved by using 
most of mathematical models. Complex specialized equipment and highly trained professionals are 
required to obtain soil parameters used for modeling. 

The goal of this study is the development of a regression model for predicting irregular vertical 
displacement of pavements in crosswise direction under the action of frost heaving. The model will serve 
as an available solution for road engineers. The factors selected for the regression analysis take into 
consideration not only the relevance for the frost heaving phenomenon but also the availability of data for 
road engineers. 
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2. Materials and Methods 
Monitoring of the pavement surface displacement during winter season was performed for model 

building  purposes. Studies of soil conditions were carried out for the road network in the area in question 
(geolocation data of the monitored sections are provided in the paper appendix). The area is characterized 
by excessive moisture and deep seasonal freezing. The frost depth from the clean surface of subgrade soil 
in the studied area by early spring is approximately 200 to 220 cm, and in certain years it reaches 260 cm. 
Vast areas covered with swamps and forest have significant impact on the moisture content in soil and 
affect mass transfer in subgrade soils of roadways in the area under study [19]. Soil samples were taken 
along the curb of the roadway from the sections selected for monitoring (Fig. 2) to be tested in the 
laboratory. Trial holes were designed on the selected sections in order to specify structural solutions. 

 
Figure 2. Location of sections for monitoring of pavement displacement in the area under study. 

Table 1 presents the overview of laboratory test results for soils from the sections of operating 
roadways selected for monitoring. 

Table 1. The results of laboratory tests of soil samples. 

Number 
of 

section 

Classification of 
soil according to 

Unified Soil 
Classification 
System [20] 

Particle 
density, 
g/cm3 

(kN/m3) 
[21] 

Natural 
moisture 
content, 

% 
[21] 

Plastic 
limit 
[22] 

Liquid 
limit 
[22] 

Plasticity 
index 
[22] 

Liquidity 
index 
[23] 

1 Lean clay 2.74 (26.87) 18.93 18 30 12 stiff 
2 Lean clay 2.64 (25.89) 21.76 21 37 16 stiff 
3 Lean clay 2.71 (26.58) 19.64 19 27 8 stiff 
4 Lean clay 2.68 (26.28) 17.93 23 38 15 very stiff 
5 Lean clay 2.77 (27.16) 18.95 22 37 15 stiff 
6 Lean clay 2.72 (26.67) 21.38 24 32 8 very stiff 
7 Lean clay 2.72 (26.67) 20.28 19 31 12 stiff 
8 Lean clay 2.60 (25.50) 22.35 20 33 13 stiff 
9 Lean clay 2.68 (26.28) 25.00 22 30 8 firm-stiff 

10 Lean clay 2.78 (27.26) 19.80 18 35 17 stiff 
11 Lean clay 2.66 (26.09) 22.19 20 32 12 stiff 
12 Lean clay 2.75 (26.97) 15.96 17 31 14 very stiff 
13 Lean clay 2.54 (24.91) 23.00 28 40 12 very stiff 
14 Lean clay 2.65 (25.99) 24.40 18 32 14 firm-stiff 

 

Subgrade soils of the roadway sections selected for monitoring of pavement displacement belong to 
lean clay [20]. The values of plastic limit vary between 17 and 28, while the values of liquid limit belong to 
the range from 27 to 40 (Table 1). Soil samples taken from the road sections were subjected to hydrometer 
grain size analysis. Fig. 3 illustrates the final grain-size distributions. 
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Figure 3. Grain-size distributions for the tested soils. 

Normally, soils that belong to the same class and have similar grain-size composition show similar 
heaving properties in the same testing conditions. This observation is confirmed by the outcomes of 
laboratory tests performed to define the relative frost heave. The results of these tests are presented in 
Table 2. In laboratory conditions, relative frost heave was defined with freely supplied water in two freeze-
thaw cycles at a temperature of –6 °С in the freezing chamber. The soil sample was 15.5 cm high and 
10 cm in diameter [24]. 

Table 2. The results of laboratory tests of relative frost heave. 

No. of section Bulk density, g/cm3 Relative frost heave 

1 2.10 0.0407 
2 2.11 0.0409 
3 2.11 0.0403 
4 2.13 0.0415 
5 2.10 0.0388 
6 2.14 0.0416 
7 2.05 0.0389 
8 2.11 0.0402 
9 2.10 0.0406 
10 2.10 0.0403 
11 2.03 0.0389 
12 2.12 0.0386 
13 2.04 0.0388 
14 2.10 0.0405 

Note: the table contains average values out of the testing campaign. The campaign consisted of two laboratory tests 
of the same type of soil sampled from the subgrade of the corresponding section for pavement displacement monitoring. 

 

The test results obtained for relative frost heave vary around the average value of 0.0400 within 
±4 %. Besides, one should note the impact of the content of exchangeable cations containing ions of Са2+, 
Мg2+ and Na+ in montmorillonite, kaolinite and illite minerals that affect the heaving properties of clay soil. 
In the area under study, the total content of exchangeable cations of Са2+, Мg2+ in soil is ≈ 5.2 times higher 
than that of Na+ [25]. Darrow and Ross [26] estimated the impact of exchangeable cations of Ca2+, Mg2+, 
Na+, K+ on segregation of ice lenses when cooling down the soil monolith from the Source Clay Repository 
(Purdue University, West Lafayette, IN) and non-uniform soil from the Copper River Basin. It is found that the 
soils containing illite-smectite show no variation in their heaving properties as affected by Ca2+ and Na+ cations. 
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For the purpose of monitoring of irregular pavement surface displacement on the selected 15 m long 
sections the points were fixed with impact anchors and marked. The scheme of points’ location was taken from 
the study [27] and is presented in Fig. 4. Due to reducing the cross section from 3 to 1.5 m the number of points 
per section was increased from 42 to 77. Leveling of the pavement had been performed in summer before 
freezing of the road structure and till the end of winter season, when stable positive temperatures were set. 

 
Figure 4. a) Scheme of points’ location in the sections for monitoring of pavement surface 

displacement. b) Layout of the nail location in the pavement. c) Visual representation of the nail. 
To ensure stability of marking when soil freezing and heaving occur, permanent reference markers 

were installed, in relation to which the points in the monitored section were leveled (Fig. 5). The permanent 
reference markers were covered with plastic caps to avoid moisture. 

 
Figure 5. Permanent reference marker. 

The results of surface irregular displacements analyzed in this study were obtained for 2017–2019 
winter seasons. For instance, the average monthly air temperature during the winter season 2017–2018 
for the sections No. 4 – 6 (south of the monitored region) was –10. 3 °C, while for the sections No. 13 – 14 
(north of the monitored region) it was around –12.7 °C. 

In many practical problems linear regression with a single regressor provides incomplete information 
on the independent variable [28, 29]. Frost heaving is affected by an array of factors, thus for building a 
prediction for an average roadway cross section is it preferable to use a multiple nonlinear regression model 
with a combination of factors. On the first stage, a nonlinear regression analysis of the vertical displacement 
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of pavement surface points on the broken line shall be performed for the selected road sections. A database 
with the parameters and values under study was created using Statistica software (Fig. 6). This model 
includes parameters available for engineers and serves as a rather quick solution with a satisfactory 
accuracy of result. The analyzed database can be found in the appendix to the paper in the “Table1” tab. 
Average variation of point displacements is found as the mean value for 7 points on the pavement within 1 
section (Fig. 4). 

 
Figure 6. Statistica workspace with data for the parameters under study. 

Air-freezing index ( )FI  is defined by the formula below [30]: 

1
,i

n

i
FI T

=
= ∑                                                                         (1) 

where iT  is average daily air temperature,  °C. 

Thermal resistance of pavement ( )maxR  is calculated using the following formula [31]: 

max
1

,i

i

n

i

zR
=

=
λ

∑                                                                      (2) 

where iz  is layer thickness, iλ  is thermal conductivity of pavement layer. 

The pressure of pavement on the subgrade surface ( )P  is defined by the formula below: 

1 ,
i

n

i
m g

P
S

==
∑

                                                                   (3) 

where im  is mass of the i th structural layer of pavement, kg; g  is gravitational acceleration, m/s2; S  is 
area of the subgrade surface subjected to pressure of pavement, m2. 

The impact of subsurface water is represented by a nominal scale. Value 2 in column 4 (Fig. 6) 
indicates that capillary rise of subsurface water has the effect on the value of frost heaving, while value 1 
indicates zero effect. 

The impact of subsurface water on frost heaving is evaluated based on its possible capillary rise to 
the freezing front [32]: 

10
,c

Ch
e D

=
⋅

                                                                 (4) 
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where C  is constant (0.1 to 0.5 cm2), e  is void ratio, 10D  is soil particle size, 10 percent finer passing 
(cm). 

To predict the average variation of vertical displacement of pavement surface points on the broken 
line, 3 nonlinear regression models were built. The process of such model generation is given below. 

A standard form of a multiple nonlinear regression model [28] is as follows: 

( )1 2 0 1 1 2 2 3 3, , , ,kE Y x x x x x x… = α +β +β +β                                    (5) 

where Y  is average variation of vertical displacement of pavement surface points on the broken line, 0α  

is intercept, 1x  is air-freezing index, 2x  is thermal resistance of pavement, 3x  is subsurface water. 

The average variation of vertical displacement of pavement surface points on the broken line is a 
dependent variable. The matrix elements are found by using the values of the studied parameters (air-
freezing index, thermal resistance of pavement, subsurface water) in the formulas 6 – 8 [28]: 

1 11 2 12 1 1

1 21 2 22 2 2

,
,

k k Y

k k Y

B a B a B a a
B a B a B a a

+ +…+ =

+ +…+ =
                                           (6) 

( )
1 1 2 2

, , , ,

,

.

k k k kk kY

ij ijj j j j j jj

B a B a B a a

a x x x x a

+ +…+ =

 = − − = 
 

∑                                            (7) 

( )( ).jY ij i j
j

a x x Y Y= − −∑                                                     (8) 

3. Results and Discussion 
Calculation of formulas 6–8 is performed automatically with Statistica software for defining the matrix 

elements. Estimates obtained by using the least squares method for 0,α  1,β  2,β  3,β  as well as the 
model parameters are presented in Table 3. 

Table 3. Regression summary for the dependent variable. 

 
Standardized coefficients, 

*β  

Standard 

error of *β  
Partial regression 
coefficients, β  

Standard 
error of β  t (52) p-value 

intercept   –0.00057 0.612979 –0.00093 0.99 

1x  0.375560 0.068740 1.06749 0.195386 5.46348 0.0000 

2x  –0.163756 0.069773 –3.70842 1.580082 –2.34698 0.0228 

3x  0.740057 0.069768 2.66608 0.251343 10.60733 0.0000 

 

In Table 3, student's t-test for intercept is smaller than the threshold value based on the p-value that 
is bigger than 0.05. Hence, the hypothesis that the intercept is insignificant is accepted, and in the model it 
equals to zero. In Table 4, the model parameters are given for intercept = 0. 

Table 4. Regression summary for the dependent variable (intercept = 0). 

 
Standardized 

coefficients, *β  

Standard 

error of *β  

Partial 
regression 

coefficients, β  

Standard 
error of β  t (52) p-value 

x1 0.900947 0.018198 1.06731 0.021558 49.50866 0.0000 
x2 –0.032963 0.013861 –3.70854 1.559512 –2.37801 0.0210 
x3 0.156328 0.014546 2.66606 0.248071 10.74716 0.0000 
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In Table 4, the p-value is smaller than 0.05, and the hypothesis of significance of the factors in the 
model is accepted. Next, the normal probability plot of residuals is built (Fig. 7). 

 
Figure 7. Normal probability plot of residuals. 

On the plot (Fig. 7), no systematic deviations of actual observation data from the theoretical normal 
line are observed. Therefore, regression residuals follow the normal distribution. It should be defined 
whether there is a dependence of regression residuals on the predicted values (Fig. 8). 

 
Figure 8. Plot of predicted vs. residual scores (0.95 conf. int.). 

In the plot (Fig. 8), the dots are located chaotically, which means that the regression residuals are 
independent on the predicted values. Having fulfilled the condition of applicability of the obtained model 
[29], a comparison of dispersion caused by the difference between the groups with that caused by intra-
class variance is presented in the following (Table 5). 

Table 5. Analysis of variance. 
Effect Sums of squares df  Mean squares F p-value 

Regress. 760.3003 3 253.4334 3325.382 0.00 
Residual 4.0392 53 0.0761   

Total 764.3395     
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As seen from Table 5, the significance level for the regression model is smaller than 0.05, which 
indicates that the model is acceptable, and the average displacement of points on the broken line caused 
by frost heaving can be calculated as follows: 

( ) ( )( )5
maxexp 1.06731 log 3.70854 2.66606 log ,Y FI R SW= ⋅ − ⋅ + ⋅                    (9) 

where Y  is average variation of vertical displacement of pavement surface points on the broken line, mm; 
FI  is air-freezing index, days °С; maxR  is thermal resistance of pavement, m2 K/W–1; SW  is the impact 
of subsurface water on frost heaving (2 – affects, 1 – does not affect). 

As a result of statistical analysis of the data, two additional models of average variation of vertical 
displacement of pavement surface points on the broken line are built: 

( ) ( )( )3 7 51.209602 0.16710 0.6094510 0.496961 ln1 10 ,
FI P SW

Y
− −+ ⋅ ⋅ − ⋅ ⋅ + ⋅

=             (10) 

where 1Y  is average variation of vertical displacement of pavement surface points on the broken line, mm; 
FI  is air-freezing index, days °С; P  is the pressure of pavement on the subgrade surface, kPa; SW  is 
the impact of subsurface water on frost heaving (2 – affects, 1 – does not affect). 

( ) ( )2 99.8766 40.5205log 114.8265 ,Y FI SW= − ⋅ + ⋅                           (11) 

where 2Y  is average variation of vertical displacement of pavement surface points on the broken line, mm; 
FI  is air-freezing index, days °С; SW  is the impact of subsurface water on frost heaving (2 – affects, 1 – 
does not affect). 

The obtained models were checked for adequacy with the use of the results of vertical displacement 
of pavement surface points during the winter season 2019–2020. The monitoring results for these (test) 
roadway sections were not included when building the above models. The test sections’ parameters and 
geolocations are given in the “Table 3 (test)” tab of the appendix to the paper. 

Fig. 9 illustrates the results of comparison between the prediction for models ( )1 2, ,Y Y Y  and the 

2019–2020 monitoring data. The detailed performance metrics for these prediction models are given in 
Table 6. 

 
Figure 9. Results of comparison between the prediction  

and the monitoring data for test roadway sections. 
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Table 6. Performance metrics for the models of average variation of vertical displacement of 
pavement surface points on the broken line. 

Models Test section No. 1 Test section No. 2 Test section No. 3 
MAE RMSE MAE RMSE MAE RMSE 

Y 19.768 19.923 53.870 57.391 23.002 23.014 

Y1 19.883 20.417 54.903 59.190 43.785 23.647 

Y2 8.835 9.202 43.785 48.344 18.992 19.101 
 

Fig. 9 demonstrates the advantage of 2Y  alternative model. The prediction of time series of average 
variation of vertical displacement of pavement surface points on the broken line was performed for 3 test 
sections (Table 6) for which the measured data on pavement vertical displacement were obtained. MAE 
and RMSE are calculated as follows: 

( )
,

i py y
MAE

n

−
=                                                                   (12) 

( )
,i py y

RMSE
n

−
=

∑
                                                             (13) 

where iy  is actual value; py  is predicted value; n  is number of observations. 

In the meantime, MAE and RMSE metrics of 2Y  model in all cases are found to be lower than 

those of the models Y  and 1.Y  Reduction of model factors had a positive effect. However, all three models 
showed unsatisfactory results for the test section No. 2. This can be explained either by an insufficient 
amount of monitoring data for the sections with close subsurface water occurrence, or by the fact that SW 
factor had its strong impact on the regression model coefficient calculation. It may be worth splitting the SW 
factor for close occurrence of subsurface water into levels as it approaches the pavement bottom, which is 
highlighted in the studies by Dahu [30] and Wang [31]. The value of subsurface water occurrence level for 
the test section No. 2 was the closest to the pavement bottom and was approximately equal to 180 cm. 
The general trend line of displacement of test section points coincides with the predicted model values with 
some error. 

Based on the average vertical displacement of pavement surface points on the broken line caused 
by frost heaving let us define the relation of displacement of other points of the roadway cross section 
(points 1 – 6, Fig. 4). For that purpose, a database of the studied parameters was created (Fig. 10). 

 
Figure 10. Statistica workspace with the data  

for the parameters under study (for points 1 – 6, Fig. 4). 
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Right and left sides of the roadway cross section are defined in the direction of travel from West to 
East. Angles αl  and αr  are measured in degrees clockwise between the North direction and the centerline 
of the road for the left side of the roadway cross section, and counterclockwise between the South direction 
and the centerline of the road for the right side. The scheme of setting cardinal points for the Northern 
Hemisphere is given in Fig. 11. 

 
Figure 11. The scheme of setting cardinal points for the Northern Hemisphere. 

The model parameters of the points displacement caused by frost heaving are given in Table 7 – for 
the left roadway cross section, and in Table 8 – for the right roadway cross section. 

Table 7. Regression summary for the dependent variable (left roadway cross section). 

 
Standardized 
coefficients, 

*β  

Standard 

error of *β  

Partial 
regression 

coefficients, β  

Standard 
error of β  t (164) p-value 

intercept   –3.73374 1.194798 –3.12500 0.002103 
Y  0.973793 0.014314 1.00698 0.014801 68.03256 0.000000 

Distance from the 
broken line 0.061105 0.014165 1.80357 0.418091 4.31383 0.000028 

Cardinal point, 
αl  0.046246 0.014314 0.00016 0.000049 3.23091 0.001491 

 

Table 8. Regression summary for the dependent variable (right roadway cross section). 

 
Standardized 
coefficients, 

*β  

Standard 

error of *β  

Partial 
regression 

coefficients, β  

Standard 
error of β  t (164) p-value 

Y  1.276508 0.033510 89.874 2.35930 38.09377 0.000000 
Distance from the 

broken line –0.299438 0.034991 –483.060 56.44889 –8.55747 0.000000 

Cardinal point, αr  –0.129914 0.027476 –0.043 0.00920 –4.72830 0.000005 

 
In Table 7 and Table 8, the p-value is smaller than 0.05, which supports the hypothesis of significance 

of factors in the model of roadway cross section points displacement under the action of frost heaving. When 
performing statistical analysis of the model of points displacement for the right roadway cross section, the 
parameter of intercept was assumed equal to zero. Table 8 presents the results with intercept = 0. 

The results of the analysis of variance (ANOVA) for the displacement model for the left and right roadway 
cross sections are given in Table 9 and Table 10, respectively. 

Table 9. Analysis of variance (left roadway cross section). 
Effect Sums of squares df Mean squares F p-value 

Regress. 94362.62 3 31454.21 1606.644 0.00 
Residual 3210.72 164 19.58   

Total 97573.34     
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Table 10. Analysis of variance (right roadway cross section). 

Effect Sums of squares df  Mean squares F p-value 
Regress. 1.921838Е+09 3 640612566 891.9153 0.00 
Residual 1.185102Е+08 166 718244   

Total 2.040348E+09     
 

In Table 9 and Table 10, the F-test for the models of vertical displacement of pavement surface points 
is higher than the table values for 0.05 significance level considering the p-value parameter. Therefore, the 
hypothesis of factor significance is accepted and the vertical displacement of roadway cross section points 
can be calculated as follows: 

2
1 3.73374 1.00698 1.80357 1 0.00016 ,Y Y CP= − + ⋅ + ⋅ + ⋅                          (14) 

289.874 483.060 1 0.043 ,rY Y CP= ⋅ − ⋅ − ⋅                                       (15) 

where ,lY  rY  are average variations of displacement of points (left and right sides of the roadway cross 
section), mm; Y  is average variation of displacement of points on the broken line, mm; l  is distance from 
the broken line, m; CP  is cardinal points, deg. 

Fig. 12 presents the comparison of results for the ( ),l rY Y  model prediction and the 2019–2020 
monitoring data. The dataset for the adequacy check for the regression model is given in the appendix to 
the paper in the “Table 3 (test)” tab. Detailed performance metrics for these prediction models for the test 
set are compiled in Table 11. 

 

Figure 12. Comparison of the results for the ( ),l rY Y  model prediction  
and the monitoring data for test sections (point №4 is located on the broken line). 
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Table 11. Performance metrics for the models ( ),l rY Y . 

Models Test sections No. 1, 3 
MAE RMSE 

Yl 5.007 5.591 

Yl  Predicted Y The residual 
 43.2 –1.7 
 41.3 0.7 
 39.3 5.5 
 57.4 –5.7 
 55.5 –3.2 
 53.5 4.0 
 63.8 –8.5 
 61.9 –3.4 
 59.9 3.9 
 70.1 –11.8 
 68.2 –7.0 
 66.2 1.5 
 57.0 –2.3 
 55.1 0.7 
 53.2 3.3 
 68.1 –1.3 
 66.2 2.8 
 64.2 5.8 
 75.4 –0.4 
 73.4 1.3 
 71.5 5.2 
 83.1 1.7 
 81.1 3.9 
 79.2 5.1 
 MAE RMSE 

Yr 10.345 12.533 

Yr Predicted Y The residual 
 43.2 –1.7 
 41.3 0.7 
 39.3 5.5 
 57.4 –5.7 
 55.5 –3.2 
 53.5 4.0 
 63.8 –8.5 
 61.9 –3.4 
 59.9 3.9 
 70.1 –11.8 
 68.2 –7.0 
 66.2 1.5 
 57.0 –2.3 
 55.1 0.7 
 53.2 3.3 
 68.1 –1.3 
 66.2 2.8 
 64.2 5.8 
 75.4 –0.4 
 73.4 1.3 
 71.5 5.2 
 83.1 1.7 
 81.1 3.9 
 79.2 5.1 
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In Fig. 12, the displacement prediction for points 1–3 is carried out by the lY  model, and the rY  
model is used for points 5 – 7. Point 4 denotes the point on the broken line, and the value of its displacement 
was set based on the monitoring data. According to Fig. 12, for the test section No. 1 the predicted values 
for the left part of the pavement surface cross section are higher than those obtained in the process of 
monitoring. The same pattern is observed for the right part of the pavement cross section of the test section 
No. 3. This part and the left part of the section No. 1 are located in the embankment and have approximately 
the same moisture conditions. Also, it shall be taken into account that the right part of the cross section of 
the test section No. 1 is located in the open cutting. The left part of the test section No. 3 has additional 
inflow of moisture from the swampy side. Consequently, the models ( ),l rY Y  fit well for predicting mean 
displacement of pavement surface points in crosswise direction with moisture inflow. Table 11 demonstrates 
good convergence of the models ( ),l rY Y . To increase their efficiency it is suggested to differentiate 
between the moisture conditions of the roadway cross section (whether there is a moisture inflow to the 
freezing front). The left and the right parts of the roadway cross section may differ with respect to the 
conditions of moisture inflow to the freezing front. This shall be noted when designing roads on rough 
terrain. 

After performing calculations of the equation 11 first, and then of the equations 14–15, the values of 
average vertical displacement of the roadway cross section under the action of frost heaving can be 
obtained. The risk of defects that may occur on the road pavement under irregular vertical displacement, 
the values of which were obtained after calculation of equations 11, 14–15, can be evaluated using the [32] 
mathematical model or specified software based on the final element method (FEM). 

4. Conclusions 
The models of irregular vertical displacement of pavement surface points, which were based on a 

thorough mathematical analysis, were found to be able to design an average pavement cross section of 
15 m. When evaluating performance of the regression model of displacement of points on the broken line, 
an increase in the model accuracy was observed with a reduction of the number of factors. The best-

performing RMSE value of the regression model ( )2Y  for prediction of mean displacement of points on 

the broken line was around 30 % when averaged over the test sections. The regression model of 
displacement of points on the broken line has satisfactory accuracy and requires further monitoring for its 

calibration. It is worth noting that the displacement trend for the three regression models ( )1 2, ,Y Y Y  

quite accurately accounts for the variation of displacement of pavement surface points in time with varying 
factors. In order to refine the prediction of mean displacements of pavement surface on the broken line 
caused by frost heave, the SW factor might be transformed from the nominal scale to the ordinal one. The 
SW factor has a significant impact on the prediction of irregular displacement of pavement surface points. 
Thus, when making a prediction of mean displacements of the pavement surface, one should refer to the 
least favorable conditions for the road section in question. The factors of the model of pavement 
displacement caused by frost heaving can be easily calculated by design engineers without additional 
complex and expensive tests. Good convergence was demonstrated by the models ( ),l rY Y  of mean 
irregular displacements of pavement surface points in crosswise direction for the sections where moisture 
migration to the freezing front is observed. The consideration of the angle of the roadway position relative 
to the North and South for predicting mean displacement of pavement surface points had a positive impact. 
Regression models of mean pavement displacements can be applied for evaluating frost resistance of 
pavement with asphalt concrete layers. This approach enables consideration of the solution to the issue of 
subgrade frost heave from top to bottom. Having defined the value of pavement surface points displacement 
one can assume what amount of ice the roadway subgrade clay contains. The model is applicable to 
evaluate evenness of road pavement affected by frost heave. 

The model is based on empirical results, which can limit its applicability for different pavement 
freezing conditions. Another limitation of the model is a pavement width of 8 meters. To make predictions 
for wider sections, similar research is required to calibrate the model. The suggested model is not applicable 
for predicting average irregular vertical displacements occurring in sand-clay soils, where freezing and 
heaving processes differ from those in clay soils. 
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5. Data Availability 
Some or all data, models, or code that support the findings of this study are available from the 

corresponding author upon reasonable request. 

Churilin, V.S. 2021. "Data of irregular vertical displacement of a roadway cross section caused by 
frost heaving" Harvard Dataverse Accessed September 14, 2021. https://doi.org/10.7910/DVN/DBZ92O 
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Abstract. A solution to the problem of parametric oscillations of a viscous-elastic orthotropic shallow shell 
of variable thickness is presented. Dynamic loading acts along one side of the shell in the form of a periodic 
load. Unlike linear problems, the nonlinear problem under consideration could not be solved by applying 
analytical methods; therefore, approximate methods were used. The mathematical model of the problem is 
built within the Kirchhoff-Love theory. In this case, tangential inertial forces and geometric non-linearity are 
taken into account. Deflection and displacements approximation is performed using the Galerkin method in 
higher order approximations, which allows reducing the problem solution to a system of nonlinear integro-
differential equations (IDE) with variable coefficients. The weakly singular Koltunov-Rzhanitsyn kernel with 
three rheological parameters is used as the relaxation kernel; it describes the viscous-elastic properties of 
the shallow shell. A numerical method based on the use of quadrature formulas is used to obtain a resolving 
system of equations for the problem. To obtain numerical results, a computer software was compiled in the 
Delphi environment for a computational algorithm of the problem solution. The effects of viscous-elastic, 
orthotropic, nonlinear properties of the shell material, thickness variability, and other physical, mechanical, 
and geometrical parameters on the dynamic strength of a shallow shell are studied. 

Citation: Khodzhaev, D.A., Abdikarimov, R.A., Amabili, M., Normuminov, B.A. Parametric vibrations of a 
viscoelastic orthotropic shell of variable thickness. Magazine of Civil Engineering. 2023. 120(4). Article 
no. 12010. DOI: 10.34910/MCE.120.10 

1. Introduction 
The problem of parametric oscillations of elastic and viscous-elastic thin-wall structures (plates and 

shells of variable thickness) is one of the most relevant problems in the mechanics of a deformable rigid 
body. The solution to such problems is of great importance for the modern aerospace industry, rocket 
technology, and mechanical engineering. Structural elements (plates and shells of variable thickness) can 
be found in many engineering and building structures, in aviation and motor transport, and in various units. 

The first studies devoted to the problem of parametric oscillations of plates and shells of constant 
thickness, within the framework of the theory of thin plates, include the research work by V.V. Bolotin [1]. 
To solve problems, he used methods based on the variational approach.  

There are a great number of articles in the literature devoted mainly to the dynamic stability and 
parametric oscillations of elastic thin-wall structures (plates, panels, and shells) under the impact of periodic 
load. 

https://creativecommons.org/licenses/by-nc/4.0/
https://orcid.org/0000-0001-5526-8723
https://orcid.org/0000-0001-8114-1187
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An analysis of the study of oscillation problems of shells made of various materials, conducted in the 
period from 2003 to 2013, can be found in [2], [3]. It also contains a review of publications related to 
parametric oscillations. 

Analytical and numerical solutions for different types of structures (plates and shells) were 
considered in [4]. 

In [5], the dynamic stability of truncated-conical shells under dynamic axial load was studied. To 
solve the problem, described by a differential equation of the Mathieu-Hill type, the Galerkin method was 
used. 

Reference [6] is devoted to the dynamic stability of a linearly elastic thin rectangular plate subjected 
to a bi-axial time-varying load. The differential equation of plate motion was solved using the finite difference 
method (FDM). To identify domains of dynamic stability, the Mathieu-Hill equation was derived. 

The dynamic stability of a viscous-elastic rectangular plate subjected to constant and variable loads 
in the plane of the plate was considered in [7]. The equation of motion is described by an integro-differential 
equation with respect to an unknown time function. The effect of the viscous-elastic characteristics of 
material on the dynamic instability zone was shown. 

Reference [8] considers the dynamic instability of laminated non-homogeneous orthotropic 
truncated-conical shells under periodic axial loading. The problem was reduced to solving the Mathieu 
equation. Bolotin's method was used to evaluate the behavior of the shell for various parameters. 

The dynamic instability of layered composite panels of variable stiffness under non-uniform periodic 
excitation was studied in [9]. The Ritz method was used to obtain the resolving system of equations for the 
problem. The domains of dynamic instability were constructed by the Bolotin method. 

In [10], the behavior of a footbridge under rhythmic loading was studied. The footbridge was 
considered a shell of variable thickness. The problem was solved by the FEM. The influence of different 
mass distributions along the footbridge on its dynamic behavior was analyzed. 

In [11], the dynamic stability of a cylindrical shell with linear variable thickness was considered under 
axial forces and pulsed external pressure. The Bubnov–Galerkin method was used to solve the problem. A 
resolving system of equations for the problem was derived in the form of an infinite system of homogeneous 
algebraic equations.  

In [12], the dynamic instability of toroidal shells was studied. The Galerkin method was used to obtain 
a semi-analytical solution to the problem. The results obtained were compared with the ones available in 
the literature. The effect of various geometric and mechanical parameters on the dynamic instability of 
shells was studied. 

A study of the nonlinear dynamic stability of a cylindrical shell of variable thickness is given in [13]. 
The equation of motion was derived based on the classical theory of shells in a geometric non-linear 
formulation. The solution to the equation was obtained by the fourth-order Runge-Kutta method and the 
Galerkin method. The effect of the characteristics of material and geometrical parameters on the dynamic 
behavior of a shell was investigated. 

In [14], the impact behavior of an elastic spherical shell under step pressure was considered. Initial 
geometric imperfections were introduced. 

The study in [15] concerns the analysis of the nonlinear dynamic behavior and stability of 
heterogeneous axisymmetric shells of variable thickness. The equation of motion was constructed based 
on the Kirchhoff–Love hypothesis. The Ritz method was used. 

In [16], the dynamic behavior of a three-layer (sandwich) conical shell under the action of a periodic 
load was studied. At that, various boundary conditions were considered. The problem was reduced to 
solving an equation of the Mathieu-Hill type, the solution of which was obtained by the Bolotin method. The 
results obtained were compared with the results obtained by other authors. 

The behavior of a sandwich plate under periodic load was considered in [17]. Using the constructed 
mathematical model of the problem, the effect of various geometric and mechanical parameters of a plate 
on its dynamic behavior was studied. 

The study in [18] is devoted to the dynamic instability of a cylindrical shell made of a thin-walled 
composite material. The ABAQUS program was used. The influence of the parameters of periodic loading 
and initial geometric imperfections on the dynamic behavior of the shell was investigated. 

In [19], the dynamic stability of sandwich panels under periodic load was considered. The solution to 
the problem was obtained by reducing the obtained equation of motion to an equation of the Mathieu type 
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and applying the Bolotin method. The effect of different geometric and mechanical parameters of panels 
on their dynamic behavior was studied. 

Reference [20] is devoted to the study of the dynamic stability of cylindrical composite shells under 
the action of a pulsed loading. The FEM was used with the ABAQUS program. The impact of different 
parameters on the dynamic behavior of the shell was shown. 

In [21], an annular plate under external harmonic excitation was studied. Resolving equations were 
derived based on the non-linear von Karman theory. New mechanical effects were observed. 

A brief analysis of the available scientific publications showed that there are almost no studies of 
nonlinear oscillations and dynamic stability of thin-wall structures (viscous-elastic plates and shells of 
variable thickness) [22]–[24]. In the article below, nonlinear parametric oscillations of viscous-elastic 
shallow shells of variable thickness are numerically studied. 

The object of the research is various viscous-elastic thin-wall constructions of variable thickness. 

The purpose of the study is to develop effective methods, algorithms and a computer program to 
evaluate the dynamic behavior of thin-wall constructions, taking into account the viscoelasticity of the 
material properties and variable thickness. 

The following problems were solved to achieve this goal: 

− to obtain resolving systems of nonlinear integro-differential equations with singular kernels of 
viscous-elastic thin-wall constructions of variable thickness under the impact of periodical loads; 

− to develop an effective approach to numerical solution, computational algorithm and software 
products for evaluating the strength of viscous-elastic thin-wall constructions of variable 
thickness under periodical influences. 

2. Methods 
A rectangular viscous-elastic shallow shell of variable thickness ),( yxh  is considered with an 

account fort the geometric nonlinearity based on the Kirchhoff-Love hypotheses. Let the shell be 
dynamically loaded along side a  by a periodic load 0 1( ) cos( )P t P P t= + Θ , Θ= ,, 10 constPP  - is the 
frequency of external periodic load (Fig.1). A coordinate lines x  and y  of the curvilinear orthogonal 
coordinate frame is directed along the lines of principal curvatures, and the z -axis - along the internal 
normal of the middle surface. 

 
Figure 1. Shallow shell of variable thickness. 

The system of equations of motion in the framework of the chosen theory has the following form [25]  
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where 1/1 Rkx =  and 2/1 Rk y =  are the principal curvatures ( 1R  and 2R  are the principal radii of 

curvature) of the shell along the x  and y  axes, respectively; xp , yp  and q  - external static loads 
applied to the shell element in directions x , y  and z .  

The system of equations (1) is supplemented by the corresponding boundary conditions [25], which 
will be used in the solution to the problems: 

1. All edges are simply supported: 

at 0 ,0 ,0 ,0 :,0 ===== xMwvuax ; at 0 ,0 ,0 ,0 :,0 ===== yMwvuby .  

2. All edges are fixed: 

at 0 ,0 ,0 ,0 :,0 =
∂
∂

====
x
wwvuax ; at 0 ,0 ,0 ,0 :,0 =

∂
∂

====
y
wwvuby .  

3. Two opposite edges are simply supported, the other two edges are fixed: 

at 0 ,0 ,0 ,0 :,0 =
∂
∂

====
x
wwvuax ; at 0 ,0 ,0 ,0 :,0 ===== yMwvuby . 

The initial conditions at t=0 are as follows: 

( ) ( )yxuyxu ,0,, 0= , ( ) ( )yxuyxu ,0,, 0 = , ( ) ( )yxvyxv ,0,, 0= , ( ) ( )yxvyxv ,0,, 0 = ,  

( ) ( )yxwyxw ,0,, 0= , ( ) ( )yxwyxw ,0,, 0 = . 

Here, ( )yxu ,0 , ( )yxv ,0 , ( )yxw ,0 , ( )yxu ,0 , ( )yxv ,0  and ( )yxw ,0  are given functions. 

The components of the vector of forces { } ),,( xyyx NNNN =  and moments 

{ } ),,( xyyx MMMM =  for symmetric structure shells in matrix form can be written as: 
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Stiffness matrices [ ]C  and [D]  have the following form: 
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where the coefficients of the stiffness matrix ijC , ijD  )66,26,16,12,22,11( =ij , depending on the 
mechanical characteristics of the material and coefficient m  are determined as follows: 
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Here ijB  are the stiffness coefficients [26], −ΓΓ **, ij are the integral operators with relaxation 

kernels ( )tΓ  and ( )tijΓ , respectively: 

( ) ( ) ( ) ( ) 2,1,,,
0

*

0

* =−Γ=Γ−Γ=Γ ∫∫ jidtdt
t

ijij

t
ττϕτϕττϕτϕ . 

In operator form, the system of equations of motion (1) is written as: 
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If the shell under consideration has orthotropic properties, then the coefficients are 02616 == CC  

and 02616 == DD . In relationships (2), the stiffness matrices have the following form: 
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Here, coefficients ijC  and ijD )66 ,22 ,12 ,11( =ij  are expressed in terms of elastic constants ,1E  

,2E  ,12G  1µ , 2µ  as follows: 
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Here −21, EE are the moduli of elasticity in the direction of the x  and y axes; 12G  is the shear 

modulus; −21,µµ are the Poisson's ratios. 

If the shell has isotropic properties ( 2121 , µµ == EE ), then the elements of the stiffness matrix take 
a simpler form with two elastic constants E  (modulus of elasticity) and µ  (Poisson's ratio): 
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By introducing into equation (6) the following dimensionless quantities 
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and taking into account relationship (9) for orthotropic shells and keeping the previous notation, we 
obtain a dimensionless system of nonlinear integro-differential equations for problems of parametric 
oscillations of a viscous-elastic orthotropic shallow shell of variable thickness. Here, operators ijL  take the 
following form: 
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



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−
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b
hEEPcr µµ

π
 is the static critical load; )( 4*2

021
2 bPhEE cr ρπω =  is 
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the frequency of the fundamental tone of oscillations; 
( ) ( )21

2

2
021 13/ µµ

π
−

==∗

hbEE
PP cr

cr ; 
2

1
E

E=∆

. 
The system of equations (6), (11) with the corresponding boundary and initial conditions describes 

the motion of a viscous-elastic orthotropic shallow shell of variable thickness under a periodic load 
)cos()( 10 tPPtP Θ+= . 

In calculations, the singular Koltunov-Rzhanitsin kernels [27] are used as relaxation kernels: 

 ( ) ( )10,1 <<= −− ααβ tAetГ t , ( ) ( )10,t 1 <<= −−
ij

t
ijij

ijij teAГ ααβ
 (12) 

Let the shell thickness change following the law ( )xhxh *1
2
1)( 0 α+= , i.e., it leads to a linear 

increase in the shell thickness (Fig.2). 

Here, *α  is the parameter characterizing the thickness variability; 0h  is the shell thickness 

corresponding to 0* =α . 

  
a) b) 

Figure 2. Change in the shell thickness depending on the value 
of parameter ∗α : 

a) 2.0=∗α ; b) 5.0=∗α  

The solution to the obtained IDE system that satisfies the boundary conditions of the problem is 
sought with respect to the displacements u and v, and the deflection w in the form 

( ) ( ) ( )∑ ∑
= =

=
N

n
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m
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1 1
,, ,, φ  ( ) ( ) ( )∑ ∑
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 ( ) ( ) ( )∑ ∑
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N

n
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M

m
nm yxtwtyxw

1 1
, ,, ψ , (13) 

where ( )tuu nmnm = , ( ),tvv nmnm = ( )tww nmnm =  - unknown functions of time; ( ),, yxnmφ  

( ),, yxnmϕ  ( )yxnm ,ψ , ;,...,2,1 Nn =  Mm ,...,2,1=  - coordinate functions that satisfy the given 
boundary conditions of the problem. 

Substituting (13) into the system of equations (6), (11) and performing the Bubnov-Galerkin 
procedure, we obtain the following system of basic resolving nonlinear IDEs: 
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( ) nmnm uu 00 = , ( ) nmnm uu 00  = , ( ) nmnm vv 00 = , ( ) nmnm vv 00  = , 

( ) nmnm ww 00 = , ( ) nmnm ww 00  = , ;,...,2,1 Nk =  Ml ,...,2,1= , 

where the constant coefficients included in this system are related to coordinate functions and their 
derivatives and have the following form: 
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( )∫ ∫ ′′+′′∆=
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System (14) was integrated using a numerical method based on the use of quadrature formulas [28]. 
Assuming harmonic oscillations, system (14) in integral form is obtained by integrating it twice over time t: 
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By the formula for replacing the double integral with a single integral the system (15) is given in the 
following form: 
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( ) nmnm uu 00 = , ( ) nmnm uu 00  = , ( ) nmnm vv 00 = , ( ) nmnm vv 00  = , 

( ) nmnm ww 00 = , ( ) nmnm ww 00  = , ;,...,2,1 Nk =  Ml ,...,2,1= . 

Assuming that itt = , ,...2,1 , =∆= ititi  (where t∆  is the integration step) and replacing the 

integrals with quadrature trapezoidal formulas to calculate the unknowns ( )iinminm tww = , 

( )iinminm tuu =  and ( )iinminm tvv = , a system of recurrent formulas is obtained. 

Based on the developed algorithm, a program was compiled in the Delphi algorithmic language. 

3. Results and Discussion 
The results of calculations for various physical and geometric parameters are shown in graphs in 

Fig. 3–7. Numerical results are compared to the ones available in the literature. 

The effect of orthotropic properties of the material on the behavior of a shell was studied (Fig. 3). As 
seen from the figure, an increase in parameter ∆  that determines the degree of anisotropy (curve 1 -  
∆ =1; curve 2 - ∆ =1.5; curve 3 - ∆ =2.0) leads to an increase in the oscillation amplitude and a phase 
shift to the left. 
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Figure 3. Dependence of the deflection vs time for 

;1.1 ;5.0 ;0 ;0 ;0 ;10 ;10 ;25 ;1 * =Θ======== αδλ yxyx ppqkk  

;2,1,,05.0 === jiAA ij  

∆ =1 (1); 1.5 (2); 2.0 (2) 
Figure 4 shows the results obtained from different theories. Here, curve 1 corresponds to the case 

when the shell material is elastic, curve 2 - to the case when the viscosity of the material is taken into 
account in the direction of shear ( )2,1,,0,05.0 === jiAA ij , and curve 3 - to the case when the viscosity 

is taken into account in all directions ( )2,1,,05.0 === jiAA ij . 

 
Figure 4. Dependence of the deflection vs time for 

*1;  25;  10;  10;  0;  0;  0;  0.5;  1.1;  1x y x yk k q p pλ = δ = = = = = = α = Θ = ∆ =  

The results obtained confirm that viscous-elastic properties of the material should be considered not 
only in the shear direction but also in other directions. 

The influence of the shell thickness on its behavior is studied. Figure 5 shows the results obtained 
for various values of the thickness change parameter ∗α . It can be seen that with an increase in this 
parameter, the oscillation amplitude increases. In particular, the results obtained for a shallow shell of 
constant thickness ( 0=∗α ) coincide with the results obtained in [29]. 
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Fig.5. Dependence of the deflection vs time for 

;1.1 ;0 ;0 ;0 ;10 ;10 ;25 ;1 =Θ======= yxyx ppqkkδλ  

1 ;2,1,,05.0 =∆=== jiAA ij  
∗α =0 (1); 0.5 (2); 0.8 (3) 

Figure 6 shows the results obtained for various values of the curvature parameter xk . An increase 
in this parameter leads to an increase in the amplitude of oscillations. 

 
Figure 6. Dependence of the deflection vs time for 

;1.1 ;5.0 ;0 ;0 ;0 ;10 ;25 ;1 * =Θ======= αδλ yxy ppqk  

1 ;2,1,,05.0 =∆=== jiAA ij  

xk =10 (1); 15 (2); 20 (3) 

Figure 7 shows the results obtained for various values of the frequency of the external periodic load 
Θ . An increase in this parameter leads to an increase in the amplitude of oscillations. 
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Figure 7. Dependence of the deflection vs time for 

 ;5.0 ;0 ;0 ;0 ;10 ;10 ;25 ;1 * ======== αδλ yxyx ppqkk  

1 ;2,1,,05.0 =∆=== jiAA ij  

Θ =1.1 (1); 1.3 (2); 1.5 (3) 

4. Conclusion 
A mathematical model, method, and computer program were developed to estimate parametric 

oscillations of a viscous-elastic orthotropic shallow shell of variable thickness, taking into account geometric 
nonlinearity under periodic loads. 

The dynamic stability of a viscous-elastic orthotropic shallow shell of variable thickness was 
described by a nonlinear system of IDEs. 

The application of Galerkin method with the discretization of spatial variables at each time point 
reduces the problem of dynamic stability of a viscous-elastic orthotropic shallow shell of variable thickness 
to solving a non-decaying system of ordinary nonlinear IDEs with weakly singular kernels with variable 
coefficients. 

The impact on the amplitude-time characteristics and the SSS of a change in the physical-mechanical 
and geometric parameters of the shell material was estimated. 

The method proposed in this article can be used for various types of thin-wall structures (plates, 
panels, and shells of variable thickness). 
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