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Abstract. The article discusses the application of statistical metrics for the validation of comprehensive 
non-linear soil models. The assessment was carried out on the basis of triaxial, oedometer, consolidation 
and plate load tests of sandy and clay soils. Validation of non-linear soil models was divided depending on 
the problem type: strength-type problem and strain-type problem. For a strength-type problem the indicators 
of failure points should be compared. In the course of strain-type problem the stress-strain curves should 
be compared. Average ratio of experimental data to calculated and coefficient of variation showed the 
highest efficiency for standard triaxial and oedometer tests, as they allow taking into account the specificity 
of the deviation and its variability. Other statistical metrics are less effective in geotechnical engineering. 
Validation according to consolidation tests is recommended to be performed based on the analysis of the 
time of 100% primary consolidation and the slope of the consolidation curve during the creep phase. In the 
course of stress paths analysis (for example, in the course of unloading and further reloading), the 
advantage should be given to visual assessment. Acceptable values of validation metrics for geotechnical 
engineering are proposed. The specific values of deviations should be determined by the analyst depending 
on the required accuracy of calculations, the responsibility of the construction object and the assessment 
of the risk of an accident. 
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1. Introduction 
Comprehensive geomechanical models of soils (hereinafter “non-linear models”) that take into 

account physical and geometric non-linearity, plastic behavior, hardening, filtration and rheological behavior 
are widely used for geotechnical analysis. Such models are: Duncan-Chang, Hardening soil, Cam-Clay, 
Soft soil, etc. [1–6]. This became possible due to the widespread introduction of Finite Element Method 
(FEM) software, such as PLAXIS, MIDAS GTS, Z-Soil, etc. 

Correct description confirmation of the soil's real behavior model is carried out on the basis of 
validation [7, 8], by comparing the model with experimental or reference data. 

The model should be selected depending on the type of the problem, the soil type and the factors 
that should be taken into account in the calculation [9]. When using non-linear models, it is recommended 
to evaluate the adequacy of the simulated environment's behavior for the required loading trajectory. For 
the first approximation, it is advisable to compare the results of back analysis with real soil tests. It shows 
the possibilities and boundaries of models for specific tasks [10]. However, the actual behavior may differ 
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from the laboratory one due to the influence of the stress state and the history of its formation, the real 
density of the soil in the array, anisotropy and so on. 

However, the use of non-linear models may not be sufficient for exact analysis. The fact is that 
different FEM software has various model implementations [9], which is confirmed by research [11, 12]. It 
is customary to compare the reliability and applicability of models with known solutions [13–15]. However, 
the listed works perform a comparison in analysis of different groups of specialists, different approaches, 
prerequisites, and models. Brinkgreve&Engin admit a discrepancy in the results of various models of no 
more than 10 %. They also indicate that non-linear soil models should be reliable and repeatable which 
counts as the partial responsibility of software developers [9]. 

Russian geotechnical regulatory documents enact the verification and validation of soil models. Thus, 
in accordance with Russian Rules of Constructions SP 22.13330.2016, to obtain reliable and accurate 
results using non-linear models, it is necessary to perform their validation (i.e. prove the adequacy of their 
application) by comparing the calculation results with monitoring data, laboratory and in-situ soil tests. 
However, geotechnical codes and publications do not contain clear validation metrics. The regulations of 
SP 22.13330.2016 are only limited to the requirements for validation of bearing capacity based on its upper 
and lower estimates. So the model can be considered acceptable if the obtained calculation results are in 
the range between the upper and lower estimates of the bearing capacity. In this case, the difference 
between the values of the upper and lower estimates should be no more than 10% of the calculated value. 
This approach is considered valid, but Russian Rules of Constructions SP 22.13330.2016 does not explain 
whether this refers to average or partial values, or how to take into account variability, etc. 

V.N. Shirokov and M.P. Golub [16] suggested using the maximum deviation from experimental 
values by no more than 15 % as a metric for the possibility of using the model. The approach is similar to 
Interstate Standard GOST 20522-2012, however, the authors here perform a deviation that is relative to 
particular values at different stages of plate load test. 

Model validation has found wide application in modeling practice. Analysis of most publications [9, 
10, 13–15] shows that the assessment of the adequacy of models in geotechnical engineering is carried 
out mainly qualitatively, not quantitatively. 

Requirements for quantifying the adequacy of models using various validation metrics can be seen 
in related disciplines: hydrodynamics, thermodynamics [17] and solid mechanics [18–19]. In Russia, 
matters of validation are described in Interstate Standards GOST R 57188-2016 and GOST R 57700.2-
2017 and are used for software certification. The validation metric depends on the modeled process and 
the corresponding experiment. Preference should be given to metrics that contain an assessment of 
variability based on confidence level. 

The validation metrics should determine the maximum acceptable difference between the analysis 
and the experiment and it also should take into account: the accuracy of the model, the limitations 
associated with obtaining experimental data (accuracy of sensors, equipment, cost of testing, etc.), the 
stage of engineering evaluation (conceptual solutions, final project) and the consequences of model non-
compliance with the requirements of reliability and safety. At the same time, the validation requirements 
should include recommendations for action in case if results are not acceptable. In such cases, it may be: 
model improvements, refinement of experimental data, mitigation of validation metrics, etc. 

In the manual ASME V&V 10.1-2012 two validation approaches are considered: (a) when the system 
response quantities (SRQ) are limited and the information about the error is nonexistent or received from 
experts in the subject area1 (Fig. 1a); (b) when there is a series of system response quantities and error 
data available (Fig. 1b). The errors in the simulation results are detected using probabilistic analysis with 
undefined model inputs that are obtained from various types of repeated tests. 

Validation is based on a comparison of cumulative distribution functions (CDF). The validation 
metrics is the area enclosed between the experimental and model CDF, normalized by the absolute mean 
of the experimental outcomes (Fig. 2) [20]. The relative area is calculated by the formula: 

( ) ( )1 ,
c o

SRQ
y y

o
M F y F y dy

y
∞
−∞= −∫                                               (1) 

                                                      
1 For example, in the Russian GOST 20522-2012 engineering-geological elements are separated, 

taking into account the limitation of the coefficient of variation ν  ≤ 0.30 in mechanical characteristics. The 
actual ν  can be taken as the error of the experimental data. 
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where SRQM  is relative difference in area of cumulative distribution functions (CDF), oy  are experimental 

values; cy  are calculated values; ( )yc
F y  is the CDF of calculated values; ( )

oyF y  is the CDF of 

observed (experimental) values. 

 
(a) when the SRQ are limited and the 

information about the error is nonexistent or 
received from experts in the subject area 

(b) when there is a series of system response 
quantities and error data available 

Figure 1. Illustration of two approaches to validation. 

This metric, in fact, is a relative absolute error. The SRQM  parameter has positive value and 
approaches zero, in the case when both CDF functions coincide. When two CDF functions do not intersect, 
the integral of equation (1) represents the absolute difference between the mean values. In the case of 
deterministic values, the CDF are stepwise, and the area between them is simply the absolute value of the 

difference. In solid mechanics, it is customary to limit SRQM  ≤ 0.1. The application of this metric and the 
limit value in geotechnics requires verification and clarification, because soils have heterogeneity that is not 
comparable with other materials (metal, reinforced concrete, etc.). 

This approach allows taking into account the error of experimental data as well as the model error. 
The approach is suitable for comparing the final experimental and calculated data. However, to compare 
calculation results of non-linear models, the approach is not the most convenient and requires special 
mathematical processing to calculate the CDF. Also, in order to apply the approach, it is necessary to know 
the distribution of the results of the model curve, which requires numerous series of calculations and is tied 
to certain geotechnical model [21–25]. 

 
Figure 2. Validation metric for the area of the space enclosed  

between the experimental and model CDF curves. 
For quantitative comparison of calculated and observed designations, S.S. Vyalov [26] proposed 

using the Pearson’s correlation coefficient ,ρ  the ratio of experimental data to theoretical is i oi ciy y y=  
and their coefficient of variation. Thus, the relationship is considered strong at ρ  > 0.8; with a valid 

description of the experimental model values, the average ratio of experimental data to calculated 1,ay =  
and the coefficient of variation ν should have the smallest value. However, the approaches used by S.S. 

a) b) 
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Vyalov were developed mainly for linear and linearized functions. The results of calculations based on 
comprehensive models are usually non-linear and these approaches cannot be used directly. 
Notwithstanding this fact, they were taken as the basis for these studies. 

Generally, the lack of clear validation metrics in geotechnical engineering causes a subjective 
analysis using non-linear models. Practice shows that nowadays such analysis is performed mainly 
qualitatively, based on visual assessment. Approaches used in solid mechanics and hydro-thermodynamics 
are not widely used in geotechnical engineering. The lack of strictly selected approaches and metrics affects 
the reliability and repeatability of analysis results. 

It is worth noting that the validation of non-linear soil models is part of the overall validation process 
of the computational model, which is advisable to regulate by special documents containing information 
about the accuracy of analysis. Performing validation of a non-linear model is a necessary, but not the only 
one condition for positive verification of the model [9]. When performing validation of the soil model, the 
type of analysis for which it is performed should be taken into account. 

This paper considers the application of validation metrics of comprehensive non-linear soil models. 
The results of evaluating the applicability of the metrics for triaxial, oedometer test, consolidation and in-
situ soil tests are presented. The most effective validation metrics depending on the type of analysis are 
revealed. Acceptable validation metrics are proposed. 

2. Methods and Materials 
2.1. The validation metrics of non-linear soil models 

The following metrics were considered for the validation of non-linear soil models in the present 
research. 

Visual assessment allows us to qualitatively assess the description of experimental data performed 
by the model. 

The relative difference in area CDF ,SRQM  is described in the introduction and is determined by 
the formula (1). 

The mean average error MAE characterizes the average between the absolute experimental and 
calculated values and is determined by the formula: 

1 .
1

ci oi

n
MAE y y

n i
= −

=
∑                                                                 (2) 

The mean absolute percentage error MAPE  is the mean average error, divided by the actual 
values, determined by the formula: 

1 100%.
1

ci oi

oi

n y yMAPE
n yi

−
=

=
∑                                                       (3) 

The lower the value of the parameters ,SRQM  MAE and ,MAPE  the better the model describes 
experimental values. 

The coefficient of determination 2R  is an explanatory variable and characterizes how much the 
model explains the experimental data. The parameter is widely used in regression analysis and is 
determined by the relationship: 

[ ]
2 1 ,

D y x
R

D y
  = −                                                                          (4) 

where D y x    is the dispersity of the model error (the difference between the experimental data and the 

model); [ ]D y  is the dispersity of the experimental data. 
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The parameter ranges from 0 to 1; the closer to 1, the higher the strength of the relationship. 

The theoretical correlation ratio η  along with the coefficient of determination is an explanatory 
variable. 

[ ]
1 .

D y x
D y
  η = −                                                                    (5) 

The parameter is in the range from 0 to 1; proximity to 1 indicates a strong relationship. For the linear 
function .ρ = η  The parameter η  is convent for the Cheddock scale [27] (Table 1). 

The Cheddock scale characterizes the link strength of factors in a fairly wide range and is used in 
various disciplines as well. For the validation of non-linear models, it is advisable to limit the parameter η  
to "strong" and "very strong" strength on the Cheddock scale. 

Table 1. Strength of relationship between factors and responses on the Cheddock scale [27]. 
Value η  0 ≤ η  < 0.3 0.3 ≤ η  < 0.5 0.5 ≤ η  < 0.7 0.7 ≤ η  < 0.9 0.9 ≤ η  < 1 1 

Value 2R  0 ≤ 2R  < 0.09 0.09 ≤ 2R  < 
0.25 

0.25 ≤ 2R  < 
0.49 

0.49 ≤ 2R  < 
0.81 

0.81 ≤ 2R  < 
1 

1 

Interpretation  Weak 
(absent) Moderate Notable Strong Very strong Functional 

 

The average value of the experimental data to the calculated ay  ratio characterizes the relative 
deviation of the model from the experimental data and were calculated by the formula: 

1 1 ,
1 1

oi
a i

ci

n n yy y
n n yi i

= =
= =
∑ ∑                                                              (6) 

where iy  is the value of the ratio of the partial experimental value oiy  to the partial calculated value .ciy  

A model with a value close to 1 will be considered adequate. 

The coefficient of variation ν  characterizes the scatter of iy  and was calculated by the formula: 

,y

ay
σ

ν =                                                                             (7) 

yσ  is the standard deviation of .iy  

The lower the ν  value, the lower the dispersion. 

2.2. Characteristics of the investigated soils 
The research was performed for four sandy soils and three clay soils of the Moscow region. 

Medium and fine sands, of alluvial and fluvioglacial genesis of Quaternary-age were considered. 
(Fig. 3). The depth of sampling varied from 8–20 m. Disturbed soil samples were collected in the Moscow 
construction site at Kosino and Lermontovsky Prospekt metro stations. Sands S(1)...S(3) were 
characterized as: homogeneous ( uC  = 2.0...2.8); sands S(4) heterogeneous ( uC  = 6.3). 
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The S(1)-S(4) sands were subjected to laboratory tests by consolidated isotropic drained triaxial  
(d = 50 mm, h = 100 mm) and oedometer tests (d = 87 mm, h = 25 mm). Reconstituted sand specimens 
were prepared from the disturbed soil samples by compacting sand in the air followed by saturation. 
Additionally, the sands S(1), S(2) and S(4) were subjected to a plate load test with a foot area of 0.6 m2  
(d = 276 mm) followed by unloading and loading according to GOST 20276.1-2020. 

Jurassic-age clay soils were represented as very stiff and stiff clay and firm-stiff loam. Undisturbed 
samples of clay soils were collected from a depth of 20-45 m at construction sites in Moscow at Kosino and 
Lermontovsky Prospekt S(5) and at Minskaya S(6), S(7) metro stations. 

Specimens S(5) were subjected to oedometer and consolidation tests (d = 87 mm, h = 25 mm). The 
S(6) and S(7) were subjected to consolidation tests. 

The studies were performed for the non-linear Hardening soil model (Table 2) and Soft Soil Creep 
model (Table 3). For the Hardening soil model, the power factor т  was obtained from triaxial sт  and 

oedometer odт  tests. The parameters were determined from the performed tests. 
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Figure 3. Cumulative curve of the particle size distribution, plotted for the studied sands. 
Table 2. Parameters of the Hardening Soil model. 

Soil type γ , 
kN/m3 

e  
refp , 

kPa 

ref
oedE , 

MPa 
50
refE , 

MPa 

ref
urE , 

MPa 
urν  sт  odт  c , 

kPa 
ϕ , ͦ ψ , ͦ 

S(1) Medium 
sand 19.0 0.62 75 14.04 14.5 91.0 0.39 0.751 1.12 11.5 35.8 6.6 

S(2) Medium 
sand 20.9 0.60 75 12.64 13.21 85.3 0.42 0.741 1.21 11.1 35.7 6.44 

S(3) Fine 
sand 20.8 0.51 75 4.97 8.99 76.8 0.41 0.634 1.56 8.8 36.8 6.8 

S(4) Fine 
sand 20.0 0.60 75 7.4 10.3 83.6 0.39 0.544 1.18 21.8 33.5 5.3 

Note: γ  is unit weight; e  is void ratio; refp  is reference pressure; ref
oedE  is reference primary oedometer stiffness; 50

refE  is reference 

primary stiffness from CID triaxial tests at the 50 % stress level; ref
urE  is reference unloading/reloading stiffness from CID triaxial tests; 

urν  is unloading/reloading Poisson’s ratio; sт  is power for stress dependent stiffness from triaxial tests; odт  is power for stress 
dependent stiffness from oedometer tests; c  is cohesion; ϕ  is friction angle; ψ  is dilatancy angle. 

 
Table 3. Parameters of the Soft Soil Creep model. 

Soil type 
γ  

kN/m3 
e  ϕ , ͦ c , 

kPa OCR  POP , 
MPa 

*λ  *κ  
*µ  fK , 

m/day 
B  

S(5) Clay IL<0.25 17.8 1.15 12.8 179 3.85 1.275 0.0995 0.0128 0.00087 2.14Е-06 0.39 
S(6) Clay IL<0 19.7 0.69 23 73 2.6 0.810 0.052 0.0069 0.00131 8.14E-06 0.43 

S(7) Loam 0.25≤ 
IL <0.5  19.5 0.66 27 49 3.7 1.100 0.04 0.0046 0.00097 8.93E-06 0.47 

Note: OCR  is overconsolidation ratio; POP  is pre-overburden pressure; *λ  is modified compression index; *κ  is modified 
swelling index; *µ  is modified creep index; fK  is coefficient of filtration; B  is Skemton’s coefficient. 
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2.3. Characteristic of the back-analysis 
The applicability of the validation metrics was evaluated for the Hardening soil (HS) for sandy soils 

and Soft Soil Creep (SSC) for clay soils. Both models are implemented in the PLAXIS software. 

The HS model was evaluated using the results of: consolidated isotropic drained triaxial, oedometer 
and in-situ plate load tests. The results of the triaxial tests were evaluated for strength-type and strain-type 
problems; for the other tests, the results were evaluated by the strain-type problem. 

The SSC model was evaluated using the results of oedometer and consolidation tests. 

Calculation diagrams for triaxial and odometer tests were constructed in the SoilTest module. 

Calculation curves for plate load tests were obtained on the basis of back-analysis. For this purpose, 
the axisymmetric problem was solved in accordance with the computational scheme shown in Fig. 4а. The 
depth of the plate load test and the loading steps were taken in accordance with the tests performed 
beforehand. The plate load tests were performed under the stress-controlled loading mode. 

The model consolidation curves were obtained on the basis of numerical modeling of oedometer test. 
For this purpose, a specimen with a height of 25 mm and a diameter of 87 mm was simulated in the 
axisymmetric formulation, with two-way filtration, which corresponds to the tests performed (Fig. 4b). 

The strength-type problem was validated by comparing the calculated and experimental maximum 
deviator stress maxq  at different confining pressures. This allows a comparison of stresses during soil. For 

strength-type problems, the ,MAE  ,MAPE  ay  and ν  metrics were used. The 2R  and η  metrics were 
not used because their analysis required functions (a group of points) rather than partial SRQ values. 

Validation by strain-type problem and by consolidation tests was performed visually and using the 

,SRQM  ,MAE  ,MAPE  2,R  ,η  ay  and ν  metrics described in Section 2.1. For the consolidation tests, 

additionally the comparison of the 100th primary consolidation time 100t  was performed. For the 

parameters specified ( )100
,a ty  ( )100

,tν  ( )100tMAE  and ( )100tMAPE  were calculated. 

a)           b)  
Figure 4. Calculation scheme to validation using back-analysis:  

(a) – by plate load test; (b) – by consolidation tests. 

3. Results and Discussion 
3.1. Validation by triaxial test data 

Fig. 5 shows the results of triaxial tests of sands at different confining pressure. It can be noted that 
the HS model implemented in the PLAXIS software describes the behavior of the soil under triaxial 
compression with high reliability. A similar character of loading curves and failure load was noted. 

The results of the validation by strength-type problem were shown in Table 4. The estimate of the 

ay  parameter indicates that in the sands S(1)-S(3) the calculated maxq  differs from the experimental ones 

by less than 5 %. The exception was the heterogeneous sand S(4), where the ay  deviation did not exceed 
10 %, and the coefficient of variation did not exceed 20 %. This deviation is due to the influence of the silt 
particles content (see Fig. 3). 
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The MAE  and MAPE  analyses give a similar picture. In homogeneous S(1)-S(3) sands,  
MAE  = 10.0–52.6 kPa; in heterogeneous S(4), MAE  = 42.0–254.3 kPa. Relative to the confining 
pressure, the values obtained were 5 to 15.5 % for S(1)-S(3) and 22 to 56 % for S(4), which are significant 
for strength-type problems. However, the MAE  metric shows only the absolute error, with no reference to 
the absolute values of the system response. The more advanced MAPE  metric, normalized to observed 
values, does not exceed 5 % in S(1)-S(3) and lies between 7.4 % and 18.0 % in S(4). In this regard, the 
MAPE  metric is more illustrative. The MAE  metric is presentable for analysis, but does not characterize 
the degree of influence of the error. MAE  and MAPE  metrics always have positive characteristics and 
consider only the degree of deviation itself, without taking into account its nature (upward or downward). 

The parameters ,ay  ν  and MAPE  are the most indicative for strength-type problem estimation. 

They show not only the nature of the deviation, but also its variability. The MAE  itself can act only as an 
auxiliary characteristic and cannot be the main characteristic when performing validation. 

It should be noted that the high values of the validation metrics obtained confirm the thesis about the 
necessity of determining the strength characteristics of the HS model on the basis of triaxial tests [28]. 

During the validation by strain-type problem based on visual assessment, it is obtained that the model 
describes most of the triaxial tests on the suitable level: the character and absolute values are similar. 
Differences are observed only in S(4), where the model curve describes observations "in the middle" (in 
the range 1ε  < 2–3 %), but visually very wide deviations from the experimental data associated with 
heterogeneity were noted. 

Analysis using statistical metrics also indicates high reliability of the experimental data description. 

For homogeneous sands S(1)-S(3) 2R  = 0.813...0.987, η  = 0.902...0.994; the lowest values were obtained 

for S(2) at 3σ  = 575 kPa, which was also noted visually – the model plot runs along the lower boundary of 
experimental diagrams. Nevertheless, the link between the calculated and observed values on the 

Cheddock scale is characterized as "very strong". For heterogeneous sand S(4) 2R  = 0.429...0.775 and 
η  = 0.655...0.881, the relationship is characterized as "notable" and "strong", which is confirmed visually. 

The ratio ay  for homogeneous and heterogeneous sands lies in the range of 0.904...1.090 and for 

most tests deviates by no more than 10 %. The largest deviations of the ratio are ay  = 0.904 for S(1) at 

3σ  = 75 kPa, as confirmed by other metrics. The coefficient of variation ν  for S(1)-S(3) sands lies in the 

range of 0.05...0.11 at MAPE  = 3.9–9.3 %, for heterogeneous sands it is shown in the range of 
0.214...0.261 at MAPE  = 15.1–22.9 %. It is worth noting that the deviations obtained lie within the range 
of ≤ 0.30, which are considered permissible by GOST 20522-2012. This acceptable limit has been used in 
geotechnical engineering of the USSR and Russia for many years and its effectiveness was confirmed by 
many years of safe construction experience.  

The parameter SRQM  lies in the range of 0.01-0.06 for S(1)-S(3) and 0.05-0.15 for S(4). In S(1)-
S(3) homogeneous sands, with minor deviations between calculated and experimental data ( MAPE  <  

< 5–6 % and ν  < 0.10), SRQM  does not exceed the limits allowed in solid mechanics [19]. At the same 
time, for heterogeneous soils S(4) with moderate deviation ay  <10 % and values ν  < 0.26, the parameter 

SRQM  can lie both within the acceptable limits and exceed them. In this case the deviations ay  and ν  
can be considered acceptable still. In this regard, for soils, as materials with variability of mechanical 

properties (in comparison with other materials), the limiting values of SRQM  from related disciplines are 
not suitable. 

It is worth noting that, as in the case of the MAPE  metric, the parameter SRQM  characterizes the 
absolute value of the deviation. However, the experimental deviations can be in different directions from 
the model, and the calculated curve can pass between the set of experimental curves and generally 
adequately describe the soil behavior. This is the advantage of the pair of parameters ay  and ,ν  which 
signal whether the model gives a safe or potentially dangerous result. 
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Figure 5. Results of validation by triaxial tests of sands S(1)-S(4) at different confining pressure. 

Table 4. Results of calculation of the validation metrics for strength-type problem defined by 
triaxial tests. 

Soil type 
Confining pressure 

3,σ  kPa 

( )max 1 3 maxq = σ − σ  

MAE , kPa MAPE , % ay  ν  

S(1) Medium sand 
75 10.0 4.4 0.97 0.06 

275 23.6 2.8 1.02 0.03 
575 47.3 2.9 1.0 0.04 

S(2) Medium sand 
75 11.6 4.7 0.98 0.05 

275 25.4 3.1 1.01 0.05 
575 32.0 1.9 1.00 0.024 

S(3) Fine sand 
75 10.3 4.1 0.99 0.05 

275 16.2 1.9 1.00 0.023 
575 52.6 3 1.03 0.017 

S(4) Fine sand 
75 42.0 18.0 0.91 0.182 

275 62.0 7.4 1.07 0.085 
575 254.3 17.3 1.07 0.181 

 

In general, the combination of all metrics allows one to perform a sufficiently complex analysis of the 
experimental data deviation from the calculated ones. It is reasonable to use the parameters ay  and ν  as 
the main validation metrics according to the results of triaxial tests for strength-type problems and strain-

type problems. 2,R  ,η  MAPE  and SRQM  parameters can also be used as additional parameters for 

strain-type problems validation. Using only the explanatory variables 2R  and η  is insufficient, because 

although they can give low values in some cases, ay  can be close to 1 and ν  can be within the acceptable 
limits. 
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3.2. Validation on oedometer test data  
Oedometer tests are widely used to solve compression-type problems [29]. For the HS model, the 

т  coefficient can be derived from triaxial sт  and oedometer odт  tests. Therefore, computational 
diagrams were constructed for both cases. Fig. 6 shows the experimental and calculated compression 
curves for soils S(1)...S(5). 
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Figure 6. Results of validation by oedometer compression tests:  

a – S(1); b – S(2); c – S(3); d – S(4); e – S(5). 
A visual comparison of the curves indicates their similar nature. However, the test results can be 

divided into two groups. 
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The first group, which includes soils S(1), S(3) and S(5), is characterized by a "heap" arrangement 
of experimental curves. Here the metrics indicate a well-done description of the experiments by the model: 

2R  = 0.734...0.981, η  = 0.887...0.990 ("very strong" strength of relationship); ay  = 0.861...1.106,  

ν  = 0.17...0.389, SRQM  = 0.09-0.19. At the same time the parameter MAPE  = 21.3–37.1 % indicates a 
significant scatter. 

The second group consists of soils S(2) and S(4), characterized by a wide scatter of experimental 
curves. Visual variation was confirmed by the values of the explanatory variables, which are 15–30 % lower 

than for the first group ( 2R  = 0.513...0.856, η  = 0.716...0.925). Although 2R  and η  correspond to "strong" 

strength of relationship, other metrics suggest very significant deviations ( ay  = 0.975...1.573, 

ν  = 0.366...0.860, MAPE  = 47.3–85.1 % and SRQM  = 0.12–0.43). The deviations obtained for S(2) and 
S(4), as a rule, are confined to the first stage of loading application and at the subsequent stages the 
deformation practically does not differ from the calculated one (experimental and model curves are parallel). 
The indicated effect may be due to heterogeneity (in the case of S(4)), as well as to a loose fit of the 
oedometer stamps to the samples and does not characterize compressibility. 

It can be seen that 2R  and η  can indicate a high strength of relationship, while the model will deviate 

significantly from the experimental diagrams. As in the case of triaxial tests, the use of the 2R  and η  

metrics is not sufficient for a reliable statistical comparison and must be considered in correlation with ,ay  

ν  and MAPE , .SRQM  

It is worth noting that for the compression-type problem using the HS model, the calculations with 

odт  describe the tests better. The value of 2R  in the case of odт  is 10–30 % higher than in the case of 

,sт  with similar .ay  At the same time, the scatter of the data in the case of odт  is lower by 25–35 %. 
This confirms the thesis about the necessity of setting the parameter т  depending on the problem to be 
solved. At the same time, for clayey soil S(5), the SSC model gives a more reliable description than HS. 

3.3. Validation by consolidation test data 
Fig. 7 shows the results of the consolidation tests of soils S(5), S(6) and S(7).  

Based on the visual evaluation of the diagrams, it can be noted that the model curves satisfactorily 
describe the experimental data; significant differences were observed in the absolute deformations. The 
transition zones from primary consolidation to secondary consolidation (creep) in the model and 
experimental diagrams coincide; a similar slope of the curves in the creep stage was observed. The 

explanatory variables lie in the range: 2R  = 0.143...0.958 and η  = 0.379...0.979 and indicate the strength 
of relationship from "moderate" to "very strong". At the same time, the deviation parameters lie in a 

satisfactory range: ay  = 0.815...1.390, ν  = 0.02...0.327, SRQM  = 0.04...0.28. Thus, as for other types of 
tests, the explanatory variables do not allow us to objectively characterize the model accuracy with the 
required reliability. 

The values of the MAPE  parameter are close to the coefficient of variation. However, when 
comparing one experimental diagram with one model curve (e.g., Fig. 7b) MAPE  = 25.1 %, although the 
graphs run parallel ( ay  = 0.815, ν  = 0.02), i.e. no variability is observed. For consolidation tests, MAPE  
does not show the objectivity of the estimate, because it characterizes the error in measured strains. On 
the contrary, the coefficient of variation does not take into account the mean relative values of the error, 
but considers their variability.  

Wide scatter of strains of samples is caused by differences on conditionally instantaneous sections 
of compressibility at t < 1 min, which is characterized by closing of pore spaces with gas content. This is 
evidenced by the low values of the Skempton’s coefficient B  = 0.39–0.47, which should be taken into 
account when modeling performing [8]. Another reason for non-uniform precipitation is the uneven surface 
of the samples in contact with the plate load test (similar to the oedometer tests). Meschyan S.R. showed 
that such effects often occur in stiff clays, where it is difficult to ensure an absolutely smooth surface of the 
specimen contact with the stamps during specimen preparation [30]. 
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The task of any consolidation analysis is to predict strains over time. Therefore, the absolute values 
of settlements in the validation should play a secondary role. For the tests in question, the comparison by 
t100 showed a satisfactory match: mean deviation ( )100a ty  = 0.82...1.352, ( )100tν  = 0.05...0.196, 

( )100tMAPE  = 9.2...25.3 %. 

In view of the above, validation based on consolidation test data should be performed on the basis 
of 100 % primary consolidation time as well as the slope of the consolidation curve during the creep stage. 
Comparison of calculated and experimental strain values at different points in time is an auxiliary element 
of validation. 
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Figure 7. Results of validation by oedometer consolidation test: a – S(5),  
σ1 = 0.55 MPa; b – S(5), σ1 = 4 MPa; c – S(6), σ1 =1.24 MPa; d - S(7), σ1 =1.13 MPa. 

3.4. Validation by plate load test data 
Back analysis of the plate load test tests were performed for sands S(1), S(2), and S(4) (Fig. 8). 

A visual comparison shows a good strain match on the primary loading up to 250 kPa. On the 
unloading path it can be seen that the stiffness urE  is higher than that of the plate load tests. Coincidences 
on the unloading path are observed only for soil S(2) at a depth of 8.8–9.0 m. The simulated reloading path 
also differs from the experimental data. 

In the analysis based on the validation metrics it can be noted that the differences between the model 

and calculated curves are insignificant: 2R  and η above 0.9, ay  = 0.923–1.20 at ν  = 0.121...0.239, SRQM  
< 0.19. A separate deviation of variation coefficient ν  = 0.39 is revealed for heterogeneous sand S(4) with 
"ideal" ay  = 1.017 and moderate MAPE  = 25 %. 
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When analyzing comprehensive stress paths (e.g., with unloading and reloading), the considered 
metrics do not always allow an objective evaluation of the analysis results. For simple oedometer and 
triaxial tests, the validation metrics characterized negligible deviations which were confirmed visually. For 
plate load tests with two stress paths, the metrics lie in satisfactory ranges, while a good visual match was 
observed in only 30 % of the curve sections.  

Such significant discrepancies are explained by peculiarities of the HS model. First, the model 
parameters are determined on the basis of laboratory tests. Damage of samples during sampling, 
transportation and storage, lack of reliable data on density (in course of sand) and real stress state in the 
massif (for accurate laboratory tests) reduce the reliability of modeling. This causes the necessity to confirm 
the applied model parameters on the basis of plate load and pressuremeter tests. Secondly, the HS model 
takes into account isotropic hardening and the yield surface that can expand due to plastic straining but 
changes its position after the change of stress paths in principal stress space. In the process of 
unloading/reloading or non-linear stress paths, the position of yield surface changes, which affects the 
deformation behavior of soil. Therefore, for comprehensive stress paths, the model should be evaluated on 
the basis of visual assessment, and its permissibility should be evaluated by an analyst. 

Considering the above features, the results of the back analysis can be called satisfactory. In the 
case of simple loading, validation approaches for plate load tests are similar, with triaxial and oedometer 

tests: first of all, they rely on a joint analysis together with ,ay  ,ν  MAPE  and ,SRQM  and use the metrics 
2R  and η  as auxiliary. In case of a comprehensive loading trajectory, the analysis should be based on a 

visual evaluation and the metrics should have an auxiliary function. 
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Figure 8. Results of validation by plate load tests for: a, b – S(1) at depths of 7.0 and 7.5 m;  

c, d, e – S(2) at depths of 8.0, 8.8 and 9.0 m; f – S(4) at depth of 8.8 m. 

3.5. Acceptable values of validation metrics 
In related disciplines, validation issues have advanced considerably over the past few years. In 

particular, there have been published works by Roache [31], Coleman and Steele [32], Oberkampf and Roy 
[33], Hazelrigg and Saari [34] which consider various aspects of validation. An important factor influencing 
the result of any validation is the experience and competence of the analyst performing the calculation and 
back analysis [34]. As a rule, the more experienced analyst performs validation for a particular task, the 
higher the probability of a successful result of verification. The biggest challenge is assessing the 
competence of the analyst. Validation issues in geotechnical engineering are complicated by the fact that 
geotechnical engineering is a branch of knowledge at the intersection of several specialties: civil engineer, 
engineer-geologist and mining engineer [35]. In order to obtain the required competence it is necessary to 
have at least 10–15 years of experience. In this regard, the issue of applying independent validation metrics 
and assigning their admissible limits in geotechnical engineering is quite acute. 

a) b) c) 

d) e) f) 
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In these conditions, visual and qualitative metrics used for geotechnical analysis, it is reasonable to 
supplement with independent metrics, which, for example, correspond to the provisions in other disciplines 
[17–19]. The analysis has shown that the validation metrics accepted in related disciplines are rather 
restricted and not suitable for geotechnical engineering. The influence of heterogeneity in the soil massif 
forces to use less stringent boundary metrics. However, to ensure high accuracy of predictions, it is 
necessary to provide a good description of the processes as a whole and to introduce restrictions on the 
scatter of data.  

The analysis shows that the validation in geotechnical engineering can be conditionally divided 
depending on the problem to be solved: the strength-type or the strain-type analysis. The metrics used for 
estimation also depend on the problem to be solved (Table 5). 

Table 5. Validation metrics depending on the test type and problem type to be solved. 

Type of test 
Validation metric 

Main Auxiliary 
Triaxial tests 

- strength-type problem ay , ν  and MAPE  MAE  

- strain-type problem Visual, ay  and ν  2R , η , SRQM  and MAPE  

Oedometer tests Visual, ay  and ν  2R , η , SRQM  and MAPE  

Consolidation tests 
Visual, 

100( )a ty  and ( )100tν  ay , ν , 2R , η , SRQM  and 

MAPE  
In-situ soil tests (plate load) Visual, ay  and ν  2R , η , SRQM , and MAPE  

Stress path 
Visual ay , ν , 2R , η , SRQM  and 

MAPE  
 

For the strength-type problem, the correctness of the model's description of soil failure is evaluated. 
To compare the experimental and simulated soil failure, the metrics ay , ν  and MAPE  proved to show 
better results. Considering that the strength-type problem determines the object safety, the peculiarities of 
the experimental data acquisition and models accuracy, the deviation value ay , in the author's opinion, 
should not exceed 5–10 %.  

The strain-type problem validation (triaxial, oedometer or plate load tests) assesses the correctness 
of the model's repeatability of soil deformation under load. Here it is reasonable to perform a visual 
assessment of stress-strain curves supported by the proposed metrics. As in the case of strength-type 

problem validation, the ay  and ν  metrics showed the greatest efficiency. Metrics ,SRQM  MAPE , 2R  
and η  can be used as auxiliary. For the case of a comprehensive stress path (with unloading and reloading, 
along an atypical trajectory, etc.), visual assessment should be preferred. Model and experimental stress-
strain curves in different load ranges may have different deviations (up or down). Because of this, it is more 
difficult to provide strict values of validation metrics. On the other hand, inaccuracies in the strain analysis 
affect the operation of the object (settlements, inclinations, crack opening, etc.) and do not affect safety. In 
view of the above, in the author's opinion, for the strain validation the deviation value ay  should not exceed 

10–15 %, and SRQM  should not exceed 0.3. For the explanatory variables 2R  and η  were proposed to 
focus on the "very strong" and "strong" strength of relationship according to the Cheddock scale (Table 1). 
The use of a lower strength of relationship is inappropriate, as it indicates a bigger error value of the model. 
For comprehensive stress paths, the acceptability of the model should be evaluated by the analyst. 

In case of the consolidation model validation, the advantage should be given to the behavior on a 
timeline. The estimation of absolute value strains should play a secondary role. Therefore, it will be correct 
to compare the time of the 100th primary consolidation 100t  using the metrics ( )100a ty  and ( )100

.tν  Limit 

values of the validation metrics during consolidation are quite difficult to assign, since tests are usually 
performed under laboratory conditions on specimens sampled from the soil massif. Consolidation tests are 
the most sensitive to the quality of sampling, especially from large depths [36]. In this regard, the validation 
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metrics should be assigned by the analyst, taking into account the statistical variability of specific 
experimental data. 

For strength-type and strain-type problems the value of the variation coefficient ν  must not exceed 
0.3. The value of ν  ≤ 0.30 is justified by many years of experience in the application of this limit in the 
USSR and Russia in the allocation of engineering-geological elements (Interstate Standard GOST 20522-
2012). The use of a stricter coefficient of variation may be justified for materials with high reproducibility of 
properties (e.g., systematically erected embankments of homogeneous materials, concrete, metals, etc.). 
In the case of natural soils, this may lead to limitations on the use of non-linear models in heterogeneous 
soils. However, it may be justified in the case of high requirements for analysis accuracy.  

The values of the MAPE  parameter when comparing a group of curves have close values to ν. 
When comparing with single experimental values, the analysis by MAE  and MAPE  can give a more 
objective assessment. However, it is common in geotechnical engineering to consider statistical variability 
[37], in connection with which the analysis by ν  is more preferable. Therefore, allowable values of MAE  
and MAPE  should be determined by the calculator for specific tasks. 

For particularly critical objects (unique high-rise buildings, hydraulic structures, etc.) more stringent 
limits of validation metrics can be considered. Specific values of deviations should be determined by the 
analyst depending on the required accuracy of analysis, responsibility of the object and accident risk 
assessment. However, in the author's opinion, the application of more stringent metrics in soils, taking into 
account the above factors, is not justified. 

If the model does not meet the specified validation metrics, additional correction factors can be 
introduced. As a first approximation, we can consider applying an additional correction factor equal to the 
value of the maximum deviation .ay  

Based on the estimates made for the proposed validation metrics for various tests, Table 6 was 
developed. The proposed metrics and their allowable values will make formalizing the performance of 
validation for geotechnical tasks possible. 

Table 6. Acceptable values of validation metrics depending on analysis accuracy 
requirements and the problem type to be solved. 

Requirements for 
analysis accuracy 

Strain-type problem and consolidation Strength-type problem 

ay  ν  SRQM  2R  η  ay  ν  

Normal* 0.85 ≥ ay  
≥ 1.15 ν  ≤ 

0.30 

SRQM  ≤ 
0.3 

0.81 > 2R  ≥ 
0.49 

0.90 > η  ≥ 
0.70 

0.90 ≥ ay  ≥ 
1.10 ν  ≤ 

0.30 
High 0.90 ≥ ay  

≥ 1.10 

SRQM  ≤ 
0.2 

2R  ≥ 0.81 η  ≥ 0.90 0.95 ≥ ay  ≥ 
1.05 

Note: "*" is allowed for preliminary analysis with high requirements for analysis accuracy 
 

Validation of non-linear models and their parameters using the specified acceptable values is of 
course a necessary but not sufficient metric for solving the problem of limiting equilibrium in the soil mass. 
Further, it is necessary to evaluate the influence of application of the validation metrics of Table 6. On the 
results of analysis of full FEM models using non-linear soil models for specific problems the deterministic 
[21–23] or stochastic (e.g., using the Monte Carlo method) [24, 25, 38] approaches can be used. It is also 
necessary to evaluate the applicability of validation metrics on more empirical data and monitoring results. 

4. Conclusions 
Geotechnical analyses are often performed using non-linear soil models. In order to obtain reliable 

results using non-linear models it is required to perform their validation. However, model validation in 
geotechnical engineering is performed expertly or visually, without applying special quantitative metrics. 
Model quantification requirements are widely used in related disciplines (hydro- and thermodynamics, solid 
mechanics). At the same time, permissible validation metrics accepted in related disciplines are rather 
restricted and are not applicable in geotechnical engineering, because soils, in comparison with other 
materials, have significant heterogeneity. Based on the analysis, the following conclusions were obtained. 

• The following validation metrics can be used in geotechnical engineering: visual, the relative 

area between the calculated and model cumulative distribution function ,SRQM  mean 
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average error ,MAE  mean absolute percentage error ,MAPE  coefficient of determination 
2,R  theoretical correlation ratio ,η  average ratio of experimental data to calculated ,ay  

coefficient of variation .ν  
• Validation of the soil models can be divided depending on the problem to be solved: strength-

type or strain-type problem. In the first case, the indicators at failure are compared (for 
example, for triaxial compression it is suggested to use the maximum deviator stress maxq
). In the second case, the stress-strain curves are compared. 

• The metrics ay  and ν  showed the greatest efficiency in the strength-type and strain-type 
problems. They take into account not only the nature of the deviation, but also its variability. 

Parameters ,SRQM  MAE  and MAPE take into account the absolute error, but ignore the 
direction of deviation. The deviations of the experimental data can be in different directions 
from the model, and yet, the model can adequately describe the behavior of the soil. The 
advantage of the pair of parameters ay  and ν  is that they signal whether the model gives 

us a conservative or potentially dangerous result. The use of the 2R  and η metrics is not 
sufficient for reliable validation and should be considered together with ,ay  ,ν  MAPE  and 

.SRQM  
• Validation from oedometer consolidation test data should be based on an analysis of the 

100 % primary consolidation time and the slope of the consolidation curve during the creep 
phase. Ancillary elements of validation should be presented as comparison of calculated and 
measured strain values at different points in time. 

• When analyzing comprehensive stress paths (e.g., with unloading and reloading), the 
considered metrics do not always allow an objective assessment of the simulation results. 
Therefore, the advantage should be given to visual assessment. 

• Acceptable values of validation metrics for geotechnical engineering are proposed (Table 6). 
The proposed metrics and their admissible values will allow formalizing the execution of 
validation for geotechnical tasks. At that, specific values of deviations should be determined 
by an analyst depending on the required accuracy of analysis, object responsibility and 
accident risk assessment. The application of the proposed metrics will allow systematization 
of the validations performed by different specialists and thereby increase the reliability of 
geotechnical analysis. In case the model does not fit into the required validation metrics, 
additional correction factors can be introduced. 

In the future, it is advisable to: consider the applicability of these metrics to other soil test methods, 
evaluate the effect of metrics application on the results of full FEM models using non-linear soil models, 
and test the proposed validation metrics on a larger volume of data. 
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