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Abstract. To obtain qualitative and quantitative indicators of changes in the stress-strain state of the nodes 
of steel bar structures, we identified four characteristic types of nodes. On the basis of modeling in the "Lira-
CAD" software package, we analyzed the stress-strain state of four types of nodes for steel trusses with a 
symmetric and asymmetric design solution. For the research, a calculation of volumetric models of nodes 
according to the fourth strength theory was performed. At the current moment, the choice of the required 
thickness of the truss gusset is performed according to the value of the maximum force in the rods. During 
the nodes modeling it was found that the safety factors depending on the node type for the symmetrical 
design solution are more than 40 %. The obtained data allow us to reduce the thickness of the gusset taking 
into account design constraints. It was found that the safety factors depending on the node type for the 
asymmetric design solution are 7–90 %. The simulation results substantiated the possibility of reducing the 
gusset thickness for node type 3, and for node types 1, 2 and 4, they showed the necessity of increasing 
the thickness taking into account design constraints. We derived the refined dependences between the 
gusset thickness and the maximum force in the attached rods for each structural type of nodes. Based on 
results of the analysis, we developed recommendations for calculating the most typical types of nodes and 
presented them in the form of tables and dependencies. For a constructive solution of fastening of gusset 
braces at an acute angle, we analyzed the influence of the eccentricity value on the stress in gussets. We 
determined that the main parameter influencing to the stress-strain state of the gusset is the displacement 
of attached element relative to the axis of the elements fastening. We derived dependences and made 
graphs of the displacement influence on stresses for different values of gusset thickness. 

Citation: Golikov, Al.V., Garanzha, I.M., Cherkasova, K.S. Stress-strain conditions of steel rod structures 
nodes. Magazine of Civil Engineering. 2023. 122(6). Article no. 12201. DOI: 10.34910/MCE.122.1 

1. Introduction 
1.1. Definition of the research object 

More than 60 % of all building structures can be safely attributed to rod systems. More than 30 % of 
them are hinge-rod systems: roof trusses structures, braces elements.  

In modern normative, guidance and reference literature fully describes the work of rods under load 
and formalizes it in the form of calculation methods. Most rod fastenings in hinge-rod systems are made 
using fastening plates (gussets). Currently, there are tables for choosing the gussets thickness, but the 
methodology for plates design is not formalized. 

https://creativecommons.org/licenses/by-nc/4.0/
https://orcid.org/0000-0002-6687-7249
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It is noteworthy that the regulatory documents allow the calculation of rods of lattice structures with 
rod length to cross-sectional ratio of more than 10:1, however, the gusset is undergoing the complex stress-
strain state (SSS). 

Complex SSS is caused not only by the fact that the force from the rods acts on the plate in different 
directions, causing both tension zones and zones of constrained compression (shear), but also due to the 
arising local moments. Local moments arise in the area of fastening of the plate's rods in case of fastening 
with two or more bolts or fastening by welding.  

The research subject is the phenomenon of changing the stress-strain state of the plates under study 
when changing the variable parameters. 

1.2. Analytical literature review, which examines the current situation  
in the modern scientific community on this problem 

The field of the plates operation was researched by V. Biderman [1], H. Osama [2], S. Timoshenko 
[3], N. Streletskiy [4], V. Ignat’ev [5]. 

I. Bubnov proposed the method for integrating differential equations for solving boundary value 
problems [1]. 

B. Galerkin proposed the similar method for integrating differential equations, which is widely used 
for calculating rectangular plates for various models of loading and plate fastening [2]. 

S. Timoshenko aspired to solve the problems of stability of homogeneous and isotropic thin 
rectangular plates under the assumption that the deflections of the plates are small in comparison with their 
thickness, which ensures the non-deformability of the middle surface. Such problems are described by the 
linear homogeneous equation in partial differentials [3]. 

Chapter 12 of Timoshenko’s book [3] considered the principles of calculating a plate under the 
combined action of transverse loads and forces in its midplane, uniform tension. N. Streletskiy investigated 
the experimental installation of gussets in the nodes of heavy trusses [4]. The works of V. Ignat'ev showed 
that the most effective method for solving problems of rod systems calculating is the method of discrete 
finite elements (MDFE). The method makes it possible to consider the features of structural geometry, 
fastening conditions and the load form with the most possible accuracy [5]. 

In the regulatory and guideline literature there are no researches that form the basis for the table of 
recommended thicknesses [6] and [7], as well as the method for calculating plates for the action of 
longitudinal multidirectional forces.  

A review of the shaping of steel rod systems is performed in a number of modern researches [12, 13]. 

Operation under load of plates in rod structures is considered in researches [14, 15]. 

The plane stress-strain state of steel is described in the relevant chapters of the normative 
documents [11]. 

Currently, active numerical and experimental researches of operation under load are being carried 
out for steel plates working as stiffening diaphragms in the frames of multistory buildings. The results are 
described in the works of M. Ramezani [17, 18], I. Verma [19], Y. Ly [20], Z. Zhou [21], O. Haddad [22] and 
also in the works [23–25]. 

The truss' gussets plates act like diaphragm plates of multistory buildings in a complex stress-strain 
state, however, the truss gusset plate is fixed on only one side, and the stiffening diaphragm plates are 
fixed on four sides.  

Modeling of truss rods with a section from corners is performed in a work by Z. Deng [26]. 

Summarizing the results of the detailed analysis of the existing experience in the plates design and 
studies carried out with models of steel plates at the time of writing this work, we state the absence of clear 
results of modeling the operation of truss gusset plates for working conditions in the complex stress-strain 
state. 

1.3. Statement of the research relevance 
The relevance of the research topic is due to the fact that the existing regulatory, reference literature 

and scientific researches on the plates design quite fully developed methods for bending analysis under 
the action of moments, transverse loads and the combination of transverse loads and forces acting along 
the median plane, but the plates design for action of the longitudinal alternating load received little attention. 
There are tables for choosing the recommended thicknesses of gussets, but there are no design methods 
or documented researches substantiating these tables. 
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The presented work was done to fill the indicated gap. 

1.4. Research goals and objectives 
The main research goal is to establish the nature of the SSS distribution in the plates and to develop 

recommendations for the plates design. 

To achieve this goal, the authors solved the following tasks: 

− to classify by design the types of rods' junctions using connecting plates;  
− to identify the types of nodes most common in practice for research; 
− to perform the critical analysis of the existing experience in plates design for forces directed along 

the median plane of the plate; 
− to develop design models of the investigated nodes for numerical research; perform design load 

cases and obtain stress fields; 
− based on the results of factorial and regression analysis to derive dependencies that describe 

the nature of the change in the stress-strain state in the plate for the studied types of nodes; 
− to develop recommendations for the design of the most characteristic types of nodes. 

2. Methods 
The gusset is in a complex stress-strain state (Fig. 1), significant local stresses arise in the zones of 

the elements' fastening due to the influence of the weld form and possible defects that are often found in 
the near-weld zone. 

 
Figure 1. Gusset loading diagram by forces N from adjacent rods (N1 – N4 – rod forces). 

 
The gusset operation is influenced by such features of the geometry of the heat-affected zone as 

defects in welded joints, concentration of stresses in the zones of holes and welds, initial curvatures, as 
well as the action of multidirectional forces. 

In practice, four types of nodes are most common: 

− symmetrical fastening of rods to gusset (Fig. 2, a); 
− truss support node (Fig. 2, b); 
− node of fastening the rack to truss belt (Fig. 2, c); 
− node of fastening the braces elements to gusset with eccentricity (Fig. 2, d). 

 
Figure 2. Types of nodes: symmetrical fastening of rods to the gusset (a); reference node (b); 

fastening of a rack to the truss belt (c); fastening of brace elements to columns  
and racks with eccentricity (d). 

The research object is steel plates (gussets) connecting rods in hinged rod systems for the types of 
nodes shown in Fig. 2. 
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In this research using the finite element method implemented in Lira-SAPR software package, the 
nature of distribution of stress-strain state of truss gussets from paired corners is established depending on 
design solution of unit and value of acting loads. In the process the pattern of stress distribution in body of 
the gusset was assessed for four types of nodes of a symmetrical design solution: symmetrical fastening 
of rods, support node, post fastening node and eccentricity fastening node respectively. Was also analyzed 
the degree of influence of eccentricity’s value on stress in gusset. Also sas determined the dependence of 
gussets’ thickness on the maximum force in the attached rods and the subsequent conclusion about the 
level of safety margin. Subsequently, the thickness of the gussets was assigned not only based on the 
results of calculations, but also based on design considerations - the minimum design restrictions were 
taken into account in accordance with the requirements of regulatory documents (codes of rules). 

The study was carried out on solid models of steel truss nodes. The main variable parameters are 
the configuration of the junction of the rods and the loads acting on the junction from the adjoining rods. 

3. Results and Discussion 
3.1. Research results of the work of trusses gussets  

with double-sided fastening of lattice elements 
Material – mild steel with design yield strength of Ry = 240 MPa, modulus of elasticity  

Е = 2.06×105 MPa, Poisson's ratio μ = 0.3. 

The calculation of the steel trusses' nodes was performed in the software package Lira-SAPR. Rods 
and gussets were modeled by volumetric finite elements of the FE-36 type. Triangular volumetric finite 
elements were applied with an angle not less than 15°. The range of angles of lattice elements fastening 
was 30 – 600. 

The load was evenly distributed over the cross-sectional area (Fig. 4). The load on the knots was 
taken according to the average values of forces from the intervals of values, according to which it was 
decided to take the thickness of the facings from the reference literature (intervals of forces are given in the 
header of Table 2 and Table 4). The cross-sections of the elements were taken on the basis of the bearing 
capacity to absorb the forces acting in them. The transition from the forces in the rods to the pressure on 
the loaded faces of the cross-sections of the rod models was carried out by the equation: 

,i
i

i

Nq
A

=                                                                             (1) 

where iq  is load in the form of pressure on the loaded cross-section faces of rod models; iN  is rod force; 

iA  is cross-sectional area of the rods. 

 
Figure 3. Finite element models of nodes: 1 – symmetric; 2 – support node; 3 – rack fastening;  

4 – with eccentricity. 
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Figure 4. Model of load application (load, q, is given in MPa). 

Сonsidered the equivalent stresses variation in structural elements depending on the structural 
nodes solution. Fig. 5–8 show the isofields of equivalent stresses in the gusset for four types of nodes of 
symmetric design solution: symmetric fastening of rods, support node, fastening node of the rack and 
eccentric fastening of the brace, respectively. 

According to the calculation results to determine the nature of the of stress fields distribution, gussets 
of trusses are separately identified. Diagrams with stress distribution in gussets of trusses for the studied 
design solutions of nodes are shown in Fig. 5–8. The analysis of the values of the reduced stresses in the 
trusses of the recommended thickness makes it possible to determine the value of the reserves under the 
action of the recommended values of the design forces.  

To determine the actual load-carrying capacity of the truss beams, we corrected the values of design 
forces on the rods so that the stresses in the beams satisfy the condition σred < Ry with a margin of 1–5 %. 
Based on the calculations results, built the diagrams for the dependence of the gusset thicknesses on the 
maximum force in the attached rods of models 1 – 4 and, accordingly, the obtained approximating 
dependences (2) – (5): 

( )0.00251
.1 17.36 1 ;N

ft e−= −                                                     (2) 

( )0.00261
.2 17.04 1 ;N

ft e−= −                                                     (3) 

( )0.00373
.3 14.44 1 ;N

ft e−= −                                                     (4) 

( )0.00292
.4 16.46 1 .N

ft e−= −                                                     (5) 

Note to formulas (2) – (5): force in kN, thickness of beams in mm. 

Nomograms were obtained from the results of processing the data sets of a series of experiments 
on numerical models. Standard error: 0.15–0.18. Correlation coefficient: 0.98 – 0.99. The results obtained 
from the formulas are applicable for the force range from 150 to 2000 kN. 
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Figure 5. Isofields of equivalent stresses of finite element model for node type 1:  

a) tf = 8 mm; b) tf = 10 mm; c) tf = 12 mm; d) tf = 14 mm. 

Figure 6. Isofields of equivalent stresses of the finite element model for node type 2:  
a) tf = 10 mm; b) tf = 12 mm; c) tf = 14 mm; d) tf = 16 mm. 

 
Figure 7. Isofields of equivalent stresses of the finite element model for node type 3:  

a) tf = 6 mm; b) tf = 10 mm; c) tf = 12 mm; d) tf = 14 mm. 

Figure 8. Isofields of equivalent stresses of the finite element model for node type 4:  
a) tf = 8 mm; b) tf = 10 mm; c) tf = 12 mm; d) tf = 14 mm 
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Figure 9. Dependence of the gusset thickness on the maximum force  

in the attached rods of the finite element model for node type 1. 

 
Figure 10. Dependence of the gusset thickness on the maximum force  

in the attached rods of the finite element model for node type 2. 

 
Figure 11. Dependence of the gusset thickness on the maximum force  

in the attached rods of the finite element model for node type 3. 
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Figure 12. Dependence of the gusset thickness on the maximum force  

in the attached rods of the finite element model for node type 4. 
The gusset thickness values were assigned not only based on calculations results, but also on the 

basis of design considerations: the minimum design restrictions were considered in accordance with the 
requirements of SP 16.13330. 

Table 1. Stresses and safety factors for various nodes’ types for a symmetrical design 
solution. 

No. Actual equivalent stress, MPa Safety factor, % 

1 

1a 142.0 40.8 
1b 104.0 56.6 
1b 144.0 40.0 
1d 136.0 43.3 

2 

2a 120.0 50.0 
2b 83.0 65.4 
2c 108.0 55.0 
2d 61.0 74.5 

3 

3a 28.8 88.0 
3b 62.6 73.9 
3c 53.6 77.6 
3d 60.1 74.9 

4 

4a 95.5 60.2 
4b 82.1 65.8 
4c 113.0 52.9 
4d 104.0 56.6 

Note to Table 1: design resistance Ry = 240 MPa. 
 

The analysis of the results obtained allows us to conclude that the safety factors for each node model 
for the symmetric design solution are in the range of 40–88 %. Based on economic considerations, the 
thickness of the gusset can be reduced considering design constraints: 

− for model 1 by 20 %; 
− for model 2 by 30 %; 
− for model 3 by 50 %; 
− for model 4 by 30 %. 
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Table 2. Recommended gusset thickness values for symmetrical design solution. 

Maximum force in rods 
of the lattice, кN 

Up to 
150 

160 
- 

250 

260 
- 

400 

410 
- 

600 

610 
- 

1000 

1010 
- 

1400 

1410 
- 

1800 

More 
than 
1800 

Reference literature 
data, mm 6 8 10 12 14 16 18 20 

Thickness for node 
type 1, mm 5 7 8 10 12 13 15 16 

Thickness for node 
type 2, mm 5 6 7 9 10 12 13 14 

Thickness for node 
type 3, mm 4 4 5 6 7 8 9 10 

Thickness for node 
type 4, mm 5 6 7 9 10 12 13 14 

3.2. Research results of the work of trusses gussets  
with double-sided fastening of lattice elements 

Trusses with one-sided fastening of lattice elements are trusses made of rods with a section of single 
corners. 

Figs. 14–21 show isofields of equivalent stresses in the gusset plate for four types of nodes with one-
sided fastening of lattice elements: for symmetric fastening of rods, support node, rack fastening node and 
eccentric link fastening node, respectively. 

Figs. 14–17 show that when fastened with an offset to the corner, the gusset experiences overstress. 
In order to reduce the stress, in some cases the gusset is fastened end-to-end and the braces are placed 
on the corner (Fig. 13). 

 
Figure 13. Fastening of the gusset end-to-end to the belt. 

 
Figure 14. Isofields of equivalent stresses of the finite element model for node type 1a:  

a) tf = 6 mm; b) butt gusset tf = 6 mm. 
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Figure 15. Isofields of equivalent stresses of the finite element model for node type 1b:  

a) tf = 8 mm; b) butt gusset tf = 8 mm. 

 
Figure 16. Isofields of equivalent stresses of the finite element model for node type 1c:  

a) tf = 10 mm; b) butt gusset tf = 10 mm. 

 
Figure 17. Isofields of equivalent stresses of the finite element model for node type 1d:  

a) tf = 12 mm; b) butt gusset tf = 12 mm. 

For models 1a-1c (Fig. 14–16), butt-fastening completely solves the problem of overstressing. For 
model 1d (Fig. 17) butt-fastening does not solve the problem of overstressing, which is due to the small 
thickness of the corners of the chords. Local reinforcement of the chords is required to reduce stresses in 
the chords.  

Fig. 18а shows the isofields of equivalent stresses for gusset of node type 2 with the recommended 
thickness tf of 8 mm by Table 2.1. As you can see, the choice of this thickness leads to overstress, which 
is 16 %. By calculation the required thickness tf is 14 mm (Fig. 18, b). 



Magazine of Civil Engineering, 122(6), 2023 

 
Figure 18. Isofields of equivalent stresses of the finite element model for node type 2, a:  

a) tf = 8 mm; b) tf = 14 mm. 

 
Figure 19. Isofields of equivalent stresses of the finite element model for node type 2, b-d:  

b) tf = 10 mm; c) tf = 12 mm; d) tf = 14 mm. 

 
Figure 20. Isofields of equivalent stresses of the finite element model for node type 3:  

a) tf = 6 mm; b) tf = 8 mm; c) tf = 10 mm; d) tf = 12 mm. 

 
Figure 21. Isofields of equivalent stresses of the finite element model for node type 4: 

a) tf = 6 mm; b) tf = 8 mm; c) tf = 10 mm; d) tf = 12 mm. 
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Based on the calculations results, we built the diagrams for the dependence of the gusset thickness 
values on the maximum force in the attached rods of models 1-4 and, accordingly, the obtained 
approximating dependences (6) – (9): 

( )0.00367
.1 17.45 1 ;N

ft e−= −                                                (6) 

( )0.00348
.2 15.48 1 ;N

ft e−= −                                               (7) 

( )0.00695
.3 12.47 1 ;N

ft e−= −                                               (8) 

( )0.00618
.4 13.33 1 .N

ft e−= −                                                (9) 

 
Figure 22. Dependence of the gusset thickness on the maximum force  

in the attached rods of the finite element model for node type 1. 

 
Figure 23. Dependence of the gusset thickness on the maximum force  

in the attached rods of the finite element model for node type 2. 
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Figure 24. Dependence of the gusset thickness on the maximum force  

in the attached rods of the finite element model for node type 3. 

 
Figure 25. Dependence of the gusset thickness on the maximum force  

in the attached rods of the finite element model for node type 4. 
Table 3. Stresses and safety factors for various types of nodes 

 for asymmetrical design solution. 
No. Actual equivalent stress, MPa Safety factor, % 

1 

1a 144 40.0 
1b 235 2.1 
1c 216 10.0 
1d 280 –16.7 

2 

2a 191 20.4 
2b 170 29.2 
2c 199 17.1 
2d 100 58.3 

3 

3a 83.5 65.2 
3b 84 65.0 
3c 66.8 72.2 
3d 63.5 73.5 

4 

4a 226 5.8 
4b 122 49.2 
4c 169 29.6 
4d 172 28.3 

Note to table 3: design resistance Ry = 240 MPa. 
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The analysis of the results obtained allows us to conclude that the safety margins for the types of 
nodes 1 and 2 of the design solution with one-sided fastening of the lattice to the belt are insufficient. Thus, 
the gusset thickness, taking into account design constraints can be reduced:  

− for model 3 by 40 %; 
− need to increase: 
− for model 1 by 40–60 %; 
− for model 2 by 20 %. 
Table 4. Recommended gusset thickness values for asymmetrical design solution. 

Maximum force in rods 
of the lattice, кN 

Up to 
150 

160 
- 

250 

260 
- 

400 

410 
- 

600 

610 
- 

1000 

1010 
- 

1400 

1410 
- 

1800 

More 
than 
1800 

Reference literature 
data, mm 6 8 10 12 14 16 18 20 

Thickness for node 
type 1, mm 10 12 14 16 18 20 22 24 

Thickness for node 
type 2, mm 7 9 11 13 15 17 19 21 

Thickness for node 
type 3, mm 4 5 6 8 9 10 11 12 

Thickness for node 
type 4, mm 5 6 7 9 10 12 13 14 

 

The improved method for selecting the gusset thickness: 

1. To calculate the truss, determine the forces in rods. 

2. According to the greatest force, depending on the node type and the design solution, select the 
required gusset thickness from Tables 2 or 4. 

2.1. Research results of the gussets’ work  
of brace elements fastening with eccentricity 

A study was performed on the influence of the eccentricity value on the stress in the gusset. The 
main variable parameter is the displacement of the attached element relative to the axis of the abutment of 
elements. 

Based on the calculations results, we made graphs of the dependence of the change in stresses of 
the gusset relative to the value of the abutment eccentricity and obtained the approximating dependences. 

Dependence of stress change for 10 mm thickness of the gusset: 

3 2
.10 1.432 1.707 4.789 10 .f x xe e−σ = + − ⋅                                    (10) 

 

Figure 26. Isofield of equivalent stresses for node type 4 with the gusset thickness tf = 10 mm  
and the value of the eccentricity: a) 50 mm; b) 75 mm; c) 100 mm; d) 125 mm; e) 150 mm. 
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When constructing the graphs, the reduced stresses were taken at a distance of one thickness from 
the edge of the attachment, which takes into account the catheters of the weld. 

 
Figure 27. Dependence of the displacement influence on stress  

for the gusset thickness tf = 10 mm. 

 

Figure 28. Isofield of equivalent stresses for node type 4 with the gusset thickness tf = 12 mm  
and the value of the eccentricity: a) 50 mm; b) 75 mm; c) 100 mm; d) 125 mm; e) 150 mm. 
Dependence of stress change for 12 mm thickness of the gusset: 

3 2
.12 1.883 2.347 7.055 10 .f x xe e−σ = + − ⋅                                        (11) 

 
Figure 29. Dependence of the displacement influence on stress  

for the gusset thickness tf = 12 mm. 
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Figure 30. Isofield of equivalent stresses for node type 4 with the gusset thickness tf = 14 mm  
and the value of the eccentricity: a) 50 mm; b) 75 mm; c) 100 mm; d) 125 mm; e) 150 mm. 
Dependence of stress change for 14 mm thickness of the gusset: 

3 2
.14 3.611 1.841 6.264 10 .f x xe e−σ = + − ⋅                                       (12) 

 
Figure 31. The dependence of the effect of displacement on stress  

at the thickness of the gusset plate tf = 14 mm. 

The diagrams show that the nature of the change in the stress-strain state in gussets with constant 
thickness during increasing eccentricity values is described by a quadratic function.  

When carrying out practical calculations and design of steel structures, the engineer can assign the 
gusset thickness, having the initial knowledge about the value of the force acting from the side of the rods, 
the node type and the possible displacement when fixing the element. 

For intermediate values of the initial parameters the gusset thickness can be determined by linear 
interpolation. 

A comparison of the results of this study with the results presented in the reference literature is given 
for symmetrical sections and for asymmetric sections in Table 2 and Table 4, respectively. 

Table 2 data analysis shows that the thickness values of gussets recommended for use by the 
reference literature are overestimated on average for various types of nodes from 21 % to 94 %, which 
leads to a significant overspending of the material when applying recommendations for the construction of 
building roofing. Knowing that the weight of gussets is 25–30 % of the total weight of steel trusses, the use 
of optimal values of gusset thickness substantiated by the research will reduce the metal consumption of 
trusses by 35–40 %. 

Table 4 data analysis shows that the thickness values of gussets recommended for use by the 
reference literature are underestimated on average for the first two types of nodes by 20–60 %, which can 
lead to failure of the structure as a result of the exhaustion of the bearing capacity.  

0

40

80

120

160

0 50 100 150

Ec
ce

nt
ric

ity
, m

m

Stress, MPa



Magazine of Civil Engineering, 122(6), 2023 

To increase the load capacity of nodes using a single corner, it is recommended to use butt plates. 

In order to achieve the tasks of using efficient and rational structures in the field of steel construction 
it is necessary to amend the regulatory documents in terms of including the methodology for calculating the 
plates of truss gussets and introduce the specified thickness values recommended for use as truss gussets 
with rods of symmetrical and asymmetric sections into the new editions of the designer's reference books. 

4. Conclusions 
1. The authors analyzed trusses' gussets under load for constructive solution with two-sided and 

Tone-sided fastening of lattice elements for four characteristic types of nodes. Their stress-strain state was 
investigated depending on the value of the acting loads to the node and on the rod interface configuration. 

2. It was established that the safety factors, depending on the type of unit of the structural solution 
with two-sided fastening of the lattice elements, are more than 40 %. This allows reducing the gussets' 
thickness taking into account design constraints. 

3. It was established that the safety factors for node type 3 of structural solution with one-sided 
fastening of the lattice elements are 7–90 %. This makes it possible to reduce the gusset thickness for node 
type 3. The calculation results showed that for node types 1, 2, and 4, gussets are characterized by 
overstress, which requires an increase in thickness, taking into account design constraints.  

4. We analyzed the influence of the eccentricity value on the stress in the gusset. It was determined 
that the main parameter influencing the stress-strain state of the gusset is the displacement of the attached 
element relative to the axis of the elements abutment. We derived dependences and made diagrams of the 
displacement influence on stress for different values of gusset thickness. 

5. The obtained data can be used in the design of new structures and in assessing the bearing 
capacity of structures in operation. 
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Abstract. Thin-walled concrete structures with textile reinforcement have a number of advantages over 
conventional reinforced concrete. This article discusses the manufacturing method and investigates the 
structural behavior of the arch made of textile-reinforced concrete (TRC). The possibility of manufacturing 
an experimental arched structure with textile reinforcement is demonstrated. This study includes the arch 
design, mold preparation and loading test. With the use of a 3D printer, the mold of the arched structure 
was printed, which made it possible to implement a distributed loading scheme. Three concrete arches 
including a reference non-reinforced arch and two concrete arches reinforced with glass textiles were 
designed and tested. The test results showed a slight increase in the strength of the reinforced arch 
compared to the control non-reinforced arch. The effectiveness of the reinforcement of the arch structure 
amounts to about 10 % increase in contrast to arches with external reinforcement, where the increase in 
strength reaches 40–85 %. However, the main advantage of such reinforcement is the significant residual 
strength of the arch structure, which prevents catastrophic collapse of it. The textile reinforcement continued 
to hold the failed concrete matrix in contrast to the external reinforcement, where the loss of cohesion 
leading to delamination could cause the fracture of parts of the concrete. 

Citation: Stolyarov, O.N., Dontsova, A.E., Kozinetc, G.L. Structural behavior of concrete arches reinforced 
with glass textiles. Magazine of Civil Engineering. 2023. 122(6). Article no. 12202. 
DOI: 10.34910/MCE.122.2 

1. Introduction 
An increasing interest in fibrous concrete reinforcement is dictated by the need to design lightweight 

concrete structures. To date, a large number of lightweight arch structures are manufactured using 
polycarbonate. Along with several advantages, such as light weight, low cost, etc., there is also a number 
of disadvantages associated primarily with the service life of such plastic structures. Weather conditions 
periodically cause a situation in which the snow load on the extrados can increase significantly, for example 
due to melting of snow and subsequent formation of ice when the temperature drops. In practice, this leads 
to the destruction of brittle structures made of polycarbonate. At the same time, these structures are 
practically non-repairable and are subject to disposal. Thus, for example, in St. Petersburg every spring 
there is a large amount of polycarbonate structures waste. In turn, this causes an environmental problem 
associated with both the growing production of plastics and the difficulties of their recycling. An alternative 
to polycarbonate arch structures are thin-walled concrete structures. These designs can be produced with 
a thickness of 15–20 mm. Of course, the cost of such structures is somewhat higher than the cost of plastic 
structures, but the main advantage is their significant durability compared to polycarbonate structures. 
Durability of such structures is primarily due to two main factors. Firstly, the concrete structure is less 
susceptible to mechanical stress and local damages, for example, due to the formation of ice. Secondly, 
concrete is less exposed to sun and weather. Thus, due to exposure to ultraviolet radiation, plastics undergo 

https://creativecommons.org/licenses/by-nc/4.0/
https://orcid.org/0000-0002-2930-5022
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significant degradation, leading both to a deterioration in mechanical properties and to loss of their original 
appearance due to tarnishing. At the same time, the fine-grained concrete used for the production of TRC 
has an excellent smooth surface and can be used without additional finishing materials. The higher cost of 
such arches can easily be offset by their service life. According to the observations of the authors of this 
work, single pilot projects on lightweight TRC arch are used as shelters for parking bicycles, small pavilions 
for at least 10 years without visible surface damages, and in structures with polycarbonate arches, there is 
a periodical replacement of some damaged sections after the winter period. 

Arch structures are the object of this research. Arch structures find increasing use in various 
structures including bridges, tunnels, domes, etc. Arch structures are widely used due to load bearing 
capacity and ability to bridge between large spans without any need for columns [1]. Arches are both made 
of masonry and concrete. Research fields in arched structures using composite materials can be divided 
into two major groups. The first involves strengthening existing arch structures, both brick [2–7] and 
concrete [8–11]. The second group involves the development of lightweight floor structures [12, 13]. In each 
of these fields, the main role is played by high-strength fiber composites. Their main advantages are high 
load-bearing capacity, corrosion resistance and ease of installation. 

Currently, there is a trend towards the manufacture of economically efficient and durable building 
structures. One of the promising materials used for reinforcing concrete is textile reinforcement. Advanced 
composite materials based on it include TRC that has already proved itself in various fields of application 
in construction [14, 15]. Examples of the implementation of TRC include wall panels, light ceilings, bridges, 
etc. A certain amount of material has been accumulated on the properties of textile reinforcement and 
textile-based composites. To a lesser extent, the elements of finished building structures made of TRC 
have been studied. There are only limited examples of research on, for instance, arched structures made 
of TRC. The researchers mainly concern the application of external reinforcement for masonry vaults [16] 
and reinforced concrete structures [17]. And here the main task is to analyze the interaction at the interface 
between the concrete matrix and the reinforcing fiber since significant stress concentration can lead to 
delamination of fiber reinforcement [17]. A full-scale pavilion entirely in TRC was designed and erected by 
P. Valeri, P. Guaita et al. [13]. D.L.N.D.F. Amorim et al. [18] developed a simplified model of cracking and 
damage in reinforced concrete arches for their structural assessment. A. Khaloo, H. Moradi et al. [19] have 
studied the behavior of arches reinforced with steel rebars and unidirectional glass fabric composites. It 
was shown that extrados strengthening is more effective (up to 200%) than intrados strengthening. 
However, the use of excessive glass fabric layers may lead to brittle collapse in shear failure mode. T. 
Martin, S. Taylor et al. [20] have used basalt and carbon fiber reinforced polymers while strengthening of 
concrete floor slabs to enhance slab capacity. In [21] carbon fiber reinforced polymers (CFRP) were applied 
to repair the damaged buried arch structure subjected to underground explosions. Z. Tang, Y. Zhou et al. 
[22] used basalt fiber reinforced polymer (BFRP) bars to build concrete arches. It was shown that the BFRP 
bars reinforced arch has comparable or even better blast resistance than the steel bars reinforced arch. In 
[23], glass fiber reinforced polymer (GFRP) was applied to strengthen the laminated bamboo arches. It is 
found that the GFRPS effectively restrains the delamination and greatly enhances the load carrying 
capacity. Z. Qiu, M. Yan et al. [24] used CFRP for strengthening of laminated bamboo arches. In [25], Ultra-
high Performance Concrete was used for strengthening pre-damaged reinforced concrete arches. It was 
found that the bearing capacity of arch intrados strengthened with UHPC increased by 85 %. In [26], the 
possibility of using fiber reinforced concrete FRC precast tunnel segments was demonstrated. Full-scale 
tests on both traditional reinforced concrete and FRC elements have been performed. The tests results 
showed the fiber reinforced concrete can substitute the traditional reinforcement. H.J. Dagher, D.J. Bannon 
et al. [8] investigated the concrete-filled fiber-reinforced polymer (FRP) tubes for buried arch bridge 
structures. The tubes were fabricated from braided E-glass and carbon fiber infused with resin. In [27], 
failure mechanisms of carbon fiber reinforced polymer (CFRP) wrapped arches under static and blast 
loadings were investigated. Load carrying ability of CFRP arches achieves the level of steel bar reinforced 
concrete (RC) arch in the static loading experiment. Subjected to explosive loading, CFRP plays an 
important blast protective role in arch. In [11] different techniques including bonding and bonding/wrapping 
with carbon fiber reinforced polymers were applied to improve the strength of reinforced concrete arches. 
It is shown that bonding/wrapping technique is much more effective than bonding method. Also, in general, 
loading occurs through one point in the center. RC arches are usually tested under centrally concentrated 
point load. At the same time, the distributed load more realistically reveals the structural properties of arched 
structures. In this paper, an attempt was made to develop an arched canopy made of textile-reinforced 
concrete. A distinctive feature of this work is the proposed approach to the design of mold for the 
implementation of a distributed loading scheme, the manufacture of an arched structure and mechanical 
testing. 

Relevance of this study includes manufacturing method, analysis of the structure and flexural 
properties of textile-reinforcing concrete arches. 
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The aim of this work is to develop arch structures made of TRC and investigate their structural 
characteristics and flexural behavior. 

The objectives of this work are: 

− experimental studies of manufacturing process to produce TRC arch with tailored properties; 
− optimization of 3D printing for manufacturing of mold for casting of the arch structures; 
− study the flexural behavior of TRC arch structures and to develop a technical approach that 

facilitates the measurement of the deformations. 

2. Materials and Methods 
2.1. Test samples 

Three arch samples with a cross section of 20×260 mm were designed and manufactured. Two of 
them (Type I) were reference (non-reinforced) and reinforced with glass fiber warp-knitted fabric. These 
arches have span length of 367 mm and span-to-rise ratio of 6.1. The third arch (Type II) has span length 
of 1068 mm and span-to-rise ratio of 6.7. The reinforcing fabric was placed in the tension area at a distance 
of 5 mm from the intrados. Geometric properties of specimens are presented in Fig. 1. Two molds of 
polylactic acid (PLA) plastic were fabricated using 3D printer Raise 3D (Model Pro2 Plus). All samples were 
cast using concrete mix listed in Table 1. Mechanical properties of the reinforcing fabric and concrete are 
listed in Table 2. 

Table 1. The constituents of fine-grained concrete (kg/m3). 
Portland cement 750 

Sand (0–0.63 mm) 1365 
Plasticizer 8 

Water 275 
 

Table 2. Mechanical characteristics of the reinforcing textiles. 
 Units Fabric Concrete 

Tensile strength 
MPa 

900 - 
Compression strength - 40 

Flexural strength - 4.8 
Young Modulus GPa 47.2 32.0 

 

 
(a) 

 
(b) 

Figure 1. Geometry and supporting conditions of the TRC arch under  
a uniformly distributed load (units: mm). 
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2.2. Manufacturing of 3D printed mold for concrete casting 
One of the most difficult tasks in the manufacture of test specimens is the manufacture of a mold. In 

contrast to a realistic structure, in the manufacture of mold, it becomes necessary to provide a uniformly 
distributed load in order to realistically reflect the service conditions of the structure. When analyzing the 
literature, it was revealed that basically there is a single point loading. Only in [12] the mold was made in 
the form of an arch with additional columns at the top through which a distributed load was transmitted. 

Molds for arched structures are mainly made of wood. This is due to the simplicity and low cost of 
the raw material. However, the use of wooden mold limits the possibilities of applying the distributed loading 
scheme, and, as a result, the presence of only mold with concentrated loading indicates the difficulties 
encountered by the research. The difficulty lies in designing several points (usually 5 or 6) of load 
application due to the formation of a profile with columns having different heights, increasing with distance 
from the center of the arch. Joining of numerous parts of a wooden panel leads to the need to seal the 
joints to prevent leakage of the fine-grained concrete mix. Alternatively, plastic extrusion on a 3D printer 
can be used. The devices have proven themselves in the printing of various parts and products. There are 
also many individual examples of using 3D printing for the manufacture of mold for small concrete products. 
The main advantage of 3D printing is the seamlessness of the technology, i.e., the mold is made entirely 
and is completely suitable for concrete casting. 

In this work, 3D printing of polyactide (PLA) plastic, which is a biodegradable thermoplastic aliphatic 
polyester, was used to manufacture the mold for the arch sample. This material is one of the most popular 
in 3D printing. Since it was planned to produce two standard sizes of arches, then, accordingly, two types 
of molds were designed. Fig. 2 shows the main steps in the manufacture of mold for an arch type I with 
four columns. Fig. 2a shows the beginning of the PLA printer printing with plastic. The speed of 3D printing 
is relatively low. Time for mold printing with a height of 260 mm takes approximately 45–50 hours. Fig. 2b 
shows the final stage of mold printing. The resulting mold, in principle, can be reusable. However, it is 
difficult to extract an arch sample without damaging the columns from above, so the decision was made to 
print a single use mold with the smallest possible thickness to ensure strength and stability. Finished molds 
are shown in Fig. 2c. Mold for arch Type II was made in a similar way but consisted of three parts due to 
limitations in the size of the 3D printer table. In this case, the number of columns was increased to 6. It was 
designed with appropriate tolerances for a smooth assembly. 

 
Figure 2. 3D printed mold for concrete casting:  

(a) and (b) printing the mold; (c) printed molds; (d) cast arch Type I. 

2.3. Concrete casting 
Concrete mix was prepared according to the constituents listed in Table 1. The mold was filled with 

concrete mix. After casting, it was left to dry and then the mold was carefully disassembled. Abrasive paper 
was used to repair imperfections. Prior to testing, the test samples were stored for 60 days at 22 °C and 
95 % RH. The reinforced arch type II is shown in Fig. 2d. Fig. 3 shows cast arch Type II. 
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Figure 3. Cast arch Type II. 

2.4. Test setup 
The mechanical behavior of the cast arches was investigated by using an Instron universal testing 

machine (model 5965). The test setup is shown in Fig. 4. The supported arch specimens were loaded by a 
uniformly distributed load. Load was applied with a rate of 1 mm/min. Monitoring devices include load cell 
at the crosshead of the testing machine and dial gauges at the arch columns. The load was applied 
simultaneously at four and six columns for the arch Type I and Type II, respectively. 

 
Figure 4. TRC arch (Type II) under testing. 

3. Results and Discussion 
3.1. Strength efficiency 

The smaller type 1 arch was designed to test the performance of the reinforcement and the 
performance of the reinforced arch under load. The flexural test results for the reinforced and non-reinforced 
(control) arches are shown in Fig. 5 as load – vertical displacement curves. According to the obtained 
curves, a significant difference in the mechanical behavior of the two samples is observed. It can be seen 
that the load of the control sample increases dramatically and failure occurs at a value of about 3000 N. A 
crack is formed and the sample instantly breaks into two parts. Destruction occurs approximately in the 
middle at the location with the maximum bending moment. The reinforced arch sample (shown with red 
dashed line) exhibits a fundamentally different behavior. So, after reaching the strength at the first crack, a 
slight decrease in the load occurs and then a reinforcing fabric is switched to the work, which does not allow 
the sample to break into pieces. As a result, we have a sufficiently high residual strength on the sample of 
the reinforced arch. This behavior continues for quite a long time, turning into a horizontal displacement of 
the movable support. This is an indisputable advantage of such reinforcement, because there will be no 
sudden destruction of the entire structure. If we analyze both curves in terms of reinforcement efficiency, 
then insignificant differences between them are found. First, the strength of the reinforced arch is about 
10 % higher than that of the control arch. This difference is insignificant, and even when using a carbon 
reinforcing fabric, one should not expect a significant increase, because textiles in a concrete matrix work 
mainly in tension. Secondly, there is an increase in vertical displacement without fatal destruction and 
debonding of textiles from the arch [12]. When analyzing the curves, one should also note the selection of 
slacks in the initial stage of loading, which is due to the tooling used. 
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Figure 5. Load versus vertical displacement of the reinforced arch compared  

to control arch (Type I). 

3.2. Load versus vertical displacement 
Fig. 6 shows the test results for a reinforced arch type II. The mechanical behavior is similar to what 

we observed in the arch type I. Initially, the load increases sharply, and then there is a decrease after the 
formation of a crack, and further the reinforcement is put into operation. In this case, the initial section of 
the curve is fairly flat. There is no slack, like it was observed in the arch type I. This is due to the 
massiveness of the manufactured sample of the arched structure. 

 
Figure 6. Load versus vertical displacement of the arch Type II. 

When analyzing the mechanical behavior of a reinforced arch structure, it is of interest to determine 
the vertical displacements. For this, dial indicators were used, located on top of the columns as shown in 
Fig. 4. The measurement results are presented in Fig. 7. These diagrams are constructed in such a way 
as to show vertical displacement along the entire length of the arch. The ratio of the current coordinate to 
the entire length of the arch is plotted on the horizontal scale. According to the results obtained, it can be 
seen that with an increase in the load, approximately the same increment of displacement occurs on 
symmetrically installed indicators: s/L = 0.143 and s/L = 0.858; s/L = 0.286 and s/L = 0.715. At greater 
loads, there is a significant increase in vertical displacement on the indicator in the position s/L = 0.286. 
This may be due to the fact that a crack developed in this place. With the approach of loads to destructive 
vertical displacements increase significantly. 
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Figure 7. Experimental displacement in the arch Type II at different locations:  

s is a coordinate along the arch and L is the length of the arch). 
Additionally, load-displacement diagrams were built for each dial indicator. These curves are shown 

in Fig. 8. The resulting curves more clearly characterize the mechanical behavior of such arch structures 
and can be used for further calculations. 

 
Figure 8. Load versus vertical displacement of the arch Type II at different locations. 

One of the main tasks of this work is to focus on the reinforcement efficiency. The results showed a 
slight increase in strength characteristics. The main advantage, in fact, is a significant residual strength, 
which allows maintaining the integrity of the arched structure. Unfortunately, it is not possible to compare it 
with the works of other authors, because they studied the external reinforcement of arched structures, and 
the results they achieve are due to the work of fiberglass or carbon fiber on intrados or extrados of the arch. 
Therefore, sometimes strength was achieved with an increase in the intrados surface by 40 % [12] and 
even by 85 % [25]. All this is due to the work of directional reinforced plastics with high mechanical 
characteristics. In fact, this is an additional layer of composite material that forms a hybrid system held by 
good bonding. That is, we have an arch in the arch. The strength and rigidity of such a layer provide a 
desired effect on strength efficiency. Thus, an increase in this composite layer increases the strength of the 
entire structure. At the same time, A. Khaloo, H. Moradi et al. [19] note that the excessive increase in the 
layers of the glass sheet can lead to brittle fracture of the structure. 

4. Conclusions 
In this work, an experimental study was carried out on the possibility of reinforcing an arched 

structure made of textile-reinforced concrete using a textile fabric made of glass rovings. The study included 
the development of mold, its 3D printing, the production of samples of concrete arches and the study of 
their mechanical behavior. The results showed that 

− the concrete casting method should include application of a distributed load using a printed 
plastic mold; 

− samples of arch concrete structures reinforced with glass textiles are developed, the correlation 
between the reinforcement and flexural properties of concrete composite was established; 



Magazine of Civil Engineering, 122(6), 2023 

− effectiveness of the reinforcement of the arch structure is insignificant and amounts to about 
10 % increase in contrast to arches with external reinforcement, where the increase in strength 
reaches 40–85 %; 

− the main advantage of arches with internal reinforcement is their significant residual strength, 
which prevents catastrophic collapse of the structure. The textile reinforcement continues to hold 
the failed concrete matrix in contrast to the external reinforcement, where the loss of cohesion 
leading to delamination can cause parts of the concrete to fall out. 
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Abstract. The article considers the actual problem of improving the physico-mechanical, thermophysical 
and electrical properties of polyorganosiloxane coatings. In this article, we propose a method for obtaining 
a multifunctional heat-resistant composition based on oligodimethylsiloxane with terminal hydroxyl groups 
filled with boron nitride. The curing process of oligodimethylsiloxane and the possible interaction of boron 
nitride with reactive resin groups are described. The structure of the manufactured composition is 
investigated, it is established that the filler in the form of dispersed particles touching throughout the volume 
is evenly distributed in the polymer matrix. The results of experimental studies of the dependence of the 
tensile strength on the percentage of boron nitride, indicating the hardening of the composite, are 
graphically presented. Studies of the strength at separation of the cured composition from the substrate 
(adhesion) of various materials have shown that this value increases with the introduction of boron nitride. 
The dependence of the thermal conductivity coefficient on the ratio of components is established. The 
percolation point is determined by the Monte Carlo method. The dependences of the electrical resistivity 
and temperature dependence on the content of boron nitride are determined. The Poisson equation is 
solved in MathCad and graphical results of solving the heat transfer problem for traditional and developed 
composites are presented. Based on the results obtained, the areas of application of the developed 
composites in construction are proposed. 
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1. Introduction 
Currently, the compositions based on thermoplastic polymers and thermosetting polymer resins are 

widely used in construction for the supply and distribution cables at traditional and nuclear thermal power 
facilities and other construction areas. These are numerous polymer concretes, protective materials and 
coatings, adhesives and sealants [1–4]. Although in general, polymer compositions reveal common 
disadvantages such as insufficient heat resistance and a tendency to destruction under the impact of 
various external factors [5–6]. This facilitates the recent interest in new organoelement polymers, including 
organosilicon (polyorganosiloxane). 

Polyorganosiloxane materials are well-known to be characterized by proper resistance towards 
adverse factors: UV radiation, high temperature, chemicals and microbiological impact [7–8]. However, 
unfilled polysiloxane resins are characterized by very mediocre physical and mechanical properties due to 
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the insufficient intensity of the implemented intermolecular interactions. Moreover, thermal protection 
causes problems with the coating stability at local overheating due to poor thermal conductivity of 
organosilicon resin [9–10]. To improve the heat-conducting and physico-mechanical properties, transition 
metal oxides (iron, zinc, titanium, etc.) are often introduced into polyorganosiloxane coatings as fillers. 
Nowadays the mechanisms of modifying polyorganosiloxane polymers by transition metal oxides are 
properly studied. A number of detailed studies resulted in the creation of Vixint protective sealing 
compositions [11]. 

The developed polymer composites are observed to find wide application not only in construction, 
but in other branches of science and technology, including high technologies sphere as well [12]. However, 
the heat-conducting properties do not correspond to the values required for the effective removal of the 
released heat during the heat-generating conductors operation in extreme operating mode. Therefore, 
polyorganosiloxanes are relatively often filled with metal powders [13]. The most common filler is aluminum 
powder. In this case, the composite acquires improved thermal stability not only due to the elimination of 
local overheating, but also because of chemical interaction of aluminum with reactive hydroxyl groups of 
polyorganosiloxane resin causes the formation of more stable polyaluminoorganosiloxanes [14]. However, 
irreversible deterioration of dielectric characteristics makes such compositions unsuitable for the 
manufacturing of electrical structural elements for buildings and structures, for example, thermal power 
plants located near electric generators and high-voltage transformers, as well as other similar equipment. 
Similar restrictions concern the protective panels of high-voltage equipment. It is noteworthy that transition 
metal oxides additionally reduce the dielectric characteristics, in particular the composition electrical 
resistance [15]. 

The creation of new types of composites with increased heat-conducting and dielectric 
characteristics is an urgent task, the solution of which will increase the cooling efficiency of heat-generating 
conductors in extreme operating conditions. It is possible to increase the electrical resistance of 
compositions by using heat-conducting materials possessing high dielectric characteristics as fillers. Boron 
nitride represents an example of such interesting materials. This substance belongs to semiconductors 
exceeding the traditional aluminum nitride and silicon carbide in the energy-gap width and the breakdown 
electric field magnitude [16]. 

The purpose of this research is to demonstrate the results of a study of the physico-mechanical, 
thermophysical and electrical properties of a polymer composite based on oligodimethylsiloxane with 
reactive hydroxyl groups filled with boron nitride, which will allow us to establish the possibilities of its use 
in the construction industry when operating under conditions of elevated temperatures and electric fields. 

2. Methods 
2.1. Research objects 

The following materials were used in the research: oligodimethylsiloxane (ODMS) with terminal 
hydroxyl groups, manufactured under the trade name of dimethylsiloxane rubber SKTN-1 GOST 13835-73 
as a binder, catalyst K-18 (mixture of tin diethyldicaprilate and tetraethoxysilane) produced by Silan LLC, 
Moscow, and boron (III) nitride of “ultrapure” brand by Shandong Pengcheng Advanced Ceramics Co., Ltd 
China. 

2.2. Production of samples 
The experimentally specified amount of ODMS and boron nitride was added into the porcelain mortar 

and the mixture was thoroughly ground during four hours. Catalyst K-18 was added into the resulting 
mixture at the rate of catalyst 4 wt. p. per 100 wt. p. of oligomer and after five minutes of intensive mixing, 
the composition was poured into the molds for curing the samples during 72 hours at 25 °C. 

2.3. Experimental methods 
The tensile strength study was carried out in compliance with the standard tensile testing method 

according to Russian State Standard GOST 15873-70. 

The composite adhesion to the surface was assessed using digital adhesive meter PSO-MG4 by 
tearing off a 20 mm diameter steel cylinder glued to the composite deposited on a metal substrate with 
high-strength glue. The adhesive meter PSO-MG4 is equipped with a spring device applying tensile force 
to the cylinder. When detached from the surface, the indicator shows the numerical value of adhesion on 
the scale, expressed in the force required to detach the cylinder. 

The composite samples hardness by Shore A was determined using a digital hardness tester in 
compliance with Russian State Standard GOST 263-75 “Rubber. Method for the determination of Shore A 
hardness” (ASTM D2240). 
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The thermal conductivity coefficient was measured using the MGT-4 device. The research objects 
were samples 100×100×10 mm in size. A detailed description of the device operation is given in the 
operating manual [17]. 

To measure the composition electrical conductivity, we used the device consisting of a measuring 
cell comprising two stainless steel electrodes (one movable and one stationary) and a clamping device. 
Prior to measuring the sample, the ends in contact with the electrodes were treated with electrically 
conductive paste. The sample size selection, subsequent measurements and results processing were 
carried out in compliance with Russian State Standard GOST6433.2-71 (ASTM D257) "Solid electrical 
insulating materials. Methods for evaluation of electrical resistance at d. c. voltages". The high-precision 
teraohmmeter UNI-T UT513 running Windows 11 OS was used as a data logger for measuring the 
dielectrics electrical conductivity.  

Mathematical modeling and mathematical processing of the experimental results were carried out 
using Mathcad and OriginLab mathematical packages. 

3. Results and Discussion 
3.1. ODMS curing and possible filler interaction with reactive resin groups 

The ODMS curing process is caused by the interaction of terminal functional hydroxyl groups with 
tetraethoxysilane being a part of catalyst K-18. Thus, the hydroxyl group interaction with the neighboring 
macromolecules occurs causing the formation of the cross-linked three-dimensional structure, 
accompanied by the ethanol molecule release: 

 

(1) 

The reaction is proceeding at room temperature during 72 hours [18]. 

The previously published papers [19] proved that boron introduction causes a drastic change of the 
composition rheological properties and its strong structuring, thus making it unacceptable to be used as a 
filler in potting technologies. Under the similar conditions boron nitride does not affect the composition 
rheology. Although in general, high probability of boron nitride interaction with the ODMS hydroxyl groups 
causing the formation of chemical bonds between the binder and the filler but only at high temperatures is 
quite obvious. 

3.2. Study of physical and mechanical properties 
Most polymer compositions possess the following structure: filler as dispersed particles evenly 

distributed in the polymer matrix touching throughout the volume. 

The experiments with boron nitride used in the research were conducted using microanalyzer Horiba 
LB-550. They showed that the basic part of its particles is concentrated in a narrow area from 3 to 5 microns 
(Fig. 1). The introduction of the filler into ODMS and its distribution in the binder proceeds relatively easily 
without agglomeration. 

Fig. 2 displays the composition structure. The geometry of boron nitride particles significantly differs 
from the spherical shape and largely resembles the structure of graphite. The specific distribution of 
particles is observed, externally resembling the conducting clusters. The percolation point can be assumed 
to be slightly lower than the theoretical one [20]. 
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Figure 1. Fractional composition of boron nitride.  

 
Figure 2. Boron nitride particles distribution in the composite (magnification ×100). 

Strength characteristics are extremely important for most composites. Based on theoretical concepts 
and numerous experiments dealing with the strength characteristics of organosilicon resins filled with polar 
fillers, we can talk about the regularity of increasing strength in the samples received in this work (see 
Table 1). When the filler is introduced into elastomer, the strength increase of the material is often observed. 
The studied systems demonstrated similar behavior (Fig. 3). The hardening can be explained using the 
model of elastomer molecules sliding along the filler surface (Dannenberg model [21]): if there is no filler, 
the short chains break first, and the filler increases the number of loaded chains, thus causing the load 
redistribution. If over 5% (vol.) of boron nitride is added, the composite strength increase is observed. When 
the filler content in the composite exceeds 20 %, the increase in strength characteristics is slowing down. 

 
Figure 3 Tensile strength dependence (Rm) on boron nitride amount (φ). 

The amplification effect might depend on the strong physical bonds formed between the binder and 
the filler, for instance, non-reacted hydroxyl groups and polar groups on boron nitride surface. Based on 
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theoretical concepts, the composite strength can be expected to decrease when the filler amount exceeds 
25 % (vol.), associated with the lack of binder and incomplete encapsulation of boron nitride particles. 

Adhesive properties are quite essential when the composite is supposed to be used as a sealing 
material. In general, non-modified polyorganosiloxanes are characterized by relatively low adhesion. 
Studies of tensile strength of the cured composition and the base from various materials demonstrate that 
boron nitride introduction increases this value (see Table 1). It can be explained by the absorption theory 
of adhesion, relating to the appearance of submicron boron nitride phase in the composition alongside the 
increase of intermolecular interaction between the substrate and the base. In practice, the strength increase 
at tearing polysiloxanes from bases made of various materials is observed at the introduction of a number 
of oxides, such as iron, zinc and titanium into them [22]. 

Undoubtedly, the adhesive characteristics of the composition largely depend on the substrate 
material. Thus, the strength when the discs are detached from the Steel 3 substrate is slightly higher than 
from the aluminum substrate. The introduction of boron nitride also contributes to the relative hardness 
increase of the sealing material (see Table 1), which is associated with the polymer structuring. It should 
be noted that the introduction of up to 25 % (vol.) boron nitride due to the structuring causes almost a 
double increase in Shore A hardness compared to the pure polymer. 

Table 1. Composition properties 

Filler content, % Density, kg/m3 
Tensile strength 

(aluminum 
substrate), MPa 

Tensile strength 
(steel substrate), 

MPa 
Shore A hardness 

- 980 0.08 0.11 24 
10 1020 0.12 0.15 35 
20 1160 0.21 0.24 44 
25 1208 0.44 0.53 51 

3.3. Thermophysical characteristics of the composite 
As previously mentioned, studies have revealed that distribution of the filler particles in the composite 

is statistical. Judging by the percolation theory, the transition depends on the filler volume fraction [23]: 

( ) ,
t

DC f fcv vσ ∝ −                                                                 (2) 

where fv  is volume fraction of conductive component; fcv  is percolation threshold. 

Monte-Carlo simulation for the composition containing spherical particles equals the value 

fcv  = 0.16 [24]. 

In addition to the particles shape, the thermo-physical characteristics of the composition largely 
depend on both the nature of binder and filler, and the components ratio. The thermal conductivity of 
composite materials consisting of several components can be determined by the following relation [29]: 

ϕλ+ϕ−1λ=λ SPPDMS )(                             (3) 

where λ is thermal conductivity of the multicomponent material; λPDMS, λSP are the thermal conductivity of 
the first and second components; ϕ  is the volume fraction of the filler. 

However, the discrepancies are frequently observed between the design and experimental data, 
associated with certain unevenness in the filler particles arrangement in the composition, moisture 
absorption, insignificant amount of remaining gas phase after composition preparing due to abnormally high 
binder viscosity etc. Therefore, in practice, thermal conductivity coefficient, obtained by experimental 
methods is used. 

https://translate.academic.ru/encapsulation/ru/en/
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Figure 4. The dependence of thermal conductivity coefficient (λ)  

on filler content: 1− design; 2 – experiment. 
Fig. 4 demonstrates the design and experiment values of the of thermal conductivity coefficient of 

SP with PDMS binder at 25 °C. In the studied max 20 % filling interval, thermal conductivity is described as 
follows:ascending linear dependence for design (see Fig. 4, curve 1), close to linear ascending dependence 
for experiment (see Fig. 4, curve 2). Thermal conductivity coefficient rises linearly as boron nitride content 
increases. However, the filler concentration increase up to the percolation point can be assumed to cause 
an abrupt increase of heat-conducting properties. 

It should be noted that higher thermal conductivity coefficient of the unfilled organosilicon oligomer, 
compared to similar organic materials, is explained by high flexibility of polyorganosiloxane macromolecules 
associated with low intermolecular interaction of silicone chains. 

To evaluate the effectiveness of the developed composites in MathCad environment, model 
calculations were performed showing the temperature distribution on the plane applying the Poisson 
equation. The two-dimensional Poisson equation is an example of elliptic partial differential equation 
including the second derivatives of the function ( )T x, y  by two spatial variables [25]: 

( ) ( ) ( )
2 2

2 2
T x, y T x, y

f x, y .
x y

∂ ∂
+ = −

∂ ∂
                                              (4) 

The Poisson equation frequently describes stationary distribution of temperature ( )T x, y  on the 

plane with the heat sources (or absorbers) with ( )f x, y  intensity. Poisson equation will be further 

considered in this very physical interpretation. Therefore, the sought-for function was denoted by T  
symbol. The correct formulation of the boundary value problem for Poisson equation requires four boundary 
conditions setting. To simplify the solution, all boundary conditions were equated to zero. 

  
Figure 5. Lines of equal heating levels of the conductor sheath:  

Sheath – PVC λ = 0.2 Wt/m×K (a); Sheath – composite λ = 1.3 Wt/m×K (b). 
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The solution was carried out in MathCad environment applying numerical method using the built-in 
Relax function. The calculation results are presented in Fig. 5 as equal temperature levels on the plane. 

Fig. 5 reveals that similar energy load on the conductor made from traditional polyvinyl chloride can 
cause the temperature rise at the metal-polymer interface exceeding 200 °C. At these temperatures, the 
destructive processes occur in the PVC composition, accompanied by irreversible deterioration of physical, 
mechanical and electrical properties [26]. But similar energy load on the heat-conducting composite does 
not cause the temperature rise in the system over 40 K, relative to the original. 

3.4. Electrical properties of the composition 
The application of hexagonal boron nitride poses the question of why boron nitride possessing high 

thermal conductivity, does not conduct electricity. Polar B-N bonds interfere with electron transfer, thus 
boron nitride in this form is not an electrical conductor, unlike graphite conducting electricity through the Pi 
Bonds network in the plane of its hexagonal crystals. 

The available theoretical concepts do not contradict the nature of the dependence of the polymer 
composition electrical resistance on the boron nitride content and the fact that the percolation point is 
manifested at the filler content in the composition of at least 0.16 volume fractions (see Eq. 2). 

 
Figure 6. The electrical resistivity dependence (ρ) on boron nitride content:  

1 − at 25 °C; 2 − at 50 °C; 3 − at 75 °C. 
Fig. 6 shows the experimental dependences of the sealing material resistivity on the temperature 

and filler content in the form of specific electrical conductivity dependence on the boron nitride content at 
different temperatures. The measurements were carried out at 1000 V voltage at the electrodes. 

In general, temperature increase causes a decrease in electrical resistance of sealing materials. At 
25 °C, the dependence is downward (see Fig. 6, curve 1). When temperature reaches 50 °C, the resistivity 
decreases by half, but the dependence nature does not change significantly (see Fig. 6, curve 2). Further 
increase in temperature makes the electrical resistance decrease (see Fig. 6, curve 3). The electrical 
resistance decrease within the studied temperature range largely depends on ionic conductivity increase.  

4. Conclusions 
According to the research results, the following conclusions can be drawn: 

• Within the limits of preserving rheological properties (up to 20–25 % by volume), the boron 
nitride introduction causes the increase in mechanical properties; similar effect is observed 
in the adhesive characteristics studied by the method of determining the tensile strength. 
The greatest tensile strength is fixed on the steel substrate, the lowest − on aluminum, 
depending on hydroxyl groups on the steel surface. 

• The introduction of 20 % of boron nitride increases the thermal conductivity coefficient up to 
1.5 W/m∙K. 

• The thermal conductivity problem described by the elliptic Poisson equation, was solved by 
numerical method in MathCad environment applying the built-in Relax function. The 
temperature distribution during the conductor operation in a sheath from polyvinyl chloride 
and an oligodimethylsiloxane based composite filled with boron nitride was shown, 
demonstrating more efficient operation under equal conditions. 

0

1

2

3

4

0 5 10 15 20
φ, vol.%

1

2

3

ρ, Оm·m, 1010



Magazine of Civil Engineering, 122(6), 2023 

• The dependence of electrical resistivity on temperature and filler amount was established: 
the temperature increase causes the electrical resistivity decrease, associated with 
polyorganosiloxane ionic conductivity. 

• The research results can find wide application in construction industry. 
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Abstract. The experimental investigation delves into assessing the influence of varying ratios of calcite 
(Cc) and sand on the mechanical and microstructural characteristics of self-healing concrete (SHC). This 
study employs Hay Bacillus as a catalyst for initiating calcite precipitation within the concrete matrix. The 
proportions of calcite under scrutiny encompass 5%, 10%, and 15% of the cement's weight. Additionally, 
two distinct types of sand, crushed stone sand (CSS) and river sand (RS) are juxtaposed for comparative 
analysis. The primary focus of this research is on evaluating the compressive and flexural strengths of the 
SHC, with particular emphasis on the utilization of a 10% bacterial solution. This proportion emerged as 
the optimal dosage for enhancing concrete strength. To gain a comprehensive understanding of the 
underlying mechanisms, the microstructure of the concrete is probed through scanning electron microscopy 
(SEM) and X-ray diffraction (XRD) techniques. These tests allow elucidating the impact of varying calcite 
and sand ratios on the formation of calcium lactate, as well as the production of calcium silicate hydrate 
(CSH) gel and non-expanding ettringite within the concrete matrix. This investigation contributes valuable 
insights into the development of self-healing concrete with improved mechanical properties, underpinned 
by a deeper comprehension of its microstructural transformations. 
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1. Introduction  
Concrete, apart from liquids, is one of the most widely used materials on the planet. However, it is 

susceptible to developing small cracks and holes, which can serve as pathways for water and harmful 
substances, resulting in reinforcement rust and concrete deterioration. It can lead to a loss of concrete 
strength and durability, resulting in significant expenses for repairing and maintaining concrete structures 
globally. Although several methods exist for repairing cracks, most conventional restoration techniques 
involve chemicals, require significant labor, are costly, and pose environmental and health risks. Recently, 
a new, efficient method for repairing microcracks and pores in concrete using microbiologically induced 
calcium carbonate precipitation has been proposed [1–3]. This bacterial remediation method is superior to 

https://creativecommons.org/licenses/by-nc/4.0/
https://orcid.org/0000-0003-3154-8207


Magazine of Civil Engineering, 122(6), 2023 

other methods because it is bio-based, environmentally friendly, cost-effective, and sustainable [4–8]. 
Moreover, it was found that locally isolated Bacillus Sonorensis bacteria from Iraqi soil samples, with their 
high urease-producing abilities, can be used to increase cementation between soil particles and improve 
the undrained shear strength of soft clay soil by utilizing the MICP technique. This sustainable technique 
can be used for biocementation in the construction industry [9]. 

 Recent discoveries have revealed that bacteria that can produce the enzyme urease can 
significantly impact CaCO3 precipitation. The enzyme facilitates the hydrolysis of urea to produce CO2 and 
ammonia, which increases pH and promotes the precipitation of CaCO3 in bacterial settings. This innovative 
and eco-friendly technique has been successfully used to repair concrete cracks and prevent channel 
leaching. Bacillus pasteurii and Bacillus sphaericus are highly effective in inducing CaCO3 precipitation, 
remediating concrete cracks, and improving compressive strength. These findings hold significant potential 
for developing new approaches for repairing and strengthening concrete structures in an environmentally 
sustainable manner [10–12]. Compared to untreated regular concrete specimens, the durability of concrete 
specimens treated with Bacillus pasteurii and subjected to alkaline, sulfate, and freeze-thaw environments 
improved [13]. 

Strength is one of the most important characteristics of concrete. It can be defined as the ability of 
concrete to withstand loads [14]. Concrete can be accepted or rejected for structure use based on its 
strength properties. High strength in concrete is desirable for many applications, such as bridges, tall 
buildings, and other massive structures. High-strength concrete can be made by adding admixtures [15]. 
The addition of any material to concrete should not hamper its strength. Another crucial factor in concrete 
construction is durability. The ability of a concrete structure to last for an extended period without significant 
deterioration is referred to as its durability. Because of its longevity, a durable construction helps conserve 
resources, as there is no need to produce new building materials [16]. 

Additionally, it lessens the production of building trash, thus decreasing environmental pollutants. 
From an economic point of view, it lowers repair and maintenance costs. High strength alone does not 
guarantee the durability of concrete [4]. Concrete contains microcracks and pores, which increase the 
material's permeability. The increased permeability allows the passage of water and other substances. 
Water entry leads to reinforcement corrosion, which is the primary cause of deterioration and loss of 
durability in concrete [17]. 

The bacteria, capable of healing apertures and micro-blows in concrete by precipitating Cc, may be 
used for the bioremediation of concrete. These bacteria can attract Ca2+ from the surrounding environment 
and produce a urease enzyme. This urease enzyme catalyzes urea and produces carbon dioxide and 
ammonia. This process causes a rise in pH and Ca2+, which combine with carbon dioxide to form Cc. The 
bacteria for use in concrete should be capable of creating endospores. Endospores can withstand the harsh 
concrete environment and remain dormant for up to [12, 18]. The formation of cracks, water, and air seeps 
inside the concrete, creating a favorable environment for the endospores to germinate. After germination, 
the bacteria will start precipitating Cc to seal the pores and cracks in the concrete. Adding cementitious 
materials made from byproducts to concrete provides manifold advantages as it supports ecological and 
energy maintenance and advances the strength and toughness of concrete [14]. 

The cost of SHC, when compared to predictable concrete, would be high. The substrate for growing 
bacteria is the primary factor contributing to the bacterial treatment's cost. The inclusion of cheaper 
substrates will thus reduce the cost of SHC. The SHC will also lead to the economy over the long run 
because of reduced costs for the repair of cracks and maintenance [19]. Microbial mineral precipitation 
arising from the metabolic operations of beneficial concrete microorganisms has recently enhanced the 
general concrete behavior. The procedure may be carried out within or outside the microbial cell or within 
the concrete uniform some distance away. Bacterial operations often merely cause a shift in the chemistry 
of solutions that mains to over-saturation and precipitation of minerals. The use of these ideas of bio-
mineralogy in concrete mains to the possible creation of a fresh solid named SHC. 

2. Materials and Methods 
2.1. Materials 

2.1.1. Cement 
53-grade Portland cement cast-offs in this research. This Portland cement was verified as per 

IS 4031-1996 [20], and the physical belongings are presented in Table 1. 
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Table 1. Properties of Portland cement. 

Property Specific gravity Blaine's 
fineness Soundness 7-d CS 28-d CS 

Value 3.02 283 m2/kg 2.2 mm 42 MPa 55 MPa 

 
2.1.2. Fine aggregates 

Resident-offered crushed stone sand (CSS) and river sand (RS) are utilized as fine aggregates. For 
the fine aggregate, the distribution of the gradation curve is presented in Figure 1. The specific gravities of 
CSS and RS are 2.76 and 2.67, respectively. 

 
Figure 1. Grading curve of fine aggregate. 

2.1.3. Coarse aggregates 
Wrinkled granite cracked stones of nominal size 20 mm are cast off as coarse aggregate. Table 2 

presents the properties of coarse aggregate. The grading curve of coarse aggregate is illustrated in 
Figure 2. 

Table 2. Test Properties of coarse aggregate. 

Property Water absorption Specific gravity ACV AIV 

Value 0.52% 2.72 20.5% 21.7% 

 
Figure 2. Grading curve of coarse aggregate. 
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2.1.4. Culturing of Hay Bacillus 
Refined Hay Bacillus microscopic organisms were used to achieve the aim of the research. Ca(LaC)2 

was utilized with the bacteria Hay Bacillus and nutritious broth. It is available in powder form with white 
coloring. 500ml of distilled water, 2.5 gm of peptone, 2.5 gm of sodium chloride, and 1.5 gm of beef extract 
concentrate were combined to create the nutritious broth. A silver thimble and a cotton plug for security 
protected this flask. Afterward, the arrangement was preserved in an autoclave for 20 minutes at 121 °C 
and 150 lbs. The arrangement was orange in color, and the clarity of pollution after this treatment. The cup 
opened in the laminar wind current chamber, and the Hay Bacillus were introduced to this configuration. 
Afterward, the arrangement hatched in an orbital shaker at 125 rpm and 37 °C. This arrangement turned 
into white-yellow turbidity after one day, as presented in Figure 3, illustrating the development of Hay 
Bacillus. 

 
Figure 3. Culturing of Hay Bacillus. 

2.1.5. Calcium lactate Ca(LaC)2 
Calcium lactate, also known as Ca(LaC)2, was used along with Hay Bacillus as nutrient broth, as 

shown in Figure 4, to ensure successful bacterial growth and to obtain accurate and reliable experimental 
results. 

 
Figure 4. Calcium lactate and Hay Bacillus. 
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2.2. Methods 
2.2.1. Mix Design 

The mix proportions for M40-grade concrete are designed using IS 10262-2009 [21]. Resources 
essential per one m3 of concrete are presented in Table 3. 

Table 3. The volume of materials to one cum of concrete. 
Type of 

Fine 
aggregate 

Mixture 
Designation 

Cement 
(kg/m3) 

RS 
(kg/m3) 

CSS 
(kg/m3) 

Coarse 
Aggregate 

(kg/m3) 

w/c 
ratio 

Bacterial 
Cells 

(CFU/ml) 

Percent 
of 

bacterial-
sol 

River 
sand (RS) 

RSHC00  
 
 
 

390 

 
642 

 

-  
 
 
 

1261 

 
 
 
 

0.45 

 
 
 
 

105 

00 
RSHC05 - 05 
RSHC10 - 10 
RSHC15 - 15 

Crushed 
sandstone 

(CSS) 

CSHC00 -  
 

642 
 

00 
CSHC05 - 05 
CSHC10 - 10 
CSHC15 - 15 

 

2.2.2. Samples preparation and test methods  
2.2.2.1. Samples preparation 

Before placing concrete, the cast iron molds of the cylinder, cube, and prism are entirely cleaned and 
oiled on the inside surfaces. The molds are filled with evenly mixed SHC. 

2.2.2.2. Compressive strength (CS) test 

According to IS 516-1959 [22] requirements, CSs on SHC specimens with 150×150×150 mm 
dimensions were performed. According to IS 456-2000 [23] criteria, these specimens were produced and 
cured at 7, 14, 28, and 90-d.  

2.2.2.3. Flexural strength (FS) test 

According to IS 516-1959 [22], concrete prism specimens with bacteria were subjected to an FS.  

2.2.2.4. Microstructural analysis test 

For better visualization, SEM analyses are done on the SHC aimed at which the concrete is made 
into powder by crushing it into small pieces. The powdered specimen is placed on nerve ends with the help 
of carbon tape, and before they are analyzed at 20 kV, they are coated with gold. As is customary, the 
specimens are tested after curing for 28-d.  

3. Results and Discussion 
3.1. Compressive strength (CS) 

The results of the M40 grade concrete experiment of RS and CSS mixtures show the influence of 
bacteria on the compressive strength of the modified concrete, as shown in Figure 5. The obtained data 
indicate that the sand mixtures' compressive strength is higher than that of all ages of RS mixtures, 
irrespective of the amount of bacterial sol. This can be attributed to the fact that CSS, which is cubic and 
has sharp edges, helps to achieve higher compressive strength than RS mixtures. 

The CS of the control mixture concrete was compared with the CS of SHC-5%, SHC-10%, and SHC-
15% at 28-d and 90-d. The results showed that the percentage increase in CS for SHC-5%, SHC-10%, and 
SHC-15% at 28-d was 8.98%, 17.02%, and 4.65%, respectively. Similarly, CS at 90-d was found to increase 
by 8.49%, 12.27%, and 2.59%, respectively. 

 In the CSS mixtures, the CS at 28-d for SHC-5%, SHC-10%, and SHC-15% increased by 6.94%, 
14%, and 2.28%, respectively. While at 90-d, the percentage increase in CS of the CSS mixture was 9.0%, 
14.9%, and 3.09%, respectively. Furthermore, it was observed that the increase in CS at 90-d was higher 
than the increase at 28-d. It is justified by the role of hay-Bacillus bacteria and Ca(LaC)2 in enhancing CS 
at ages beyond 28-d for both RS and CSS mixtures [24]. 
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The CS was found to increase as the percentage of bacterial sol in concrete increased from 0% to 
10%, but at 15%, it decreased. This is because the hydration products were saturated at 10% bacterial sol, 
and further increase in bacterial sol did not enhance the strength, resulting in a reduction in CS.  

The bacteria used in this technology are typically spore-forming, which means that they remain 
dormant until activated by moisture. When the concrete cracks and water enters, the bacteria are activated 
and start to produce calcium carbonate, which fills in the cracks and restores the strength of the concrete. 
However, when the bacterial solution is added to the concrete in concentrations higher than 10%, it can 
have adverse effects on the compressive strength of the concrete. This is because the bacteria consume 
some of the nutrients in the concrete mixture, which can weaken the concrete matrix and reduce its 
strength. Additionally, higher concentrations of bacterial solution can also increase the water content of the 
concrete, which can negatively affect its strength, which are other factors justifies the decreases of the CS 
at concentrations higher than 10% 

Moreover, Figure 6 (a and b) shows the relationship between the volume of the hay-Bacillus bacteria 
solution and compressive strength with River sand (RS) and Crushed sandstone (CSS), respectively. 
Strong R2 values were found for SHC samples with CSS more than RS. 

 
Figure 5. Result of compressive strength of SHC. 
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(b)  

Figure 6. Relationship between the volume of hay-Bacillus bacteria-solution and compressive 
strength with (a) River sand (RS) and (b) Crushed sandstone (CSS). 

2.3. Flexural strength (FS) 
Figure 7 shows how the FS of SHC varies with curing time for mixtures made from RS and CSS. As 

the curing age of SHC grows, so does its FS. According to these findings, CSS mixtures have stronger FS 
than RS mixtures at all ages, regardless of the amount of bacterial sol. At 28-d, the percentage increases 
for RS mixtures with SHC-5%, SHC-10%, and SHC-15% are 4.97%, 9.04%, and 2.26%, respectively. Like 
this, at 90-d, the percentage increase in FS is 5.5%, 12.71%, and 2.54%, respectively. The percentage 
increases in FS for CSS mixtures at 28-d for SHC-5%, SHC-10%, and SHC-15% are 3.8%, 6.84%, and 
1.14%, respectively. Like this, at 90-d, the FS percentage increase was 4.65%, 10.03%, and 1.43%, 
respectively. Additionally, as the percentage of SHC increased from 0% to 10%, the FS also increased. 
However, at 15%, the FS decreased due to the saturation of the hydration products with 10% bacterial-sol, 
which prevents further increases in bacterial-sol from increasing FS [25]. 

Moreover, Figure 8 (a and b) shows the relationship between the volume of hay-Bacillus bacteria 
solution and flexural strength with River sand (RS) and Crushed sandstone (CSS), respectively. Strong R2 
values were found for SHC samples with CSS more than RS. Besides, Figure 9 shows a relationship 
between compressive strength and flexural strength. R2 indicates a strong relationship between them in 
both RS and CCS. 

 
Figure 7. Result of flexural strength of SHC. 
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(a) 

 
(b) 

Figure 8. Relationship between the volume of hay-Bacillus bacteria-solution and flexural strength 
with: (a) River sand (RS) and (b) Crushed sandstone (CSS) 
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(a) 

 
(b) 

Figure 9. Relationship between compressive strength and flexural strength with: (a) River sand 
(RS) and (b) Crushed sandstone (CSS). 

3.2. Microstructural analysis  
3.3.1.  Scanning electron microscope (SEM) 

SEM analyses are used to imagine the occurrence of Cc crystals precipitated by bacteria inside 
concrete specimens.  

The findings of the SEM analyses for regular concrete are considered at different amplifications. Sub-
acceleration voltage and pixel sizes have been presented in Figures 10 and 11, which show the 
microstructure of normal concrete. SHC analyses are carried out in a similar setting. SEM analyses 
demonstrated the emergence of Cc prepetition in the SHC. It shows that the reduction in permeability and 

y = 2.859e0.0101x

R² = 0.9375

3.5

4

4.5

5

5.5

6

30 35 40 45 50 55 60 65 70 75

Fl
ex

ur
al

 S
tr

en
gt

h 
(M

Pa
)

Compressive Strength (MPa)

y = 3.5136e0.0086x

R² = 0.952

4

4.5

5

5.5

6

6.5

7

30 35 40 45 50 55 60 65 70 75 80

Fl
ex

ur
al

 S
tr

en
gt

h 
(M

Pa
)

Compressive Strength (MPa)



Magazine of Civil Engineering, 122(6), 2023 

rise in the strength and curing of crashes in concrete are due to the formation of Cc  [7,8]. In contrast, pores, 
calcium silicate hydrate (CSH), and CH, have occurred in almost all the specimens. 

This method was utilized to investigate bacteria-treated and untreated concrete specimens. The SEM 
images are displayed in Figures 10 and 11. The concrete specimens had identifiable Cc crystals, according 
to the SEM analyses. The presence of Cc in the form of CaCO3 was verified by the high calcium 
concentrations in all the bacterial specimens. Bacteria acted as nucleation sites during mineralization since 
crystalline Cc is associated with bacteria. 

Calcite crystal growth was examined in both the treated and untreated bacteria specimens. While 
the matrix of the concrete specimens treated with the microbe seems crystalline, and individual crystals 
could be distinguished, the untreated specimens (those without bacteria) appear amorphous and show no 
trace of crystal formation. The degree of crystallization in the treated specimens' matrix is relatively diverse. 
Concentrations of somewhat large crystals can be found at the boundaries between the sand particles and 
the matrix. This textural setting implies that preferential crystallization at the concrete-matrix interfaces is 
likely enhancing the coherence between cement particles and the matrix at the microscale. 

 
Figure 10. SEM Micrograph for SHC with river sand (RS). 
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Figure 11. SEM Micrograph for SHC with crushed sandstone (CSS). 

3.3.2. X-ray diffraction (XRD) 
As shown in Figure 12, the crests are seen at various stages when the recordings are obtained at a 

wavelength of 1.54 Å. From the observed highest peak at the respective theta, the value obtained is 27.914, 
representing pure Cc. These peaks can be seen for some other specimens, which represent a few other 
materials like calcium silicate hydrate (CSH), quartz (Q), calcite (Cc), ettringite (E), and Larnite (L). All these 
results are shown in Figure 12. Compared to the non-bacterial samples, the composition of Cc is visually 
peaked for bacteria after the quantitative analysis. The existence of amorphous content with the addition of 
the crystalline phase of Cc, portlandite, and larnite has been shown in the form of a hump in Figure 12.  

The presence of CSH and Cc in concrete samples with Bacillus subtilis was identified using XRD 
analysis. The presence of CSH peaks demonstrates the cause for the strength development of concrete 
specimens [8]. The presence of Cc peaks will confirm the Cc precipitation by bacteria which is the reason 
for the increased strength and durability of concrete specimens. 
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Each crystalline solid has a distinct XRD powder pattern that can be used as a "fingerprint" for 
identification. XRD is also used to characterize fingerprints and determine the structure of crystalline 
minerals such as CSH and Cc. Broken cube specimens collected from compressive strength tests and 
precipitates in cracks of concrete beam specimens were used to evaluate crack healing [26]. XRD analysis 
was performed on the fraction that passed through a sieve size of 5μm. 

 
Figure 12. XRD diffraction of SHC. 

4. Conclusions  
The conclusions drawn from this study are as follows: 

1. The CS of SHC of Grade M40 is improved with a 10% increase in bacterial sol for both RS and 
CSS mixtures due to the formation of Ca(LaC)2 in concrete. However, the strength is condensed beyond 
10% bacterial sol due to the saturation of hydrated compounds. As a result, it is estimated that 10% of the 
bacterial sol is used in concrete applications. 

2. The FS results also show similar patterns of increase in strength up to 10% bacterial sol at all 
curing ages. 

3. Due to the cubical particles and increased hardness of CSS mixtures, they outperformed RS 
mixtures in CS and FS. To create SHC for structural usage, CSS can be utilized. 

4. After 28-d, all SHC mixtures showed evidence of the creation of Cc, which is CaCO3, according 
to microstructure analyses. 

5. SEM and XRD studies revealed that the enhanced CSH gel and non-expanding ettringite 
production confirms the improved CS at 10% bacterial sol. 
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Abstract. The article discusses the application of statistical metrics for the validation of comprehensive 
non-linear soil models. The assessment was carried out on the basis of triaxial, oedometer, consolidation 
and plate load tests of sandy and clay soils. Validation of non-linear soil models was divided depending on 
the problem type: strength-type problem and strain-type problem. For a strength-type problem the indicators 
of failure points should be compared. In the course of strain-type problem the stress-strain curves should 
be compared. Average ratio of experimental data to calculated and coefficient of variation showed the 
highest efficiency for standard triaxial and oedometer tests, as they allow taking into account the specificity 
of the deviation and its variability. Other statistical metrics are less effective in geotechnical engineering. 
Validation according to consolidation tests is recommended to be performed based on the analysis of the 
time of 100% primary consolidation and the slope of the consolidation curve during the creep phase. In the 
course of stress paths analysis (for example, in the course of unloading and further reloading), the 
advantage should be given to visual assessment. Acceptable values of validation metrics for geotechnical 
engineering are proposed. The specific values of deviations should be determined by the analyst depending 
on the required accuracy of calculations, the responsibility of the construction object and the assessment 
of the risk of an accident. 
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1. Introduction 
Comprehensive geomechanical models of soils (hereinafter “non-linear models”) that take into 

account physical and geometric non-linearity, plastic behavior, hardening, filtration and rheological behavior 
are widely used for geotechnical analysis. Such models are: Duncan-Chang, Hardening soil, Cam-Clay, 
Soft soil, etc. [1–6]. This became possible due to the widespread introduction of Finite Element Method 
(FEM) software, such as PLAXIS, MIDAS GTS, Z-Soil, etc. 

Correct description confirmation of the soil's real behavior model is carried out on the basis of 
validation [7, 8], by comparing the model with experimental or reference data. 

The model should be selected depending on the type of the problem, the soil type and the factors 
that should be taken into account in the calculation [9]. When using non-linear models, it is recommended 
to evaluate the adequacy of the simulated environment's behavior for the required loading trajectory. For 
the first approximation, it is advisable to compare the results of back analysis with real soil tests. It shows 
the possibilities and boundaries of models for specific tasks [10]. However, the actual behavior may differ 
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from the laboratory one due to the influence of the stress state and the history of its formation, the real 
density of the soil in the array, anisotropy and so on. 

However, the use of non-linear models may not be sufficient for exact analysis. The fact is that 
different FEM software has various model implementations [9], which is confirmed by research [11, 12]. It 
is customary to compare the reliability and applicability of models with known solutions [13–15]. However, 
the listed works perform a comparison in analysis of different groups of specialists, different approaches, 
prerequisites, and models. Brinkgreve&Engin admit a discrepancy in the results of various models of no 
more than 10 %. They also indicate that non-linear soil models should be reliable and repeatable which 
counts as the partial responsibility of software developers [9]. 

Russian geotechnical regulatory documents enact the verification and validation of soil models. Thus, 
in accordance with Russian Rules of Constructions SP 22.13330.2016, to obtain reliable and accurate 
results using non-linear models, it is necessary to perform their validation (i.e. prove the adequacy of their 
application) by comparing the calculation results with monitoring data, laboratory and in-situ soil tests. 
However, geotechnical codes and publications do not contain clear validation metrics. The regulations of 
SP 22.13330.2016 are only limited to the requirements for validation of bearing capacity based on its upper 
and lower estimates. So the model can be considered acceptable if the obtained calculation results are in 
the range between the upper and lower estimates of the bearing capacity. In this case, the difference 
between the values of the upper and lower estimates should be no more than 10% of the calculated value. 
This approach is considered valid, but Russian Rules of Constructions SP 22.13330.2016 does not explain 
whether this refers to average or partial values, or how to take into account variability, etc. 

V.N. Shirokov and M.P. Golub [16] suggested using the maximum deviation from experimental 
values by no more than 15 % as a metric for the possibility of using the model. The approach is similar to 
Interstate Standard GOST 20522-2012, however, the authors here perform a deviation that is relative to 
particular values at different stages of plate load test. 

Model validation has found wide application in modeling practice. Analysis of most publications [9, 
10, 13–15] shows that the assessment of the adequacy of models in geotechnical engineering is carried 
out mainly qualitatively, not quantitatively. 

Requirements for quantifying the adequacy of models using various validation metrics can be seen 
in related disciplines: hydrodynamics, thermodynamics [17] and solid mechanics [18–19]. In Russia, 
matters of validation are described in Interstate Standards GOST R 57188-2016 and GOST R 57700.2-
2017 and are used for software certification. The validation metric depends on the modeled process and 
the corresponding experiment. Preference should be given to metrics that contain an assessment of 
variability based on confidence level. 

The validation metrics should determine the maximum acceptable difference between the analysis 
and the experiment and it also should take into account: the accuracy of the model, the limitations 
associated with obtaining experimental data (accuracy of sensors, equipment, cost of testing, etc.), the 
stage of engineering evaluation (conceptual solutions, final project) and the consequences of model non-
compliance with the requirements of reliability and safety. At the same time, the validation requirements 
should include recommendations for action in case if results are not acceptable. In such cases, it may be: 
model improvements, refinement of experimental data, mitigation of validation metrics, etc. 

In the manual ASME V&V 10.1-2012 two validation approaches are considered: (a) when the system 
response quantities (SRQ) are limited and the information about the error is nonexistent or received from 
experts in the subject area1 (Fig. 1a); (b) when there is a series of system response quantities and error 
data available (Fig. 1b). The errors in the simulation results are detected using probabilistic analysis with 
undefined model inputs that are obtained from various types of repeated tests. 

Validation is based on a comparison of cumulative distribution functions (CDF). The validation 
metrics is the area enclosed between the experimental and model CDF, normalized by the absolute mean 
of the experimental outcomes (Fig. 2) [20]. The relative area is calculated by the formula: 

( ) ( )1 ,
c o

SRQ
y y

o
M F y F y dy

y
∞
−∞= −∫                                               (1) 

                                                      
1 For example, in the Russian GOST 20522-2012 engineering-geological elements are separated, 

taking into account the limitation of the coefficient of variation ν  ≤ 0.30 in mechanical characteristics. The 
actual ν  can be taken as the error of the experimental data. 
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where SRQM  is relative difference in area of cumulative distribution functions (CDF), oy  are experimental 

values; cy  are calculated values; ( )yc
F y  is the CDF of calculated values; ( )

oyF y  is the CDF of 

observed (experimental) values. 

 
(a) when the SRQ are limited and the 

information about the error is nonexistent or 
received from experts in the subject area 

(b) when there is a series of system response 
quantities and error data available 

Figure 1. Illustration of two approaches to validation. 

This metric, in fact, is a relative absolute error. The SRQM  parameter has positive value and 
approaches zero, in the case when both CDF functions coincide. When two CDF functions do not intersect, 
the integral of equation (1) represents the absolute difference between the mean values. In the case of 
deterministic values, the CDF are stepwise, and the area between them is simply the absolute value of the 

difference. In solid mechanics, it is customary to limit SRQM  ≤ 0.1. The application of this metric and the 
limit value in geotechnics requires verification and clarification, because soils have heterogeneity that is not 
comparable with other materials (metal, reinforced concrete, etc.). 

This approach allows taking into account the error of experimental data as well as the model error. 
The approach is suitable for comparing the final experimental and calculated data. However, to compare 
calculation results of non-linear models, the approach is not the most convenient and requires special 
mathematical processing to calculate the CDF. Also, in order to apply the approach, it is necessary to know 
the distribution of the results of the model curve, which requires numerous series of calculations and is tied 
to certain geotechnical model [21–25]. 

 
Figure 2. Validation metric for the area of the space enclosed  

between the experimental and model CDF curves. 
For quantitative comparison of calculated and observed designations, S.S. Vyalov [26] proposed 

using the Pearson’s correlation coefficient ,ρ  the ratio of experimental data to theoretical is i oi ciy y y=  
and their coefficient of variation. Thus, the relationship is considered strong at ρ  > 0.8; with a valid 

description of the experimental model values, the average ratio of experimental data to calculated 1,ay =  
and the coefficient of variation ν should have the smallest value. However, the approaches used by S.S. 

a) b) 
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Vyalov were developed mainly for linear and linearized functions. The results of calculations based on 
comprehensive models are usually non-linear and these approaches cannot be used directly. 
Notwithstanding this fact, they were taken as the basis for these studies. 

Generally, the lack of clear validation metrics in geotechnical engineering causes a subjective 
analysis using non-linear models. Practice shows that nowadays such analysis is performed mainly 
qualitatively, based on visual assessment. Approaches used in solid mechanics and hydro-thermodynamics 
are not widely used in geotechnical engineering. The lack of strictly selected approaches and metrics affects 
the reliability and repeatability of analysis results. 

It is worth noting that the validation of non-linear soil models is part of the overall validation process 
of the computational model, which is advisable to regulate by special documents containing information 
about the accuracy of analysis. Performing validation of a non-linear model is a necessary, but not the only 
one condition for positive verification of the model [9]. When performing validation of the soil model, the 
type of analysis for which it is performed should be taken into account. 

This paper considers the application of validation metrics of comprehensive non-linear soil models. 
The results of evaluating the applicability of the metrics for triaxial, oedometer test, consolidation and in-
situ soil tests are presented. The most effective validation metrics depending on the type of analysis are 
revealed. Acceptable validation metrics are proposed. 

2. Methods and Materials 
2.1. The validation metrics of non-linear soil models 

The following metrics were considered for the validation of non-linear soil models in the present 
research. 

Visual assessment allows us to qualitatively assess the description of experimental data performed 
by the model. 

The relative difference in area CDF ,SRQM  is described in the introduction and is determined by 
the formula (1). 

The mean average error MAE characterizes the average between the absolute experimental and 
calculated values and is determined by the formula: 

1 .
1

ci oi

n
MAE y y

n i
= −

=
∑                                                                 (2) 

The mean absolute percentage error MAPE  is the mean average error, divided by the actual 
values, determined by the formula: 

1 100%.
1

ci oi

oi

n y yMAPE
n yi

−
=

=
∑                                                       (3) 

The lower the value of the parameters ,SRQM  MAE and ,MAPE  the better the model describes 
experimental values. 

The coefficient of determination 2R  is an explanatory variable and characterizes how much the 
model explains the experimental data. The parameter is widely used in regression analysis and is 
determined by the relationship: 

[ ]
2 1 ,

D y x
R

D y
  = −                                                                          (4) 

where D y x    is the dispersity of the model error (the difference between the experimental data and the 

model); [ ]D y  is the dispersity of the experimental data. 
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( ) 2

1 ;
1

ci oi

n
y y MAE

iD y x
n

 − − 
=  =  −

∑
                                               (4a) 

[ ]
2

.
1

oi oy y
D y

n

 − =
−

∑
                                                          (4b) 

The parameter ranges from 0 to 1; the closer to 1, the higher the strength of the relationship. 

The theoretical correlation ratio η  along with the coefficient of determination is an explanatory 
variable. 

[ ]
1 .

D y x
D y
  η = −                                                                    (5) 

The parameter is in the range from 0 to 1; proximity to 1 indicates a strong relationship. For the linear 
function .ρ = η  The parameter η  is convent for the Cheddock scale [27] (Table 1). 

The Cheddock scale characterizes the link strength of factors in a fairly wide range and is used in 
various disciplines as well. For the validation of non-linear models, it is advisable to limit the parameter η  
to "strong" and "very strong" strength on the Cheddock scale. 

Table 1. Strength of relationship between factors and responses on the Cheddock scale [27]. 
Value η  0 ≤ η  < 0.3 0.3 ≤ η  < 0.5 0.5 ≤ η  < 0.7 0.7 ≤ η  < 0.9 0.9 ≤ η  < 1 1 

Value 2R  0 ≤ 2R  < 0.09 0.09 ≤ 2R  < 
0.25 

0.25 ≤ 2R  < 
0.49 

0.49 ≤ 2R  < 
0.81 

0.81 ≤ 2R  < 
1 

1 

Interpretation  Weak 
(absent) Moderate Notable Strong Very strong Functional 

 

The average value of the experimental data to the calculated ay  ratio characterizes the relative 
deviation of the model from the experimental data and were calculated by the formula: 

1 1 ,
1 1

oi
a i

ci

n n yy y
n n yi i

= =
= =
∑ ∑                                                              (6) 

where iy  is the value of the ratio of the partial experimental value oiy  to the partial calculated value .ciy  

A model with a value close to 1 will be considered adequate. 

The coefficient of variation ν  characterizes the scatter of iy  and was calculated by the formula: 

,y

ay
σ

ν =                                                                             (7) 

yσ  is the standard deviation of .iy  

The lower the ν  value, the lower the dispersion. 

2.2. Characteristics of the investigated soils 
The research was performed for four sandy soils and three clay soils of the Moscow region. 

Medium and fine sands, of alluvial and fluvioglacial genesis of Quaternary-age were considered. 
(Fig. 3). The depth of sampling varied from 8–20 m. Disturbed soil samples were collected in the Moscow 
construction site at Kosino and Lermontovsky Prospekt metro stations. Sands S(1)...S(3) were 
characterized as: homogeneous ( uC  = 2.0...2.8); sands S(4) heterogeneous ( uC  = 6.3). 
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The S(1)-S(4) sands were subjected to laboratory tests by consolidated isotropic drained triaxial  
(d = 50 mm, h = 100 mm) and oedometer tests (d = 87 mm, h = 25 mm). Reconstituted sand specimens 
were prepared from the disturbed soil samples by compacting sand in the air followed by saturation. 
Additionally, the sands S(1), S(2) and S(4) were subjected to a plate load test with a foot area of 0.6 m2  
(d = 276 mm) followed by unloading and loading according to GOST 20276.1-2020. 

Jurassic-age clay soils were represented as very stiff and stiff clay and firm-stiff loam. Undisturbed 
samples of clay soils were collected from a depth of 20-45 m at construction sites in Moscow at Kosino and 
Lermontovsky Prospekt S(5) and at Minskaya S(6), S(7) metro stations. 

Specimens S(5) were subjected to oedometer and consolidation tests (d = 87 mm, h = 25 mm). The 
S(6) and S(7) were subjected to consolidation tests. 

The studies were performed for the non-linear Hardening soil model (Table 2) and Soft Soil Creep 
model (Table 3). For the Hardening soil model, the power factor т  was obtained from triaxial sт  and 

oedometer odт  tests. The parameters were determined from the performed tests. 
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Figure 3. Cumulative curve of the particle size distribution, plotted for the studied sands. 
Table 2. Parameters of the Hardening Soil model. 

Soil type γ , 
kN/m3 

e  
refp , 

kPa 

ref
oedE , 

MPa 
50
refE , 

MPa 

ref
urE , 

MPa 
urν  sт  odт  c , 

kPa 
ϕ , ͦ ψ , ͦ 

S(1) Medium 
sand 19.0 0.62 75 14.04 14.5 91.0 0.39 0.751 1.12 11.5 35.8 6.6 

S(2) Medium 
sand 20.9 0.60 75 12.64 13.21 85.3 0.42 0.741 1.21 11.1 35.7 6.44 

S(3) Fine 
sand 20.8 0.51 75 4.97 8.99 76.8 0.41 0.634 1.56 8.8 36.8 6.8 

S(4) Fine 
sand 20.0 0.60 75 7.4 10.3 83.6 0.39 0.544 1.18 21.8 33.5 5.3 

Note: γ  is unit weight; e  is void ratio; refp  is reference pressure; ref
oedE  is reference primary oedometer stiffness; 50

refE  is reference 

primary stiffness from CID triaxial tests at the 50 % stress level; ref
urE  is reference unloading/reloading stiffness from CID triaxial tests; 

urν  is unloading/reloading Poisson’s ratio; sт  is power for stress dependent stiffness from triaxial tests; odт  is power for stress 
dependent stiffness from oedometer tests; c  is cohesion; ϕ  is friction angle; ψ  is dilatancy angle. 

 
Table 3. Parameters of the Soft Soil Creep model. 

Soil type 
γ  

kN/m3 
e  ϕ , ͦ c , 

kPa OCR  POP , 
MPa 

*λ  *κ  
*µ  fK , 

m/day 
B  

S(5) Clay IL<0.25 17.8 1.15 12.8 179 3.85 1.275 0.0995 0.0128 0.00087 2.14Е-06 0.39 
S(6) Clay IL<0 19.7 0.69 23 73 2.6 0.810 0.052 0.0069 0.00131 8.14E-06 0.43 

S(7) Loam 0.25≤ 
IL <0.5  19.5 0.66 27 49 3.7 1.100 0.04 0.0046 0.00097 8.93E-06 0.47 

Note: OCR  is overconsolidation ratio; POP  is pre-overburden pressure; *λ  is modified compression index; *κ  is modified 
swelling index; *µ  is modified creep index; fK  is coefficient of filtration; B  is Skemton’s coefficient. 
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2.3. Characteristic of the back-analysis 
The applicability of the validation metrics was evaluated for the Hardening soil (HS) for sandy soils 

and Soft Soil Creep (SSC) for clay soils. Both models are implemented in the PLAXIS software. 

The HS model was evaluated using the results of: consolidated isotropic drained triaxial, oedometer 
and in-situ plate load tests. The results of the triaxial tests were evaluated for strength-type and strain-type 
problems; for the other tests, the results were evaluated by the strain-type problem. 

The SSC model was evaluated using the results of oedometer and consolidation tests. 

Calculation diagrams for triaxial and odometer tests were constructed in the SoilTest module. 

Calculation curves for plate load tests were obtained on the basis of back-analysis. For this purpose, 
the axisymmetric problem was solved in accordance with the computational scheme shown in Fig. 4а. The 
depth of the plate load test and the loading steps were taken in accordance with the tests performed 
beforehand. The plate load tests were performed under the stress-controlled loading mode. 

The model consolidation curves were obtained on the basis of numerical modeling of oedometer test. 
For this purpose, a specimen with a height of 25 mm and a diameter of 87 mm was simulated in the 
axisymmetric formulation, with two-way filtration, which corresponds to the tests performed (Fig. 4b). 

The strength-type problem was validated by comparing the calculated and experimental maximum 
deviator stress maxq  at different confining pressures. This allows a comparison of stresses during soil. For 

strength-type problems, the ,MAE  ,MAPE  ay  and ν  metrics were used. The 2R  and η  metrics were 
not used because their analysis required functions (a group of points) rather than partial SRQ values. 

Validation by strain-type problem and by consolidation tests was performed visually and using the 

,SRQM  ,MAE  ,MAPE  2,R  ,η  ay  and ν  metrics described in Section 2.1. For the consolidation tests, 

additionally the comparison of the 100th primary consolidation time 100t  was performed. For the 

parameters specified ( )100
,a ty  ( )100

,tν  ( )100tMAE  and ( )100tMAPE  were calculated. 

a)           b)  
Figure 4. Calculation scheme to validation using back-analysis:  

(a) – by plate load test; (b) – by consolidation tests. 

3. Results and Discussion 
3.1. Validation by triaxial test data 

Fig. 5 shows the results of triaxial tests of sands at different confining pressure. It can be noted that 
the HS model implemented in the PLAXIS software describes the behavior of the soil under triaxial 
compression with high reliability. A similar character of loading curves and failure load was noted. 

The results of the validation by strength-type problem were shown in Table 4. The estimate of the 

ay  parameter indicates that in the sands S(1)-S(3) the calculated maxq  differs from the experimental ones 

by less than 5 %. The exception was the heterogeneous sand S(4), where the ay  deviation did not exceed 
10 %, and the coefficient of variation did not exceed 20 %. This deviation is due to the influence of the silt 
particles content (see Fig. 3). 
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The MAE  and MAPE  analyses give a similar picture. In homogeneous S(1)-S(3) sands,  
MAE  = 10.0–52.6 kPa; in heterogeneous S(4), MAE  = 42.0–254.3 kPa. Relative to the confining 
pressure, the values obtained were 5 to 15.5 % for S(1)-S(3) and 22 to 56 % for S(4), which are significant 
for strength-type problems. However, the MAE  metric shows only the absolute error, with no reference to 
the absolute values of the system response. The more advanced MAPE  metric, normalized to observed 
values, does not exceed 5 % in S(1)-S(3) and lies between 7.4 % and 18.0 % in S(4). In this regard, the 
MAPE  metric is more illustrative. The MAE  metric is presentable for analysis, but does not characterize 
the degree of influence of the error. MAE  and MAPE  metrics always have positive characteristics and 
consider only the degree of deviation itself, without taking into account its nature (upward or downward). 

The parameters ,ay  ν  and MAPE  are the most indicative for strength-type problem estimation. 

They show not only the nature of the deviation, but also its variability. The MAE  itself can act only as an 
auxiliary characteristic and cannot be the main characteristic when performing validation. 

It should be noted that the high values of the validation metrics obtained confirm the thesis about the 
necessity of determining the strength characteristics of the HS model on the basis of triaxial tests [28]. 

During the validation by strain-type problem based on visual assessment, it is obtained that the model 
describes most of the triaxial tests on the suitable level: the character and absolute values are similar. 
Differences are observed only in S(4), where the model curve describes observations "in the middle" (in 
the range 1ε  < 2–3 %), but visually very wide deviations from the experimental data associated with 
heterogeneity were noted. 

Analysis using statistical metrics also indicates high reliability of the experimental data description. 

For homogeneous sands S(1)-S(3) 2R  = 0.813...0.987, η  = 0.902...0.994; the lowest values were obtained 

for S(2) at 3σ  = 575 kPa, which was also noted visually – the model plot runs along the lower boundary of 
experimental diagrams. Nevertheless, the link between the calculated and observed values on the 

Cheddock scale is characterized as "very strong". For heterogeneous sand S(4) 2R  = 0.429...0.775 and 
η  = 0.655...0.881, the relationship is characterized as "notable" and "strong", which is confirmed visually. 

The ratio ay  for homogeneous and heterogeneous sands lies in the range of 0.904...1.090 and for 

most tests deviates by no more than 10 %. The largest deviations of the ratio are ay  = 0.904 for S(1) at 

3σ  = 75 kPa, as confirmed by other metrics. The coefficient of variation ν  for S(1)-S(3) sands lies in the 

range of 0.05...0.11 at MAPE  = 3.9–9.3 %, for heterogeneous sands it is shown in the range of 
0.214...0.261 at MAPE  = 15.1–22.9 %. It is worth noting that the deviations obtained lie within the range 
of ≤ 0.30, which are considered permissible by GOST 20522-2012. This acceptable limit has been used in 
geotechnical engineering of the USSR and Russia for many years and its effectiveness was confirmed by 
many years of safe construction experience.  

The parameter SRQM  lies in the range of 0.01-0.06 for S(1)-S(3) and 0.05-0.15 for S(4). In S(1)-
S(3) homogeneous sands, with minor deviations between calculated and experimental data ( MAPE  <  

< 5–6 % and ν  < 0.10), SRQM  does not exceed the limits allowed in solid mechanics [19]. At the same 
time, for heterogeneous soils S(4) with moderate deviation ay  <10 % and values ν  < 0.26, the parameter 

SRQM  can lie both within the acceptable limits and exceed them. In this case the deviations ay  and ν  
can be considered acceptable still. In this regard, for soils, as materials with variability of mechanical 

properties (in comparison with other materials), the limiting values of SRQM  from related disciplines are 
not suitable. 

It is worth noting that, as in the case of the MAPE  metric, the parameter SRQM  characterizes the 
absolute value of the deviation. However, the experimental deviations can be in different directions from 
the model, and the calculated curve can pass between the set of experimental curves and generally 
adequately describe the soil behavior. This is the advantage of the pair of parameters ay  and ,ν  which 
signal whether the model gives a safe or potentially dangerous result. 
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Figure 5. Results of validation by triaxial tests of sands S(1)-S(4) at different confining pressure. 

Table 4. Results of calculation of the validation metrics for strength-type problem defined by 
triaxial tests. 

Soil type 
Confining pressure 

3,σ  kPa 

( )max 1 3 maxq = σ − σ  

MAE , kPa MAPE , % ay  ν  

S(1) Medium sand 
75 10.0 4.4 0.97 0.06 

275 23.6 2.8 1.02 0.03 
575 47.3 2.9 1.0 0.04 

S(2) Medium sand 
75 11.6 4.7 0.98 0.05 

275 25.4 3.1 1.01 0.05 
575 32.0 1.9 1.00 0.024 

S(3) Fine sand 
75 10.3 4.1 0.99 0.05 

275 16.2 1.9 1.00 0.023 
575 52.6 3 1.03 0.017 

S(4) Fine sand 
75 42.0 18.0 0.91 0.182 

275 62.0 7.4 1.07 0.085 
575 254.3 17.3 1.07 0.181 

 

In general, the combination of all metrics allows one to perform a sufficiently complex analysis of the 
experimental data deviation from the calculated ones. It is reasonable to use the parameters ay  and ν  as 
the main validation metrics according to the results of triaxial tests for strength-type problems and strain-

type problems. 2,R  ,η  MAPE  and SRQM  parameters can also be used as additional parameters for 

strain-type problems validation. Using only the explanatory variables 2R  and η  is insufficient, because 

although they can give low values in some cases, ay  can be close to 1 and ν  can be within the acceptable 
limits. 
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3.2. Validation on oedometer test data  
Oedometer tests are widely used to solve compression-type problems [29]. For the HS model, the 

т  coefficient can be derived from triaxial sт  and oedometer odт  tests. Therefore, computational 
diagrams were constructed for both cases. Fig. 6 shows the experimental and calculated compression 
curves for soils S(1)...S(5). 
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Figure 6. Results of validation by oedometer compression tests:  

a – S(1); b – S(2); c – S(3); d – S(4); e – S(5). 
A visual comparison of the curves indicates their similar nature. However, the test results can be 

divided into two groups. 
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The first group, which includes soils S(1), S(3) and S(5), is characterized by a "heap" arrangement 
of experimental curves. Here the metrics indicate a well-done description of the experiments by the model: 

2R  = 0.734...0.981, η  = 0.887...0.990 ("very strong" strength of relationship); ay  = 0.861...1.106,  

ν  = 0.17...0.389, SRQM  = 0.09-0.19. At the same time the parameter MAPE  = 21.3–37.1 % indicates a 
significant scatter. 

The second group consists of soils S(2) and S(4), characterized by a wide scatter of experimental 
curves. Visual variation was confirmed by the values of the explanatory variables, which are 15–30 % lower 

than for the first group ( 2R  = 0.513...0.856, η  = 0.716...0.925). Although 2R  and η  correspond to "strong" 

strength of relationship, other metrics suggest very significant deviations ( ay  = 0.975...1.573, 

ν  = 0.366...0.860, MAPE  = 47.3–85.1 % and SRQM  = 0.12–0.43). The deviations obtained for S(2) and 
S(4), as a rule, are confined to the first stage of loading application and at the subsequent stages the 
deformation practically does not differ from the calculated one (experimental and model curves are parallel). 
The indicated effect may be due to heterogeneity (in the case of S(4)), as well as to a loose fit of the 
oedometer stamps to the samples and does not characterize compressibility. 

It can be seen that 2R  and η  can indicate a high strength of relationship, while the model will deviate 

significantly from the experimental diagrams. As in the case of triaxial tests, the use of the 2R  and η  

metrics is not sufficient for a reliable statistical comparison and must be considered in correlation with ,ay  

ν  and MAPE , .SRQM  

It is worth noting that for the compression-type problem using the HS model, the calculations with 

odт  describe the tests better. The value of 2R  in the case of odт  is 10–30 % higher than in the case of 

,sт  with similar .ay  At the same time, the scatter of the data in the case of odт  is lower by 25–35 %. 
This confirms the thesis about the necessity of setting the parameter т  depending on the problem to be 
solved. At the same time, for clayey soil S(5), the SSC model gives a more reliable description than HS. 

3.3. Validation by consolidation test data 
Fig. 7 shows the results of the consolidation tests of soils S(5), S(6) and S(7).  

Based on the visual evaluation of the diagrams, it can be noted that the model curves satisfactorily 
describe the experimental data; significant differences were observed in the absolute deformations. The 
transition zones from primary consolidation to secondary consolidation (creep) in the model and 
experimental diagrams coincide; a similar slope of the curves in the creep stage was observed. The 

explanatory variables lie in the range: 2R  = 0.143...0.958 and η  = 0.379...0.979 and indicate the strength 
of relationship from "moderate" to "very strong". At the same time, the deviation parameters lie in a 

satisfactory range: ay  = 0.815...1.390, ν  = 0.02...0.327, SRQM  = 0.04...0.28. Thus, as for other types of 
tests, the explanatory variables do not allow us to objectively characterize the model accuracy with the 
required reliability. 

The values of the MAPE  parameter are close to the coefficient of variation. However, when 
comparing one experimental diagram with one model curve (e.g., Fig. 7b) MAPE  = 25.1 %, although the 
graphs run parallel ( ay  = 0.815, ν  = 0.02), i.e. no variability is observed. For consolidation tests, MAPE  
does not show the objectivity of the estimate, because it characterizes the error in measured strains. On 
the contrary, the coefficient of variation does not take into account the mean relative values of the error, 
but considers their variability.  

Wide scatter of strains of samples is caused by differences on conditionally instantaneous sections 
of compressibility at t < 1 min, which is characterized by closing of pore spaces with gas content. This is 
evidenced by the low values of the Skempton’s coefficient B  = 0.39–0.47, which should be taken into 
account when modeling performing [8]. Another reason for non-uniform precipitation is the uneven surface 
of the samples in contact with the plate load test (similar to the oedometer tests). Meschyan S.R. showed 
that such effects often occur in stiff clays, where it is difficult to ensure an absolutely smooth surface of the 
specimen contact with the stamps during specimen preparation [30]. 
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The task of any consolidation analysis is to predict strains over time. Therefore, the absolute values 
of settlements in the validation should play a secondary role. For the tests in question, the comparison by 
t100 showed a satisfactory match: mean deviation ( )100a ty  = 0.82...1.352, ( )100tν  = 0.05...0.196, 

( )100tMAPE  = 9.2...25.3 %. 

In view of the above, validation based on consolidation test data should be performed on the basis 
of 100 % primary consolidation time as well as the slope of the consolidation curve during the creep stage. 
Comparison of calculated and experimental strain values at different points in time is an auxiliary element 
of validation. 
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Figure 7. Results of validation by oedometer consolidation test: a – S(5),  
σ1 = 0.55 MPa; b – S(5), σ1 = 4 MPa; c – S(6), σ1 =1.24 MPa; d - S(7), σ1 =1.13 MPa. 

3.4. Validation by plate load test data 
Back analysis of the plate load test tests were performed for sands S(1), S(2), and S(4) (Fig. 8). 

A visual comparison shows a good strain match on the primary loading up to 250 kPa. On the 
unloading path it can be seen that the stiffness urE  is higher than that of the plate load tests. Coincidences 
on the unloading path are observed only for soil S(2) at a depth of 8.8–9.0 m. The simulated reloading path 
also differs from the experimental data. 

In the analysis based on the validation metrics it can be noted that the differences between the model 

and calculated curves are insignificant: 2R  and η above 0.9, ay  = 0.923–1.20 at ν  = 0.121...0.239, SRQM  
< 0.19. A separate deviation of variation coefficient ν  = 0.39 is revealed for heterogeneous sand S(4) with 
"ideal" ay  = 1.017 and moderate MAPE  = 25 %. 
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When analyzing comprehensive stress paths (e.g., with unloading and reloading), the considered 
metrics do not always allow an objective evaluation of the analysis results. For simple oedometer and 
triaxial tests, the validation metrics characterized negligible deviations which were confirmed visually. For 
plate load tests with two stress paths, the metrics lie in satisfactory ranges, while a good visual match was 
observed in only 30 % of the curve sections.  

Such significant discrepancies are explained by peculiarities of the HS model. First, the model 
parameters are determined on the basis of laboratory tests. Damage of samples during sampling, 
transportation and storage, lack of reliable data on density (in course of sand) and real stress state in the 
massif (for accurate laboratory tests) reduce the reliability of modeling. This causes the necessity to confirm 
the applied model parameters on the basis of plate load and pressuremeter tests. Secondly, the HS model 
takes into account isotropic hardening and the yield surface that can expand due to plastic straining but 
changes its position after the change of stress paths in principal stress space. In the process of 
unloading/reloading or non-linear stress paths, the position of yield surface changes, which affects the 
deformation behavior of soil. Therefore, for comprehensive stress paths, the model should be evaluated on 
the basis of visual assessment, and its permissibility should be evaluated by an analyst. 

Considering the above features, the results of the back analysis can be called satisfactory. In the 
case of simple loading, validation approaches for plate load tests are similar, with triaxial and oedometer 

tests: first of all, they rely on a joint analysis together with ,ay  ,ν  MAPE  and ,SRQM  and use the metrics 
2R  and η  as auxiliary. In case of a comprehensive loading trajectory, the analysis should be based on a 

visual evaluation and the metrics should have an auxiliary function. 
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Figure 8. Results of validation by plate load tests for: a, b – S(1) at depths of 7.0 and 7.5 m;  

c, d, e – S(2) at depths of 8.0, 8.8 and 9.0 m; f – S(4) at depth of 8.8 m. 

3.5. Acceptable values of validation metrics 
In related disciplines, validation issues have advanced considerably over the past few years. In 

particular, there have been published works by Roache [31], Coleman and Steele [32], Oberkampf and Roy 
[33], Hazelrigg and Saari [34] which consider various aspects of validation. An important factor influencing 
the result of any validation is the experience and competence of the analyst performing the calculation and 
back analysis [34]. As a rule, the more experienced analyst performs validation for a particular task, the 
higher the probability of a successful result of verification. The biggest challenge is assessing the 
competence of the analyst. Validation issues in geotechnical engineering are complicated by the fact that 
geotechnical engineering is a branch of knowledge at the intersection of several specialties: civil engineer, 
engineer-geologist and mining engineer [35]. In order to obtain the required competence it is necessary to 
have at least 10–15 years of experience. In this regard, the issue of applying independent validation metrics 
and assigning their admissible limits in geotechnical engineering is quite acute. 

a) b) c) 

d) e) f) 
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In these conditions, visual and qualitative metrics used for geotechnical analysis, it is reasonable to 
supplement with independent metrics, which, for example, correspond to the provisions in other disciplines 
[17–19]. The analysis has shown that the validation metrics accepted in related disciplines are rather 
restricted and not suitable for geotechnical engineering. The influence of heterogeneity in the soil massif 
forces to use less stringent boundary metrics. However, to ensure high accuracy of predictions, it is 
necessary to provide a good description of the processes as a whole and to introduce restrictions on the 
scatter of data.  

The analysis shows that the validation in geotechnical engineering can be conditionally divided 
depending on the problem to be solved: the strength-type or the strain-type analysis. The metrics used for 
estimation also depend on the problem to be solved (Table 5). 

Table 5. Validation metrics depending on the test type and problem type to be solved. 

Type of test 
Validation metric 

Main Auxiliary 
Triaxial tests 

- strength-type problem ay , ν  and MAPE  MAE  

- strain-type problem Visual, ay  and ν  2R , η , SRQM  and MAPE  

Oedometer tests Visual, ay  and ν  2R , η , SRQM  and MAPE  

Consolidation tests 
Visual, 

100( )a ty  and ( )100tν  ay , ν , 2R , η , SRQM  and 

MAPE  
In-situ soil tests (plate load) Visual, ay  and ν  2R , η , SRQM , and MAPE  

Stress path 
Visual ay , ν , 2R , η , SRQM  and 

MAPE  
 

For the strength-type problem, the correctness of the model's description of soil failure is evaluated. 
To compare the experimental and simulated soil failure, the metrics ay , ν  and MAPE  proved to show 
better results. Considering that the strength-type problem determines the object safety, the peculiarities of 
the experimental data acquisition and models accuracy, the deviation value ay , in the author's opinion, 
should not exceed 5–10 %.  

The strain-type problem validation (triaxial, oedometer or plate load tests) assesses the correctness 
of the model's repeatability of soil deformation under load. Here it is reasonable to perform a visual 
assessment of stress-strain curves supported by the proposed metrics. As in the case of strength-type 

problem validation, the ay  and ν  metrics showed the greatest efficiency. Metrics ,SRQM  MAPE , 2R  
and η  can be used as auxiliary. For the case of a comprehensive stress path (with unloading and reloading, 
along an atypical trajectory, etc.), visual assessment should be preferred. Model and experimental stress-
strain curves in different load ranges may have different deviations (up or down). Because of this, it is more 
difficult to provide strict values of validation metrics. On the other hand, inaccuracies in the strain analysis 
affect the operation of the object (settlements, inclinations, crack opening, etc.) and do not affect safety. In 
view of the above, in the author's opinion, for the strain validation the deviation value ay  should not exceed 

10–15 %, and SRQM  should not exceed 0.3. For the explanatory variables 2R  and η  were proposed to 
focus on the "very strong" and "strong" strength of relationship according to the Cheddock scale (Table 1). 
The use of a lower strength of relationship is inappropriate, as it indicates a bigger error value of the model. 
For comprehensive stress paths, the acceptability of the model should be evaluated by the analyst. 

In case of the consolidation model validation, the advantage should be given to the behavior on a 
timeline. The estimation of absolute value strains should play a secondary role. Therefore, it will be correct 
to compare the time of the 100th primary consolidation 100t  using the metrics ( )100a ty  and ( )100

.tν  Limit 

values of the validation metrics during consolidation are quite difficult to assign, since tests are usually 
performed under laboratory conditions on specimens sampled from the soil massif. Consolidation tests are 
the most sensitive to the quality of sampling, especially from large depths [36]. In this regard, the validation 
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metrics should be assigned by the analyst, taking into account the statistical variability of specific 
experimental data. 

For strength-type and strain-type problems the value of the variation coefficient ν  must not exceed 
0.3. The value of ν  ≤ 0.30 is justified by many years of experience in the application of this limit in the 
USSR and Russia in the allocation of engineering-geological elements (Interstate Standard GOST 20522-
2012). The use of a stricter coefficient of variation may be justified for materials with high reproducibility of 
properties (e.g., systematically erected embankments of homogeneous materials, concrete, metals, etc.). 
In the case of natural soils, this may lead to limitations on the use of non-linear models in heterogeneous 
soils. However, it may be justified in the case of high requirements for analysis accuracy.  

The values of the MAPE  parameter when comparing a group of curves have close values to ν. 
When comparing with single experimental values, the analysis by MAE  and MAPE  can give a more 
objective assessment. However, it is common in geotechnical engineering to consider statistical variability 
[37], in connection with which the analysis by ν  is more preferable. Therefore, allowable values of MAE  
and MAPE  should be determined by the calculator for specific tasks. 

For particularly critical objects (unique high-rise buildings, hydraulic structures, etc.) more stringent 
limits of validation metrics can be considered. Specific values of deviations should be determined by the 
analyst depending on the required accuracy of analysis, responsibility of the object and accident risk 
assessment. However, in the author's opinion, the application of more stringent metrics in soils, taking into 
account the above factors, is not justified. 

If the model does not meet the specified validation metrics, additional correction factors can be 
introduced. As a first approximation, we can consider applying an additional correction factor equal to the 
value of the maximum deviation .ay  

Based on the estimates made for the proposed validation metrics for various tests, Table 6 was 
developed. The proposed metrics and their allowable values will make formalizing the performance of 
validation for geotechnical tasks possible. 

Table 6. Acceptable values of validation metrics depending on analysis accuracy 
requirements and the problem type to be solved. 

Requirements for 
analysis accuracy 

Strain-type problem and consolidation Strength-type problem 

ay  ν  SRQM  2R  η  ay  ν  

Normal* 0.85 ≥ ay  
≥ 1.15 ν  ≤ 

0.30 

SRQM  ≤ 
0.3 

0.81 > 2R  ≥ 
0.49 

0.90 > η  ≥ 
0.70 

0.90 ≥ ay  ≥ 
1.10 ν  ≤ 

0.30 
High 0.90 ≥ ay  

≥ 1.10 

SRQM  ≤ 
0.2 

2R  ≥ 0.81 η  ≥ 0.90 0.95 ≥ ay  ≥ 
1.05 

Note: "*" is allowed for preliminary analysis with high requirements for analysis accuracy 
 

Validation of non-linear models and their parameters using the specified acceptable values is of 
course a necessary but not sufficient metric for solving the problem of limiting equilibrium in the soil mass. 
Further, it is necessary to evaluate the influence of application of the validation metrics of Table 6. On the 
results of analysis of full FEM models using non-linear soil models for specific problems the deterministic 
[21–23] or stochastic (e.g., using the Monte Carlo method) [24, 25, 38] approaches can be used. It is also 
necessary to evaluate the applicability of validation metrics on more empirical data and monitoring results. 

4. Conclusions 
Geotechnical analyses are often performed using non-linear soil models. In order to obtain reliable 

results using non-linear models it is required to perform their validation. However, model validation in 
geotechnical engineering is performed expertly or visually, without applying special quantitative metrics. 
Model quantification requirements are widely used in related disciplines (hydro- and thermodynamics, solid 
mechanics). At the same time, permissible validation metrics accepted in related disciplines are rather 
restricted and are not applicable in geotechnical engineering, because soils, in comparison with other 
materials, have significant heterogeneity. Based on the analysis, the following conclusions were obtained. 

• The following validation metrics can be used in geotechnical engineering: visual, the relative 

area between the calculated and model cumulative distribution function ,SRQM  mean 
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average error ,MAE  mean absolute percentage error ,MAPE  coefficient of determination 
2,R  theoretical correlation ratio ,η  average ratio of experimental data to calculated ,ay  

coefficient of variation .ν  
• Validation of the soil models can be divided depending on the problem to be solved: strength-

type or strain-type problem. In the first case, the indicators at failure are compared (for 
example, for triaxial compression it is suggested to use the maximum deviator stress maxq
). In the second case, the stress-strain curves are compared. 

• The metrics ay  and ν  showed the greatest efficiency in the strength-type and strain-type 
problems. They take into account not only the nature of the deviation, but also its variability. 

Parameters ,SRQM  MAE  and MAPE take into account the absolute error, but ignore the 
direction of deviation. The deviations of the experimental data can be in different directions 
from the model, and yet, the model can adequately describe the behavior of the soil. The 
advantage of the pair of parameters ay  and ν  is that they signal whether the model gives 

us a conservative or potentially dangerous result. The use of the 2R  and η metrics is not 
sufficient for reliable validation and should be considered together with ,ay  ,ν  MAPE  and 

.SRQM  
• Validation from oedometer consolidation test data should be based on an analysis of the 

100 % primary consolidation time and the slope of the consolidation curve during the creep 
phase. Ancillary elements of validation should be presented as comparison of calculated and 
measured strain values at different points in time. 

• When analyzing comprehensive stress paths (e.g., with unloading and reloading), the 
considered metrics do not always allow an objective assessment of the simulation results. 
Therefore, the advantage should be given to visual assessment. 

• Acceptable values of validation metrics for geotechnical engineering are proposed (Table 6). 
The proposed metrics and their admissible values will allow formalizing the execution of 
validation for geotechnical tasks. At that, specific values of deviations should be determined 
by an analyst depending on the required accuracy of analysis, object responsibility and 
accident risk assessment. The application of the proposed metrics will allow systematization 
of the validations performed by different specialists and thereby increase the reliability of 
geotechnical analysis. In case the model does not fit into the required validation metrics, 
additional correction factors can be introduced. 

In the future, it is advisable to: consider the applicability of these metrics to other soil test methods, 
evaluate the effect of metrics application on the results of full FEM models using non-linear soil models, 
and test the proposed validation metrics on a larger volume of data. 
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Abstract. The development of sustainable cements requires the expansion and optimization of the mineral 
resources base. In this study, the medium-grade bentonite clay and limestone as a promising, available, 
low carbon, and abundant starting materials, were investigated as binary precursors for eco-friendly non-
clinker alkali-activated cements development. Properties of fresh and hardened pastes of blended alkali-
activated cements were investigated by standard techniques depending on the mineralogical assemblage, 
fineness of precursors, formulation details. The reaction products and microstructures of alkali-activated 
calcined bentonite clay-limestone hardened pastes were analyzed using thermal, XRD, and SEM/EDS 
analyses. As a result, calcined bentonite clays at 39–47 % content of clay minerals were stated to be 
suitable as a primary precursor for alkali-activated cements incorporated with high loading of raw limestone. 
Optimum compositions consisted of 20–30 % calcined clay and 70–80 % limestone with compressive 
strength up to 34.2 MPa. In the designed cement calcined bentonite clay is the main reactive precursor that 
forms a mineral matrix sodium aluminosilicate hydrate gel N-A-S-H, whereas calcium carbonate is a much 
less reactive secondary precursor that participates in the formation of sodium (calcium) aluminosilicate 
hydrate gel N-(C)-A-S-H. 

Citation: Rakhimova, N.R., Morozov, V.P., Eskin, A.A., Galiullin, B.M. Alkali-activated bentonite clay-
limestone cements. Magazine of Civil Engineering. 2023. Article no. 12206. DOI: 10.34910/MCE.122.6 

1. Introduction 
Development of sustainable mineral binders that comply with increasing technical and ecological 

requirements and a general trend towards gradual decrease in their energy and resource intensities 
determines the expansion of the mineral resources range. The resource base of supplementary 
cementitious materials applied in increasing volumes for Portland clinker replacement in mixed cements 
has been reconsidered in recent decades to establish more available and wider range of mineral materials 
than traditional ones, such as blast furnace slag, fly ash, etc. As a result of ongoing studies conducted in 
this field, clays and calcium (magnesium) (C/M) carbonate rocks have been identified as the perspective 
sources for the production of low- [1–6] and non-clinker cements [7–13], including alkali-activated cements 
(AACs). The interest in these mineral sources is based not only on the large reserves and their ubiquitous 
availability, but also on their decreased global warming potential, lowered energy consumption, and 
multifunctional effect on the engineering performance of blended cements and concretes. 

For a long time the limestone (LS) was assigned the sole role of an inactive filler for AACs. A great 
number of studies stated the beneficial effect of LS on the properties of fresh and hardened alkali-activated 
(AA) blast furnace slag, fly ash, calcined clays cements. The positive influence effect of C/M carbonates on 
the performance of AACs is based on the filler, nucleation, dilution, and chemical effects, which are 
conditioned by the chemical-mineralogical compositions of the primary precursors (Ca-free or Ca-rich), the 
nature and dosage of the alkaline component, and the content and fineness of LS or dolomite [14–21]. 

https://creativecommons.org/licenses/by-nc/4.0/
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However, recent studies have stated that the chemical activity of LS in AA binder systems is underrated. 
Ortega-Zavala et al. [22], Aizat et al. [23], Yin et al. [24], Cousture et al. [25], and Lin et al. [26] reported 
that C/M carbonates can be used as primary precursors for AACs. However, LS and dolomite powders 
display noticeable reactivity only during long-term aging under a high alkaline dosage or pressure. Low 
chemical activity made it reasonable to use LS as a secondary precursor in AAC based on the low content 
of reactive calcined clays. Perez-Cortez et al. designed an AAC based on metakaolin (MK) and LS [10, 11]. 
The content of LS was as high as 80 % in optimal formulation, molar ratios of Na2O/Al2O3 and SiO2/Al2O3 
were 0.94 and 3.54 (4.7 % Na2O respective to mass of MK+LS). The compressive strength (CS) of the 
designed cement after 24 h of treatment at 60 °C was 51.9 ± 0.7 MPa. The microstructure of the hardened 
pastes was a dense matrix of reaction products with partly reacted LS particles, and the main reaction 
products were mixed (C,N)-A-S-H with N-A-S-H, C-A-S-H, and C-S-H. The introduction of LS to sodium 
silicate (SS)-activated MK decreased alkali component consumption, and changed the chemistry and 
assemblage of the reaction products. The main reaction products were the mixed gels of N-A-S-H and (N-
(C)-A-S-H) with 3D network structures where Ca2+ replaced Na+ via an ion-exchange mechanism. 
Meanwhile, the properties of the proposed fresh and hardened AAC pastes were not comprehensively 
investigated, as the focus was on the CS of the hardened samples. 

The high cost and scarcity of the high-grade MK clay deposits have intensified the worldwide 
research on evaluating the potential of relatively more abundant clay minerals – illite, montmorillonite etc. 
[27–30]. Bentonite clay, meanwhile, has not yet been explored in AAC with high content of LS.  

Several studies have investigated the suitability of natural clay-C/M carbonate blends in the form of 
carbonate-containing clays with varying mineralogical composition for AACs production [31–38]. Both the 
content of clay and carbonate minerals and the calcination temperature are determining factors in the 
reactivity of multimineral carbonate-bearing clays because the decomposition temperatures of calcium 
carbonate and clay minerals are different. Thus, the normal temperature range providing the clay minerals 
dehydroxylation at 600–800 °C is insufficient for the complete decarbonization of C/M carbonates. 
However, calcium carbonate began to decompose at 750 °C [37], indicating that carbonate-containing clays 
after calcination at temperatures range of 750–800 °C are composed of not only reactive Si and Al but also 
certain amount of reactive Ca. Consequently, thermally treated carbonate-containing clays used as 
geopolymer precursors are referred to as Ca-aluminosilicates. D’Elia et al. [35] designed a geopolymer 
binder based on 6 M sodium hydroxide activated thermally treated carbonate-rich illite clay with a 34.2 % 
clay mineral and 31.2% calcite content, and the 2 d CS was as high as 20 MPa, whereas 28 d was > 
30 MPa. The presence of reactive Ca in the calcined clay induced the co-precipitation of a mix of aluminium-
enriched C-A-S-H and N-A-S-H gels, in which sodium was partially replaced by calcium (N,C)-A-S-H. 

It should be noted, the literature lacks data on the feasibility of using bentonite clay-limestone co-
calcination for the purpose of AAC production. 

The object of this study is alkali-activated cement based on bentonite clay and limestone, the subject 
is the investigation of the properties of fresh and hardened pastes, reaction products assemblage, and 
microstructural characterization of this binder system. 

The goal of this study is the development of alkali-activated cements based on bentonite clay and 
limestone for general construction purpose. In light of these previous research works, the objectives of the 
research are: 

− feasibility investigation of AACs designs based partially or co-calcined bentonite clay and 
limestone; 

− study on the effect of mineralogical assemblage, fineness of precursors, formulation details, 
curing conditions on engineering performance, reaction products, and microstructure of AACs 
based on bentonite clay-limestone mixture; 

− study of the role of calcined bentonite clay and limestone in formation of reaction products of the 
AAC hardened pastes. 

2. Materials and Methods 
The bentonite clays and LS applied to prepare the AAC paste samples were obtained from the 

Russian Federation (Republic of Tatarstan) deposits. The mineralogical composition of the Clay 1 (Fig. 1): 
kaolinite-1A – 5.03 %, montmorillonite-15A – 29.96 %, montmorillonite-18A – 12.02 %, quartz – 25.58 %, 
muscovite-2M2 – 14.61 %, orthoclase – 7.05 %, clinochlore – 5.28 %, pyrite – 0.46 %; Clay 2 (Fig. 2): 
montmorillonite – 39 %, quartz – 15 %, albite – 12 %, mica – 11 %, clinochlore – 8 %, hornblende – 7 %, 
microcline – 6 %, calcite – 2 %. 
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Figure 1. X-ray diffractograms of raw and calcined Clay 1. 

 
Figure 2. X-ray diffractograms of raw and calcined Clay 2. 

Anhydrous solid sodium metasilicate (SSM) (Na2SiO3) provided by Meterra (RF) was used as the 
alkali reactant. An SS solution was prepared by dissolving SSM granules in deionized water and cooling it 
to room temperature for 24 h prior to use.  

The bentonite clays or mixtures of bentonite clays and LS were calcined at 800 °C for 1 h. Calcined 
bentonite clay and LS were milled in a planetary mill MPL-1. The particle size distributions of the source 
materials were measured using a laser particle size analyzer (Horiba La-950V2). The materials were 
dispersed via ultrasound in ethanol as the dispersion medium. The particle size distributions of the starting 
materials are presented in Table 2 and Fig. 3. 

Table 1. Particle size characteristics of the starting materials (µm). 
Material d10 d50 d90 

Calcined Clay 1 7.7 24.1 116.2 
Calcined Clay 2 9.8 20.9 88.6 

Limestone 3.0 9.5 108.0 
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Figure 3. Particle size distribution of starting materials. 

The dry mixes were kneaded for approximately 10 min with an alkali reactant solution (Fig. 4). The 
fresh pastes were manually cast into 25×25×25 mm cubic moulds and vibrated for 1 min to remove 
entrapped air. Two sets of samples were then prepared. CS of the hardened AAC pastes was tested after 
steam curing, following a thermal curing program of 24 h of presetting, 4 h to reach the desired temperature, 
12 h of dwell time at 80 °C, and 3 h of cooling. Mechanical tests were conducted by applying a vertical load 
between the two parallel surfaces during casting. Each CS determination quoted was based on the average 
of six measurements from the same cast. 

 
Figure 4. Preparation of AACs hardened pastes. 

X-ray diffraction (XRD) and thermal analyses (TG/DSC) were conducted on ground clays and AAC 
hardened pastes. The XRD results were obtained using a D2 Phaser X-ray diffractometer in a Bragg-
Brentano θ–2θ configuration with Cu Kα radiation operating at 40 kV and 30 mA. Data analysis was 
performed using the DIFFRAC plus Evaluation Package EVA Search/Match and PDF-2 ICDD database. 
The mineralogical composition of the clays was determined by analyzing the X-ray diffractograms of the 
software product Diffrac.eva V3.2. An STA 443 F3 Jupiter simultaneous thermal analysis apparatus was 
used for the TG/DSC. The clays and hardened AAC pastes were heated from 30 °C to 1000 °C at a heating 
rate of 10 °C/min. The data were analyzed using Netzsch Proteus Thermal Analysis software. Scanning 
electron microscopy (SEM; FEI XL-30ESEM) was performed at accelerating voltage of 20 keV. 

The workability of the fresh pastes was evaluated using flow-table tests according to EN 1015-3. The 
water/binder ratio was regulated to maintain constant flowability ranging from 29.5 to 30.0 cm. The fresh 
pastes were placed into a standard conical ring, and free flow without jolting was allowed. Two 
perpendicular diameters were determined, and the mean value was recorded as the slump flow. The initial 
and final setting times were measured using the Vicat needle method according to EN 196-3. The 
determined values are the averages of three samples. 

3. Results and Discussion 
3.1. Development of AACs based on calcined bentonite clay and raw LS 

3.1.1. Properties of fresh and hardened AAC pastes based on calcined bentonite clays and raw 
LS 
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The influence of the quantity of LS, calcined clay minerals, and SSM dosage on the CS of hardened 
AAC pastes is shown in Fig. 5. It can be observed from the presented data that the CS of the samples 
based on thermally treated Clay 1 is higher than those derived from Clay 2 due to greater amount of reactive 
phase provided by higher content of metamontmorillonite as well as presence of metakaolinite. Moreover, 
higher content of quartz in Clay 1 compared to Clay 2 can improve the CS by slowing down the crack 
growth in the AA cementitious materials [39]. As for the dosage of SSM, 5–10 % was optimal, and the use 
of a higher percentage of 15 % was not productive. An increase of the SSM percentage from 5 to 10 % 
logically positively affects the CS by ensuring higher completeness of the reaction process between the 
precursor and alkali component. The highest mechanical performance up to 34.2 MPa corresponded to a 
low content of calcined clays (20–30 %) and high content of LS (70–80 %), which agrees with the results 
of Perez-Cortez et al. [10, 11]. However, the CS values of MK-LS optimal formulations were lower than 
those obtained by Perez-Cortez et al. [10, 11]. This can be attributed to the differences in curing conditions 
and lower reactivity of 2:1 type clay mineral metamontmorillonite compared to metakaolin. The 
improvement in CS followed by an increase in LS replacement up to 80–90 % is probably attributed to 
several reasons. First, the filler effect of LS provides better packing density of precursor particles; secondly, 
an increase in the SSM/reactive phase ratio at higher LS dosages against the backdrop of LS poor chemical 
activity intensifies the formation of binder gel. The SSM/reactive phase ratio supposedly reaches optimal 
value for formation of continuous mineral matrix with CS and in a volume sufficient to solidify high content 
of LS when the dosage of calcined clay minerals is 9.4 % and 10.8 % in Clay 1 and Сlay 2, respectively. 

 
Figure 5. The influence of the quantity of clay minerals, LS,  

and SS dosage on the CS of the hardened AAC pastes. 
The properties of the fresh AA calcined Clay 1-LS pastes are shown in Fig. 6. By increasing the 

amount of LS in the range of 0–90 %, a reduction can be observed in the water/binder ratio from 0.7 to 
0.54, which agrees with numerous studies stating the dilution effect of LS [40–42]. Moreover, the setting 
times of the fresh pastes were shortened by an increase in LS loading. The reason of it is the lower amount 
of liquid phase at higher loadings of LS, greater ratio of SSM/reactive phase, and chemical reactions 
intensity between the alkali reactant and precursors blend. 
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Figure 6. The properties of the fresh AAC pastes. 

3.1.2. Reaction products and microstructure of hardened pastes based on calcined 
bentonite clays and raw LS 

The results of the X-ray diffraction, thermal, and SEM/EDS analyses are shown in Figs. 7–9, 
performed for the optimal formulations of AAC hardened pastes based on calcined Clay 1 incorporated with 
80 % of LS and activated by SSM solution (10 % by Na2O). According to XRD, the main reaction product 
of hardened paste, based on the amorphous hump which is centralized between 26 and 29°2Ѳ, is a mixed 
N-A-S-H and N-(C)-A-S-H gel-like product [11], along with relic unreacted quartz, mica, and calcite. The 
binder hydrate gel is also supported by the results obtained through thermal and SEM/EDS analyses. The 
water loss of 4.52 % detected in the area of 50–175 °C reflects water evaporation and dehydration from 
the gel reaction product. However, the reactive phase composition in the studied cementitious system 
requires further more detailed investigation. 

 
Figure 7. X-ray diffractogram of calcined Clay1(20)-LS(80)-based hardened paste. 
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Figure 8. Thermal analyses (TG/DSC) of calcined Clay1(20)-LS(80)-based hardened paste. 

 
Figure 9. SEM/EDS of calcined Clay1(20)-LS(80)-based hardened paste. 

3.2. Development of AACs based on calcined bentonite clay and raw LS 
The mechanical properties of hardened pastes obtained by alkali activation of the calcined mixtures 

of bentonite clays and LS were not significantly different from those based on calcined clays and LS. 
Therefore, the joint thermal treatment of bentonite clay and LS did not result in formation of calcium silicates 
as it was stated for mixtures based on kaolin and limestone [38]. These hypotheses were confirmed by 
XRD and thermal analysis data presented in Figs. 10, 11. As can be seen from the presented data, the 
calcination of bentonite clay-LS mixtures leads only to dihydroxylation of clay minerals and decomposition 
of calcite. 

 
Figure 10. X-ray diffractogram of calcined mixtures Clay1(25)-LS(75) and Clay1(50)-LS(50). 
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Figure 11. Thermal analyses (TG/DSC) of calcined mixtures Clay1(25)-LS(75) and Clay1(50)-LS(50). 

4. Conclusion 
The paper presented study results on the effects of formulation-processing factors (individual or 

complete thermal treatment of bentonite clay-LS, dosages of precursors and alkali reactant) on the 
properties of sodium-silicate activated fresh and hardened cement pastes, reaction products assemblage, 
and their microstructure. The following conclusions were drawn. Calcined bentonite clays at 39–47 % 
content of clay minerals were found to be suitable for AACs incorporated with high loading of raw LS. The 
thermal treatment of bentonite clay followed by mixing with raw LS was a more reasonable way to obtain 
mixed AAC compared to joint calcination of bentonite clay and LS. Optimum compositions consisting of 
20–30 % calcined clay and 70–80 % LS had compressive strength up to 32 MPa. In the designed AAC 
based on the binary calcined clay-LS precursor, calcined clay is the main reactive precursor that forms a 
mineral matrix in the form of sodium aluminosilicate hydrate gel N-A-S-H, whereas calcium carbonate is a 
much less reactive secondary precursor that modifies the main binder gel by forming sodium (calcium) 
aluminosilicate hydrate gel N-(C)-A-S-H. An intermixed mineral matrix consisting of N-A-S-H and N–(C)-A-
S-H gels binds the LS particles by forming a consolidated material. The effect of LS on the properties of 
fresh AAC pastes, which manifests in water demand and setting times reduction for blended fresh AAC 
paste, was based on the dilution effect. The strengthening effect of LS was based on filler, nucleation, and 
chemical effects. 

Predominant content of raw LS contributes to low energy consumption of the proposed AACs. 
Presented outcomes contribute to the development of the raw materials base of sustainable cements. 
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Abstract. The object of the study is frame-gantry pile foundations embedded in the soil base. To improve 
the strength of weak soil base, various methods of reinforcement are used, including the foundation 
constructions in the form of wedge-shaped piles. The paper deals with laboratory studies of the soil base 
during the installation of small-scale wedge-shaped piles at different angle. The process of soil shearing 
under the influence of the loads is registered by deformation control benchmarks arranged in the form of a 
square grid. The interaction between the soil and the frame-gantry foundations appears in a change of the 
physical and mechanical characteristics in the near pile area. The tests revealed that when piles are 
installed at the angle of 30° the bearing capacity of the foundation increased. The average density in the 
fixed active zone of the soil area increased by 12 %, and the average porosity coefficient decreased by 
20 %. The deformation modulus changed by 1.8–2.3 times. The angle of internal friction remained virtually 
unchanged. 
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1. Introduction 
The need for infrastructure development due to population growth is forcing the society to build on 

the soils available in their locality. The main feature of the geological structure of the soil base of many 
regions of the world, in particular the Tyumen region, is its composition. The upper layers with a thickness 
of about 3 m are composed of soils with a deformation modulus of 9–20 MPa, and the underlying weak 
layers are formed by clayey soils of soft-plastic consistency. Weak soils (clay, loam, deformation modulus 
2–7 MPa) have a thickness of 8 to 15 meters or more. At a depth of 13–15 m, there are strong underlying 
layers of soils. Increasing the bearing capacity of soil foundations and the development of effective solutions 
for the design and study of foundations on such soils becomes relevant. In most cases, weak water-
saturated soils cannot be used as the foundation of buildings and structures without their reinforcement 
using, for example, pyramidal [1], gantry piles [2]. A lot of research is related to vertical wedge-shaped piles 
with various bulk materials. Such piles are considered in laboratory experiments [3], full-scale experiments 
[4], however, the authors do not take into account the effect of the pile inclination angle relative to the 
vertical on the bearing capacity of the soil foundation. 

The paper [5] investigates experimentally and numerically the bearing capacity of steel wedge-
shaped joints, and does not consider the bearing capacity of the soil foundation. The development of 
experimental methods for determining the bearing capacity of a piles is given in the works: composite helical 
micro piles [6], vertical fiberglass micro piles [7, 8], pyramidal-prismatic and prismatic piles for pressing [9]. 

https://creativecommons.org/licenses/by-nc/4.0/
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Experiments with pyramidal-prismatic piles make it possible to reasonably assign length and dimensions 
cross section of their pyramidal segment. 

The article [10] considers experimental studies carried out on conical piles based on the latest 
achievements. Experiments indicate the advantages of this type of piles compared to their cylindrical 
counterparts. Conical piles can be advantageous in terms of bearing capacity compared to cylindrical piles 
[11]. However, this study focuses on the behavior of conical piles buried in sandy soil. 

The article [12] theoretically investigates the effect of vertical vibration on the compaction of soil 
reinforced with a conical pile during the laying process. It is shown that soil compaction has a significant 
impact on the soil base and the bearing capacity of the pile. It is also important to identify the mechanisms 
of the compaction effect of the "pile + soil" structure under static loading, but this fact is not considered by 
the authors of the article. 

In the article [13] reviews the developments and applications of geosynthetics in soil stabilization and 
protection of coastal areas with emphasis on shoreline protection. Geosynthetic materials are widely used 
in the construction of sand piles reinforced along the contour [14–16] to increase the bearing capacity of 
the soil base. In [17], on the basis of the mechanical characteristics of a weak soil base reinforced with 
fiberglass, the mechanism of interaction between geosynthetics, piles and soil under the load from the 
embankment was analyzed. 

All considered piles are vertical and the issue of changing the mechanical characteristics of the soil 
foundation reinforced with inclined piles remains unexplored. 

In theoretical calculations of soil foundations, an increase in the forecast of the bearing capacity of 
the foundation occurs due to taking into account the plastic deformations of the soil [18], the viscoelastic 
properties of the soil [19, 20]. The paper [21] presents an experimental characterization of the crack pattern 
observed in compacted samples at optimum water content with and without fibers. Skirted foundations are 
popular due to relatively higher bearing capacity and greater stability compared to strip footing [22]. The 
works [23–25] present some methods for calculating soil bases reinforced in various ways. 

In [26], the bearing capacity of a pyramidal pile was studied depending on its volume, length, soil 
conditions, and the angle (angle of 5–15°) of inclination of the pile faces, which is not enough to increase 
the bearing in low-rise construction. In designing, the calculated value of piles and foundations settlement 
does not take into account the nature of the interaction between the foundation and the soil base in the 
contact zone; the effect of compacted soil on the pile resistance during installation and during loading; 
uneven distribution of the contact pressure of the base on the pile surfaces. 

Foundation structures (pyramidal, gantry piles) can cut through strong layers of soil and rest on a 
weak soil base, which significantly reduces the efficiency of using such foundations. In the publications 
reviewed above, there are no experimental studies related to the increase in the bearing capacity of the 
base by identifying the mechanism of interaction of inclined (at an angle of 30° to the vertical) conical piles 
with a base of weak soils such as clays and loams. The authors of the article tried to partially fill this scientific 
gap. A feature of this article, in contrast to the literature sources discussed above, is laboratory experiments 
with frame-gantry foundations made of wedge-shaped piles located at different angles to the vertical. The 
difference between the proposed design and the previously known portal foundations is that when the piles 
are tilted, an angle of 30° is the foundation support area. Due to the wedge shape of the piles, there is full 
contact of the lateral surface with the ground, compared to conventional prismatic piles. The  experimental 
study aims to analyze the work of frame-gantry strip foundations on the action of vertical loads and their 
interaction with a weak soil base. 

The object of the study is frame-gantry pile foundations embedded in the soil base. 

The subject of the study is the bearing capacity of a weak clay base, together with the proposed 
foundation design and the assessment of the strength characteristics of the base. In the calculations, it is 
necessary to indicate the stiffness characteristics of the soil, taking into account the of frame-gantry piles 
(soil base and pile foundation), therefore, experimental studies aimed at determining the physical and 
mechanical characteristics in the interaction between soil and the pile foundation always remain an urgent 
task. 

Thus, the interaction of the frame-gantry foundation and the soil foundation must be investigated 
experimentally for a complete analysis of the deformed state of the soil foundation. However, the control 
over the settlements of buildings, the determination of the stress-strain state in natural conditions is 
problematic due to the complexity of testing and measuring stresses and strains at individual points of the 
foundation. Therefore, the purpose of the presented article is to study the stress-strain state of the "soil + 
+ foundation" system in laboratory conditions on small-scale models to identify the nature of the interaction 
between the soil foundation and the frame-gantry foundation model. 
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2. Methods 
The authors carried out tests in the Soil Bases and Foundations laboratory of the Industrial University 

of Tyumen (city of Tyumen, Russian Federation). The purpose of the experiments was to determine the 
nature of soil compaction in the core when installing wedge-shaped piles at different angles, to determine 
the influence of various factors on the operation of the foundations under study and the behavior of the soil 
base near the pile array. 

All experiments of frame-gantry foundations models were done in a specially created experimental 
setup made in the form of a metal tray with soil. The design of the experimental setup had been made in 
such a way that when testing model foundations, the conditions of a plane problem were simulated. The 
main feature of the experimental tray and the test scheme of the foundation model was the use of visual 
non-contact methods for studying the deformations of the soil mass in depth. The experimental setup was 
equipped with a large viewing window that allowed recording the main stages of the experiment. The 
experimental setup and the view of the foundation model are shown in Fig. 1. 

The structural model of the frame-gantry foundation was adopted with a scale factor of 1:6. The 
parameters of geometric scaling were taken from the condition of reducing the influence of edge effects 
with the existing dimensions of the experimental tray. Models of wedge-shaped piles were made of dense 
Ash-type wood. The specific shape of the wedge piles was taken from the consideration of the optimal ratio 
of the pile length and the angle of the working faces convergence according to [27], and amounted to 3°. 
The structural rigidity of the grillage was provided by two metal studs with a diameter of 12 mm, placed in 
such a way as to perceive the moment arising from the rotation of the piles. 

A clayey soil with a disturbed structure was used during the experiments. It was loam of soft plastic 
consistency, with a density ρ = 1.95-1.98 g / cm3, humidity W = 25–27 %, porosity coefficient e = 0.7–0.74, 
angle of internal friction φ = 21.1–21.5º, specific adhesion C = 23.5–25.5 kPa, Poisson's coefficient 0.35, 
die deformation modulus E = 14.5–16.5 MPa and modulus of elasticity Eu = 33–35 MPa. The physical and 
mechanical properties of the soils were determined immediately before the start of each experiment 
according to methods of field tests with piles (Russian State Standard GOST 5686-94 “Soils. Field test 
methods by piles”). The soil was placed in the tray by hand, in layers of 5–10 cm and compacted by manual 
tamping. Before laying the soil, all dense inclusions larger than 2 mm were removed. The arrangement of 
the deformation control benchmarks was done before laying the soil. First, a 2–3 cm soil layer was laid out 
on a wooden sheet moistened with water, then the contact surface was leveled with a wide spatula, then 
the benchmarks were set using a special template, as shown in Fig. 2, 3, on a square coordinate grid with 
dimensions of 0.02 × 0.02 m. Each benchmark was made in the form of a rigid cylindrical polymer tube with 
an outer diameter of 3.0 mm, an inner diameter of 1.0 mm and a length of 6 mm. 

 
Figure 1. General view of the foundation. 

The models were driven into the soil by percussion method with the help of a rubber construction 
hammer. Photos were taken through the viewing window every 10 strokes. The installation of piles was 
being performed until they reached the required level. 

The general displacements of the gantry foundation model during settlement were measured by two 
deflectometers (deflectometer 6PAO, manufacturer – LLC "M-Service", Chelyabinsk city, Russian 
Federation). The deformation pattern of the model frames and soil was photographed during certain periods 
of their stepped loading. It is necessary to note that the deformations of the soil had conventionally stabilized 
by the time of shooting. As a criterion for the conditional stabilization of deformations, the upsetting rate, 
which is practically equal to zero, is taken. 
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During the experiments, a rigidly fixed digital camera recorded the current position of the deformation 
control benchmarks area. The obtained photographs and instrumental data before and after the 
deformation of the soil were combined. The movements of fixed marks (by distortion of squares) were 
measured. It was assumed that the deformation of the soil is uniform within any square; there are no relative 
movements of the marks and surrounding soil particles; friction of the soil against the transparent wall of 
the tray does not affect the movement of the marks (permissible when studying the qualitative pattern of 
deformations). 

A modernized photogrammetry method was used in the experiment to observe the movements of 
controlled points along the depth in the cross section of the soil mass. The experiment was carried out in 
the plane of symmetry of the foundation models under study. The effectiveness of this method for the 
interaction between the foundation models and the soil base was shown in the works [28, 29]. 

 
Figure 2. A template in the form of a square grid with side dimensions  

of 20×20 mm and holes for installing deformation benchmarks. 

 
Figure 3. General view of the laboratory setup window  

with deformation benchmarks placed in the initial position. 
To process the experimental data, dependences for specific adhesion and modulus of deformation 

were used from the tables of BCaR (Building Codes and Regulations) 2.02.01-83* (Foundations of buildings 
and structures): 

2 225 84.4 72.3; 57.1 127.7 77.9,C e e E e e= − + = − +  

where e  is the porosity coefficient of the soil; C  is the specific adhesion [kPa]; E  is the modulus of 
deformation [MPa]. 

Since the process of piles installation will result in the soil deformation this fact will change the 
porosity coefficient therefore the main quantities become functions of deformation. In this regard, to 
calculate the settlement of frame-gantry foundations correctly and assess the soil strength under the piles, 
it is necessary to have data on changes in the specific gravity, deformation modulus, adhesion forces and 
the angle of internal friction of the soil in the process of driving wedge-shaped piles and static loading of 
frames. 

For a complete analysis of soil deformation in the core under the same conditions, a series of 
comparative experiments was carried out to test three types of frame-gantry foundation models. The studied 
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foundations consisted of two vertical piles, two piles inclined at an angle of 15° and two piles inclined at an 
angle of 30°, fixed by a rigid grillage. 

In studies of soil deformation during pile driving, it was found that a compaction zone is formed 
around the driven pile because of soil movement in the space around the pile. During the movement of the 
pile, soil particles move under its lower end along a certain trajectory down and to the side, forming a 
compacted dumbbell-shaped zone along the side surface of the pile. In addition, it was determined in all 
three cases that part of the soil from the area close to the surface, and the soil from subsequent layers the 
pile had passed through were transferred along with it along the pile axis, i.e. soil compaction occurs in this 
zone. 

It is believed that in the case of driving piles with a variable length section (pyramidal, conical, wedge-
shaped, etc.) the soil compaction zone resembles an ellipsoid of rotation. The boundaries of the compacted 
soil are significantly more than 3 diameters away from the pile edge, and up to 50 % of the load is taken by 
the upper half of the pile. In all three cases, the well-known conclusion is confirmed that pile installation in 
the soil results in the improvement of physical and mechanical properties of the near-pile area of the soil 
base, although the nature of the compaction zone formation and its dimensions will differ slightly in each 
case. 

3. Results and Discussion 
Fig. 4–5 show the study results of the soil properties changes in compacted zones after the end of 

the single pile installation and the framed vertical piles installation. Studies have shown that when driving 
wedge-shaped piles in clayey soils of soft-plastic consistency, the compaction zones around one pile reach 
4d – 4.5d in the horizontal direction (where d is the average cross-section diameter of the pile). In the plane 
of the tip, the compacted zones extend to a depth of 1.5d – 2.0d. The specific gravity of the soil varies on 
average from 19.5–19.8 kN/m3 to 23.2–25.0 kN/m3. Fig. 4-5 also show data on changes in the specific 
gravity of the soil at various distances from the axis and below the plane of the tip of vertical wedge-shaped 
piles. It can be seen from the given data, that the greatest compaction occurs in the plane of the pile tip 
and in the upper section, equal to 1/3-1/2 of the pile length. 

From the given data it can be understood that the adhesion forces change on average from  
0.024–0.025 MPa to 0.037–0.045 MPa, i.e. about 1.4–1.8 times. 

Numerous checking of the experiment results has demonstrated that soil compaction in the near-pile 
area of conical piles does not affect the change of the internal friction angle. As a rule, this measurement 
is constant. The difference in measurement is only (3–5 %). Experiments have also established that there 
is a significant increase in the deformation modulus in the compacted zone (Fig. 4–5). As a result of pile 
driving, there was an increase in the modulus of deformation under the piles at a depth of 1.5d – 2.0d. 

In the horizontal direction, the zone of change in the deformation modulus for single piles is  
4d – 4.5d. The magnitude of the deformation modulus in the plane of the tip and in the upper section of the 
piles length (1/3–1/2 of the length) changed from 14.5–16.5 MPa to 29.7–39.1 MPa. 

 
Figure 4. Contours of changes in the physical and mechanical properties  

of soils in the compacted zone during the installation of a single vertical pile. 
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Figure 5. Contours of changes in the physical and mechanical properties  
of soils in the compacted zone during the installation of two vertical piles. 

Figure 6-7 shows changes contours in soil properties in the compacted zones after the end of the 
single pile installation and the framed vertical piles installation inclined at an angle of 15°. Studies have 
shown that when driving wedge-shaped piles at an angle of 15° from the vertical, in clay soils of a soft-
plastic consistency, the compaction zones from the inner face of one pile along the normal to its axis reach 
4d – 5d (where d is the average cross-section diameter of the pile). In the plane of the tip, the compacted 
zones are distributed around the circumference and extend to a depth of up to 3d. The compaction of the 
soil is combined with the soil heaving on the outer face of the pile. It occurs as the reaction of the soil from 
the inner face of the pile, and the distribution of the compaction in this case has a different form. When the 
second inclined pile is installed, the compacted zones of the inner pile faces close together and form a 
compacted soil mass.The greatest compaction occurs in the area of the pile tips. An area of lower density 
is marked in the upper part of the piles; it is formed in the result of partial uplift of the soil in the upper part 
of the pile. The specific gravity of the soil varies on average from 19.7–19.8 kN/m3 to 23.2–25.0 kN/m3. 

From the given data, it can be seen that the adhesion forces change on average from  
0.023–0.024 MPa to 0.036–0.044 MPa, i.e. about 1.5–1.8 times. The modulus of deformation changes from 
14.7–15.5 MPa to 28.5–37.8 MPa that is 1.9–2.4 times. 

 
Figure 6. Contours of changes in the physical and mechanical properties  

of soils in the compacted zone during the installation of a single pile with a slope of 15°. 
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Figure 7. Contours of changes in the physical and mechanical properties  

of soils in the compacted zone during the installation of two piles with the slopes of 15°. 
It should be noted that there is no mutual influence between the piles being installed at a distance of 

4d. In this case, the change in soil properties in the active pile zones can be taken into account as for one 
pile. 

Fig. 8–9 show contours of changes in soil properties in compacted areas after the installation of a 
single inclined pile and the framed inclined piles, the angle of piles inclination is 30° from the vertical. 

 
Figure 8. Contours of changes in the physical and mechanical properties  

of soils in the compacted zone during the installation of a single pile with a slope of 30°. 
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Figure 9. Contours of changes in the physical and mechanical properties  

of soils in the compacted zones during the installation of two piles with slopes of 30°. 
Studies have shown that when wedge-shaped piles are driven at an angle of 30° from the vertical, 

as well as, when piles are driven at an angle of 15° the compaction zones have a nonhomogeneous 
distribution. From the inner face of one pile, along the normal to its axis, the compaction zones reach  
3.5d – 4d (where d is the average cross-section diameter of the pile). In the plane of the tip, the compacted 
zones are distributed along the pile circumference and spread to a depth of up to 3 d. From the outer face 
of the pile, soil compaction occurs in the same way as in the case when the pile is driven at an angle of 
15°. 

The compaction is combined with a big heave, and the distribution of the compaction is 
nonhomogeneous. There is a zone of lower density in the upper part of the pile, which was not observed 
during the installation of a vertical pile and a pile with a slope of 15°. When the second inclined pile is being 
installed, the compacted zones of the inner face of the piles partially close in the upper part of the piles. 
Thus, when the piles are driven at an angle of 30°, the compacted zones in the near-pile area can be 
considered as with a single pile. The greatest compaction occurs in the area of the pile tips. An area of 
lower density is defined in the upper part of the piles. The specific gravity of the soil varies on average from 
19.7–19.8 kN/m3 to 23.2–25.0 kN/m3. 

From the given data, it can be seen that the adhesion forces change on average from  
0.025–0.026 MPa to 0.038–0.046 MPa, i.e. about 1.5-1.7 times. The deformation modulus changed from 
16.5–17.3 MPa to 31.0–40.5 MPa, i.e. 1.8–2.3 times. 

The tests revealed that the density at the side face of the wedge-shaped pile support of the model 
changed from an average of 1.98 g/cm3 to 2.5 g/cm3, the porosity coefficient changed from 0.7 to 0.35. 
Concerning the initial measurements, the average density in the fixed active zone of the soil area increased 
by 12 %, and the average porosity coefficient decreased by 20 %. As the soil partially moved upwards 
during the pile installation, the soil from the outer face of the pile was subjected to less compaction. This 
situation is typical when piles are installed at the angle of 30°. 

4. Conclusion 
In laboratory conditions on small-scale models we studied the interaction of vertical frame-gantry 

strip foundations with different angles of inclination of wedge-shaped piles and a clayey base.The new 
design scheme of the frame-gantry strip foundation at an angle of 30° wedge-shaped piles with respect to 
the vertical allows the use of the upper layers of soil to distribute vertical static loads on the soil base of a 
larger area, in contrast to the existing frame-gantry piles. The settlement of the frame-gantry strip 
foundation, with the slope of the wedge-shaped piles at an angle of 30° relative to the vertical, is formed 
mainly due to the deformation of the uncompacted soil mass enclosed between the piles, which is 96 % of 
the entire settlement of the foundation. Experimental studies were carried out with the help of modern 
approved digital control and measuring systems, calibrated primary converters and calibrated instruments. 

The test results also showed: 

1. The outline of zones with altered soil characteristics depends on the angle of the piles inclination 
and the distance between them. The greatest bearing capacity has a foundation with a pile angle 
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of 30°. This shows that such a foundation design contributes to a better distribution of stresses in 
the soil mass. Considering the soil base of foundations with vertical and inclined piles at an angle 
of 15°, it can be noted that the soil shearing in the inter-pile space occurs largely together with piles. 

This indicates that the settlement of the foundation takes place mainly due to the deformation of the 
underlying layer below the ends of the piles. It is noted that in the process of the soil base loading of a 
frame-gantry foundation with a pile inclination angle of 30°, an increase and closing of the compaction 
zones occur in the inter-pile space. A significant change in the density of the soil, by 30% from the initial 
one, occurs directly in the upper part between the piles of the frame during the foundation settlement. The 
foundation settlement takes place mainly due to the deformations of the non-compacted soil between the 
piles. 

2. When wedge-shaped pile models are installed into loamy soil, the total deformation modulus ( )E  

and specific cohesion ( )C  increase by 1.5–2.4 times, depending on the angle of installation. The 

angle of internal friction ( )ϕ  practically does not change. 

3. Bearing capacity at the same settlement of a frame-gantry foundation with wedge-shaped piles 
inclined to the vertical at an angle of 30°, compared to frame-gantry foundations with piles tilted to 
the vertical at an angle of 0° and 15°, was higher by 1.3 and 1.2 times, respectively , and when 
compared with conventional prismatic piles, the specific bearing capacity was 2.2 times higher. 
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Abstract. This paper considers directions to devise methods for restoring the operational suitability of 
reinforced concrete structures. Mistakes of designers and non-compliance with the concreting technology 
of monolithic reinforced concrete structures lead to the formation of cracks and deflections of unacceptable 
size in reinforced concrete beams and floor slabs, as well as to insufficient strength of the elements. Such 
structures require not only an increase in bearing capacity but also the restoration of the operational 
suitability of damaged structures. A technique for restoring the serviceability of bendable reinforced 
concrete structures with increased deflections and excessive crack opening is proposed. To restore 
bendable reinforced concrete structures, surface reinforcement with pre-stressed fiber-reinforced plastics 
is suggested, which is ensured by the creation of a building lift in the damaged elements. Unlike 
conventional reinforcement methods, surface reinforcement techniques are characterized by high gain 
efficiency, corrosion resistance, low labor intensity, and short terms of work; they ensure strength increase 
and provide for economic feasibility. This study’s results established that the use of fiber-reinforced plastics 
not only increases the bearing capacity of reinforced concrete structures but also helps reduce the width of 
the cracks formed. Thus, it is possible to avoid an increase in the cross-section of structures and reduce 
the time of operations, which could lead to additional costs. 
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1. Introduction 
For more than 15 years, the use of fiber-reinforced tapes to strengthen reinforced concrete structures 

has been investigated worldwide but the relevance of studies is not lost since examining them requires a 
deeper understanding of the work of composite materials. Fiber-reinforced plastics are composite materials 
consisting of a plastic matrix and high-strength reinforcing fibers, supplied in the form of ribbons (lamellas), 
fabrics, or meshes [1–3]. Epoxy, phenolic, polyester, vinyl ester, or other organic resins are used as plastics. 
Reinforcing fibers are made, by using nanotechnology, from carbon, basalt, aramid, or glass [4–6]. The 
composite material is found in the form of reinforcing bars and tapes. During the entire time of studying the 
work of the material, researchers apply all types of composite materials to conduct tests. Some types may 
not be economically feasible [7–8]. To identify the reasons that lead to an increase in the cost of 
strengthening reinforced concrete structures, samples of reinforced concrete beams were examined. Many 
researchers study the reinforcement of structures rather than their restoration [9–10]. Therefore, studies on 
the restoration of reinforced concrete structures, and reducing the width of cracks formed as a result of 
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overstressing them are relevant [11–13]. The process of surface strengthening of reinforced concrete 
structures takes several hours; the reinforced structure is able to perceive additional loads in 24 hours  
[14–15]. These reinforcement methods are widely used for longitudinal and transverse reinforcement of the 
stretched zone of reinforced concrete structures, as well as the construction of reinforcing clips in 
compressed elements. 

To accomplish the aim, the following tasks have been set: 

− to determine the dynamic and static strength based on the results of laboratory tests; 
− to compare the estimated and experimental strains in the beams; 
− to obtain the results of a practical assessment. 

2. Methods 
2.1. This study’s object and methods 

To assess the strength and deformation characteristics of concrete, concrete cubes with a face size 
of 150 mm and cylinders with a diameter of 150 mm and a height of 300 mm were tested. Concrete samples 
were tested under axial compression at the hydraulic press ALPHA 3-3000S (Germany, Form+Test) with a 
phased increase in the longitudinal compressive force at a speed of 0.3 MPa/s, up to the destruction of the 
sample. The value of the load increase step did not exceed 5÷8 % of the destructive load. In the process 
of static loading of the cylinders, longitudinal and transverse strains were measured using strain gauges 
with a base of 50 mm, glued to the side faces of the samples, as well as the automatic deformation meter 
AID-4M (Russia). Loading of experimental prisms was carried out along the physical axis of the samples in 
stages constituting 5–10 % of the destructive load. 

The strength of concrete in the cubes was in the range of 27.9–32.7 MPa, with an average of 
30.4 MPa (Fig. 1). The cylindrical strength of class B25 concrete is in the range of 19.9–21.5 MPa and 
averages 20.6 MPa (Fig. 2, a, b). Fig. 3 shows diagrams of the longitudinal and transverse strains of 
concrete obtained from cylinder tests, where each line is indicated by a separate color, indicating the 
number of cylinders tested. The marginal longitudinal strains of concrete at compression were in the range 
of – (23–25)·10–4 relative units, and the transverse strains of + (7–8)·10–4 relative units. 

 
Figure 1. Testing a concrete cube at the hydraulic press ALPHA 3-3000S. 

        
Figure 2. Concrete cylinder:  

a – test at the hydraulic press ALPHA 3-3000S; b – devices to register strains. 
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Figure 3. Diagram of longitudinal and transverse strains of concrete cylinders. 

2.2. Methods of additional tests 
To study the patterns of change in stiffness and crack resistance in the process of generating 

preliminary stress of fiber-reinforced plastics, additional tests were performed on three series of reinforced 
concrete beams with a cross-section of 120×200 mm and a length of 2200 mm. Experimental beams 
differed in the percentage of reinforcement of the stretched zone. Prototypes of the beams included three 
series of samples, differing in the percentage of longitudinal reinforcement. The beams from the first series 
had the least amount of stretched reinforcement (2 Ø 18 A500). We give the results of testing the beams 
from the first series. They were loaded with a hydraulic jack in stages accounting for 7–9 % of the 
destructive load. Comprehensive experimental studies of bendable and compressed elements reinforced 
with fiber-reinforced plastics included the study of the operation of normal and inclined cross-sections of 
bending structures [16]. The samples were subjected to surface reinforcement with carbon tapes glued to 
the compressed and stretched edge of the beams. The prototypes made from the B25 concrete class were 
tested according to the scheme of a single-span hinged beam loaded in a third of the span with equal 
concentrated forces. We studied the operation of normal cross-sections of bendable reinforced concrete 
structures on reinforced concrete beams tested according to the scheme of a single-span hinged-supported 
beam. The beams were loaded with two equal concentrated forces, which were generated by means of a 
load device for the bending bearing capacity of the beams. In the process of testing with the help of electric 
load cells with a base of 50 mm and the automatic deformation meter AID-4M with a division unit of 10–5 
relative units, longitudinal strains of the beam were measured according to the height of the compressed 
concrete zone. With the help of load cells with a base of 20 mm, strains of stretched reinforcement were 
measured. Consequently, a pattern of the formations was recorded and the width of the crack opening was 
measured using a microscope with a division unit of 0.02 mm; the magnitude of the transverse load was 
recorded on the high-precision manometer of the hand pumping station (Fig. 4, 5). The load cells were 
connected to an automatic strain gauge. With their help, mechanical effects are converted into electrical 
signals and transmitted to the strain gauge bridge. Calibration of load cells was carried out using the 
readings of the strain gauge bridge and measuring the initial imbalance, as well as according to the data 
specified in the passport, which indicate the operating power transmission coefficient of the sensor. 

 
Figure 4. General view of reinforced concrete beam tests. 
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Figure 5. General view of load cells on concrete, normal cracks,  

and damage area of compressed concrete zone. 
We loaded the samples with a transverse load in stages, constituting about 5–7 % of the destructive 

load, in several stages. At each stage, a load was generated that causes the predefined width of crack 
opening, then the load was removed and we loaded it in the next stage to a greater width of crack opening. 

3. Results and Discussion 
Most of the structures of civil, industrial, and bridge construction are built of reinforced concrete [17]. 

Given the huge investments in the construction sector, their deterioration is a serious issue for the countries 
that ensure their preservation [18]. Cracks that appear in reinforced concrete structures due to various 
factors are responsible for the integrity of a facility [19–22]. 

Fiber-reinforced composite materials (FRP) are increasingly being used as replacements for steel 
reinforcement in reinforced concrete structures. This is due to their excellent properties, such as low weight, 
resistance to the aggressive effects of acids, the ability to work at different temperatures, and mechanical 
strength [23–24]. Such advantages confirm the strength of FRP compared to alternative materials such as 
steel plates, and reinforcing bars [25]. FRPs, used in different forms, are effective in reinforcing damaged 
concrete structures [26]. Experimental studies [27] show that gluing FRPs and their full or U-shaped 
wrapping can significantly increase the bearing capacity of damaged reinforced concrete structures. Papers 
[25–26] considered options for replacing reinforcing bars with reinforcement made of composite material, 
which makes it impossible to restore structures in the process of its operation. The work of FRP on bending 
and sliding was also studied. These methods are used to provide peripheral and transverse limitations. This 
type of protection, in addition to strengthening the structure, can change the shape of the appearance of 
cracks and detachment from the concrete surface. For greater efficiency, FRP tapes are glued at a 
predefined angle. Study [28] shows that the use of inclined U-shaped laminates glued at the ends of the 
tested structures at an angle of 45° gives better results than similar gluing at a vertical angle. Gluing of 
external plates for structural restoration is currently studied as a method of increasing the shear strength 
and rigidity of reinforced concrete structures. The advantage of this method is the speed of operation, which 
is more economical compared to other reinforcement methods such as a concrete shell (jacket) or a 
complete replacement of the structure. More important is the fact that the method can be applied in the 
working condition of the structure [28]. The studies into the work of FRP with a reinforced concrete structure 
[27-29] determined at what angle of gluing a greater efficiency is achieved to strengthen the structure 
without restoration. Many studies have been conducted on the strength of damaged reinforced concrete 
structures [30] by making technological holes in a reinforced concrete structure, violating its integrity. 
Researchers report an experimental work [31] to increase the shear strength of reinforced concrete beams 
with a sprayed polymeric material reinforced with glass fiber. Methods to prevent exfoliation of composite 
tapes were investigated; the researchers used the anchoring method but disregarded methods of structural 
restoration. 

The test procedure provides for the measurement of strains in the inclined and normal cross-sections 
under dynamic alternating loads that have not previously been examined by other authors, compared with 
static loads. The aim of this study is to determine the effectiveness of the use of FRP to strengthen damaged 
reinforced concrete structures and restore the cracks that have appeared as a result of static and dynamic 
loads. This will make it possible to restore the supporting structures without stopping their work without 
much labor and time costs. 

3.1. Determining the dynamic and static strength  
of beams under laboratory conditions 

With the magnitude of the bending moment in the beam B-18-1 equal to M = 4.42 kNm, a normal 
crack was formed in the zone of pure bending. Then, at the bending moment M = 13.24 kNm, the greatest 
width of the openings of normal cracks reached 0.13 mm, and the distance between normal cracks was in 
the range of 80–82 mm (Fig. 6). 
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Figure 6. General view of the beam B-18-1 after testing. 

After generating a bending moment of M = 14.17 kNm, the vertical load was reset: that ended the 
first stage of our testing. Fig. 7 shows the plot of crack opening at all subsequent loading stages: each line 
indicates loading. 

 
Figure 7. Evolution plot of normal cracks in the beam B-18-1. 

In the second stage of the tests, the vertical load was increased to M = 19.12 kNm, and the opening 
width of normal cracks increased to 0.15 mm. In the next stages of loading, the load value was increased 
to M = 21.09 kNm, M = 25.51 kNm, and M = 26.0 kNm: no increase in the width of the normal crack 
opening was observed. Since the width of the crack opening has not increased, the pattern of the opening 
of normal cracks is given only for the first two stages of loading. 

Along with the normal cracks in the zone of pure bending of the beam, there was an accelerated 
development of inclined cracks in the support zones. The first oblique crack was formed in the first stage 
of the test at a transverse force of V = 16.1 kN, and the opening width of the inclined cracks in the first 
stage of the tests at the transverse test V = 23.0 kN reached 0.30 mm. In the second stage of the tests at 
a transverse force of V = 23 kN, the opening width of the inclined cracks reached 0.40 mm, and with a 
transverse force of V = 30.1 kN, the opening width of inclined cracks reached 0.45 mm. In the third stage 
of tests at V = 33 kN, the opening width of inclined cracks reached 0.60 mm, and in the fourth stage of the 
test at V = 39.8 kN, the opening width of the inclined cracks reached 0.75 mm. In the fifth stage of the tests 
at V = 51.35 kN, the opening width of the inclined cracks reached 0.90 mm (Fig. 8). Loads are indicated 
under each line. 

  
Figure 8. Evolution plot of inclined cracks un the beam B-18-1. 
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The beam collapsed in the zone of pure bending from the crushing of the compressed zone of 
concrete at a bending moment of M = 32.86 kNm (Fig. 9, a). 

    
a                                                                     b 

Figure 9. Diagram of beam destruction: a – distribution of strains across the cross-section height  
of the beam B-18-1; b – vertical deflections of the span of the beam B-18-1. 

The relative value of the compressed concrete zone was ξ = d/h = 0.45 (Fig. 9, b), the magnitude of 
the vertical movements of the span part reached 28.6 mm, and the places of application of vertical forces 
were 22.8–25.1 mm, which were 1/70 and 1/63 of the span. Each line corresponds to the applied load. 

3.2. Deformation calculation 
The reinforcement of the beams in the stretched zone with two layers of laminate had little effect on 

the load of crack formation and the strength of normal cross-sections. However, the width of the crack 
opening was reduced by almost two times, the tensile strains in the laminate decreased by 65 %, and the 
vertical deflections decreased by 31 %. 

Dynamic tests of the beams were carried out under cyclic alternating loading with the help of 
hydraulic jacks and a hydrodynamic installation with a frequency of about one hertz and an asymmetry 
coefficient of forces ρ = 0.1. The high amplitude of the greatest forces ensured the destruction of samples 
in 10÷300 cycles of loading. The empirical dependence of the destructive load ( )dM  on the number of 

cyclic loads ( )n  is as follows: 

1.33 0.116lg .dM n
n

= −                                                     (1) 

The estimated tensile resistance vdf  for FRP is determined from: 

.yk Ff
yd
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γ
                                                         (2) 

The estimated tensile strains fε  and the estimated value of the elastic modulus of deformation fE  

for FRP are determined from the following formulas: 
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Exfoliation of the FRP can occur if the deformation in it cannot be perceived by the base.  

The transverse strength of the oblique cross-section cdV  reinforced by FRP is defined as the sum 

of the cross-sectional strength without reinforcement and additional transverse force , ,Rd fV  which is 

perceived by the FRP reinforcement: 
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0.004 0.75 ,fe uε = ≤ ε                                                 (7) 

where ,fA ,fE  ,feε  ,α fs  are, respectively, the cross-sectional area and deformation of polymeric 

reinforcing meshes, their modulus of deformation, the angle of inclination, and the distance between the 
strips of reinforcing meshes, uε  is the limit extensibility of polymeric reinforcing meshes. 

Table 1 gives comparative indicators of the estimated and experimental strains across the height of 
the cross-section of the beams. 

Table 1. Comparative data on estimated and experimental strains across the height of the 
cross-section of beams. 

Beam type Experimental data Estimated strain 
The relative size of the 

compressed zone 
εс, 10–5 εs, 10–5 The relative size of the 

compressed zone 
εs, 10-5 

B-18-1 0.45 340 238 0.61 223 
B-18-2 0.44 368 280 0.51 326 

 

Data in Table 1 confirm the linear dependence of the relative height of the compressed zone of 
concrete on the percentage of longitudinal reinforcement of the stretched zone. 

3.3. Results of the practical evaluation 
We studied the strength of the inclined cross-sections of bendable elements reinforced with fiber-

reinforced plastics during cyclic loading on similar reinforced concrete beams reinforced in the support 
zones with a surface sticker. The beams were tested according to the scheme of a single-span hinged 
supported beam loaded with two equal transverse forces separated from the supports at distances equal 
to eql  = 1.75h–2.0h. In the process of a phased increase in the vertical load after the formation of normal 

cracks in the zone of pure bending, the appearance of inclined cracks in the sup- port zone was observed. 
In the stage of accelerated opening of inclined cracks up to 3 mm, the destruction of the support zone 
occurred. After removing the reinforcement from the meshes, a crushing of the compressed concrete 
between the grids was detected. Strengthening of the support zone with vertical or inclined polymeric 
meshes led to a doubling of the strength of inclined cross-sections, and the strains of the fiber-reinforced 
meshes were 3–4 %. Along with the conventional scheme of the destruction of inclined cross-sections, an 
additional destruction scheme caused by the chipping of the protective layer of concrete under the strips of 
reinforcement nets was revealed. At the same time, the increase in strength did not exceed 50 %, and the 
largest strains of the meshes for the stage before the destruction were 1.8–2.5 %. 

3.4. Discussion 
Based on the results obtained from static tests (Fig. 9, b), it was determined that the strengthening 

of beams by gluing one layer of laminate on the stretched zone led to an increase in strength by 75 %. 
Strains of stretched steel reinforcement decreased by almost 10 %. This is due to an increase in the 
strength of the stretched reinforcement. 

Our static tests were performed when the samples were loaded with a hydraulic jack (Fig. 4). The 
destruction of reinforced concrete beams without reinforcement was caused by the crushing of the 
compressed concrete zone in the zone of pure bending with the fluidity of the stretched steel reinforcement. 
When reinforcing the beams in the stretched zone with laminate tapes, along with the conventional scheme 
of the destruction of reinforced concrete structures, additional destruction schemes were revealed caused 
by the separation of the protective layer of concrete in the stretched zone or the separation of stretched 
laminate tapes from concrete. At the same time, an increase in the crack resistance and stiffness of normal 
sections was observed (Fig. 6). Taking into consideration the separation of the protective layer of concrete 
in the stretched zone, when calculating the required lifting of damaged reinforced concrete structures for 
their restoration, it is necessary to take the initial stiffness of the elements. 
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We identified options for the restoration of damaged reinforced concrete elements. Namely, the 
replacement of reinforcing rods [3], prone to corrosion, with rods made of composite material, strengthening 
reinforced concrete structures with composite plastics to increase their bearing capacity. Since materials 
have different bending moments, there was a separation of the protective layer of concrete from composite 
materials, which creates difficulties in studying and calculating. 

In the future, other methods will be considered to advance the study into the work of FRP. Including 
the addition of fibers to the composition of concrete to increase their ability to bend in a stretched area. 

4. Conclusion 
1. The dynamic strength at cyclic loading of normal cross-sections of bendable elements 

strengthened in a stretched beam at a single load exceeded the static strength by 33 %. With an increase 
in the number of cyclic loads required for destruction from 2 to 280, the strains of the stretched laminate 
ranged from 1.88 ‰ to 2.05 ‰, and the vertical deflections increased by 26 %. Overall, the greatest strains 
of stretched laminate under dynamic loads were 45 % less than the strains of stretched laminate in static 
tests. The nature of the destruction of normal cross-sections of beams under dynamic loading differed little 
from the destruction of similar beams under static loading. 

2. Prototypes were tested according to the scheme of a single-span hinged beam loaded in the 
span. Testing of the beams involved several stages of loading with unloading at different levels of force. 
Our results confirm the linear dependence of the relative height of the compressed concrete zone on the 
percentage of longitudinal reinforcement of the stretched zone. 

3. When designing the restoration of normal cross-sections of damaged reinforced concrete 
structures with prestressed surface reinforcement with fiber-reinforced plastics, the following prerequisites 
should be met: 

− when calculating the amount of required lifting of damaged reinforced concrete elements, take 
the initial stiffness of the intact element; 

− the residual width of the opening of normal cracks when constructing an artificial construction lift, 
equivalent to the natural weight of the element being restored, should be taken to be equal to  
a = 0.05–0.10 mm; 

− in most restored reinforced concrete structures, the residual opening width of normal cracks was 
about 50 % of the opening width of the existing cracks. 

4. When designing the restoration of inclined sections of damaged reinforced concrete structures 
with prestressed surface reinforcement with fiber-reinforced plastics, the following prerequisites should be 
met: 

− when calculating the amount of required lifting of damaged reinforced concrete elements, take 
the initial stiffness of the intact element; 

− the estimated strength of the glued fiber-reinforced plastics must provide the strength of the 
inclined sections, exceeding the required strength of the inclined sections by 20 %; 

− in most restored reinforced concrete structures, the residual opening width of the inclined cracks 
should not be less than a = 0.20 mm. 
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Abstract. This study investigates the impact of aluminium shaving waste (ASW or Ax: 0.0, 1.0, 1.5, 2 wt%) 
on the silica fume (SF or Sy: 0-10 %) blended ordinary Portland cement (OPC or C88-100%) mortar. The 
sample was designated as C100-x-ySyAx and the evaluations were done through their performances in terms 
of workability, compressive strength, thermal residual strength and microstructural characteristics in 
comparison with the OPC only mortar (C100S0A0). The increase in ASW/SF ratio enhanced the workability 
of SF blended (C90-xS10Ax). The unit weight of mortar reduced with increase in ASW/SF ratio so that 19.7 % 
was lost with the incorporation of 2 % of ASW. ASW induced effervescence of hydrogen gas in the fresh 
sample thereby leading to unit-weight reduction. The inclusion of 1 % ASW in ternary blending gave the 
optimum performances of 28-day strength (53.8 MPa) and residual thermal (300 °C, 1 h) strength of 
56 MPa that had a comparable value to OPC mortar (55 MPa) unexposed to the thermal treatment. ASW 
also caused thermal stability in SF-ASW blended mortar as addition of 0.5, 1.5 and 2 % ASW caused 33.8, 
15.6 and 33.4 % loss in 28-day strengths, respectively, while the least was observed in 1 % ASW sample 
with the loss of 8.8 %. Finally, ASW enhanced weight reduction (at 300 °C for 1 h) as the unit weight 
reduced by 1.75, 4.89, 3.30 and 1.86 % in C89.5S10A0.5, C89S10A1, C88.5S10A1.5 and C88S10A2, respectively, in 
comparison with C100S0A0. Mayenite and muscovite could be formed as products when ASW is used as 
supplementary materials in silica fume blended mortar production. 
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1. Introduction 
Production of ordinary Portland cement that is used as a binder in mortar and concrete involves 

breaking down limestone with high amount of energy; this leads to proliferation of carbon dioxide, which 
causes global warming by damaging the ozone layer. The use of supplementary cementitious (SCMs) 
materials such as pozzolanic (fly ash, palm oil fuel ash, metakaolin and silica fume) and and other hydraulic 
materials such as ground granulated blast furnace slag (GGBFS) have been adopted by several 
researchers towards achieving cost efficiency and sustainable environment. Utilization of solid wastes has 
significantly reduced the volume of landfills in our environment. This solid waste could emanate from 
agricultural and industrial wastes. The industrial wastes such as iron-filling, cement kiln dust, and glass 
wastes have been recently reported to have contributed significantly to both fresh and hard properties of 
pastes, mortars, and concrete [1]. 
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One of these industrial wastes is aluminium shaving waste (ASW), which is obtained through 
aluminium frames reshaping process by using lathe or turret mills. Aluminum (Al) is a non-ferrous metal 
reported to be light, conductive, and corrosion resistant. It can attract oxygen, and has viable potential for 
engineering applications since the end of the 19th century [2]. International Aluminium Institute (IAI) reported 
5,273 thousand metric tons of aluminium production as of February 2023, while the main aluminium scraps 
came from construction and automobile industries [3]. The carbon dioxide equivalent (CO2e) owing to 
recycling of aluminium waste amounted to 22 million metric tons with substantial part obtained from the 
thermal energy source. It becomes imperative for civil engineers to develop a technique towards ensuring 
some aluminium wastes are safely used in concrete and mortar production. 

In this regard, Ofuyatan et al. [4] used varied aluminium shaving waste (ASW) in volume of 1–2 % 
and studied its contribution to the bond strength of laterized concrete beams with a view to minimize 
industrial waste. They reported that ASW decreased compressive strength but increased bond strength of 
reinforcement with concrete. Lower diameter bar of 16 mm performed better than a 20 mm diameter bar. 
Gulmez [5] also used 1-4 wt% of ASW as fine aggregate with a noticeable decrease in bulk density while 
flexural strength and transport characteristics increased due to more porosity of the matrix. Tang Van et al. 
[6] also used the combination of 30 % fly ash (FA) and ASW to achieve production of aerated concrete with 
lower density and modulus of elasticity, but higher porosity. The 28-day compressive strength of 52.7 MPa 
was achieved due to silica and alumina interaction [7]. Shabbar et al. [8] also reported inclusion of 0.5 to 
1 wt% of aluminium (Al) powder decreased the elastic modulus and density of concrete. Moghaddam et al. 
[9] also asserted that Al nanoparticles can react with portlandite to produce aluminosilicate-hydrate gel 
while its synergy with glass waste could reduce the absorption of the samples. 

Furthermore, Kuziak et al. [10] investigated alumina powder in two different types of cement (CEM 1 
and III) and discovered that the rate of hydrogen gas effervescence in Al-blended binder depends on the 
amount of portlandite that accompanied hydration process as this could have a negative effect on strength 
[11]. Moreover, incorporation of 1 wt% alumina into slag blended cement (CEM III) could cause cracks due 
to the interconnected pore formations. In addition, an introduction of alumina into a lime-dominated binder 
could also have a negative impact on strength and density of the binder, especially in an aerated concrete. 
Similarly, Ramamurthy et al. [12–13] indicated that lime/cement ratio plays a significant role for strength 
and density. Autoclave curing of aerated mortar with high aluminium content (0.6–0.8 %) could lead to 
coalescence of discreet pores thereby causing minimization of pore total surface areas, which in turn may 
result in a decrease in the strength of the products [14]. 

Narayanan et al. [15] asserted that curing methods for aerated concrete play a significant role in the 
microstructural properties, chemical compositions, and density of aerated concrete with the incorporated 
aluminium powder. Sabapathy et al. [3] incorporated 0.5–2 vol% aluminium fiber in concrete samples with 
a view to enhance the compressive and split tensile strengths at a water/binder ratio of 0.6 (M20), 0.45 
(M30) and 0.4 (M40). The optimum fiber content for compressive strength and split tensile strength were 
0.5 % and 2 %, respectively. Elinwa and Mbadike [16] also asserted that large aluminium waste (AW) 
content within 5–40 % in concrete can be used as a retarder with 10 % being the optimum for compressive 
and flexural strengths. 

Moreover, Azarhomayun et al. [17] used Al powder to reduce free shrinkage and crack width in 
concrete but also increase the restrained drying shrinkage by 18 %. The presence of excessive AW 
embedded in concrete could cause cracks due to pressure exerted by Al corrosion products rather than 
effervescence of hydrogen [18]. Faez et. al. [19] found that alumina nanoparticles (2.5 %) blended with 
silica fume (10 % SF) enhanced 90-day compressive and split tensile strengths by 86 % and 47 %, 
respectively. Besides, adding aluminium nanoparticles with SF could reduce water absorption of concrete 
samples. 

Despite the plethora of the studies on the incorporation of aluminium waste in aerated an lightweight 
concrete, little is known of the impact of the synergy between Al shaving waste (ASW) and SF in terms of 
strength, nature of the product, microstructure, and thermal performance of their combination in ternary 
blended mortar that comprises SF, ASW and OPC. It is expected that utilization of these solid wastes will 
reduce the amount of solid waste in landfill on one hand while it will also have a significant impact on the 
mechanical and microstructural properties of the final product. 

This study is aimed at providing necessary information with a view to bridging the gap needed for 
the deeper understanding of the synergy of ASW and SF in mortar production. It also makes alternative 
materials available for repair and rehabilitation of concrete structure while ensuring a safe environment by 
limiting ASW in dumpsites or landfills. 
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2. Methods and Materials 
2.1. Materials 

2.1.1 Aluminium shaving waste 
Aluminium shaving waste (ASW) as shown in Fig. 1 is a by-product from an aluminium frame 

processing factory obtained through grinding and cutting by lathe machine (Fig. 1). The oxide composition 
mainly comprises alumina with traces of Fe2O3, CaO, MgO, SrO and TiO2 as shown in Table 1. Fig. 2 shows 
the X-ray diffractogram of the ASW. 

 
Figure 1. Aluminium shaving. 

Table 1. Oxides composition of the raw materials. 

Oxides  Silica fume  Cement  Aluminium 
shaving waste 

SiO2  95.85 20.17 - 
Al2O3  0.26 5.58 99.10 
Fe2O3  0.05 2.86 0.16 
CaO  0.21 63.51 0.09 
MgO  0.45 3.15 0.58 
Na2O  0.40 0.12 - 
K2O  1.22 0.57 - 
SO3  1.00 2.56 - 

SrO - - 0.01 

TiO2 - - 0.04 

SiO2+Al2O3+Fe2O3  96.16 28.61 99.26 

Specific gravity (water)  2.25 3.15 1.18 

LOI (%) 2.48 2.80 20.0 

 

 
Figure 2. X-ray diffraction of aluminium shaving waste powder. 
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2.1.2 Cement 
Type 1 ordinary Portland cement (OPC) was prepared in accordance with ASTM C 150 [20] with 

specific gravity (by water) of 3.15 and its oxides composition as shown in Table 1. The surface area and 
loss on ignition (LOI) are 329.5 m2/kg and 2.8 %, respectively, while SiO2, Al2O3, and Fe2O3 were summed 
up to 28.61 %. Fig. 3 shows the chemical compounds present in OPC as used in the study. 

 

 
Figure 3. XRD diffractogram of ordinary Portland cement (topmost)  

and the silica fume (bottom). 
 

2.1.3 Silica fume 
Silica fume (SF) is commercially obtained with a relative density, LOI and surface area of 2.25, 

2.48 %, and 22,800 m2/kg, respectively with the sum of SiO2, Al2O3, and Fe2O3 being 96.2 % as shown in 
Table 1, while Fig. 3 (bottom) shows its XRD diffractogram. 

2.1.4. Fine aggregates 
Natural sand in saturated surface dry (SSD) conditions whose moisture content and absorption were 

3.43 and 6.14 %, respectively. The fine aggregate passes through a 2.36 mm sieve (No. 8) in accordance 
with ASTM C 157/C 157M – 08 [21]. The fineness modulus and relative density (water) were 2.8 and 2.71, 
respectively. 

2.1.5 Superplasticizer 
The superplasticizer (Glenium 51®) was used to enhance the consistency of the mixture. It is 

polycarboxylic ether and the proportion used was 1 % of the total binder (OPC, SF, and ASW). 
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2.2. Experimental tests 
2.2.1 Workability 

The consistency of the mortar sample was tested by using flow table in accordance with ASTM C 
1437-20 [22]. 

2.2.2. Compressive strength 
The compressive strength was determined by using 50 mm cubic samples, room-cured and 

subsequently exposed to thermal (300 °C for 1 h) treatment, in accordance with ASTM C 109 [23]. The 
testing was done by a universal testing machine at the ages 7, 14, and 28 days with the loading rate of 
0.9 kN/s. The compressive strength was taken as the average of the three samples. 

2.2.3 Unit weight of samples 
The unit weight (KN/m3) of samples was determined by measuring the mass (kg) of the samples at 

specific days, multiplying it by the acceleration due to gravity (10 m/s2) and dividing it by the volume of the 
sample (125×10-6 m3). 

2.3 Characterization and morphology of the samples 
XRD Bruker apparatus model d2-Phaser with CuKa radiation (40 kV, 40 mA) was used to determine 

the compound present in the product of ASW-SF blended mortar with a scan speed of 2.5°/min and 
continuous scanning with 2-theta angle range of 10–80°. The raw and post thermally treated ASW powder 
were tested to understand its phase transformation. Fourier transform infrared (FTIR) spectroscopy 
measurements of ASW-SF paste were conducted by using Perkin Elmer 880 spectrometer. The scanning 
electron microscopy and energy dispersive spectroscopy (SEM+EDS) instrument model 5800 LV 
manufactured by JEOL was used at an accelerating voltage of 20 kV for the microstructural 
characterizations and elemental compositions of the paste samples. 

2.3. Sample preparation 
2.4.1 Sample designation 

The samples were composed of OPC (88-100%), ASW (0, 0.5, 1, 2 %) and 10% SF. The sample 
was designated as COPC%SSF%AAl%, and thus a sample that contained 88 % OPC, 10 % SF and 2 % ASW, 
was designated as C88S10A2, while the control was taken as the sample that contained OPC only, labelled 
as C100S0A0. 

2.4.2 Mix design 
Mix design of the sample is given in Table 2 with the total binder of 350 kg/m3 such that the 

water/binder ratio is 0.4. The binder/sand ratio was maintained at 2.5 while ASW/binder ratio varied from 0 
to 2 % at the interval of 0.5. 

2.4.3 Mixing procedure 
Mixing was done in the following way. OPC, SF, and ASW were mixed dry for 3 mins. Half of the 

needed water together with the superplasticizer was poured into the mixer and then mixed for 3 mins to 
form a grout. Fine aggregates were then added and mixed for additional 2 mins before adding the other 
half of the water mixed with superplasticizer for 3 mins to achieve a homogenous mixture. Steel moulds 
with the dimensions of 50×50×50 mm were then oiled for easy demoulding, and to receive the fresh mortar. 
The cast specimens were left in the moulds for 24 h before being demoulded and then placed in the curing 
tank for a specified number of days (7, 14, 21 and 28 days) before being tested for compressive strength 
at a loading rate of 0.9 kN/s. 

Table 2. Mixture proportion of aluminium shaving waste blended mortar. 

Designation Cement 
kg/m3 

Silica 
fume 
kg/m3 

Aluminium 
shaving waste 

kg/m3 

Sand 
kg/m3 

water 
kg/m3 

SP    
kg/m3 

C100S0A0 350.00 0 0.00 875 140 3.5 

C90S10A0 315.00 35 0.00 875 140 3.5 

C89.5S10A0.5 313.25 35 1.75 875 140 3.5 

C89S10A1 311.50 35 3.50 875 140 3.5 

C88.5S10A1.5 309.75 35 5.25 875 140 3.5 

C88S10A2 308.00 35 7.00 875 140 3.5 
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3. Results and Discussions 
3.1. Oxide compositions and compound in aluminium shaving waste 

Table 1 shows the oxide composition of aluminium shaving waste, and it is mainly composed of 99 % 
alumina with traces of calcium, magnesium, iron, titanium, and strontium oxides. The ASW is very stable 
at thermal exposure to the tune of 1000 °C; the loss on ignition (LOI) was 20 % while the specific gravity 
(water) is 1.18. The presence of graphite in the X-ray diffraction (XRD) diffractogram as shown in Fig. 2 
increased the value of LOI recorded while the observable main crystalline phases in ASW are graphite 
(COD#1200018), calcite (COD#1010962), titanium (COD# 9011600), and α -alumina (α -Al2O3) 
(COD#1533936). 

The crystalline phases include graphite and Ti-6Al-4V (TC4) at the 2-theta angle of 27 °C and 39 °C, 
respectively. Upon subjecting it to 1000 °C as shown in Fig. 4, graphite and T4 phase disappeared thereby 
leading to the formation of more crystalline phases of κ -Al2O3 and α -Al2O3 and spinel (COD#9001364). 
This resulted in lowering of the amorphous content of ASW [24]. It has been reported that δ - and γ -
alumina could transform into more crystalline phases of α - and θ -alumina with low surface area [24]. 
Comparing Figs. 2-4 makes it apparent that subjecting ASW to elevated temperatures transforms it into 
more crystalline phase. 

 
Figure 4. Phases of compounds formed upon subjecting ASW to 1000 °C. 

3.2. Workability of the mortar  
From Fig. 5, OPC mortar (C100S0A0) had a flow diameter of 225 mm, which decreased by 20 % upon 

adding SF. The incorporation of 0.5 % ASW to OPC mortar (C99.5S0A0.5) increased the consistency by 
11.11 % whereas that of 10 % SF-ASW blended mortar reduced it by 6, 4.8 and 2.0 %, upon adding 0.5, 
1, and 1.5 % ASW, respectively. As ASW became 2 %, no change was observed in the consistency of the 
mortar. Therefore, flowability of ASW-SF blended mortar was increasing with ASW/SF ratio. With reference 
to C100S0A0, the consistency of 10 % SF–ASW blended mortar increased by 4.4 %, 5.8 %, 8.9 %, and 
11.11 % as ASW was 0.5, 1, 1.5 and 2 %, respectively. 

http://www.crystallography.net/cod/9011600.html
http://www.crystallography.net/cod/1533936.html
http://www.crystallography.net/cod/9001364.html
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Figure 5. Consistency of SF-ASW blended mortar. 

Furthermore, by comparing 10%SF–x%ASW blended mortar with SF-OPC mortar (no ASW), the 
workability increased by to 30.56, 32.22, 36.11 and 38.89 % with ASW content (x) of 0.5, 1, 1.5 and 2 %, 
respectively. This suggests that incorporation of ASW enhanced the flowability of SF-OPC mortar as shown 
in Fig. 5. The increase in the consistency of the mortar could be due to the reaction of portlandite with Al 
[25, 26] as shown in Eq. (1) thereby leading to the formation of entrapped hydrogen gas (Fig. 6) that formed 
a spherical ball within the matrix. 

Figure 6. Formation of spherical bubble due to formation of hydrogen gas. 
The presence of Al also enhances the formation of ettringite Ca6Al2(SO4)3(OH)12·26H2O due to its 

interaction with portlandite and water to form calcium aluminate hydroxide and liberation of hydrogen gas 
as shown in Eq. (1): 

( ) 2 2 3 2 222Al 3Ca OH 6H O 3CaO.Al O .6H O 3H .+ + → +                              (1) 

The formation of hydrogen gas led to internal bubble formation that later caused pore formation 
due to the effervescence of the gas as shown in Fig. 6. This reaction becomes spontaneous due to 
formation and oxidation of Al(OH)3 that accompanies dissolution of OPC that leads to the formation of 
hydroxyl ions.  

The presence of hydroxyl ion oxidizes Al(OH)3 to become Al(OH)4 ion thereby making ASW undergo 
continuous corrosion as shown in Eq. (2) [27]. The corrosion of ASW and effervescence of hydrogen gas 
led to loss of fluidity of the mortar. This phenomenon depends on the concentration and quantity of ASW 
present in the mixture. 

OH− + Al(OH)3 ⇌ Al(OH)4−.                                                    (2) 

At lower ASW incorporation of 0.5 % without the presence of SF, the workability increases due to 
attachment of Al to OH ions thereby causing disintegration of hydrogen bonding within the ettringite 
formation. The presence of ASW led to formation of Al-OH thereby decreasing OH¯/Al ratio, which induces 
ionic repulsion within ettringite. This explains why C100S10A0.5 has better consistency (250 mm) compared 
to C100S0A0 (225 mm) as shown in Fig. 5. Upon introducing SF into the mixture, silicic acid (Si(OH)4) would 
be formed thereby reducing the pH of the mixture. The presence of SF-ASW reduces the viscosity of the 
mixture. This is further enhanced by the fineness of SF. 

  



Magazine of Civil Engineering, 122(6), 2023 

3.3. Unit weight of samples 
Inclusion of the ASW and SF decreased the unit weight of the blended and OPC mortar due the 

specific gravity and escape of hydrogen from the pores within the matrix. With reference to C100S0A0 (Fig. 7), 
the unit weight of OPC mortar increased from by 1.65 % within the 1 to 7 days, while it was 2.1 % in 10%SF-
OPC mortar. The addition of 0.5, 1, and 1.5 % ASW made the increment to be 0.68 %, 3.93 %, and 4.33 %, 
respectively in 10%SF+ASW blended mortar. Upon increasing the ASW to 2 %, there was a decrease in 
unit weight by 5.42 %. Within the interval of 7-14 days, the increment became 0.24 % in C100S10A0 but 
increased to 0.68 % in C90S10A0. Inclusion of 0.5 % ASW led to an increase in the unit weight by 0.68 %, 
but reduced by 2.7 %, 2.8 %, and 5.9 %, upon adding 1, 1.5, and 2 % ASW, respectively. Within the interval 
of 14 to 28 days, the unit weight of OPC mortar and SF-blended mortar increased by 0.89 % and 0.34 %, 
respectively. The unit weight in 10%SF+ASW reduced by 0.08, 0.35, 1.06 and 0.64 % in C89.5S10A0.5, 
C89S10A1, C88.5S10A1.5 and C88S10A2, respectively. 

 
Figure 7. Change in unit weight of SF-ASW blended mortar with age. 

Fig. 8 shows the OPC samples exposed to thermal (300 °C) treatment lost 13.0 % of unit weight, 
and upon incorporating 10%SF and ASW, the loss in unit weight reduced to 12.0 %, 4.2 %, 4.3 % in 
C89.5S10A0.5, C89S10A1, and C88.5S10A1.5, respectively, while a 4.4 % increment in unit weight was recorded 
in C88S10A2. The loss in unit weight was due to removal of water from the capillary of the matrix and the 
disappearance of the embedded hydrogen gas. By comparing the unit weight of OPC sample (C100S0A0) 
subjected to 300 °C, inclusion of ASW in SF blended mortar increased post-thermal unit weight by 1.75, 
4.89, 3.30 and 1.86 % in C89.5S10A0.5, C89S10A1, C88.5S10A1.5 and C88S10A2, respectively. 

 
Figure 8. Unit weight of samples due to room curing and thermal treatment. 
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3.4. Compressive strength of ASW-SF blended mortar 
As seen in Fig. 9, the presence of ASW without SF (C99.5S0A0.5) reduced the 7, 14 and 28-day 

strengths by 23.3, 8.7 and 16.7 %, respectively, in comparison with OPC mortar (C100S0A0). Upon adding 
only SF into OPC mortar (C90S10A0), the 7 and 14-day strengths reduced by 14.2 and 14.6 %, respectively, 
while its 28-day strength increased by 7.1 % due to secondary hydration process of pozzolanic material in 
the matrix. 

 
Figure 9. Compressive strength of ASW-SF blended mortar. 

However, blending 0.5 % ASW with SF (C89.5S10A0.5) further reduced the 7, 14 and 28-day strengths 
in comparison with C100S0A0 by 36.1, 26.8 and 29.2%, respectively. In C89S10A1, the reductions in strengths 
compared to C100S0A0 were 32.3, 9.1 and 2.3 %, respectively. Increasing the ASW to 1.5 % and 2 % caused 
further reduction of 7, 14 and 28-day strengths to 22.8, 25.2 and 9.6% (C88.5S10A1.5), and 46.7, 27.4 and 
28.7 %, respectively (C88S10A2) compared to C100S0A0. Besides, the rate of strength gain in C100S0A0 
increased from 7 to 14 days and from 14 to 28 days by 11.1 and 12 %, respectively. For SF+OPC mortar, 
the rate from 7 to 14 days reduced by 4.8 % and 31.3 % in C90S10A0 and C88.5S10A1.5, respectively while the 
strength increased by 189.8, 146, 343 and 361.8% in C99.5S0A0.5, C89.5S10A0.5, C88S10A1, and C88S10A2, 
respectively. The rate of strength gain from 14 to 28 days increased by 237.53, 70.14, and 194.6 % in 
C90S10A0, C89S10A1 and C88.5S10A1.5, and decreased by 81.43, 29.81 and 16.61 % in C99.5S0A0.5, C89.5S10A0.5 
and C88S10A2, respectively, in comparison with C100S0A0. 

This implies that ASW contributes to the strength development through their attachment with free 
silica to form aluminosilicate products. This aluminosilicate network contributes to the skeletal framework 
to induce strength gain as indicated in Fig. 9. Moreover, the portlandite that ought to react with SF to 
produce additional CSH was consumed by ASW (Eqs. (1), (3)) thereby leading to the evolution of hydrogen 
that caused the reduction in the unit weight of the samples as shown in Fig. 7. 

CS H CSH CH.+ → +                                                                     (3) 

The ASW-SF blended OPC mortar (C89S10A1) performs better than SF blended mortar (C90S10A0).  
The optimum quantity to foster performance in ASW-SF blended mortar is 1%, since the Sulphate/Al ratio 
plays a key role in the formation of aluminoferrite mono-sulphate (Afm), unlike low density Aft with pore 
filling characteristics, which can improve the compressive strength [28]. Afm has greater density due to 
increase in Sulfate/ASW ratio at lower substitution up to 0.5 %, that can cause weak microstructure. Lower 
sulfate/ASW ratio could also lead to lower compressive strength due to more porosity that accompanies 
the evolution of hydrogen gas within the matrix. This explains the reason why C88.50S10A1.5 and C88.50S10A2 
have lower strengths in comparison with C89S10A1. The presence of ASW reduces the dilution effect of SF 
during pozzolanic reaction in mortar production. 

XRD in Fig. 10 shows the possible formation of mayenite (Ca12Al14O33), ettringite and muscovite 
(K2(Al2O3)3(SiO2)6H2O), which further justify the possibility of Eq. 1. The dual presence of ettringite and 
mayenite due to reaction of ASW with gypsum and other cement compounds could be responsible for the 
decrease in the compressive strength in comparison with C100S0A0 and C89S10A0. It also shows that the 
presence of ASW does not prevent the formation of calcium silicate hydrate (CSH) and portlandite 
(Ca(OH)2) as clearly shown in Fig. 10, while the presence of C4AF, alite (C3S) and belite (C2S) could be 
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due to the presence of unreacted cement within the matrix. The removal of hydrogen gas led to more 
microstructural voids that induced carbonation thereby leading to the formation of calcium carbonate or 
calcite (CaCO3). 

 
Figure 10. X-ray diffractogram of the SF-ASW ternary blended paste. 

 
Fig. 11 shows the Fourier transform infrared (FTIR) spectroscopy and indicates asymmetric 

stretching of Al-O bond and Al2O3 vibration at 1119 cm–1 and 997 cm–1, respectively, while wavenumber 
874 cm–1 indicates C-O vibration from the carbonate source. Besides, C-O vibration due to carbonation 
(region B) is indicated in the wavenumber 2336 cm–1 [18, 29]. Similarly, region A and C point to OH and 
HOH vibration were due to the presence of portlandite. The presence of ASW does not appear to affect the 
C-O band at 1420 cm–1, but in contrast, it has significant impact on Si-OH and HOH bending mode vibration 
in water at 1638 cm–1 due to interaction with tricalcium aluminate (C3A) to form aluminosilicate bonds [30]. 
The calcium aluminate phase has been assigned by Tarte [26] to the wavenumber with 700–900 cm–1 for 
condensed aluminate CaO.Al2O3, 12CaO.7Al2O3 and theta-Al2O3, which was further supported by Yusuf 
[29], and Fernendez-Carrasco et al. [25, 29]. 

 
Figure 11. FTIR of ASW blended paste in comparison with OPC cement paste. 

The isolated and condensed octahedral AlO4 were identified at wavenumber 650–800 and 530–
400 cm–1, respectively [26]. Therefore, the peak at point G in Fig. 11 can be said to be due to the presence 
of calcium aluminate hydroxide (CAH). Besides, the OH/HOH vibration was noted at 3422 cm–1 while the 
absence of ASW in the control sample (hydrated cement) led to the presence of OH peaks at 3642 cm–1, 
which was absent in ASW blended mortar. 

3.5. Thermal residual strength of ASW-SF blended mortar 
By comparing 28-day strength, addition of ASW into OPC mortar caused reduction in compressive 

strength at room temperature (Fig. 12). There is a decrease in the residual thermal strength in OPC due to 
microstructural disintegration as the thermal residual 28-day strength was 37 % less than that at room 
temperature. However, under thermal treatment (300 °C for 1 h), addition of 0.5, 1, 1.5 and 2 % ASW 
caused increase in strength by 18.5, 29.2, 2.4, 11 and 26.2 % in comparison with C100S0A0 as noted in 
C99.5S0A0.5, C89.5 S10A0.5, C89S10A1, C88.5 S10A1.5, and C88S10A2, respectively. Both SF and ASW have positive 
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impacts on thermal treatment by incorporating 0.5, 1, 1.5 and 2 % ASW, through the achievement of 
positive strength gains of 39.8, 43.5, 61, 50.4 and 29.7 %, respectively. 

 
Figure 12. Compressive strength of alumina blended mortar. 

Inclusion of ASW contributed significantly to the thermal residual strength as compressive strength 
by 8, 27.6, 3.8, 3.5 and 11.1 % in C99.5S0A0.5, C89.5 S10A0.5, C89S10A1, C88.5 S10A1.5, and C88S10A2, 
respectively. There is no observable physical deterioration in any of the samples. Therefore, the optimum 
thermal performance was observed when the ASW inclusion is 0.5 % in the presence of SF (C89.5S10A0.5) 
even though the maximum thermal strength was obtained with 1 % ASW. This indicates that the presence 
of ASW+SF improves thermal performance due to attachment of Si to Al in tetrahedral coordination to 
induce the formation of zeolite-like product (CASH) as observable in geopolymer synthesis [31–33]. 

3.6. Microstructure and elemental ratio of ASW-SF blended paste 
Fig. 13 shows the contribution of ASW to the microstructural morphology and the elemental 

compositions of the product formed. The region 1 and 3 indicate that the general spectrum of ASW-Si 
blended paste was such that Ca/Si ratio was 1.83 and 2.9, respectively, while the region 4 at which Aft or 
ettringite was formed had the Ca/Si ratio of 3.34. At the region 2 where the bubbles formed, the Ca/Si ratio 
decreases to 0.76. The low Ca/Si ratio in this region causes a decrease in the compressive strength 
recorded when compared to SF-ASW based samples. Calcium to carbon (Ca/C) ratios are 1.25 and 1.68 
at regions 1 and 3 while the region 4 (where Aft formed) had 1.40. The presence of graphite in ASW as 
noticed in the XRD in Fig. 2 was supported by the presence of carbon in the energy dispersion spectroscopy 
(EDS) (Fig.13). The presence of a bubble could make the matrix susceptible to carbonation thereby causing 
Ca/C to be 0.76 (region 2). The presence of Fe in region 1 pointed to the possibility of unreacted cement 
powder that contained tetracalcium aluminoferrite (F-C4AF) as shown in the XRD in OPC raw powder (Fig. 
2). 

4. Conclusions 
This paper investigates the impact of the synergy of silica fume (SF) and aluminium shaving waste 

(ASW) on the strength and thermal performance of ternary blended mortar comprising ordinary Portland 
cement, aluminium shaving waste powder and silica fume (OPC+ASW+SF). The following conclusions can 
be drawn: 

1. Silica fume reduced the workability of mortar and concrete whereas the use of ASW enhanced 
the consistency of the binder by up to 32 % at the level of 0.5–2 % without compromising the strength 
significantly. 

2. ASW enhanced the formation of calcium aluminate hydrate (CAH) together with calcium silicate 
hydrate (CSH). This is established by the presence of mayenite and muscovite among the peaks identified 
by X-ray diffractogram. 

3. Thermal exposure of ASW-SF sample to 300 °C for 1 hr significantly reduced the unit weight of 
the samples by 12.03, 4.16 and 4.27 % for 0.5, 1 and 1.5 %, respectively while 2 % ASW led to an increase 
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in the unit weight of the sample by 4.4 %. It implies that 0.5 % ASW had the most significant effect on the 
density of the sample. 

4. The strength gain in 10%SF-0.5%ASW and 0%SF-0.5%ASW blended mortar exposed to 300 °C 
for 1 hr were 8 % and 26 % when compared to those produced at room temperature. Exposing ordinary 
Portland cement (OPC) to similar condition led to 37 % decrease in strength compared to those prepared 
at room temperature.  

5. The optimal 28-day strength performance of the mortar of 53.8 MPa was obtained in the sample 
produced with 10%SF, 1 % ASW and 89 % OPC. There was 3.9 % gain in strength when the samples were 
exposed to 300 °C for 1 hr. 

 

 
Figure 13. Morphology of SF-ASW blended mortar. 
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Abstract. Method for calculating statically indeterminate frames taking into account plastic deformations, 
which is based on the use of a schematized diagram of material with hardening is proposed. Two types of 
standard beams with supports are used during the implementation of the displacement method (DM) like 
the elastic solution of the problem: “fixed” - “pinned” and “fixed” – “fixed”, but unlike the elastic solution, 
standard beams contain special zones that besides elastic part include elasto-plastic zone (EPZ), plastic 
zone (PZ) and reinforcement zone (RZ). Therefore, as the stresses in these zones did not exceed the yield 
stress in the nonlinear frame calculation, we took measures to transform the PZs into equal strength plastic 
zones (ESPZ). The calculations were made for both types of beams for all unit and load impacts. The frame 
calculation consists of three stages (elastic, elasto-plastic and plastic). At the elastic and elasto-plastic 
stages, yield moment and plastic moment diagrams and the corresponding loads are determined. For a 
practical use of the DM in a nonlinear frame calculation, two simplifying prerequisites are introduced, with 
the help of which a stress-strain state is modeled in two zones: EPZ and PZ. According to the prerequisites, 
deformation of fibers occurs without hardening in EPZ and with hardening in PZ. The plastic stage of the 
calculation is performed at a given length of the PZ using the method of sequential loadings. At each 
iteration with small loading steps, incremental equations for DM are written, which establish relations 
between incremental moments and the incremental load, which allows us to build a resulting moment 
diagram. This diagram represents a sum of the moment diagram obtained at the elastic and elasto-plastic 
stages and the diagrams of incremental moments at all previous loading steps of plastic stage. According 
to the resulting diagram, the length of the PZ can be calculated, together with the limiting load. The 
calculation is considered complete if the length of the PZ does not exceed the specified value within the 
margin of error. Proposed algorithm is illustrated with an example of static calculation of 2-storey steel 
frame which perceives horizontal load actions that model a seismic impact. 

Citation: Potapov, A.N., Shturmin, S.V. Accounting of plastic deformations in the calculation of frames 
using the displacement method. Magazine of Civil Engineering. 2023. Article no. 12210. 
DOI: 10.34910/MCE.122.10 

1. Introduction 
Elastic-plastic deformations are generally accounted within the framework of the limiting equilibrium 

theory, which is based on the representation of an ideal elastic-plastic behavior of the material. The theory 
was developed by Soviet scientist A.A. Gvozdev, who in 1938 formulated three basic limiting equilibrium 
theorems (static, kinematic and duality theorems) [1]. The creation of this theory allowed to developed 
effective methods for calculating and designing many structures, especially reinforced concrete structures. 

According to Prandtl diagram, the stresses of the construction material in the most loaded element 
cannot exceed the limit of yielding, and if the load is increased, the internal forces will be redistributed from 
more loaded elements to less loaded ones where the plastic state has not been reached yet. It is assumed 
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that in a bended element that has reached the limiting equilibrium, the cross section is completely in the 
plastic state (a plastic hinge occurs), and the adjacent sections are in the elastic-plastic state, where the 
elastic core is retained. 

In scientific literature, the concept of PZs is used mainly in seismic construction. For the first time, 
this concept was introduced by T. Paulay and I.N. Bull [2] in the calculation of reinforced concrete 
earthquake-resistant frames. Experts are long familiar with the fact that plastic deformations have the ability 
to absorb seismic energy, transforming it into thermal energy and then dissipating it into the environment. 
The article [3] proposes a method for evaluating the plastic design characteristics of beams and connections 
which may affect a seismic response of frame structures. The ability of loaded structural elements to absorb 
and dissipate energy generally ensures a decrease in the seismic impact on the frame. Thus, the structure, 
apart from its main designation, also works as an energy absorber. However, the operation of the structure 
beyond the limit of elasticity often leads to material degradation and destruction in these zones [4]. To 
overcome such weaknesses of concrete buildings as brittle fracture and lack of plasticity of the material, 
developments are underway to create new materials. In [5], the use of the reinforced fiber cement 
composite “HPFRCC” with increased of material ductility and high ability to absorb energy was shown. 
Experimental results showed that the use of HPFRCC layers in reinforced concrete beams allows to 
increase the ultimate load, the characteristics of the plastic hinge and the ability to redistribute the moment 
of these beams compared to the reference beam. 

Developments related to the use of PZs aroused considerable interest among experts; they were 
consolidated in regulatory documents (codes) of the United States and other countries [6–8]. There 
appeared many papers covering a wide range of issues related to PZ parameters, such as the length of a 
zone, its location in the structure, the number of PZs, etc. Most of these studies deal with design features 
of PZs in reinforced concrete (RC) [9–17] and metal [18–22] structures. The problem of accounting for PZs 
is basically studied as applied to cyclic loadings of structures associated with seismic effects [9–11], [15–
17], [19–22].  

The articles [9–17] deal with the design features of PZs in reinforced concrete (RC) structures. In [9], 
a numerical analysis of the behavior of plastic hinges was carried out for bending structural elements, using 
the DIANA computational software. With the calibrated FEM model, the extent of the rebar yielding zone, 
concrete crush zone, curvature localization zone and the real plastic hinge length are studied. 

In publications [10–15] discuss issues of studying the plastic hinge length of reinforced concrete 
columns. In [10], studies were carried out in the nonlinear version of the SAP2000 8 program for 4- and 7-
story flat reinforced concrete (RC) frames, where the properties of plastic hinges are set by default 
according to ATC-40 [6]. PZs were determined at both ends of the beams and columns. It was shown by 
the example of a numerical experiment that the length of the PZ considerably influences relative horizontal 
displacements of the frame top. It was noted that this value differed by 30% when the plastic hinge length 
was modeled by different formulas: for the length lp = 0.5h, where h is the height of the cross section of the 
element set by default [6], and for lengths lp recommended in the works of R. Park, T. Paulay, 
M.J.N. Priestley et al. In [11] the plastic hinge behavior was studied for cyclic and monotonic loading using 
3D FEM. Lengths of the plastic hinge zones include reinforcement yielding zone, curvature localization 
zone, concrete crushing zone and equivalent plastic hinge of RC column. It has been shown that for 
cyclically loaded columns this length is larger than that of monotonically loaded ones. Influence of the 
various parameters on this length was studied. It was noted that parameters such as the aspect ratio of the 
column and the hardening modulus of reinforcement loading and loading scheme defined by the number 
of cycles have a significant impact on it. Based on the numerical results under cyclic and monotonic 
loadings, a simple empirical model for the equivalent length of PZ under cyclic loading is proposed. This 
model takes into account the change in the length of PZ as far as the number of load cycles changes. 
However, dependence between the PZ length and the amplitude of the cyclic load has not been 
investigated. In study [12] considers similar problems as in [11], but taking into account the use of fiber 
reinforced polymer (FRP). Parametric studies of the plastic hinge length were first carried out for the 
calibrated FEM model, and then an improved model for FRP in RC columns was proposed. In [13] 
discusses the problem of assigning the PZ length in a RC column under the cyclic action of a lateral force 
and axial load. Behavior of plastic hinge under lateral and axial loading was studied. The influence of 
column size, physical and mechanical properties of reinforcement and concrete, the number of longitudinal 
bars, its diameters and other parameters on the length of PZ were taken into account. It notes the role of 
the principal reinforcement in a deformed member with particular emphasis on the part of the reinforcement 
that is strained beyond the yield stress in the hardening field. The article [14] proposes an expressions 
which allow to predict the equivalent plastic hinge length according to physical properties of HPFRCC 
material. On the basis of the probabilistic approach, [15] proposes a method for determining the length of 
the PZ in a RC column. A plastic hinge mechanism was constructed, in which a probabilistic model of the 
plastic zone length takes into account unknown parameters of the model using experimental data. 



Magazine of Civil Engineering, 122(6), 2023 

The article [16] studies the elastic-plastic response of the cylindrical composite sandwich panel under 
the action of lateral pulse pressure loading. Nonlinear differential equations of motion are solved benefiting 
from DQ–Newmark numerical method. It studies the development of elastic-plastic deformations in the 
facesheets of the core layers of the sandwich panel with different exposure modes. In particular, it is shown 
that plastic zones are first formed along the sides of the sandwich panel, and with the passage of time these 
zones progress towards the center of the panel. 

The article [17] discusses a method for calculating reinforcement in earthquake-resistant RC 
buildings and structures which is based on theoretical basis of concept of nonlinear static analysis. The 
need for a justification of consistency of hinge zones design characteristics and its design parameters 
adopted at a conceptual design stage is explained. It is explained that length of an RC member end 
intended for arranging strengthened web reinforcement and a plasticity length of hinge zone may in fact 
have different values for the same element. 

The articles [18–22] deal with the features of designing PZs in metal structures. In [18] developed a 
two-node super-element with generalized elasto-plastic hinges for static and cyclic analysis of frame 
structures. As opposed to the distributed plasticity analysis, the super-element uses a model with two 
generalized (concentrated) plastic hinges located at the ends of the elastic beam element. These hinges 
are modeled by a set of axial and rotational elastic-plastic springs and are used to reproduce plastic 
properties in the axial and angular direction of the element. This ensures elongation or shortening of the 
plastic hinge along the axial rod axis, as well as changes in the element rotation angle. Thus, the conditions 
for the interaction between the axial forces and bending moments in the plastic hinge zone are created. In 
the nonlinear calculation of beams and frames the dependence “force-displacement” was studied. The 
bearing load is estimated using plasticity models witch are related to the concept of a generalized plastic 
hinge. The same ideas were used in [19] only in the analysis of impact loadings. A model for nonlinear 
dynamic analysis of steel frame structures subjected to impact is presented. The generalized plasto-elastic 
hinges at the both ends of the rigid element, behavior of which is managed by the yield surfaces of super-
elliptic shape was developed. An examples of impact calculation of the frames was considered. The graphs 
of cross-section displacement was shown. Articles [16, 17] does not include an analysis of relations 
between the amplitude values of loading and the length of PZ. 

To analyze frame tubular structures, a number of plastic mechanisms have been developed that 
allow us to use of the same generic cyclic plasticity format [20]. In accordance with this format, each plastic 
mechanism is determined by an energy function, a yield surface, and a plastic flow potential. This allows 
us to create a set of functions regulating the elastic and plastic characteristics of the plastic mechanism’s 
cyclic model. 

When analyzing steel frames fabricated according to the “strong columns - weak beams” design 
concept, after an earthquake, as noted in [21], major yielding zones and, as a result, fractures in the steel 
beam end are observed. In this regard, the authors of this article proposed a composite beam-to-column 
connection, including a friction damper. The composite beam consists of a steel base and an ultrahigh-
performance concrete (UHPC) layer located in the upper part of the ultrahigh-strength concrete (UHPC). 
The designated plastic hinge length is limited by the level regulated by design features of the connection 
(lp = 120, 240 mm). The force producing the yielding in UHPC layer was define in five experimental models 
at the moment of friction damper slip. Authors of [22] continued experimental and analytical studies of the 
seismic characteristics of the proposed device, in particular, they noted that the device was resistant to 
damage when the plastic zone length at the beam ends was lp = 120 mm. For the noted length of PZ 
recommended thickness is 100 mm for UHPC layer and 20 mm for the steel layer. 

It should be noted that the concept of PZ is considered as a zone of equal resistance or a zone of 
equal bearing capacity, since its construction is based on the limiting equilibrium theory. Therefore, the 
stresses inside these zones should not exceed the yield stress σy. 

This article proposes a new approach to the calculation of statically indeterminate frames using the 
displacement method, based on a physically nonlinear material deformation according to a hardening 
diagram (Fig. 1). It is worth acknowledging that an initial attempt of this approach was undertaken in [23]. 
However, the method employed a less precise mathematical model. Consequently, an accurate evaluation 
of its performance is necessary once all the assumptions applied to the current model are implemented. 
According to the bilinear diagram with hardening, when a limiting state appears in any section of the 
structure, a further load increase will lead to an increase in internal forces and stresses exceeding the yield 
stress σy. As a result, a plastic zone (PZ) of some length lp will appear. A fragment of an earthquake-
resistant frame which includes PZ in edges of crossbar with length 2l is shown on Fig. 2. Red dotted line 
corresponds the level of stress σy and plastic moment M0 = W0σy, where W0 is plastic section modulus. 
Since building codes do not allow the presence of plastic deformation in the joints of structures, PZ is 
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designed at a distance ul from the column in the reinforcement zone (RZ), where load-bearing capacity of 
crossbar is provided on account of its increased stiffness. It should be noted that this is not the only way to 
relocate the plastic zone out of joints [24]. An elasto-plastic zone (EPZ) with length d and elastic moment 
Me = Wxσy (Wx is elastic section modulus) is located between PZ and elastic zone. 

Since the stresses within the length lp must not exceed the yield stress and correspond to the equal 
strength zone, measures should be taken to increase the element stiffness in the section with the stresses 
σmax > σy. To this end, the element stiffness should vary according to the variable law and be consistent 
with the nature of the bending moment. 

 
Figure 1. Diagram of the linearly hardening material deformation. 

 
Figure 2. PZ with length lp in a crossbar of a seismic-resistant frame. 

2. Methods 
To account for PZs in a statically indeterminate frame based on a bi-diagonal diagram, the 

displacement method (DM) is used as a calculation algorithm. The solution of the problem of transforming 
the area with nonlinear deformations into an equal strength plastic zone (ESPZ) should be integrated into 
the calculation algorithm of the method and performed in parallel with the nonlinear process of determining 
the limiting load F0 for a given length of the PZ. 

In case of a nonlinear calculation of frames by the DM, as well as in the classical version of this 
method, standard elements are used - beams with two types of supports: “fixed” - “pinned” and “fixed” – 
“fixed”, which should be designed for different types of unit and load impacts. However, unlike the classical 
version, the calculations of both types of beams should be performed taking into account the presence of 
ESPZs. These zones should contain the parameters determining their relative length α = lp/l, (l is beam 
length), location in the beam span, the law of variation of the area moment of inertia of the section within 
the length of the PZ and the physical and mechanical properties of the material. As a result, the calculated 
characteristics of standard beams will have the same coefficients as in the classical approach, but unlike 
them, they will contain additional dimensionless functions fj(α), characterizing the nonlinear operation of the 
standard element. 

In order to make non-linear calculation more accessible for the design engineer, two new premises 
are introduced that complement the well-known hypotheses of DM related to sequence of evolution of 
stress-strain state in EPZ and PZ. 

First prerequisite: the deformation of the fibers of EPZ occurs by theory of idealized elasto-plastic 
operation of material (i.e. without hardening) with a variable modulus of elasticity which complying with the 
quadratic law. 

Second prerequisite: the deformation of the fibers of PZ with length lp occurs by bilinear diagram with 
constant hardening modulus E0. 
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According to theory of idealized elasto-plastic body, a changing of size of elastic layer within EPZ 

length d complying with the quadratic law [25] 1
1( )

2
xhy f x
d

= =  (Fig. 3). This allows assuming that the 

value of elasticity modulus in EPZ is proportional to the ratio of height of the elastic core to cross-sectional 
height. 

1
1( [0; ]).x

xE E x d
d

= ∈                                   (1) 

Stress in PZ: σ ≥ σy, therefore all fibers deformed with constant hardening modulus E0. 

In the study [23], the segment addressing the non-linear deformation of the beam is also divided into 
two distinct sections. Moreover, there are no difference for the PZ segment compared to the current 
methodology. However, concerning the EPZ (referred to as the intermediate section in [23]), the elastic 
modulus is established using a constant value denoted as kE, which depends on the stiffness coefficient 
k. The coefficient k assumes values within the range 0[1, ]k k∈ . Since the coefficient k is unknown, 
estimating the stress-strain state within the EPZ becomes challenging. Additionally, determining the critical 
loads corresponding to the PZ since it is required to build a series of curves for different values of k. The 
uncertainty associated with the k coefficient serves as motivation for revising this mathematical model. In 
this article, this significant drawback of the previous model is overcome by introducing a quadratic 
dependence (1) for the quantity E. 

 
Figure 3. Plastic and elasto-plastic zones. 

 
Figure 4. Design scheme of beam with ESPZ (“fixed” – “pinned”) at a unit turn of fixed support. 

Equal strength plastic zones. As it follows from the review, when the deformation of the frame 
caused by the seismic action, PZs can occur in the end parts of both horizontal frame elements — 
crossbars, and vertical elements — columns. The procedure of design an ESPZ for horizontal frame 
elements is shown below (Fig. 2). 

In case of the linear law of the moment diagram, it is also convenient to take a linear dependence of 

the expression of the area moment of inertia for the creation of an ESPZ ( ),pix lv l lv ∈ −  : 

( )x
xI = I l v −α

                               (2) 
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For standard beam supported according to the “fixed – pinned” concept, the rated forces for the 

rotating the fixed support by an angle ϕ =1 (Fig. 4) are shown. The correction nonlinear function f1(α) has 

the form: 

( )3 3 2 3 3
1 0

6( ) 1 / 3 ( / 2) / (6 4 ) (1 ) ,
5

f v v k m m m mα ξ αβ α β β= − + − + − + + −   (3) 

where 

0
( ), 1 .eMv m

M
β α

 
= − = − 

 
     (4) 

/pl lα = , 0 0 /k E E= , ξ  is the stiffness coefficient of the support zone. 

In the absence of PZ 
( 0)pl α= =

 nonlinear function (3) takes more simple form: 

3 3 2 3
1

1(0) (1 ) / (1 3 ).
5

f v v m m mξ= − + + − +    (5) 

The dimensionless function (3) contains four terms, each of which takes into account the contribution 
made to the overall ductility δ11 by the corresponding bar section, including the reinforcement zone (1st 
term), the plastic zone (2nd term), and the elasto-plastic zone (3rd term), elastic part (4rd term). 

The 2nd term in (3) was obtained for a section of the length lpi taking into account the variable 
stiffness (2):  

2 3
( )

011
0 0

( ) 3 ( )( / 2) / .
3

p p

vl vl
PZ

xvl l vl l

x dx xl v dx l v v k
E I E I EI

αδ α α α
− −

−
= = = ⋅ − −∫ ∫  

Third term for the part with length d m lβ=  was obtained with the variable stiffness xE J  taking into 
account (1):  

2 2 3
( ) 3 2
11

6( ) (6 4 ).
3 5

p p

vl d vl d
EPZ

x pvl l d vl l d

x dx d x dx l m v m m
E I EI EIvl l x

δ α
− −

− − − −

= = = ⋅ − − +
− −∫ ∫  

During nonlinear calculation of the frame taking into account PZ the correction function such as (3) 
and (5) are used for the various standard beams that form a basic structure of DM. Nonlinear calculation is 
aimed at determining the limiting values of bending moments (Mp diagram) and limiting load Fp for the 
certain length of PZ lp. 

Three stages of frame calculation (elastic, elasto-plastic and plastic).  

Elastic stage. A definition of the yield moments (Mel diagram) and the yield load Fe occurs at this 
stage: 

− plotting the bending moment M diagram arising under the action of given load F; 

− determination the ratio /e e jk M M=  for the critical cross-section j with the moment Mj; 

− with the help of coefficient ke the M diagram and the load F getting closer to the yield level: 

el eM k M= , .e eF k F=                  (6) 

Elasto-plastic stage. According to 1st prerequisite a definition of the plastic moment Mp0 diagram 
and the plastic load Fp0 for the length of PZ lp = 0: 

− calculation of non-dimensional functions fj(0) such as (5); 

− determination of the stiffness matrix based on function fj(0) in DM basic structure; 
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− solving the system of canonical equations of DM from unit load and plotting the diagram of 
bending moment M ; 

− determination of the incremental load dF according to equality of incremental moment 

k kdM M dF= ⋅  and ordinate 0( )eM M−  in cross-section k on the line between RZ and EPZ:  

,
1

e

k

M mdF
M m

= ⋅
−

                       (7) 

− determination of the limiting load Fp0 and the moment diagram Mp0 (for lp = 0): 

0 0, .p e p elF F dF M M MdF= + = +          (8) 

The plastic stage of the calculation is performed at a given PZ length lp using the method of 
sequential loadings [26]. For each loading stage dF, we use incremental ratios connecting the diagrams of 
incremental moments and incremental loads. 

Incremental system of resolving equations of DM has the form: 

1 , 1( ) 0,i i dF iK dZ Rα − −+ =     (9) 

[ ] 1
1 , 1( ) ,i i dF idZ K Rα −
− −= − ⋅                             (10) 

1 , 1( ) ,pi i i F idM M dZ dMα − −= ⋅ +                         (11) 

where 1( )iK α −  is the stiffness matrix of the frame including PZ at the 1st step of loading;  

, 1dF iR −  is the response vector in DM basic structure caused by incremental load dF; 

dZi is the incremental displacement vector; 

1 , 1( ),i F iM dMα − −  are the moment matrix caused by a unit loads and the incremental moment 
vector caused by incremental loads obtained in DM basic structure. 

For the first loading stage, the initial PZ length lp1 can be taken based on the linear nature of the 
distribution of forces, for example, for the diagram Mp0 multiplied by the coefficient 1 / en dF F= + . Based 

on the calculated correction (nonlinear) functions fj(α1), where α1 = lp1/l, we form the coefficients (reactive 
forces) of the system of canonical equations (10) and the right sides of the equations from incremental 
loads dF. During the action of a horizontal seismic load the vector dMF

(i−1) in (12), is usually equals zero. 
After solving the system (11) and obtaining the diagram of incremental moments dMp1, we build a resulting 
diagram: 1 0 1p p pM M dM= + , from which we calculate the PZ length lp2 for the next iteration step by the 

maximum value of the moment (> M0). We simultaneously determine the current limiting load: 

1 0p pF F dF= + . The obtained length is used to determine nonlinear functions fj(α2) for the second 

loading stage. In each i-iteration, we built: the incremental moment diagram dMpi, the resulting diagram 
Mpi, the limiting load Fpi: 

, 1 , 1, ,pi p i pi pi p iM M dM F F dF− −= + = +    (12) 

correction functions fj(αi) and the PZ length lpi. The loading process continues until the obtained value 
does not reach the specified length lp according to the inequality: 

( ) .p pil l eps− ≤      (13) 

The proposed approach is illustrated by an example of a static calculation of a two-story frame on 
the action of horizontal forces simulating the seismic impact. 
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3. Results and Discussion 
The design scheme of a two-story steel frame is shown in Fig. 5a (F = 40 kN, F1 = –0.3F, F2 = F, 

l = 300 cm, h1 = 1.9l, h2 = 1.6l). The crossbar of the lower story is made of a wended I-beam No. 26 (shelf 
- sheet 0.6×12.0 cm; wall - sheet 0.5×24.8 cm: Ix = 2958.5 cm4; Wx = 227.58 cm3); the crossbar of the top 
floor and the vertical elements are made of twin channels No. 20. 

The strength and deformability characteristics are yield stress and ultimate strength, respectively: 
σy = 345 MPa, σu = 490 MPa, set after break εu = 0.21. The modulus of elasticity is E = 2.1⋅105 MPa, the 
modulus of hardening is 0 ( ) / ( / )u y u uE Eσ σ ε σ= − − =  647.33 MPa. The elastic moment and the 

plastic moment are, respectively: e x yM W σ− = 78.51 kN⋅m, 0 0 yM W σ= =91.08 kN⋅m, where 

0W =  1.16Wx; flexural stiffness of the bars – EI = 6212.85 kN⋅m2, E0I = 20.59 kN⋅m2; the coefficient 
k0 = 0.0033. 

The preliminary calculation shows that the maximum bending moments occur in the end parts of the 
crossbar of the 1st floor. The PZ is designed at u = 0.05 and ξ = 1.5 (Fig. 5a). 

The example aims to show the method of nonlinear calculation of frame using DM with determination 
of limit loads Fp for the given ESPZ length lp. The lengths of PZ from 2 cm to 14 cm, multiple of 2 cm, are 
considered. 

 
Figure 5. Design scheme of a two-story frame with plasticity zones in the crossbar of the 1st floor 

(a); b – basic structure of the DM taking into account the frame symmetry. 
Due to the frame symmetry, the basic structure of the MD has four unknowns – two angular and two 

linear displacements Zk (Fig. 5b). The numbering of additional bonds is shown by the numbers in small 
squares. For the plotting the diagram of unit moment M1 we use the solution obtained for standard beam 
on Fig. 4 for the rotating the fixed support by an angle ϕ = 1 taking into account (5) within the length of PZ. 
The relative length αi of the ESPZ is formed in a nonlinear process at each i-th loading stage. 

The pattern of solving is shown below. From the preliminary frame calculation (at F = 40 kN), we obtain 
the highest stresses in section 6 (Fig. 5a). According to (6) (at ke = 1.15), we will obtain a moment diagram 
Mel and the yield load Fe = 46.08 kN. As a result of elasto-plastic calculation (7), (8) we will obtain a values 
of limiting load Fp0 = 54.1 kN and a moment diagram Mp0 (at lp = 0). The diagram Mp0 is shown at right 
half of the frame (Fig. 6, blue, the values are given in brackets). 

Coeffisients of the system of canonical equations of DM (9) at i th step of loading are: 

− the elements of stiffness matrix K(αi): 

11 12 13 14 222 2
1

14.732 3 , 1.284 , 0.701 , 2.408 , 5.652 ,
( )i

EI EI EI EI EIr r r r r
f l l ll lα

 
= + = = = − = 
 
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23 14 24 14 33 34 44 342 3, , 4.808 , 3.01 , ;EI EIr r r r r r r r
l l

= − = = = − = −  

− the elements of the vector RdFi from incremental loading dF: 

1 2 3 40, 0.15 , 0.5 .dF dF dF dFR R R dF R dF= = = − =  

During the iterations when finding the limiting load for a given length lp, we adjust the parameter αi 
and the function (3) f1(αi). 

A diagram of incremental bending moments for the 1st loading stage dF = 0.087 kN is shown on the 
left half of the frame (Fig. 6). At the initial stage, when we set the PZ length on the assumption of a linear 
nature of the distribution of moments: lp0 = vl(1 – M0/M6) = 0.142 cm, where M6 = 1.0005M0, we form 
the correction function (3) f1 = 1.614. After solving the system of the canonical equations of the DM and 
building the diagram of incremental moments dMp1 (shown on the left half of the frame, Fig. 6), we obtain 
the resulting diagram Mp1 = Mp0 + dMp1 (the diagram Mp1 is on the right half of the frame, Fig. 6). According 
to the results of the 1st iteration, the ESPZ length was lp2 = 0.392 cm, the load was Fp1 = Fp0+dF =54.2 kN. 
At the next loading steps for a given length lp = 2 cm, the following results were obtained: lpi = 2.001 cm, 
Fpi = 54.77 kN. The final nonlinear moment diagram Mp is shown on the left half of the frame (Fig. 7). The 
bending moment at the left end of the ESPZ (section 6) was M6 = 91.72 kNm > M0 = 91.08 kNm. The 
stresses in the supporting part of the frame were: σ1 = –238 MPa, in the upper node σ4 = 236.2 MPa; the 
stresses in the node of the 1st floor σ5 = 282.8 MPa < σy = 345 MPa; σ6 = σ7 = σy. 

The moment diagram Mp for the length lp = 14 cm obtained at the limiting load Fp = 59.8 (65.18) kN 
is shown on the right half of the frame (Fig. 7). Stresses in support zone of frame: σ1 = 344.6 MPa, in upper 
joint σ4 = 341.6 MPa, in 5th joint σ5 = 295.4 MPa, stresses σ6 = σ7 = σy.  

  
Figure 6. Bending moment diagrams at the 

first loading step at lp1 = 0.392 cm: to the left – 
incremental dMp1. 

Figure 7. Bending moment Mp at the ESPZ 
length: lp = 2 cm (to the left); 

lp = 14 cm (to the right). 

The nature of the change of bending moments depending on external load is shown at Fig. 8. 
Beginning with yield level when Fe = 46.075 kN the moments for each cross-section (shown in numbers) 
show weak nonlinearity at first (before PZ appears with Fp0 = 54.11 KN). Then it begin to deviate 
significantly from the linear characteristics of the moments (dotted lines on the graph). Horizontal dash-
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dotted lines show the level of load bearing capacity of the frame elements. For RZ (section 5) it is equals 
1.34M0. 

Fig. 9 shows more common picture of the change of limiting loads depend on ESPZ length. Graphs 
show two limiting load curved lines for corresponding lengths lp obtained when the plastic deformations in 
EPZ was taken into account (red line) and when it was not (blue line). The differences of values do not 
exceed 1%. Collapse load P0 = 77.18 kN is calculated by limiting equilibrium method and shown by the 
black horizontal line. 

For comparison consider the analysis of the steel frame performed in articles [19], [20]. One of the 
models of the frame (S3 model) considered by the authors of [19], [20] has a number of similar features 
with the model given in current study: 

the lengths of plastic zones: the lengths lp from 0 cm to 14 cm in steps of 2 cm were considered in 
current study; the length lp = 12 cm was considered in S3 model; 

the location of PZ is nodal zone of the I-beam and besides the beam in the S3 model is composite; 

presence of RZ with the length of 15 cm in current study (Fig. 5) and 29 cm in S3 model; 

construction material in the current study and in S3 model have the same mechanical characteristics; 

the plastic zone is presented as ESPZ; 

However, there are significant differences between these two schemes associated with the 
formulation of the research problem and the design features of PZ. The main difference of S3 model is that 
this zone includes a composite rectangular layer with the size of 120×300 mm (20 mm steel plate and 100 
mm UHPC layer) and friction damper instead of I-beam. The length of PZ is constant (lp = 12 cm). The 
yielding of fibers in the layer of this zone causes by a cyclic load acting the crossbar in the vertical direction. 
The amplitude of cyclic load is 13.5 kN. It is transmitted to the PZ as a longitudinal force N which creates 
tension-compression deformations. The longitudinal force cannot exceed the value of 100 kN because the 
friction damper will slip otherwise. 

It should be noted that the limiting load for PZ with the length of lp = 12 cm is 66.42 kN (Fig. 9). From 
the above it follows that these differences do not allow us to compare the limiting loads of both cases. 

Thus, a method is proposed to the nonlinear calculation of statically indeterminate frames based on 
the DM which can be used in the design of structural systems in regions of an increased seismic activity in 
addition to the limiting equilibrium method. 

 
Figure 8. Bending moments in the frame cross-sections (numbers on graphs) depending on the 

load (dotted line is elastic response). 
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Figure 9. Limiting loads for the corresponding ESPZ. 

Recommendations for future research. Further research is necessary to enhance the mathematical 
models of elastic-plastic calculation. Some important questions that need to be addressed are: 

• simulation of the stress-strain state of the rod in the zone of non-linear deformations 
incorporating linear hardening of the material; 

• one of the key areas of research is the development of a set of standard elements, such as 
statically indeterminate beams, in which calculations for single actions take into account the 
plastic zone. Specifically, it is important to address the issues related to calculating a rigidly 
fixed beam with two plastic zones located at its end parts; 

• development and construction of a complete system of correction (nonlinear) functions, 
taking into account corrections to the linear calculation of the frame. 

In addition, an important element of the study is the development of a methodology that provides the 
procedure for embedding the proposed scheme for the nonlinear calculation of frames into the algorithm of 
mathematical models for the calculation of seismic-resistant frames with PE. 

4. Conclusions 
This article proposes a new approach for conducting static analysis of bar frames, which incorporates 

plastic zones using the displacement method in conjunction with the sequential loading method. To 
implement this approach, two important theoretical problems had to be solved. The first involved developing 
a stress-strain model for a rod within the zone of elastic-plastic deformations using the linear theory of 
material hardening. The second involved calculating standard elements (statically indeterminate beams) 
for single actions, while taking into account special zones, such as plastic, elastoplastic, and reinforcement 
zones. Based on the research, the following conclusions were drawn: 

1. To divide the zone of physically non-linear deformations of the beam into two areas (EPZ and 
PZ), two simplifying prerequisites were introduced. The simulation of stress-strain state of the rod in each 
of these areas was carried out. In EPZ, fibers' deformation occurs according to the theory of an ideal elastic-
plastic body, without hardening and with a variable modulus of elasticity. In PZ, the deformation of all fibers 
occurs beyond the elastic limit, with a constant hardening modulus E0. 

2. In the EPZ section, the height of the elastic layer changes according to a quadratic law, therefore, 
for the variable modulus of elasticity, a quadratic dependence is also adopted, according to which the value 
of Ex is proportional to the ratio of the elastic core of the section 2y to the height of the section h. 

3. In the plastic deformation zone, in order to ensure that the normal stresses do not exceed the 
yield strength and correspond to the zone of equal capacity, a linear dependence is adopted for the moment 
of inertia of the section, which is consistent with the linear character of the moment diagram. 

4. The introduced dependences of the modulus of elasticity in the EPZ and the moment of inertia in 
the PZ are represented by convenient analytical functions. This allows to perform calculations of standard 
elements for single actions and construct correction (nonlinear) functions that take into account corrections 
to a linear calculation. 

5. A computational scheme for a nonlinear analysis of statically indeterminate frames by the 
displacement method was created based on the calculation of standard elements and constructed 
correction functions. This was achieved using a step-by-step procedure of the method of successive 
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loadings with small steps. In this case, a complex nonlinear problem is divided into a sequence of linear 
problems, which are solved at each stage as elastic problems. The system of canonical equations of the 
displacement method is written in increments for fixed values of the correction functions fj(αi). During the 
transition from one loading stage to another, the length of the PZ lpi increases, with subsequent adjustment 
of the correction functions. 

6. An example of a nonlinear calculation of a 2-story steel frame for the action of horizontal forces 
was used to demonstrate the reliable operation of the nonlinear analysis algorithm. This included 
determining the limiting values of the load and internal forces (bending moment diagrams) for a given length 
of the PZ. All the main stages of the analysis were presented, including the limiting elastic, limiting plastic, 
intermediate, and final states of the structure model. The analysis showed that, in practical calculations of 
seismic-resistant frames, plastic deformations in the EPZ can be neglected. 
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