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Abstract. The article is devoted to the problem of complex stress state of reinforced concrete under the 
action of torsion with bending, taking into account axial and transverse forces. The existing calculation 
models remain imperfect, despite a significant number of publications in the world on this problem. They 
are fragmentary and sometimes contradictory and consider individual special cases of stress. The proposed 
version of the deformation model is based on physical relations for reinforced concrete, static equations 
and conditions for compatibility of deformations in the design section at the stage after the crack formation. 
The calculation model takes into account all the components of external forces in the rod element, the 
spatial nature of cracks, various cases of the location of the compressed concrete zone or its absence, 
depending on the ratio of the acting forces in the design structure. The obtained analytical dependences 
allow one to determine interconnected design parameters, such as stresses in the concrete of the 
compressed zone, the height of the compressed concrete, stresses in axial and transverse rods, 
deformations in concrete and reinforcement, curvature and twisting angle of a reinforced concrete element, 
while simultaneously applying a twisting and bending moments, axial and transverse forces to the element. 
The deformation model obtained in the article can be used in the design of a wide class of reinforced 
concrete structures under the action of torsion with bending taking into account axial and transverse forces 
in the calculated element. 

Citation: Karpenko, N.I., Karpenko, S.N., Kolchunov, Vl.I., Kolchunov, V.I. Deformation of box-sectional 
structures during torsion with bending. Magazine of Civil Engineering. 2024. 17(6). Article no. 13001. 
DOI: 10.34910/MCE.130.1 

1. Introduction 
Reinforced concrete structures of civil and industrial buildings and structures are considered as an 

object of study undergoing a complex stress state – torsion with bending, taking into account axial and 
transverse forces. 

Calculation of such structures remains one of the byways of the theory of reinforced concrete. It is 
suffice to note that up until now, in foreign and Russian guidelines on the design of reinforced concrete 
structures and in scientific publications of the last decade, for example, [1–7] and others, conditional design 
models are used, including even truss analogy models [8–11]. Experimental studies of such structures were 
few and they were also fragmentary in the study of individual cases and types of the deformed state, 
cracking and destruction of complexly stressed structures, for example, with the overrepresentation of 
bending [5, 12, 13], with the overrepresentation of torsion without regard to transverse forces, torsion with 
bending in the horizontal plane [14], studies of structures reinforced with an external cage [15, 16] and 

https://creativecommons.org/licenses/by-nc/4.0/
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models of transverse and torsional stability [17], and others. So far, there are no general analytical methods 
for modeling complexly stressed reinforced concrete structures under the considered stress state, despite 
the fact that attempts to create them have been made repeatedly. One of the most general calculation 
models of deformation of reinforced concrete with cracks in a complex stress state is based on the section 
method and is being developed in Russia. It includes the deformation model of N.I. Karpenko [18] and a 
block deformation model with a spatial calculated section with a wide range of design parameters taken 
into account [19]. These models are increasingly receiving experimental substantiation at various ratios, 
different shapes and structures of sections and for different classes of concrete [20–22]. 

Numerical methods are used to solve the class of problems under consideration, in particular, the 
finite element method implemented in software systems [23–25]. An analysis of their application shows [26] 
that they not only do not allow a qualitative analysis of the studied physical parameters during the 
deformation of reinforced concrete with cracks but also relatively approximately describe the results of 
experimental studies of reinforced concrete structures under the considered stress state and, especially, 
the parameters of the limit states of the second group, for example, crack opening width in structures made 
of high-strength reinforced concrete and fiber-reinforced concrete [16]. 

In all known analytical models, including those proposed by the authors [18, 27], cases of a complex 
stress state are considered, when in a spatial section, not a through crack is formed but a crack that is 
interrupted in the compressed zone of concrete. In this regard, the article under consideration presents the 
features of constructing a design model for box-sectional elements under the combined action of bending 
and torque moments, normal and tangential forces for areas of a reinforced concrete element with through 
cracks. This case is realized when the element is dominated by bending with torsion and the normal 
longitudinal tensile force. 

The relevance of such a study is determined by the increasingly complex types of impacts on 
reinforced concrete structures and the need to take them into account when designing buildings and 
structures to improve their safety. 

The aim of the study was to determine the stress-strain state of reinforced concrete box-sectional 
structures during torsion with bending under the action of transverse and tensile longitudinal forces in the 
design section. 

The tasks of the study were as follows: 

• construction of a design scheme for reinforced concrete structures of rectangular box-
shaped and solid sections with spatial cracks; 

• determination of forces in longitudinal and transverse reinforcement; 
• determination of deformations in the lower and upper zones as well as the side walls of the 

cross-sectional box of the element. 

2. Methods 
2.1. Scheme of the Reinforcement of a Cross-Sectional Box Element 

The cross-sectional box of the reinforced element of size h b×  is reinforced with four longitudinal 
reinforcement rods. Two rods (1, 2) with area ( )1SF  and ( )2SF  are located in the lower tension zone and 

two rods (3, 4) with area ( )3SF ′  and ( )4SF ′  – in the upper tension zone. We assume that 

( ) ( )3 4 ,SS SF F F′ ′ ′= =  1,h  1b  is the distance between the rods. 

Longitudinal reinforcement is bordered by closed clamps with area 0SWF  and the pitch 0;SWU  2h  

and 2b  are the dimensions of the clamps. The clamps are transferred to the level of the longitudinal 

reinforcement with a reduced pitch SWU  as in the more general model, where 

( )
( )

1 1
0

2 2
.SW SW

b h
U U

b h
+

=
+

                                                                        (1) 

The running area of the clamps will be: 
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( )
( )

2 20
0

1 1 0
.SW

SW SW
SW SW

b hFf F
U b h U

+
= =

+
                                                (2) 

2.2. The Tangential Force Flows 
The design diagram of the cross-sectional box of the element with through cracks is shown in Fig. 1. 

This diagram is realized when the torques (T) and normal tensile force (N) are predominant. The action of 
tangential forces is reduced to the flow of tangential forces along the contour 1–2–3–4 (Fig. 2a). 

 
Figure 1. Design diagram of the cross-sectional box with through cracks. 

 
Figure 2. a) – scheme of tangential force flows Nyx, Nzy from the action of the torque T  
along the design contours 1–2–3–4; b) – flow diagrams of tangential forces from NQ  

from the action of the tangential force along the design contours 1–2–3–4. 

1 1
.

2yx yz
TN N
h b

= =                                                             (3) 

The action of tangential forces is reduced to flows 
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1
.

2Q
QN
h

=                                                                      (4) 

The total flow on line 1–2 will be 

( )1
1 1 1

.
2 2yz

T QN
h b h

= −                                                              (5) 

The total flow on line 3–4 will be 

( )2
1 1 1

.
2 2yz

T QN
h b h

= +                                                            (6) 

The flows of tangential forces along lines 2–3 and 1–4 will be equal to the values of ,yxN  determined 

by dependence (3). 

2.3. Determination of Forces and Stresses in Transverse Reinforcement Rods 
Inclined lines 7–20 and 3–10 pass along inclined cracks located in the vertical walls of the cross-

sectional box of the element, ( )1szN
 and ( )2szN

 are the total forces taken by the vertical rods of the clamps 
in these walls. 

The angles of inclination of cracks in vertical walls approach 45°. In this case, the effect of dowel 
forces is reduced. In this regard, the vertical thrust forces in the longitudinal reinforcement are neglected. 
As a result, considering the conditions for the balance of forces in elements 3–4–10 and 8–7–20 from the 

action of torques, we find that the forces ( )1szN
 and ( )2 ,szN

 perceived, respectively, in inclined cracks 7–
20 and 3–10, will be: 

( ) ( ) ( )

( ) ( ) ( )

7 8 11 1 1

3 4 12 2 2

;

.
sz yz yz

sz yz yz

N N l N h

N N l N h

−

−

= =

= =
                                                   (7) 

The forces ( )1szN
 and ( )2szN

 are expressed through the stresses ( )1szσ
 and ( )2szσ  in the vertical 

rods of the clamps located along lines 7–8 and 4–3 in sections 8–20 and 4–10, respectively, 

( ) ( ) ( )

( ) ( ) ( )

7 8 1 11 1 1

3 4 1 22 2 2

tg ;

tg ,

SWsz yz sz

SWsz yz sz

N N l h f

N N l h f

−

−

= = σ α

= = σ α
                                       (8) 

where: 

( )
( )

( )
( )

1
1

1 1 1 1 1

2
2

2 1 1 1 2

1 ;
tg 2 2 tg

1 .
tg 2 2 tg

yz
sz

SW SW

yz
sz

SW SW

N T Q
f h b h f

N T Q
f h b h f

 
σ = = − α α 

 
σ = = − α α                                      (9) 

Now we will have to determine the stresses in the rods located in the lower and upper walls of the 
box-section of the element. The inclined lines 8–12 and 10–13 (Fig. 1) pass along the cracks that intersect 

the lower and upper walls of the cross-sectional box of the element, where ( )3SXN
 and ( )4SXN

 are the 
total forces, perceived by the clamps, respectively, in cracks 8–12 and 10–13. According to the design 
scheme (Fig. 1), these efforts will be equal: 

( )

( )

8 9 13

10 14 14

2 2 ;

2 2 .

yx SX yx SXSX

yx SX yx SXSX

N N l k N b k

N N l k N b k

−

−

= − = −

′ ′= − = −
                                   (10) 



Magazine of Civil Engineering, 17(5), 2024 

Following [18], the influence of the dowel conditions SXk  and SXk′  can be taken into account using 

the coefficients xλ  and .x′λ  In this case, dependencies (10) are transformed into the form: 

( )

( )

1 13

1 14

2 ;

2 ,

yx SX yx xSX

yx SX yx xSX

N N b k N b

N N b k N b

= − = λ

′ ′= − = λ
                                               (11) 

where 

2
3

2
4

15 ;
15 ctg

15 ,
15 ctg

SW
x

SW Sy

SW
x

SW Sy

f
f f

f
f f

λ =
+ α

′λ =
′+ α

                                                             (12) 

at 

( ) ( )

( ) ( )

1 2

1

1 2

1

;

.

sy sy
SY

sy sy
SY

F F
f

b
F F

f
b

+
=

′ ′+
′ =

                                                            (13) 

The forces ( )3SXN
 and ( )4SXN

are expressed through the stresses sxσ  and ,sx′σ  respectively, in 
the lower and upper rods of the clamps. 

( )

( )

1 9 12 1 33

1 14 13 1 44

tg ;

tg .

yx x sx sw sx swSX

yx x sx sw sx swSX

N N b f l f b

N N b f l f b

−

−

= λ = σ = σ α

′ ′ ′= λ = σ = σ α
                             (14) 

Where, taking into account the values of 
,yxN
 determined by the formula (3): 

( )

( )

3 1 1 3

4 1 1 4

;
tg 2 tg

.
tg 2 tg

yx x x
sx

sw sw

yx x x
sx

sw sw

N T
f b h f
N T
f b h f

λ λ
σ = =

α + α

′λ ′λ′σ = =
α + α

                                             (15) 

From (11) the values also follow: 

( ) ( )

( ) ( )

1

1

1

1

1
1 ;

2 2
1

1 .
2 2

yx x
SX x

yx x
SX x

N b Tk
h

N b Tk
h

−λ
= = −λ

′− λ
′ ′= = −λ

                                              (16) 

2.4. Determination of Normal Stresses in Longitudinal Reinforcement Rods 

In the design scheme shown in Fig. 1, we select the plane 4 36 15 O O ,− − −  parallel to the plane 
,ZOY  respectively, the normal plane XOZ  and its two lines 415 O−  and 36 O ,−  located on the upper 

and lower surfaces of the box section. 
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The sum of the moments of all forces acting parallel to the plane ZOY  relative to the upper line 

415 O−  will be equal to: 

( ) ( ) ( ) ( )

( ) ( ) ( )

( )

11 1 1 8 20 171 2 1 1

18 10 14 15 3 12 12 1

1 00.5 0

OSY SY YZ SZ

SZ YX

e

N h N h N h l N l

N l l N l h

M Nh Ql

− −

− − −

−

+ − + +

+ + − −

− + + =

                         (17) 

or, taking into account dependence (7), and 

( )117 1 1 1 3

18 10 1 2

14 15 1 4

3 12 1 2 1 4 1 3

0 1 2 1 4

8 20 1 1

0

0.5 tg 0.5 tg ;

0.5 tg ;
0.5 tg ;

0.5 tg 0.5 tg 0.5 tg ;
tg 0.5 tg ;

tg ;
,

O

e

e e

l h b

l h
l b

l h b b
l h b

l h
M Ql M

−

−

−

−

−

−

−

= α − α

= α

= α

= α + α + α

= α + α

= α

+ =                                              (18) 

where eM  is the moment applied at point e  of the plane 4 36 15 O O ,− − −  we find: 

( ) ( )( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1
1 1 1 1 1 31 2 1 1

1

1 2 1 4 1 2 1 4 1 32 1

0.5 tg 0.5 tg tg

0.5 tg tg 0.5 tg 0.5 tg 0.5 tg ,

e
SY SY YZ YZ

YZ YX

M NhN N N h N h b
h

N h b N h b b

+
+ = + α − α − α +

+ α + α + α + α + α
(19) 

or 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1
1 1 1 31 2 1

1

1 2 1 4 1 2 1 4 1 32 1

0.5 0.5 tg tg

0.5 tg tg tg 0.5 tg 0.5 tg .

e
SY SY YZ

YZ YX

M NhN N N h b
h

N h b N h b b

+
+ = + α + α −

− α + α + α + α + α
         (20) 

In the case of pure torsion, 

( ) ( )( )
( ) ( )

1 2

1 1 1 1 1 1 11 0.5 0.5 0.5 0.5 0.5 0.5 0,

SY SY

YX

N N

N h b b h h b b

+ =

= + − − + + + =
                    (21) 

or 

( ) ( ) ( )1 11 2 .YXSY SYN N h b N+ = +
                                              (22) 

To determine the relationship between the forces ( )1SYN
 and ( )2 ,SYN  we use the condition that the 

sum of the torques of all forces in the reinforcement and concrete of the design element is equal to zero 

relative to the 4 3O O−  axis. In this case, we assume that some influence of the difference in efforts 

( )3SYN
 and ( )4SYN  can be neglected, assuming that 

( ) ( )3 4 .SY SYN N≈
                                                               (23) 

In this case, the sum of the moments of all forces applied in the sections of the design scheme 
(Fig. 1) relative to the vertical line 4 3O  O−  is equal to zero and can be represented as: 
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( ) ( ) ( ) ( )

( )

3 3 4 3

4 3

6 O 11 O 15 O 19 10 3 12 11 O1 2 3 4

7 13 15 O 8 20 6 O 8 6 11 121 0,
YXSY SY SY SY

YX x xYZ

N l N l N l N l N l l

N l l N l l k l k l
− − − − − −

− − − − − −

− + − + −

− − + − =
 

where: 

( )
( )

3 3 4
1

6 O 11 O 15 O 19 10

3 12 1 2 1 4 1 3

7 13 1 4 1 3

8 20 1 1

8 6 11 12 1 3

;
2

tg 0.5 tg tg ;

0.5 tg tg ;
tg ;
0.5 tg .

bl l l l

l h b b

l b b
l h

l l b

− − − −

−

−

−

− −

= + − =

= α + α + α

= α + α

= α

= = α  

As a result, the sum of the moments relative to the 4 3O  O−  line is converted to the form: 

( ) ( ) ( ) ( )( )
( )

( ) ( ) ( )

11 2 3 4

1 2 1 4 1 3 1 4 1 3 1

1 1 1 1 3 1 3 1 4 1 41

0.5

tg 0.5 tg 0.5 tg 0.5 tg 0.5 tg 0.5

tg 0.5 0.5 tg 0.5 tg 0.5 tg 0.5 tg 0,

SY SY SY SY

YX

x sxYZ

N N N N b

N h b b b b b

N h b k b b k b b

− + − +

+ α + α + α − α − α −

′− α + α − α + α − α =

  (24) 

where, taking into account condition (23), it follows: 

( ) ( ) ( ) ( )1 1 1 21 2 1 1tg tgSY SY YZ YXN N N h N hα α− = −  

or 

( ) ( ) ( ) ( )1 1 1 21 2 1 1tg tg .SY SY YZ YXN N N h N hα α= + −                              (25) 

Substituting the value ( )1SYN
 into (20), we find: 

( ) ( ) ( )

( ) ( ) ( ) ( )

1
1 1 1 32 1

1

1 2 1 4 1 2 1 3 1 42 1

0.5 0.25 tg tg
2

0.25 tg tg tg 0.25 tg 0.25 tg ,

e
SY YZ

YZ YX

M NhN N h b
h

N h b N h b b

α α

α α α α α

+
= − − −

− + + + +
 

or, taking into account (3), (5) and (6): 

( ) ( )

( ) ( )

1
1 1 1 32

1 1 1 1

1 2 1 4 1 2 1 3 1 4
1 1 1 1 1

0.5 tg tg
2 8 8

tg tg tg 0.25 tg 0.25 tg .
8 8 2

e
SY

M Nh T QN h b
h b h h

T Q Th b h b b
b h h b h

 +
= − − ∝ − ∝ − 

 
 

− + ∝ + ∝ + ∝ + ∝ + ∝ 
 

      (26) 

Substitution of ( )2SYN
 into (25) leads to the dependence 

( ) ( ) ( )

( ) ( ) ( )

1
1 1 1 31 1

1

1 2 1 4 1 3 1 42

0.5 0.75 tg 0.25 tg
2

0.25 tg tg 0.25 tg tg ,

e
SY YZ

XYYZ

M NhN N h b
h

N h b N b b

α α

α α α α

+
= + + −

− + + +
 

or, taking into account (3), (5) and (6), 
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( ) ( )

( ) ( )

1
1 1 1 31

1 1 1 1

1 2 1 4 3 4
1 1 1 1

0.5 3 tg tg
2 8 8

tg tg tg tg .
8 8 8

e
SY

M Nh T QN h b
h b h h

T Q Th b
b h h h

 +
= − − ∝ + ∝ − 

 
 

− + ∝ + ∝ + ∝ + ∝ 
 

                     (27) 

Let us proceed to the determination of the forces ( )3SYN
 and ( )4SYN  in the longitudinal 

reinforcement. The sum of the moments of all efforts applied to the right side of the design model relative 
to the lower line 6–11 will be equal to: 

( ) ( ) ( ) ( ) ( )11 1 7 13 1 17 1 2 1 43 4 1 2

1 0 1,

0.5 tg 0.5 tg

  0.5 0.5
YX OSY SY SZ YZ

e e

N h N h N l h N l N h b

M Nh Ql M Nh
− −

−

+ − − − ∝ + ∝

=− + − = − +
 

or, taking into account the values of ( )1SZN
 and ( )2 ,SZN  determined by formulas (7), and condition (23), 

we find: 

( ) ( ) ( )

( ) ( ) ( ) ( )

1
1 4 1 33 4

1

1 1 1 3 1 2 1 41 2

0.5 0.25 tg tg
2

0.25 tg tg 0.25 tg tg ,

e
YXSY SY

YZ YZ

Nh MN N N b b
h

N h b N h b

α α

α α α α

−
= = + + +

+ + + +
 

or, taking into account (3), (5) and (6): 

( ) ( ) ( )

( ) ( )

1
4 33 4

1 1

1 1 1 3 1 3 1 4
1 1 1 1 1 1

0.5 tg tg
2 8

tg tg tg tg .
8 8 8 8

e
SY SY

Nh M TN N
h h

T Q T Qh b h b
b h h b h h

−
= = + ∝ + ∝ +

   
+ − ∝ − ∝ + + ∝ + ∝   
   

             (28) 

After determining the forces ( )1 ,SZN
 ( )2 ,SZN

 ( )3SZN
 in the reinforcement, we determine the 

stresses in the reinforcement: 

( )
( )

( )

( )
( )

( )

( )
( )

( )

( )
( )

( )

1
1

1

2
2

2

3
3

3

4
4

4

;

;

;

.

sy
sy

s

sy
sy

s

sy
sy

s

sy
sy

s

N

F

N

F

N

F

N

F

σ =

σ =

σ =
′

σ =
′

                                                            (29) 

2.5. Determination of Deformations  
in the Lower and Upper Zones of the Element 

Average relative deformations in rods 1 and 2 of the lower longitudinal reinforcement in the sections 
between cracks are determined by the dependencies: 
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( )
( ) ( ) ( ) ( )

( )

( )
( ) ( ) ( ) ( )

( )

1 1 1 1
1

1

2 2 2 2
2

2

;

,

sy sy sy sy
SY

S S s

sy sy sy sy
SY

S S s

N

E E F

N

E E F

σ ψ ψ
ε = =

σ ψ ψ
ε = =

                                    (30) 

where ( )1 ,syψ  ( )2syψ  are coefficients that take into account the effect of adhesion of reinforcement to 

concrete in the sections between cracks (V.I. Murashev's coefficients), ( )1syσ  and ( )2syσ  are stresses in 

rods 1 and 2 in cracks, determined from dependencies (26), (29), 

( )
( )

( )
( )

1
1

1
2

1 0.75 ;

1 0.75 ,

cnc
Ssy

sy

cnc
Ssy

sy

σ
ψ = − ϕ

σ

σ
ψ = − ϕ

σ

                                                    (31) 

where cncσ  are stresses in the reinforcement at the moment of cracking, which in the first approximation 
can be determined by the formula: 

2.5 Ε ,btser s
cnc

b

R
E

σ =                                                           (32) 

Sϕ  = 1 – with short-term load, Sϕ  = 0.8 – with prolonged action of the load. The calculation includes the 
average deformations of the two lower reinforcement rods 

( ) ( )1 2

2
SY SY

SY
ε ε

ε
+

= , 

or given (30), 

( ) ( )

( )

( ) ( )

( )

1 1 2 2

1 2

1
2

sy sy sy sy
sy

S S S

N N

E F E

ϕ ϕ
ε

 
 = +
 
 

.                                      (33) 

By analogy with (33), the average deformations of the upper longitudinal reinforcement will be equal 
to: 

( ) ( )

( )

( ) ( )

( )

3 3 4 4

1 4

1' ,
2

sy sy sy sy
SY

S S S

N N

E F E

ϕ ϕ
ε

 
 = +
 
 

                                    (34) 

where ( )3 ,syϕ  ( )4syϕ  are determined by formula (31), where indices 1 and 2 are replaced by indices 3 and 

4. 

The average value of the deformations of the clamps in the lower and upper walls of the cross-
sectional box of the element by analogy with (30) – (32) and taking into account (15) will be: 

3
.

tg
yx x sxsx sx

SX
S sw S

N
E f E

λ ϕσ ψ
ε

λ
= =                                                (35) 

By analogy with (35), the average strains of the clamps in the upper wall of the cross-sectional box 
of the element will be equal to the upper longitudinal reinforcement will be equal: 

3

' '' ''
tg

yx x sxsx sx
SX

S sw S

N
E f E

λ ϕσ ψ
ε

λ
= = .                                              (36) 
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Introducing into (33), (36) the values ( )1 ,syN  ( )2 ,syN  ( )3 ,syN  ( )4 ,syN  yxN  from (26) – (28) and 

(3), we obtain the values ,SYε  ,SY′ε  ,SXε  SX′ε  as a function of ,M  ,N  ,T  .Q  

In the future, stresses btσ  and bt′σ  and deformations ,btε  ,bt′ε  respectively, in the lower and upper 

walls of the element will also be needed. These deformations will mainly depend on the shear stresses yxτ  

and .yx′τ  

3 3

4 4

2 sin cos ;

2 sin cos ;
bt yx

bt yx

σ ≈ − α α

′ ′σ ≈ − α α
                                                          (37) 

3 3

4 4

2 sin cos
;

2 sin cos
,

yxbt
bt

n nx n nx

yxbt
bt

n nx n nx

E E

E E

− α ασ
ε = =

ν ν
′− α α′σ′ε = =

′ ′ ′ ′ν ν

                                              (38) 

where ,nE  nE′  are modules of deformation of concrete strips 

0.8 ,n n b n bE E E E′= = β ≈                                                           (39) 

0.8nβ ≈  is coefficient of influence of loosening of concrete strips with cracks and reduction of modulus, 

nxν  is coefficient taking into account the effect of plastic deformations of concrete strips on the increase in 

deformations btε  is determined from the dependence (2), (3). Shear stresses are determined depending 

on the linear shear forces .yxN  

3 3

4 4

;
2

2 sin cos
;

2

;
2

2 sin cos
,

2

yx
yx

xy

yx
bt

xy

yx
yx

xy

yx
bt

xy

N
a

N
a

N
a

N
a

τ =
β

− α α
σ =

β

′τ =
′β

− α α
′σ =

′β

                                                          (40) 

where a  is concrete cover, ,xyβ  xy′β  are the coefficients of influence of the remaining concrete layers on 

the values ,yxτ  ,xy′τ  a “–” sign means that the stripes are decreasing. Taking into account (37), (39): 

3 3 3 3

4 4 4 4

2 sin cos 2 sin cos
;

2 2

2 sin cos 2 sin cos
,

2 2

yx yx
bt

xy n n nx b nx

yx yx
bt

xy n n nx b nx

N N
E aE

N N
E aE

− α α α α
ε = = −

αβ β ν ν

− α α α α
′ε = = −

′ ′ ′αβ β ν ν





                           (41) 

where  

;

.
nx n nx xy

nx n nx xy

ν = β ν β

′ ′ ′ν = β ν β





                                                             (42) 
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The coefficients nxν  and nx′ν  are determined experimentally. 

Following [18] and taking into account (33) – (35), the shear angles in the lower and upper horizontal 
walls of the cross-sectional box of the element will be equal: 

( ) ( )

( )

( ) ( )

( )

( ) ( )

( )

( ) ( )

( )

3 3
3 3

1 1 2 2
3 3

3 1 4

3 3 4 4
4 4

4 3 4

ctg tg
sin cos

1ctg tg ;
tg 2

1ctg tg .
tg 2

bt
SY SX SY

sy sy sy syyx x sx yx

sw S S b nxS S

sy sy sy syyx x sx yx
SY

sw S S b nxS S

N NN N
f E E F F E

N NN N
f E E F F E

ε
γ = ε α + ε α − =

α α

 ϕ ϕλ ϕ
 = α + + α +
 λ α ν 
 ϕ ϕ′ ′λ ϕ
 ′γ = α + + α −
  ′λ α ν 





 (43) 

2.6. Determination of the Deformations of the Side Walls  
of the Cross-Sectional Box of the Element 

There are four types of relative deformations: average relative deformations of longitudinal 
reinforcement ( )1yε  – in the first vertical wall with 1, 3 longitudinal bars and ( )2yε  – in the second vertical 

wall with 2, 4 longitudinal reinforcement rods as well as average relative deformations ( )1szε  and ( )2szε  of 

the vertical rods of the clamps of the two walls, respectively. 

Average relative deformations of longitudinal reinforcement in two vertical walls will be equal: 

( )
( ) ( ) ( ) ( )

( )
( ) ( ) ( ) ( )

1 1 3 3
1

2 2 4 4
2

1 ;
2

1 ,
2

sy sy sy sy
y

S S

sy sy sy sy
y

S S

E E

E E

σ ψ σ ψ 
ε = +  

 
σ ψ σ ψ 

ε = +  
 

 

or, taking into account the values (29), 

( )
( ) ( )

( )

( ) ( )

( )

( )
( ) ( )

( )

( ) ( )

( )

1 1 3 3
1

1 3

2 2 4 4
2

2 4

1 ;
2

1 ,
2

sy sy sy sy
y

S S S

sy sy sy sy
y

S S S

N N

E F F

N N

E F F

 ψ ψ
 ε = +
 
 
 ψ ψ
 ε = +
 
 

                              (44) 

where the values of ( ) ,sy iN  ( )1,2,3, 4i =  are determined by the dependencies (26) – (28). 

The stresses in the vertical rods of the clamps are determined by the dependencies (9). Accordingly, 
the relative deformations will be: 

( )
( ) ( ) ( ) ( )

( )
( ) ( ) ( ) ( )

1 1 1 1
1

1

2 2 2 2
2

2

;
tg

,
tg

sz sz yz sz
sz

S sw S

sz sz yz sz
sz

S sw S

N

E f E
N

E f E

σ ψ ψ
ε = =

∞

σ ψ ψ
ε = =

∞

                                           (45) 

where the coefficients ( )1szψ  and ( )2szψ  are determined by dependence (31), where the index “y” is 

replaced by Z, the values ( )1 ,yzN  ( )2yzN  are determined by the dependencies (5), (6). 
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By analogy with (37) – (41), the stresses ( )1btσ  and ( )2btσ  and the relative deformations ( )1btε  and 

( )2btε  of concrete strips along the cracks in the vertical walls of the cross-sectional box of the element are 

determined. 

( )

( )

1 1
1 11

2 2
2 22

2 sin cos
2 sin cos ;

2
2 sin cos

2 sin cos ;
2

yx
yxbt

z

yx
yxbt

z

N

N

α α
σ = − τ α α = −

αβ
α α

σ = − τ α α = −
αβ

                            (46) 

( )
( )

( ) ( )

( )
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( ) ( )

1 1 1
1

1 1

2 2 2
2

2 2

sin cos
;

sin cos
,

bt yx
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n z nn n

bt yx
bt

n z nn n

N
E E

N
E E

σ α α
ε = = −

ν αβ ν

σ α α
ε = = −

ν αβ ν

                                       (47) 

where nE  is the modulus of deformation of concrete strips. determined from dependence (39), α  and zβ  

are quantities similar to the quantities ,α  ,xyβ  syf ′  included in dependence (41), ( )1 ,nν  ( )2nν  are 

coefficients that take into account the effect of plastic deformations of concrete strips on an increase in the 
total deformations ( )1btε  and ( )2 .btε  

By analogy with (43), the total shear angles in the first and second walls of the element will be equal: 

( ) ( ) ( )
( )

( ) ( ) ( )
( )

1
1 11 1 1

1 1

2
2 22 2 2

2 2

ctg tg ;
sin cos

ctg tg ,
sin cos
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yz sz y
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yz sz y

ε
γ = ε α + ε α +

α α
ε

γ = ε α + ε α +
α α

 

or, taking into account (45), (47): 
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( ) ( )

( ) ( )
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( ) ( )
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( ) ( )

( ) ( )
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1
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S n zS S n

N

f E

N N N
E F F E

N
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N N N
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ψ
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∞

 ψ ψα  + + +
  αβ ν 

ψ
γ = α +

∞

 ψ ψα  + + +
  αβ ν 

                   (48) 

The twisting angles, following [18], are determined through the values of the shear angles xyγ  and 

xy′γ  of the lower and upper surfaces according to (43) and ( )1 ,xzγ  ( )2xzγ  of the first and second walls box-

section of the element according to the constraints (48), after which 

( ) ( ) ( )( )1 1 1 2

1 1
.

2
xy xy xz xzb h

b h

′γ + γ + γ + γ
ϕ =                                          (49) 
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The curvature of the element ( )1 yρ  and relative deformations ( )0 yε  at the level of the y  axis are 

determined from the dependencies  

1

0

1 ;

,
2

sy sy

y

sy sy
y

h
′ε − ε

=
ρ

′ε + ε
ε =

                                                             (50) 

where ,syε  sy′ε  are defined according to (33), (34). 

Based on dependencies (3), (5), (6), (26) – (28), the twist angle, curvature and relative deformations 
at the levels of the y  axis are expressed depending on ,M  ,T  ,N  .Q  

3. Results and Discussion 
The calculated dependences for determining the deformations and angles of rotation of the cross-

sectional box of the element are constructed in such a way that the wall thickness of the section element is 
not limited and makes it possible to switch to a solid section. It should only be taken into account that in 
elements of a solid section, according to the data of experimental studies [20–21], after the formation of 
cracks, a part of the torque 2T  can be perceived by some solid core of the section that remains after 

cracking, and a part of the moment 1T  is perceived by the reinforcement in the section with a crack. In this 
case, for the application of the dependences obtained for the cross-sectional box when calculating the solid 
section in the formulas, the torque T  is replaced by 1T . The values of the moments 1,T  2T  in relative 
values can be determined from the experimental “torque-angle of twisting” graphs [21]. As a first 
approximation, you can use the formula proposed in [18]: 

1 2
4

1

;

1 0.3 ,cr

T T T

TT T
T

= +

  = −  
   

                                                             (51) 

where srT  is the torque at the moment of cracking, T  is the current torque ( ).T T>  

In this case, the question of the expediency of taking into account the effect of the concrete core is 
determined by the ratio of the torque and bending moments, the presence and value of longitudinal forces 
in the section under consideration as shown by experimental studies. It is advisable to take this effect into 
account only in the presence of spiral cracks developing along the entire contour [21]. In the presence of 
concrete in the compressed zone without cracks, the effect of the concrete core can be neglected, assuming 

2 0.T =  

4. Conclusions 
1. The refined calculation model of the complex resistance of reinforced concrete structures of the 

cross-sectional box, experiencing the combined action of bending and torque moments, axial and 
transverse forces in the stage after the formation of spatial cracks, is proposed. This stage allows 
you to determine analytically the stresses in the concrete in the compressed zone, the height of the 
compressed concrete, the stresses in the clamps, the deformations in the compressed zone of 
concrete as well as in the longitudinal and transverse reinforcement rods, the curvature of the 
element and the angle of its twisting. 

2. The given design dependencies take into account all the main external influences for a reinforced 
concrete rod element of the cross-sectional box: torsional (T) and bending (M) moments, transverse 
(Q) and axial (N) forces. In this case, the action of the torque and transverse force is reduced to the 
action of the flow of tangential forces along the rectangular contour of the section. 

3. The developed model can be used in the design of a wide class of reinforced concrete structures 
of buildings and structures made of ordinary and high-strength concrete and fiber-reinforced 
concrete, experiencing complex stress state – torsion with bending and the action of axial forces. 
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Abstract. The framework of the roof, considered in the research, is a two-chord truss-like structure. The 
chords are joined by vertical struts. They are made of high-strength steel cables. A flexible polymer 
membrane is attached to the restraining chord. The opposite supports of the roof are joined by a girder 
made of ordinary structural steel. The girder mitigates deformations of the truss under non-uniform external 
loads. It is loosely connected to the vertical struts. The loose connections (so-called design clearances) 
prevent overstressing the girder by uniform impacts. Computational technique for static analysis of the 
cable roof is proposed. The main structural parameters are estimated under the condition of the full use of 
the material properties. The bearer chord reaches the ultimate limit state under the uniformly distributed 
transverse load, which is taken by the cable truss in full. A non-uniform impact is split between the truss 
and the girder by the condition of compatibility of deformations. The expressions for the axial stiffnesses of 
the chords, the design clearance values, and the allowable deformations of the roof are given. The work 
contributes to the development of hybrid building constructions by providing the initial data for the 
conceptual design stage. It allows to validate structural models and to verify the results of numerical 
computer analysis. 

Citation: Chesnokov, A.V., Mikhailov, V.V. Cable roof with stiffening girder and flexible membrane shell. 
Magazine of Civil Engineering. 2024. 17(5). Article no. 12902. DOI: 10.34910/MCE.129.2 

1. Introduction 
The framework of the roof, considered in the research, is a two-chord cable truss with a girder 

arranged between the opposite supports. The chords are joined by vertical struts (Fig. 1). The struts are 
loosely connected to the girder: the truss moves freely by design clearances before the girder begins taking 
external transverse loads. 

The truss is pre-stressed by tensioning the bearer chord ‘b’, which is situated below the restraining 
chord ‘r’. The flexible shell is attached to the restraining chord. It is made of architectural fabrics or a polymer 
membrane [1]. 
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Figure 1. The framework of the roof structure considered in the research:  

a – general view, b – view along the line 1-1; 1 – bearer chord ‘b’; 2 – restraining chord ‘r’;  
3 – vertical strut; 4 – stiffening girder; 5 – loose connection of the strut and the girder  

(design clearance); 6 – retainer. 
The roof can be split into separate sections. An ordinary section is encompassed by catenary and 

backstay cables (Fig. 2). The section, considered in the research, is highlighted in blue in Fig. 2. 

 
Figure 2. The shell of the roof: 1 – the flexible membrane;  

2 – ridge, formed by the restraining chord of the roof’s framework; 3 – backstay cable;  
4 – catenary cable; 5 – fixed support; 6 – roof’s section, considered in the research. 

Pre-stressed cable structures with flexible shell belong to hybrid building constructions. They are an 
efficient solution for sheltering urban spaces, exhibition halls, airports, railway stations, and stadiums, as 
well as for temporary covering archeological areas, sites of architectural heritage and emergency facilities 
[2–6]. 

The key factor, which stimulates the growth of popularity of the hybrid constructions, is the 
emergence of high-quality steel cables and polymer membranes in the market. Development of 
multifunctional structural membranes offers great opportunities for self-sensing envelopes of buildings, as 
well as in the field of energy harvesting and storage [7]. Being far superior to the ordinary building materials, 
the cables and the membranes are a competitive solution in spite of relatively high cost. 

Cable and membrane structures, however, exhibit complex behavior under load. Kinematic 
displacements, brought about by non-uniform external impacts, can far exceed deflections by uniform loads 
of higher intensity [8]. Thus, the limit state of serviceability is violated. It prevents the full use of strength 
properties of structural materials and requires further enhancement of the design solutions. 

In order to reduce the deformations, cable structures are combined with rigid threads and stiffening 
girders. Load-carrying behavior of a suspended roof structure with lattice threads is analyzed in [9]. 
Arrangement of a stiffening girder between the opposite supports of cable structures is transferred from the 
bridge engineering [10]. The girder is suspended by the cables, which reduce its material capacity. The 
cable spacing is investigated by means of static and dynamic analysis of cable-stayed bridges [11]. 

Horizontal cantilever girders, supported by guy cables, form the bearer framework for the roofs of 
small capacity stadiums [12]. Such a solution, however, suffers from the uplift wind loads, which can cause 
slackening of the cables and overstress the cantilever. 

The stiffening girders, being embedded into the cable structures, form strutted systems [13]. In 
addition to the effective mitigation of the deflections, the girders bear the thrust brought about by the flexible 
chords of the construction thus preventing overstress of the supporting structures. 

The strutted systems have found use for radio transmitting towers, providing reduction of cost up to 
50 % [14]. The girder, being arranged in the vertical direction, serves as a lightweight mast or a pole for 
supporting temporary building constructions, such as awnings and tents [15, 16]. 

Deformability of the strutted systems is decreased by means of multilevel arrangement of the cable 
chords [13], as well as by transforming the top chord into a secondary cable truss with inclined web ties 
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[17, 18]. The secondary truss results in reduction of the vertical displacements by 32 % in comparison to a 
single cable [19]. 

A common disadvantage of the strutted systems is that the girder, being of high relative stiffness, 
becomes overstressed by external transverse loads, while high-strength chords of the cable truss remain 
underused. Mitigation of the stresses in the structural elements is achieved by means of passive adaptation 
strategy. The passive adaptation means, that the structural compliance is implemented into the structural 
behavior [20]. 

Design clearances, which allow the structural elements to move freely a certain distance, can be 
considered as the means for the passive adaptation. An emergency-proof girder structure is proposed and 
optimized in [21, 22]. The girder transforms into a truss-like structure in case of failure of the middle support. 
The transformation is performed using loosely connected structural elements. 

The solution [23] allows the girder to bear only its own weight in the transverse direction until the 
design clearances are exhausted. It contributes to more efficient stress redistribution in the construction, 
because the flexible chords, made of high-strength steel cables, take the major portion of the external 
impacts. 

Structural analysis of the hybrid building constructions, which include flexible cable and membrane 
elements, must take into account complex nonlinear behavior under load. Pseudo linear approach, based 
on replacing of the flexible catenaries with trussed elements, is not appropriate [24]. Numerical methods 
are commonly used for geometrically nonlinear structural analysis. They allow thorough consideration of 
the external loads and provide detailed information on the stress and force distribution in the structural 
members. 

A two-step numerical strategy for the static analysis of cable structures is proposed in [25]. The initial 
stresses in the cables and the reference configuration of the structure is determined by the catenary force 
density method. The convergence of the numerical analysis is achieved by the iterative Newton–Raphson 
method. 

The mixed algorithm for nonlinear analysis of hybrid structures made of cable and rigid (truss) 
elements is proposed in [26]. The equilibrium is achieved iteratively by the secant method. 

In [27] point based iterative approach is used for geometrically nonlinear analysis of cable trusses 
and nets. Such an approach, in comparison to similar methods of structural analysis, requires much less 
computational resources. 

The design process of the flexible membranes, which form the shell of the hybrid buildings, is 
considered in [28]. The equilibrium shape of the flexible membrane strongly depends on the stress 
distribution in the surface. The influence of the membrane geometry on the structural behavior of the whole 
construction is investigated in [29]. Form-finding theories and approaches are considered in [30]. Improved 
“force density” numerical technique for shape determination of hybrid structures is devised in [31]. The 
problem of multiple shapes and unstable equilibrium positions is considered in [32]. 

Coupled analysis of the flexible membrane and the supporting structure is considered in [33–35]. 
Numerical analysis of the arch structure restrained by the membrane is considered in [36]. Integrated 
approach, which includes optimization steps, is proposed in [28]. The approach allows finding the 
intermediate stress-free configuration of the membrane, from which it is stretched, into the desired shape 
with the appropriate stress distribution [37]. 

The procedure for the numerical simulation of flexible membrane structures is summarized in [38]. 
The analysis is based on the finite element method, which is implemented using specialized software 
packages for nonlinear structural simulation. 

Numerical methods, however, require the main structural parameters to be given in advance. Thus, 
analytical technique is needed to determine stiffness properties of the structural elements and the 
magnitude of the pre-stressing of the cables and the membranes [39]. Simplified approach is also required 
for validating structural models and for verifying the numerical results. 

The analysis of single cables, cable nets and trusses is considered in [8]. The analytical dependence 
for the length of the cables is proposed. The cubic equation for determination of the thrust is given. The 
compatibility of deformations of the chords of the cable trusses is used for the static analysis under load. 

The engineering approach for simulating suspension bridges with rigid cables and girders is devised 
in [40]. The analytical expressions for the thrust induced by the cables, as well as for the vertical deflections 
at the middle and at the quarter points of the span are derived. 

The equilibrium equations for a flexible cable, subjected to self-weight and temperature variations, 
are given in [41]. The equations are written in the differential form. Having been integrated, they are solved 
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given the boundary conditions for the cable. This approach is used for analyzing single cables and cable 
nets. 

Analysis of girders with reinforcing flexible ties is considered in [14]. The condition of compatibility of 
deformations is used for obtaining the deflections and the stress-strain state under load. 

According to the literature review, the following gaps in the field of the cable and membrane 
structures may be highlighted: 

− cable truss systems, stiffened with girders, and flexible membrane shells are considered 
separately. Multistructure integration should be investigated, because the united (hybrid) system 
is expected to be a competitive design solution; 

− structural compliance should be used for improving the structural behavior. Thus, the passive 
adaptation needs to be implemented into the hybrid roofs; 

− simplified solution techniques must be developed for the static analysis of the hybrid 
constructions, as well as for estimating their main structural parameters. 

The purpose of the present work is to devise the computational technique for structural analysis of 
the cable roofs, stiffened with girders and enveloped with flexible membranes. 

The tasks to be solved are the following: 

1. To include polymer membrane shell into the structural model of the plane cable truss. To propose 
the numerical technique for estimating the effective stiffness of the membrane in the model. 

2. To propose computational technique for static analysis of the cable truss with the girder and the 
passive adaptation means in the form of design clearances. To take into account both uniform and 
non-uniform external loads. 

3. To provide analytical expressions for calculation of design clearances, pre-tensioning of cable truss 
and stiffness properties of the chords under the satisfied limit states conditions. 

2. Methods 
The structural model of the section of the roof highlighted in Fig. 2 is shown in Fig. 3. 

 
Figure 3. Structural model of the section of the roof: a, b – restraining and bearer chords, 

respectively, c – the stiffening girder; 1, 2 – initial and deformed positions of the elements, 
respectively; 3 – fixed support; 4 – support fixed in vertical direction only; P is the link load 

between the chords; Qt and Qgrd are the external transverse loads on the cable truss  
and the girder; Ngrd is the longitudinal load on the girder. 

The following assumptions are considered in the present work. No material nonlinearity is present 
and Hook’s law is valid. Longitudinal shortening of the girder under load is negligible, and the roof’s span 
L  is stationary. Nodal displacements are allowed only in the vertical direction and the struts between the 
chords are incompressible. Thus, the rises of the chords f  are mutually dependent at the deformed state: 

0b ,bf f f= −∆                                                                 (1a) 
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fff rr ∆+= ,0                                                                  (1b) 

4/1,04/1, 75.0 fff bb ∆−⋅=                                                        (1c) 

4/1,04/1, 75.0 fff rr ∆+⋅=                                                         (1d) 

where f∆ , 1 4/f∆  are the displacements of the roof in the center and in the quarter point of the span, 

respectively; 0,bf  and 0,rf  are the initial rises of the parabolic chords. 

Only shallow cables are considered in the present work. Thus, the rises of the chords bf  and rf , 

as well as 0,bf  and 0,rf , must obey the following condition: 

,L
f
≥ ς                                                                          (2) 

where ς  is the limiting span-to-rise ratio for the chords, which is taken the following: 8.ς =  

The bearer chord of the roof structure is a steel cable or a cable bundle with the overall axial stiffness 
.bEA  The restraining chord is composed of a cable ‘cab’ with the stiffness ,r cabEA  and a membrane shell 

‘m’. In the present work, the shell is modeled by means of membrane-simulating element, which behaves 
under load like an ordinary cable with the stiffness , .r mEA  

Considering the equality of the relative deformations ( ), , ,r r cab r mε = ε = ε  the overall stiffness rEA  

of the restraining chord is the sum of the stiffness values of its components: 

,, .r mr r cabEA EA EA= +                                                        (3) 

The axial force N  in a chord or its components is obtained by Hook’s law: 

,N EA= ⋅ε                                                                        (4) 

where EA  is the axial stiffness; ε  is the chord’s relative elongation given the rise :f  

0
1,c

c

L
L

ε = −                                                                       (5) 

where cL  and 0cL  are the current and initial chord lengths, respectively: 

4 2
4 2 ;cL f f L= Ψ ⋅ +Ψ ⋅ +                                                         (6) 

0 ,c g pL L L= −∆                                                                  (7) 

where ( )2 8 3 LΨ = ⋅  and ( )3
4 32 5 LΨ = − ⋅  are the coefficients for a parabola-shaped curve; gL  is 

the geometric length of the chord, obtained from (6) given the initial rise 0;f  pL∆  is the tensioning of the 

chord, which is introduced for pre-stressing the roof structure. 

The effective stiffness of the membrane-simulating element ,r mEA  is proposed to be obtained 
numerically. The membrane is substituted by a mesh of elastic elements. The initial shape of the mesh is 
obtained by means of the force density method [30, 31]. The membrane is loaded along the ridge with 

uniformly distributed test load q  (Fig. 4). An auxiliary cable with the stiffness ,
aux
r cabEA  is used for 

redistributing the load and transmitting it to the membrane. Finite element method is used for the analysis. 
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Figure 4. Determination of the effective stiffness of the membrane-simulating element mrEA , :  
a – the model for the finite element analysis; b – structural model for the stiffness calculation;  

1 – the auxiliary cable with the stiffness aux
cabrEA , ; 2 – the membrane; 3 – the membrane-simulating 

element; 4 – the initial shape of the ridge of the membrane; σu and σv are the membrane stresses  
in the principal directions u and v. 

The membrane with the auxiliary cable deforms from the initial rise 0,rf  to the resultant one. The 

effective stiffness ,r mEA  is calculated by the following expression: 

( )
( )( ), , ,r aux

r m r cab
r

N q
EA EA

f q
= −
ε

                                                (8) 

where ( ) ( )
2

8r
q LN q

f q
⋅

=
⋅

 is the overall axial force in the restraining chord; ( )f q  is the rise of the chord 

under the load ;q  ( )( )r f qε  is the relative elongation of the chord (5) given the rise ( )f q  and the chord 

tensioning 0.pL∆ =  

The girder equilibrates the horizontal forces, which are induced by the cable truss. Considering, that 
the membrane effective force is distributed by the catenary cables between the girder and the neighboring 
fixed supports (Fig. 2), the axial force in the girder grdN  is estimated as follows: 

,
, , ,

2
r m

grd b cab r cab
N

N N N= + +                                                 (9) 

where ,b cabN  and ,r cabN  are the forces in the bearer chord and in the cable of the restraining chord, 

respectively; ,r mN  is the membrane effective force. 

The axial force in the girder, being compressible, is taken positive in the present work. The ultimate 
limit state condition for the girder may be written as follows: 

lim, ,grd grdΘ ≤ Θ                                                            (10) 

where lim,grdΘ  is the allowable stress-strength ratio for the girder; grdΘ  is the ratio given the axial force 

grdN  and the maximum absolute value of the bending moment :grdM  

, if 20;grd
grd ef

e grd grd

N
m

A R
Θ = <

ϕ ⋅ ⋅
                                      (11) 
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, otherwise,grd
grd

grd grd

M
W R

Θ =
⋅

                                           (12) 

where grdA  and grdW  are the area and the elastic section modulus of the girder’s cross section; grdR  is 

the material strength of the girder; eϕ  is the buckling coefficient which is obtained by the Design Code (SP 

16.13330.2017) given the effective slenderness λ  and the adjusted relative eccentricity .efm  

Bending moment in the girder grdM  is induced by transverse and longitudinal impacts: 

,grd Q grdM M N= + ⋅δ                                                      (13) 

where QM  is the bending moment brought about by the transverse load; δ  is the deflection of the girder 

under load: 

,
1

Q

grd elN N
δ

δ =
−

                                                             (14) 

where Qδ  is the deflection by the transverse load only; elN  is the Euler load, :grd elN N<  

22 .el grd grdN E I L= π ⋅ ⋅                                                     (15) 

Considering the chords of the cable structure, the limit state conditions may be written as follows: 

− the ultimate limit state: 

lim,2;сΘ ≤ Θ                                                                    (16) 

− the serviceability limit state: 

lim;ldω ≤ ω                                                                       (17) 

lim,1 ,cΘ ≤ Θ                                                                     (18) 

where ldω  is the deflection caused by the external load; limω  is the allowable deflection; cΘ  is the stress-

strength ratio for the chord, while lim,1,Θ  lim,2Θ  are the allowable boundary values: 

lim,1 lim,2 ,c
c

cR
σ  Θ = ∈ Θ Θ                                                        (19) 

where cσ  is the normal stress in the chord; cR  is the chord’s strength. 

Having considered Hook’s law, the ratio cΘ  can be converted as follows: 

,cΘ = ε ζ                                                                        (20) 

where ζ  is the maximum relative deformation given the material strength and the stiffness properties. 

Considering the cable elements of the chords, the cabζ -value is obtained as follows: 

,cab cab cabR Eζ =                                                            (21) 

where cabR  and cabE  are the strength and the modulus of elasticity of the steel cables. 

The allowable deformation of the bearer cable can be written as follows: 

,1 ,2 ,b cab cab ε ∈ ε ε                                                              (22) 
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where 

,1 lim,1 ;cab cabε = Θ ⋅ζ                                                        (23a) 

,2 lim,2 .cab cabε = Θ ⋅ζ                                                        (23b) 

Considering the membrane-simulating element of the restraining chord, the mζ -value is obtained 
numerically: 

( ),lim ,m r mfζ = ε                                                               (24) 

where rε  is the relative elongation (5) given the maximum rise of the restraining chord ,limmf  under the 
conditions: 

lim, ;u uσ ≤ σ                                                                 (25a) 

lim, ,v vσ ≤ σ                                                                  (25b) 

where uσ  and vσ  are the membrane stresses in the u  and v  directions (Fig. 4); lim,uσ  and lim,vσ  are 
the allowable membrane stresses in the orthotropic shell: 

lim ,break Kσ = σ                                                           (26) 

where breakσ  is the membrane breaking strength; K  is the stress factor [42]. 

The allowable range for the relative deformations of the restraining chord in a whole: 

,1 ,2 ,r r r ε ∈ ε ε                                                              (27) 

where ,1rε  and ,2rε  are the following boundary values: 

( ),1 ,1 ,1max , ;r cab mε = ε ε                                                    (28a) 

( ),2 ,2 ,2max , ,r cab mε = ε ε                                                  (28b) 

where ,cab iε  are the limiting deformations of the cable element of the restraining chord (23), while ,m iε  
are the limiting deformations of the membrane-simulating element: 

, lim, ,m i i mε = Θ ⋅ζ                                                            (29) 

where { }1, 2 ,i =  and mζ  is given by (24). 

Pre-stressing of the roof and the operational phase are considered separately. At the pre-stressing 
phase the roof structure cambers by the distance prf∆  thus transforming the chords’ rises from 0f  into 

prf  (1): 

;prf f∆ = ∆                                                                   (30a) 

1 4 0.75 .prf f∆ = ⋅∆                                                            (30b) 

The cambering of the roof is induced by tensioning of the bearer chord. The girder is subjected by 
its own weight grdρ  in the vertical direction, while the weight of the cable truss and the membrane is 

considered negligible. The longitudinal force in the girder pr
grdN  is brought about by the cables. 

At the operational phase, the roof deforms downwards under vertical external loads. The full uniform 
load ,totQ  as well as partial uniform load prtQ  and the load hlfQ  acting on a half of the span of the roof, 
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are taken into account (Fig. 5). It is assumed, that the full uniform load exceeds the overall sum of the non-
uniform impacts: 

.prt hlf totQ Q Q+ ≤                                                             (31) 

 
Figure 5. External loads considered: a – the full uniform load,  

b – non-uniform load, c – the girder’s own weight. 

Under a uniformly distributed load, the chord’s rises transform into ldf  (1) by the following overall 
displacements: 

;pr ldf f∆ = ∆ −ω                                                             (32a) 

( )1 4 0.75 ,pr ldf f∆ = ⋅ ∆ −ω                                                    (32b) 

where ldω  is the deflection of the roof at the center of the span. 

The deflection of the roof under the full uniform load totQ  is considered equal to the allowable 

deformation lim.ldω = ω  It is assumed, that the cable truss takes the full amount of the load ,totQ  and the 

bearer chord reaches the ultimate limit state: , ,2.ld b cabε = ε  The girder is only influenced by its own weight 

grdρ  and by the longitudinal forces .ld
grdN  

The non-uniform load considered in the research consists of a uniform part prtQ  and a half-span 

load hlfQ  (Fig. 5). The partial uniform load prtQ  is completely taken by the cable truss, while the half-

span load splits between the truss and the girder into ,hlf tQ  and , ,hlf grdQ  respectively: 

, ;hlf t Qh hlfQ Q= ξ ⋅                                                        (33a) 

( ), 1 ,hlf grd Qh hlfQ Q= −ξ ⋅                                                (33b) 

where ( ]0 1Qhξ ∈   is the parameter of splitting the load, which is to be determined. 

Thus, the left-hand side of the cable truss is influenced by the load ,LQ  while the load RQ  acts on 
the right part of the span (Fig. 6): 

, ;L prt hlf tQ Q Q= +                                                          (34a) 

.R prtQ Q=                                                                  (34b) 

The corresponding loads acting on the girder are the following: 

, , ;L grd grd hlf grdQ Q= ρ +                                                  (35a) 

, .R grd grdQ = ρ                                                             (35b) 
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Figure 6. Structural model under the non-uniform load. 

The parameter of splitting the load, ,Qhξ  is obtained by the condition of compatibility of deformations 

of the truss and the girder in the quarter of the span. The secant method is used. 

The girder deflection 1 4δ  is obtained by (14) given the loads ,L grdQ  and .,QR grd  The overall 

displacements of the cable truss ( f∆ and 1 4,f∆  Fig. 6) under the loads LQ  and RQ  are obtained by 

minimization of the following discrepancy using the coordinate descent method: 

1 2 0,Ξ = ϑ + ϑ →                                                             (36) 

where the functions ( )1 1 4,f fϑ ∆ ∆  and ( )2 1 4,f fϑ ∆ ∆  are derived from [43]: 

0, ,
1 1;b c b

Sym Eq b

f f L
q p

−∆ ∆
ϑ = ⋅ −

+ ρ
                                             (37a) 

2 2
1 1, if 0, and 1 otherwise,Inv r Eq

b
Sym Eq b

q p
q p

+η ⋅
ϑ = ⋅ − η ≠ ϑ =

+ η
               (37b) 

where Eqp  is the link load between the chords and ,bη  rη  are the coefficients of load non-uniformity, 

which depend on the displacements f∆  and ;1 4f∆  ,c bL∆  is the bearer chord elongation given the  

bη -value; bρ  and rρ  are the ratios, which depend on the chords stiffness properties; Symq  and Invq  are 

the symmetrical and inverse-symmetrical parts of the external load: 

;
2

L R
Sym

Q Qq +
=                                                           (38a) 

.
2

L R
Inv

Q Qq −
=                                                            (38b) 

The value 0bη =  means, that the load must be uniform. It contradicts the assumption, that there is 

non-zero impact ,hlfQ  thus raising the maximum discrepancy value in (37b). 

The coordinate descent method is used for minimizing the discrepancy (36). Having started from the 

initial guess values ( ) ( )1 4, 2,0prinit
f f f∆ ∆ = ∆  the result is achieved iteratively by variation of the 

displacements. 
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3. Results and Discussion 
The roof structure, considered in the research, consists of the framework and the flexible membrane 

shell. The framework is protected by the patent RF no. 2439256, 2010. 

3.1. The allowable rise of a parabola-shaped chord 

The rise of a parabola-shaped chord at the center of the span cf  is derived given the chord’s length 

:cL  

5 1 1 3.6 1 .
2 6

c
c

LLf
L

 = ⋅ ⋅ − − ⋅ − 
 

                                            (39) 

Considering that the radical expressions in (39) must be positive, the length of the chord is confined 
as follows: 

[ ]1.0 1.278 .cL L∈ ⋅                                                      (40a) 

On the other hand, substituting the boundary values for the chord rises ( 0f = and f L= ς  (2)) 
into (6) yields in the following range: 

lim
4 2

32 81.0 1.0 .
5 3cL L

  −
∈ + + ⋅  

⋅ς ⋅ς   
                                          (40b) 

Considering 8,ς =  one can see, that the range (40b), [ ]lim 1.0 1.04 ,cL L∈ ⋅  fully belongs to (40a), 
thus providing no singularity in (39). 

Assuming, that the chord reaches a limit state, the allowable length lim
cL  is the following: 

( )lim
0 lim 1 ,c cL L= ⋅ ε +                                                        (41) 

where limε  is a boundary value ,cab iε  or ,r iε  (22 or 27), { }1, 2 ;i =  0cL  is the initial chord’s length (7). 

Substituting the length lim
cL  into (39) gives the allowable rise of a parabola-shaped chord under the 

limit states condition specified. 

3.2. Deformation of the roof at the pre-stressing phase 

Considering the restraining chord, the deformation of the roof during the pre-stressing prf∆  is 

confined as follows: 

,lim1 ,lim2, ,pr pr prf f f ∆ ∈ ∆ ∆                                                   (42) 

where ,lim1prf∆  and ,lim2prf∆  are the following boundary values: 

1,lim1 lim , lim 0, ;pr r rf f f∆ = +ω −                                             (43a) 

2,lim2 lim , 0, ,pr r rf f f∆ = −                                                     (43b) 

where 
1lim , ,rf  

2lim ,rf  are the lower and upper bounds for the rise of the restraining chord, respectively. 

The 
1lim ,rf -value is calculated by (39) given the allowable length (41) ( )lim

, 0, ,1
1 1 ,c r c r rL L= ⋅ ε +  

while the 
2lim ,rf -value is obtained as follows: 

( )2lim , lim2, lim2,min , ,u s
r r rf f f=                                                  (44) 
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where lim2,
s

rf L= ς  is imposed by the condition of the shallow shape of the chord (2), while lim2,
u

rf  is 
obtained by (39) given the length, which is determined by the ultimate limit state condition 

( )lim
, 0, ,2

2 1 ;c r c r rL L= ⋅ ε +  0,c rL  is obtained by (7) for the restraining chord given 0.pL∆ =  

In order to keep the range (42) nonsingular the allowable deflection limω  must obey the following 

condition: 

2 1lim lim, lim lim .up r rf fω ≤ ω = −                                           (45a) 

The serviceability limit state also confines the limω -range: 

lim lim ,ω ≤ Ω                                                                 (45b) 

where limΩ  is the given value, which is defined for preventing large structural deformations. 

Considering the bearer chord, the serviceability limit state imposes the following condition on its rise: 

, lim1, ,pr b bf f≥                                                                   (46) 

where ,pr bf  is the chord’s rise (1a) given the roof deformation at the phase of the pre-stressing (30a); 

lim1,bf  is obtained by (39) given the allowable chord’s length ( )lim
0, ,1,

1 1 ;c b cabc bL L= ⋅ ε +  0,c bL  is the 

initial length of the bearer chord, derived from the ultimate limit state condition: 

0, ,
,2

1 ,
1

ld
c b c b

cab
L L= ⋅

+ ε
                                                          (47) 

where ,
ld
c bL  is the length (6) of the bearer cable given the rise ,ld bf  (1a), which corresponds to the 

displacement (32a). 

Both sides of (46) depend on the deformation of the roof at the phase of the pre-stressing, .prf∆  

Thus, it supplements the condition (42) imposed on the prf∆ -range. 

3.3. The stiffness of the chords 
Considering Hook’s law and the uniformity of the load distribution at the pre-stressing phase, the 

axial stiffness values of the chords bEA  and rEA  may be written as follows: 

2

, ,
;

8b pr
pr b pr b

LEA P
f

= ⋅
⋅ ⋅ ε

                                                   (48a) 

2

, ,
,

8r pr
pr r pr r

LEA P
f

= ⋅
⋅ ⋅ ε

                                                     (48b) 

where the chord rises , ,pr bf  ,pr rf  and the corresponding relative deformations , ,pr bε  ,pr rε  are 

determined by the roof’s cambering ;prf∆  prP  is the link load between the chords at the pre-stressing 

phase. 

The boundary value for the link load between the chords is obtained under the condition that the full 
uniform load totQ  is completely taken by the cable truss: 
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,
, ,2 , ,

, , , ,

,tot
pr bound

ld b cab ld r ld r

pr b pr b pr r pr r

QP f f
f f

=
⋅ε ⋅ε

−
⋅ε ⋅ε

                                              (49) 

where ,2cabε  is the limiting deformation (23b), which ensures the full use of the strength properties of the 

bearer chord under the condition of reaching the allowable rise ,ld bf  under load; , ,pr bε  ,ld rε  and ,pr rε  

are the relative deformations of the chords given the rises , ,pr bf  ,ld rf  and , ,pr rf  respectively. 

If the link load is less than its boundary value, , ,pr pr boundP P<  then the cable truss takes only a 

fraction of the uniform load .totQ  The remaining part of totQ  influences the girder and increases its material 

capacity. If the link load exceeds the boundary value , ,pr pr boundP P>  then the structure deforms less, 

than it is allowed by the serviceability limit state: lim.ldω < ω  Both cases are worse from the economic 

point of view, than the case of , ,pr pr boundP P>  when the deformation is equal to the allowable one and 

the cable truss, being subjected by uniform loads, induces only horizontal force in the girder. 

3.4. The design clearances 
The design clearances are used in emergency-proof girders in form of “curved gains” thus using the 

principle of passive adaptability [21, 22]. They allow transformation of the construction in order to enhance 
structural performance. The clearances ∆  (loose connections, Fig. 1) are introduced into the structural 
framework of the roof after the pre-stressing phase is completed. 

Assuming, that the uniform load totQ  is fully taken by the cable truss, the design clearance at the 
center of the span may be expressed as follows: 

1 2 lim ,pr ld∆ = ω + δ −δ                                                          (50) 

where prδ  and ldδ  are the deformations of the girder (14) at the center of the span under its own weight 

grdρ  and the horizontal loads pr
grdN  and ,ld

grdN  respectively. 

The expressions for the horizontal loads, which are brought about by the cable chords, may be written 
according to (4) and (9) as follows: 

,
, , ;

2

pr
r mpr pr pr

grd b cab r cab
N

N N N= + +                                                 (51a) 

,
, , ,

2

ld
r mld ld ld

grd b cab r cab
N

N N N= + +                                                   (51b) 

where 

,, , , , ,, ,, , ;pr pr pr
r mb pr b r cab pr r r m pr rb cab r cabN EA N EA N EA= ⋅ε = ⋅ε = ⋅ε            (51c) 

,, ,2 , , , , ,, , ,ld ld ld
r mb cab b cab r cab r cab ld r r m ld rN EA N EA N EA= ⋅ε = ⋅ε = ⋅ε           (51d) 

The design clearance at the quarter point of the span may be written in a similar way: 

1 4 lim ,1 4 ,1 40.75 ,pr ld∆ = ⋅ω + δ −δ                                         (52) 

where ,1 4prδ  and ,1 4ldδ  are the girder’s deformations at the quarter point of the span under the loads 

,grdρ  pr
grdN  and .ld

grdN  
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Considering the uniformity of the load ,totQ  the design clearance values throughout the span are 
taken by the parabola-shaped curve. 

3.5. Non-uniform load on the roof 
The non-uniform load considered in the research is shown in Figs. 5 and 6. In order to split the load 

hlfQ  between the truss and the girder by Qhξ -parameter (33) the condition of compatibility of deformations 

at the quarter point of the span may be written as follows: 

,1 4 1 4 ,1 4 ,1 4,h h prω = ∆ + δ −δ                                                    (53) 

where ,1 4hω  and ,1 4hδ  are the deformations of the truss and the girder under the loads ( ),L RQ Q  and 

( ), ,, ,L grd R grdQ Q  respectively; ,1 4prδ  is the deformation of the girder under its own weight at the pre-

stressing phase. 

Substituting (52) into (53) yields in the following equation in one unknown :Qhξ  

( ) 0,Qhh ξ =                                                                   (54a) 

where ( )Qhh ξ  is the following function: 

( ) ,1 4 1 4

lim ,1 4

0.75
1,

0.75
pr ld

Qh
h

f f
h

⋅∆ + δ − ∆
ξ = −

⋅ω + δ
                                        (54b) 

where 1 4f∆  is the overall displacement of the cable truss at the quarter point of the span, which includes 

the displacement at the pre-stressing phase and the displacement under the non-uniform load ( ), :L RQ Q  

1 4 ,1 40.75 .pr hf f∆ = ⋅∆ −ω                                                    (54c) 

Only 1 4f∆  and ,1 4hδ -values in (54b) depend on ,Qhξ  while all the remaining terms may be held 

constant. The value ,1 4hδ  is obtained from (14), while 1 4f∆ -value is obtained by the minimization of (36) 

given the Qhξ -ratio. 

The value of ,Qhξ  which closely satisfies (54a), is obtained by means of the iterative secant method. 

The middle point Mξ  between the left and right bounds ( Lξ  and Rξ ) is obtained as follows: 

( ) ( )
( ) ( )

,R L L R
M

R L

h h
h h

ξ ⋅ξ + ξ ⋅ξ
ξ =

ξ + ξ
                                                 (55a) 

under the condition: 

( ) 0.Rh ξ >                                                                    (55b) 

The bounds, used by Lξ  = 0.0 and Rξ  = 1.0, are modified during the iteration process as follows: if 

( ) ( ) 0,R Mh hξ ⋅ ξ >  then R Mξ = ξ  and ,L Mξ = ξ  otherwise. Having reached the acceptable value of 

the discrepancy ( )( ) ,Mhε εµ ξ < µ  the iteration process finishes: .Qh Mξ = ξ  

If, however, the condition (55b) is not met, the girder does not take transverse load ( )1.0Qhξ =  and 

the deformations of the cable truss are less than the design clearances. 
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3.6. Numerical example 
3.6.1. General specification 

A fragment of the roof structure is considered as an example. The fragment is highlighted in blue in 
Fig. 2. It consists of the cable truss with the girder and two pieces of the membrane. The membrane is 
situated symmetrically about the ridge of the truss. 

The span of the roof L  is 12 m. The initial chords’ rises are taken the following: 0,bf  = 1.5 m and 

0,rf  = 1.0 m. The rise-to-span ratio for the bearer chord ( )0, 1 8bf L =  belongs to the optimal range 

[ ]1 10 1 6  providing efficient force transfer to the supporting structures [44]. The rise-to-span ratio for 

the restraining chord ( )0, 1 12rf L =  belongs to the allowable range [ ]1 20 1 10  in order to reduce 

the overall height of the roof [33]. The width of the fragment B  is 6 m. The following loads are considered: 

totQ  = 18 kN/m, prtQ  = 9.0 kN/m and hlfQ  = 9.0 kN/m (Fig. 5). The allowable displacement of the roof 

under load is limΩ  = 0.1 m. 

The girder is made of two steel channel bars with the following strength property and the modulus of 
elasticity: grdR  = 2.1·105 kN/m2 and grdE  = 2.1·108 kN/m2. The allowable stress-strength ratio is adopted 

the following: lim,grdΘ  = 1.0. 

The chords of the truss are made of steel cables with the following material properties:  

cabR  = 7.0·105 kN/m2 and cabE  = 1.3·108 kN/m2. Thus, the maximum relative deformation of the cables is 

cabζ  = 5.385·10–3 (21). The boundary values for the stress-strength ratio of the chords are taken the 

following: lim,1Θ  = 0.01 and lim,2Θ  = 1.0. 

The membrane is made of architectural fabrics with the elastic moduli uE  = 600 kN/m and 

vE  = 400 kN/m in u  and v -directions, respectively. The membrane axes are shown in Fig. 4. They 
coincide with the direction of the main curvatures [44]. 

Considering the stress factor K  = 5.0 [42, 45], the allowable membrane stresses are the following: 

lim,uσ  = 15 kN/m and lim,vσ  = 12 kN/m. The membrane pre-tension is taken 1.5 kN/m in u  and v -
directions that complies with the requirements [42]. 

3.6.2. Obtaining the effective stiffness and the allowable relative deformation of the membrane-
simulating element 

The membrane is numerically simulated using the specialized software package for nonlinear 
structural analysis EASY [46]. The membrane is substituted by a mesh of the size 0.5 m, which belongs to 
the range ]6.0...1.0[  m considered in [47]. An auxiliary cable is used for redistributing the test load q  along 
the membrane ridge (Fig. 4). The membrane is able to slide along the auxiliary, catenary and backstay 
cables, which are arranged at the perimeter [35]. In order to obtain precise properties of the membrane-
simulating element the stiffness of the auxiliary cable must be in the range of the restraining chord stiffness 

.EAr  

The initial guess for the stiffness of the restraining chord ( ,r guessEA  = 6310 kN) is obtained by (48b) 

using the ,pr boundP -value (49), the upper bound for the roof cambering during the pre-stressing ,lim2prf∆  

(43b), and the allowable cable deformation ,2cabε  for the restraining chord. Thus, two variants of the 

auxiliary cable, which do not exceed the ,r guessEA -value, are taken into account: the cable with the 

diameter of 6.1 mm ( ,
,

aux I
r cabEA  = 2860 kN) and the cable with the diameter of 8.1 mm ( ,

,
aux II
r cabEA  = 4940 kN) 

[48]. 
In both cases the ridge load q  (Fig. 4) increases from zero up to the value lim ,q  which results in 
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failing one of the conditions (25). The increment of the load q  is 3.0 kN/m. The maximum loads are  

lim,Iq  = 24 kN/m and lim,IIq  = 30 kN/m for the cases considered. The peak stresses in the membrane in 

u  and v  directions, as well as the rise of the auxiliary cables in the middle of the span ( )f q  given the 
load q  are obtained by the EASY-software. The membrane stresses are shown in Fig. 7. 

 
Figure 7. The membrane stresses induced by the increase of the rise in the middle of the ridge:  

a – the membrane stress distribution, kN/m; b – the peak membrane stresses;  
1 – the membrane stress in the u-direction, σu; 2 – the membrane stress in the v-direction, σv. 

The figure shows, that the rise ,lim ,mf  which equals 1.741 m, corresponds to the membrane 

allowable stress lim, .uσ  The maximum relative deformation of the membrane-simulating element is 

obtained by (24) given ,lim :mf  mζ  = 0.034. Thus, the allowable range for the relative deformations of the 

restraining chord (27) is the following: 4 33.4 10 5.385 10 .r
− − ε ∈ ⋅ ⋅   

The graphs of the effective stiffness values ,r mEA  of the membrane-simulating element (8), 
obtained for the considered variants of the auxiliary cable, are shown in Fig. 8. In spite of substantial 
nonlinearity of the graphs in the full range of the allowable membrane rise ,limmf  (Fig. 8a), the graphs tend 
to straight lines and exhibit the variation less than 2 % in the allowable range of the roof structure in the 
whole (Fig. 8b). This range is determined by the upper bound of the roof cambering during the pre-stressing 
(43b): ,lim2prf∆  = 0.143 m. Thus, the averaged effective stiffness value may be applied: 

,r mEA  = 3560 kN. 
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Figure 8. The graphs of the effective stiffness values mrEA ,  of the membrane-simulating element: 

a – the full range of the allowable membrane rise, b – the allowable range for the rise  
of the restraining chord as a composite element; 1, 2 – curves, which correspond to the first  

and the second variants of the auxiliary cable, respectively. 

3.6.3. Estimating the structural parameters of the roof 

The range for the roof deformation at the phase of the pre-stressing prf∆  is determined by (42) and 

(46). The condition (46) is converted as follows: 

( )lim, 0,prfχ ∆ ω ≥                                                             (56a) 

where χ  is the following function: 

( ) ( )lim , lim1,, 1 100%.pr pr b bf f fχ ∆ ω = − ⋅                                   (56b) 

The function χ  is shown in Fig. 9 for the following cases of the allowable deflection:  

limω  = {0.08, 0.10, 0.12, 0.133} m. Only those graphs (or their parts), which are situated above the zero-
value, ensure the minimum allowed stress in the bearer chord. The green points in the graphs denote the 
boundary values for the deformation (43a) above which the restraining chord of the roof does not slack 
under load. The red points denote the upper bound for the deformation (43b) below which the ultimate limit 
state requirements are fulfilled for the restraining chord. 

 
Figure 9. Graphs of χ-function (56b) given the allowable deflections:  

1 – ωlim=0.08, 2 – ωlim=0.1, 3 – ωlim=0.12, 4 – ωlim=0.133 m. 
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The figure shows, that in accordance with growth of the deflection lim ,ω  the allowable range for 

prf∆  decreases. It completely vanishes, when the deflection reaches its upper bound value (45a):  

lim,upω  = 0.134 m. 

Considering that the given displacement of the roof meets the condition lim lim, ,upΩ < ω  it is taken 

as the allowable deflection: limω  = limΩ  = 0.1 m. The corresponding range for the roof cambering is 

[ ]0.1096, 0.143prf∆ ∈  m. The ratios of the relative deformations of the chords are shown in Fig. 10. 

 

Figure 10. Graphs of ε -ratios: 1 – 2,, / rrpr εε ; 2 – 2,, / cabbld εε ; 3 – rldr ,1, /εε ; 4 – bprcab ,1, /εε . 

The first two graphs illustrate the ultimate limit state conditions, while graphs 3 and 4 show the 
serviceability limit state. All the ratios in Fig. 10 are less than or equal to 1.0 meaning that the conditions 
(22, 27) are met entirely. 

Fig. 10 shows that the strength properties of the bearer chord are fully used for all the range of the 
pre-stressing cambering: , ,2.ld b cabε = ε  The right-hand side bound of the range also provides the full use 

of the strength properties of the restraining chord , ,2 ,pr r rε = ε  while at the left-hand side bound the 

restraining chord keeps the minimum specified tensioning thus remaining workable, , ,1.ld r rε = ε  

The stiffness properties of the chords of the roof are calculated by (48). The restraining chord is a 
composite element with the overall stiffness equal to the sum of its components [49]. Thus, the stiffness of 
the restraining cable ,r cabEA  is obtained from (3) given the stiffness of the membrane-simulating element 

,r mEA  and the stiffness of the chord in the whole .rEA  The cross section areas of the cable elements are 

calculated given the modulus of elasticity .cabE  

The graph of the total mass of the cable elements is shown in Fig. 11. The figure shows the trend of 
the mass increase. The mass growth, however, does not exceed 2.2 %. Cross section areas of the cable 
chords are shown for the boundary points. 

 
Figure 11. Graph of the total mass of the cable elements, kg  

(cross section areas of the chords are indicated in cm2). 
Considering the girder made of two channel bars, the stress-strength ratios (11, 12) are shown in 

Fig. 12 for the two load cases: uniform and non-uniform impacts on the roof (Fig. 5). The figure shows, that 
the half-span load results in higher stress level in the girder, than the full uniform load. 
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Figure 12. Girder’s stress-strength ratios, Θgrd: 1 – partial uniform load Qprt  
with the half-span load Qhlf; 2 – the full uniform load Qtot. 

The graph of structural deformation at the quarter of the span ,1 4hω  brought about by the non-

uniform load is shown in Fig. 13. The ,1 4hω -value is derived from the expression (54c). It is the difference 

between the roof cambering at the pre-stressing phase and the overall displacement of the cable truss 
under the load: ,1 4 1 40.75 .h prf fω = ⋅∆ −∆  Figs. 12 and 13 show, that the channel bars [27 meet all the 

conditions implied by the ultimate and serviceability limit states. 

 
Figure 13. Structural deformation at the quarter of the span induced  

by the non-uniform load (shown in Fig. 5). 

The parameter Qhξ  of splitting the non-uniform load between the cable truss and the girder (33) is 

shown in Fig. 14. The graph is a hyperbolic-shaped curve, which tends to the asymptote with the increasing 
of the girder’s stiffness. 

 
Figure 14. Dependence of the parameter of splitting the load ξQh (33)  

on the moment of inertia of the girder’s cross section Ix. 

The graph of ( )Qhh ξ -ratio (54b) for the girder’s cross section chosen (two channel bars [27) is 

shown in Fig. 15. 

 
Figure 15. The graph of h-ratio (54b). 
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The figure shows, that the dependence ( )Qhh ξ  is close to the linear one in the allowable range 

( ]0 1 .Qhξ ∈   Thus, the secant method provides the solution for the equation (54a) in a few iterations. 

The solution is denoted in the figure by the green point. 

3.7. Verification of the results 
3.7.1. Comparison with numerical results by the specialized software package 

The fragment of the roof, considered in clause 3.6, is numerically simulated using the specialized 
software package for nonlinear structural analysis EASY.2020 [46] (license no. 15129). The structural 
model of the roof’s fragment is shown in Fig. 16. 

 
Figure 16. Structural model of the roof’s fragment: 1 – cable truss; 2 – flexible membrane;  

3 – stiffening girder; 4 – ties for simulating the loose connection (design clearance). 
The bearer and restraining chords of the roof are adopted of 24.1 mm and 6.1 mm steel cables, 

respectively [48]. Corresponding cross section areas of the cables are the following: bA  = 3.38 cm2 and 

,r cabA  = 0.22 cm2. They are taken close to the right bound indicated in Fig. 11. Thus, the cambering of the 

roof is the following: prf∆  = 0.143 m. The tensioning of the bearer chord during the pre-stressing is 

obtained from (7) given the geometric length ,g bL  and the initial chord’s length 0,c bL  (47): pL∆  = 0.093 m. 

The stiffening girder is adopted of two steel channel bars [27. The geometrical properties of the overall 
cross section are the following: grdA  = 7.04·10–3 m2, grdW  = 6.16·10–4 m3 and grdI  = 8.32·10–5 m4. 

The girder and the roof’s framework are not directly connected, unless the supporting points. They 
are also linked together by vertical ties made of steel cables (elements 4 in Fig. 16). In order to simulate 
the loose connection, the ties are initially slackened by the design clearance values: 1 2∆  = 0.098 m and 

1 4∆  = 0.074 m (50, 52). 

Comparison of the main structural parameters, obtained by the proposed expressions, and the 
results of the numerical analysis by the specialized software package EASY.2020 is given in Table 1. 

Table 1. Comparison with the numerical results by the software package EASY.2020. 

Designation Unit 
Value 

Deviation, ξ, % Remark by the present 
work 

numerically simulated by the 
EASY-software 

prf∆  m 0.143 0.139 2.8 (43b) 

ldω  m 0.100 0.101 1.0 
must be equal to 

1.0lim =ω m 

4/1,hω  m 0.104 0.098 5.9 (53) 

prP  kN/m 2.16 2.07 4.2 (49) 

pr
grdN  kN 52.9 48.3 9.1 (51a) 

grd
ldN  kN 236.6 234.9 0.7 (51b) 
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The table shows good agreement of the results. The peak discrepancy (9.1 %) is at the stage of the 
pre-stressing, when the axial force in the girder is substantially smaller, than under the external load. 

3.7.2. Comparison with the results by the other authors 
In order to verify the proposed results the following comparison is implemented. All notations are 

adopted according to the present paper, except the axial forces in the chords and the horizontal 
components of the forces, which are denoted by the indexes ‘b’ and ‘t’ meaning bottom (restraining) and 
top (bearer) chords. 

Consider a symmetric cable truss with the bearer chord arranged above the restraining one [50]. 
The span of the truss, ,L  is 60 m. Eight span-to-sag ratios of the chords of the truss are considered: 

,pr bL f  = ,pr rL f  = {7.5, 10.0, 12.5, 15.0, 17.5, 20.0, 22.5, 25.0}. The initial horizontal components of 

pretension of the chords are the following: 0,bH  = 0,tH  = 600 kN. The modulus of elasticity of the cables 

is cabE  = 1.5·108 kN/m2. Cross section areas of the chords are the following: bA  = 2.0·10–3 m2 and  

rA  = 1.3·10–3 m2. Uniformly distributed load is considered throughout the entire span totQ  = 10.0 kN/m. 

Considering the given rises of the chords prf  and the chords’ pretensions 0,H  the initial lengths of 

the chords ,0cL  are obtained by the Hook’s law given the chord’s stiffnesses. Then, the chord’s relative 

elongations prε  are calculated by (5) and the link load prP  is obtained by (48a, 48b). Both the expressions 

(48), written for different chords, give exactly same result (the discrepancy is less than  
10–11 %) meaning correctness of the link load calculation for the given cable truss. The link loads, ,prP  

must, however be compared with the ,pr boundP -values, which ensure that the full uniform load totQ  is 

completely taken by the cable truss. 

Finding ,pr boundP -values is performed by (49) given the mid-span vertical deflections of the truss 

.ldω  The deflections are obtained by nonlinear Finite Element Method. They are taken from the graph 

(Fig. 10 in [50]): ldω  = {0.110, 0.178, 0.260, 0.353, 0.453, 0.557, 0.655, 0.755} m. Because the deflections 

ldω  have been obtained regardless the strength properties of the chords, the limiting deformation ,2cabε  

in (49) is substituted by the actual deformation of the bearer cable ,ld bε  (5) given .ldω  

Comparison of prP -values and ,pr boundP -values, which are derived from different conditions 

implied on the cable truss, are shown in Figs. 17 and 18. The discrepancy between the link loads is obtained 
as follows: 

0

0
200 %,ref

ref

V V

V V

−
ρ = ⋅

+
                                                               (57) 

where 0V  and refV  are the values to be compared. 

 
Figure 17. Link loads between the chords, kN/m: 1 – Ppr-values (48) given the stiffnesses  

of the chords; 2 – Ppr,bound-values (49) given the deflections under the load [50]. 
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Figure 18. Percentage discrepancies ρ: 1 – discrepancies between the link loads Ppr,bound and Ppr;  

2 – discrepancies between the axial forces in the bottom chord; 3 – discrepancies  
between the axial forces in the top chord; red color is for the symmetric cable truss,  

while blue color is for non-symmetric one. 
Fig. 18 shows that the discrepancies between the link loads do not exceed 4 % meaning that the 

cable truss is in equilibrium given the chord’s stiffnesses, the external load and the corresponding 
deflections. 

Considering the shallow shape of the chords, the horizontal components of the cable forces, bH  

and ,tH  are compared with the axial forces in the chords: 

, ;b r ld rN EA= ⋅ε                                                              (58a) 

, ,t b ld bN EA= ⋅ε                                                               (58b) 

where bN  and tN  are the forces in the bottom and the top chords of the truss; ldε  are the relative 

elongations of the chords given the deflection of the truss under load limω  (5). 

The horizontal components of the cable force are taken from the graphs (Figs. 8 and 9 in [50]). The 
comparison of the forces is shown in Figs. 18 and 19. 

 
Figure 19. Axial forces and horizontal components of the forces, kN:  

a, b – symmetric and non-symmetric cable trusses, respectively;  
1, 2 – Nt and Ht in the top chord; 3, 4 – Nb and Hb in the bottom chord. 

Non-symmetric cable truss of the 60 meters span is also considered. Different span-to-sag ratios are 
adopted for the bearer chord ( ), ,pr b j

L f  [1...8],j =  while for the restraining chord the constant ratio is 

taken: ,pr rL f  = 25 [50]. The initial horizontal component of pretension of the restraining chord is  

0,bH  = 600 kN, while for the bearer chord it is calculated by the following expression: 

0, 0, , , .t b pr r pr bH H f f= ⋅  Mid-span vertical deflections of the truss are taken from the graph (Fig. 13 in 

[50]): limω  = {0.162, 0.255, 0.342, 0.444, 0.531, 0.612, 0.689, 0.751} m. 

Comparison of prP  and ,pr boundP -values (48, 49) given the deflection limω  is shown in Fig. 18. 

Comparison of the forces taken from the graphs (Figs. 11 and 12 in [50]) is shown in Figs. 18 and 19. 
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Figs. 18 and 19 show good agreement with the results [50] under uniformly distributed load acting on the 
entire span of the truss. 

Influence of the load acting on a half of the span is also considered in [50]: LQ  = 8.91 kN/m and  

RQ  = 0.0.The span of the truss, ,L  is 60 m. The rises of the chords are the following:  

,pr bf  = ,pr rf  = 4.02 m. The initial horizontal components of pretension of the chords are the following:  

0,bH  = 0,tH  = 588.603 kN. The modulus of elasticity of the cables is cabE  = 1.48135·108 kN/m2. Cross 

section areas of the chords are the following: bA  = 2.0·10–3 m2 and rA  = 1.3·10–3 m2. 

The initial rise of the bearer chord is obtained by (39) given the pretension and the stiffness 
properties: 0,bf  = 3.66 m. Thus, the deflection of the truss at the stage of the pre-stressing is the following 

(1a): 0, ,pr b pr bf f f∆ = − =  –36 m. 

The overall displacements of the truss under the loads LQ  and RQ  are obtained by minimizing (36): 

f∆  = –0.5 m and 1 4f∆  = –0.72 m. Thus, the displacements of the truss at the center and at the quarter 

points of the span are the following: prf fω = ∆ −∆ =  0.14 m and 1 4 1 40.75 prf fω = ⋅∆ −∆ =  

= 0.45 m. Considering the graph (Fig. 7 in [50]) the corresponding displacements are 0.146 m and 0.459 m. 
The discrepancies (57) are the following: 4.2 % and 2.0 %. 

The comparison implemented in the present clause shows good agreement with the results by the 
other authors obtained numerically and by using the Finite Element Method. 

4. Conclusions 
1. The cable roof stiffened with a girder and enveloped with a flexible membrane is considered. 

2. The polymer membrane is included into the structural model of the roof by using membrane-
simulating element. The numerical technique for estimating the effective stiffness and the allowable 
relative deformation of the element is proposed. 

3. The design clearances are proposed for the structural enhancement. The clearances, being the 
means of the passive structural adaptation, allow exempting the stiffening girder from uniformly 
distributed external loads, which are fully sustained by the cable truss. The girder, in turn, mitigates 
kinematic displacements brought about by non-uniform impacts. The calculating technique for splitting 
the non-uniform load between the cable truss and the girder is proposed. 

4. The computational approach for structural analysis of the roof is proposed. The approach is based on 
the limit states analysis, which is mandatory for the design practice in Russian Federation. 

5. Estimation of the allowable deformations of the roof at the pre-stressing and operational phases is 
proposed. The expressions for the axial stiffnesses of the cable chords, the design clearances and 
the link load between the chords at the pre-stressing stage are proposed under the conditions of 
reaching the allowable deformation and full use of the strength properties. 

6. The work contributes to the development of hybrid building constructions, which consist of high-
strength flexible cables, polymer membranes and rigid elements made of ordinary structural steel. It 
facilitates the practical realization of the hybrid roofs by providing the initial data for the conceptual 
design stage. The results of the present work allow to validate structural models and to verify the 
results obtained by numerical methods of structural analysis. 
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Abstract. In civil engineering, there are many problems related to the transmission of pressure waves 
through the soil due to dynamic loads. The objective of this investigation is to research the dynamic soil 
properties. In industrial applications, these vibrations remain often caused by the impact of weights on the 
foundation machine. This study investigates how saturated soft clay soil responds to a single impulsive 
load. Deflectometry via falling weights was conducted to produce single pulse energy by dropping different 
weights from various elevations. Usually, these dynamic foundations have a greater effect on the surface 
than various depths of the same foundation. Soil surface responses were studied, then the effects occurring 
at the depth of the soil surface and causing these responses were studied, which include vertical 
displacements, velocities, and accelerations. Using the same impact weight (5 kg) at both drop heights 
(250 mm and 500 mm), the average percentage change in the maximum impact force generated at the 
contact surface increased by 33 %. This decreased the maximum displacement response of the clay soil 
model by 25 %, and the maximum displacements increased with increasing operational frequency and 
dynamic loads. 
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1. Introduction 
Dynamic response is one of the primary parameters used to describe the soil behavior under dynamic 

loads. The machine foundation’s behavior is affected by different factors such as soil properties, the weight 
of machine and foundations, the magnitude of the unbalanced force of machine, contact zone between 
foundations and soils, and static soil pressure.  For these reasons, the most critical step in the design to get 
a successful machine foundation can be relied an analyzing technique for dynamic responding and it should 
not surpass the limit given to a machine designer. Anyway, before starting the acceptable limits of the 
settlement of the machine foundation, it is very important to explain that the failure of the vibrating 
foundations is reached when the motion exceeds a limiting value, which is usually expressed as 
displacement of the foundation at specified frequencies [1]. 

The mechanics of saturated clay are more complex than those of single-phase materials due to the 
coupling of the responses of their many constituents. For saturated clay, the soil pores are filled with water, 
which causes the permeability to be low and transient loading to be fast. To properly measure how earth 
buildings and foundations behave, this connection should be taken into account [2]. 
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Many researchers have investigated the dynamic response under machinery. Additionally, several 
researches investigated the vertical vibrating manner for surface footing Soil reaction under impacting 
forces is determined by dynamical soil characteristics. Estimating the activity soil characteristics by 
monitoring the reactions to impact loading. In dynamic research, stiffness, damping ratio, and unit weight 
are considered [3–5]. 

The impacts of surface depth and loading frequency on the modeling of circular shallow foundations 
in stiff clay soil are investigated. Additionally, impact loads and excess pore water pressure are measured 
at the foundation’s soil surface. It was shown that maximum displacements rise with operating frequency 
increases with dynamic load and no measured effects of pore water pressures on the model of stiff clay 
soil. The seismic response of locations is subjective to the dynamical properties of the surface soil. This 
response affects the performance of embedded or superimposed structures. Identification and inverse 
problem solution approaches are required for determining in-situ soil variables and calibrating models of 
soil dynamical loads. The increased availability of high-quality laboratory and field data has led to an 
increase in soil investigation system identification research [6]. 

The impacts of surface depth and loading frequency on the modeling of circular shallow foundations 
in stiff clay soil are investigated. Additionally, impact loads and excess pore water pressure are measured 
at the foundation’s soil surface. It was shown that maximum displacements rise with operating frequency 
increases with dynamic load and no measured effects of pore water pressures on the model of stiff clay 
soil. The seismic response of locations is subjective to the dynamical properties of the surface soil. This 
response affects the performance of embedded or superimposed structures. Identification and inverse 
problem solution approaches are required for determining in-situ soil variables and calibrating models of 
soil dynamical loads. The increased availability of high-quality laboratory and field data has led to an 
increase in soil investigation system identification research [7]. 

In [8] several natural and forced vertical vibration models performed on surface and embedding 
modeling for footings on dry and moist poorly graded sand were investigated. Similar findings were 
presented in [9], indicating that as the footing base area increases, the natural frequency and amplitude 
The dynamic behavior of the soil-foundation systems is the most important aspect of a machine’s successful 
functioning. The essential objective of the design of a machine’s foundation is to restrict its motion to 
amplitudes that neither endanger the machine’s operation nor disturb surrounding personnel. Hence, the 
engineering study of the footings’ response to the projected dynamical force created by the usage of the 
equipment is a crucial component of a solid foundation design. In addition, when large movements of an 
existing footing impede the functioning of supported machinery, an investigation must be done to determine 
the root causes of the issue. Therefore, in an investigation, soil-structure interaction (SSI) phenomena that 
are exposed to impact load are studied [10]. Firstly, dynamic soil-structure interaction subject to impact 
forces is tested using vibrating impacts then were explored by contrasting the soil-structure system with a 
solid footing condition. After that, a mathematical analysis that passes the SSI tests is given. The nonlinear 
behavior of soil in the finite element simulation is modeled independently using a boundary surfaces 
deformation method and a related linear approach. The boundary surface plasticity model’s estimation 
outcomes prove to be more accurate than those of the experiments [11]. 

Modern industry has brought massive machinery that affects the foundation’s performance and the 
soil below, causing another sort of vibration stress. All machine foundations, regardless of dimension and 
type, should be considered engineering problems, and their designs should be founded on solid 
engineering methods [12]. 

Many researchers look into how machinery moves, for instance, the authors of [13–14] and other 
researchers looked into how vertical vibrations affect surface footings. 

When the applied loads from the structure of testing increase and exceed the cracking load, the 
damaged supporter of individual groups exhibits a relatively high ratio of stiffness drop [15] as an outcome 
of a portion of the pre-stressing force, which rises the rate of cracking and displacements. Most studies 
absorbed the dynamic load caused to earthquakes and offshore waves. 

The majority of solutions model the machine's base as a block resting on the surface of an elastic 
earth. Typically, the actual foundations are inserted, which significantly affects the dynamic behavior of the 
foundation [16]. 

The primary aims of this study are to evaluate the soil’s response to impact loads. The dampening 
of waves caused by impact stresses via the soil will be emphasized. A decision was made to experiment 
on clayey soils to identify how to analyze the performance of these soils below the influence of impact loads 
with variable applied kinetic energy, taking into account the embedment and distance of the footing as well 
as the impact force. 
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2. Methods and Materials 
The tests were conducted under the standards for identifying the physical and chemical properties 

of soil, the specifics of these requirements are detailed in Table 1. A sample of clayey soil was taken from 
a depth of 1.0 m from the soil subsurface of a brick factory site in Al-Nahrawan city (54 km east of Baghdad) 
[2]. 

For soft clay conditions, a compliant consolidation test was performed. Table 2 displays the soft clay 
consolidation test results, and the testing programs are shown in Table 3. 

Table 1. Comparison of displacement value with maximum impact loads from the present 
study area in Iraq. 

No. Author Year Study area Soil type Soil depth 
Displacement value 

with maximum 
impact loads 

1 Adnan F. et al.. 2016 Karbala city Dry-dense sand Embedment depth 40–50% 
2 Adnan F. et al. 2016 Karbala city Dry-medium sand Embedment depth 35–40% 
3 Adnan F. et al. 2016 Karbala city Dry-loose sand Embedment depth 25–35% 
4 Adnan F. et al. 2016 Karbala city Saturated sand At surface depth 30–60% 

5 Ahmed B.A. et al. 2022 Al-Nahrawan 
city Saturated soft clay At surface depth 50% 

6 Ahmed B.A. et al. 2022 Al-Nahrawan 
city Saturated stiff clay At surface depth 80% 

7 Rasheed A.H. et 
al. 2023 Al-Nahrawan 

city Saturated soft clay At surface depth 50% 

8 Rasheed A.H. et 
al. 2023 Al-Nahrawan 

city Saturated stiff clay At surface depth 80% 

 

Table 2. Physical and chemical properties of soil under using standards. 
Property Value Standard of the test 

Specific Gravity, Gs 2.71 ASTM D854 
Gravel (> 4.75 mm) % 0 

ASTM D422 
Sand (4.75–0.075 mm) % 3 
Silt (0.075–0.005 mm) % 40 

Clay (< 0.005 mm) % 57 
Liquid limit (LL) 39 

ASTM D4318 Plastic limit (PL) 22 
Plasticity index 17 

Gypsum content (CaSO4 2H2O) %  0.23 BS 1377-3 
Total dissolved salts (TDS) %  0.39 ASTM D5907 

SO3 content, %  0.19 BS 1377-3 
Organic matter (OM) %  0.2 ASTM D2974 

pH value  9.18 ASTM D4972 
Classification according to USCS  CL ASTM D2487 

 

Table 3. Consolidation test results for soft clay. 
Parameter Soft clay state 

Cu 20–25 kN/m2 
eo 0.73 
γdry 16.45 kN/m2 
γsat 19.4 kN/m2  

Compression index, Cc 0.19 
Expansion index, Cr 0.11 

 

Eight experiments were performed on soft clay soil with impact loads from various sources and 
measurement of the energy at the soil’s surface using two separate footing dimensions (where B is the 
diameter of the foundations). Fig. 1 shows the tests. A falling weight deflectometer (FWD) was used to 
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apply impact loads to a modeling technique with a ground baseplate of two sizes that remained measured 
as a surface footing on the topsoil underneath the impactor. It also included a steel with walls made of 
plating 2 mm thick and a base that represented a soil container. The two portions of the steel container 
have dimensions of 1200 × 1200 × 800 mm. Test runs were conducted before beginning the process of 
prepping the soil. Fig. 2 shows a relationship between the water content and liquidity index to get the soil’s 
undrained shear strength. Following are the preparation steps for the soil layers in the steel container: 

 
Figure 1. The experimental soil model’s setup. 

 
Figure 2. Relations between shear strength and liquidity index. 

• A total of 25 kg of dry soil was divided up into groups. 
• To achieve an undrained shear strength (Cu) between 20 and 25 kPa, as specified by 

engineering standards, the soil model was mixed in mixing with sufficient water contents and 
various proportions. The moisture content value then was chosen from Fig. 3. 

• The clay soil was combined with water and placed in parts of the steel container. Each level 
was then compacted using a specific hardwood tamping hammer measuring 150 × 150 mm. 
Each layer's outcome was around 50 mm. The operation continued until the clay bed 
reached its maximum depth. 

• After completing the preparations for the clay layers, they were covered with nylon sheets 
and left for 96 hours to cure. 

• Using a portable vane shear apparatus, the undrained shear strength was measured daily 
to get the closest shear strength value displayed in Fig. 4. 
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Figure 3. Variation of undrained shear strength vs moisture content. 

 
Figure 4. A portable vane shear device is used to control the undrained shear strength. 

2.1. Measuring Instruments 
The supporting plates were placed directly upon the surface of the ground, and thus the falling 

weights utilized to transfer the soil model to the vertical impact dynamic loading were of varying weights (5 
or 10 kg) and elevations to represent varying values (500 or 250 mm). Two sizes (100 and 150 mm) of 
foundation contacting plates are utilized to assess the reaction of the soil surface to an impact force. Then, 
two pore water pressure gauges are placed at a depth of B or 2B, depending on the size of the bearing 
plates, in the center of the clay layer in the vertical path under the midpoint of the supporting plates. The 
method of data collection was designed so that all information could be continually evaluated and collected. 
Using this method, it is possible to measure the transmitted impulse response, the displacement-time 
history, and the soil surface depths. Using an accelerometer transducer and surface levels for each test, 
the acceleration-time history was calculated. The fundamental construction of the FWD mechanism 
consists of a base structure with an integrated accelerometer and indicator unit. The card reader may record 
and store a wide range of computations. The sensors display the peak load value and the displacement 
value. Its storage card's data can be delivered directly to a laptop or through the indication. The software 
comprises a load cell and an accelerometer to measure the impact load and displacements after free-falling 
the system block of the falling weight deflectometer. The displacement is obtained by integrating the 
readings in the accelerometer double. The measurement/processing software is essential for a laptop-
based system of units. Inside this approach, recorded data from the indicators is transferred directly from 
the indicators to the laptop. To identify acceleration within the clay. 
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2.2. Testing Method 
The stages describe this test plan: 

• Preparing the soft clay layers for a total depth of 800 mm (100 mm per level). 
• Putting the accelerometer sensor in the midpoint of the clay soil in a vertical path under the 

center of the bearing surfaces plate at depths of B or 2B, depending on the size of the bearing 
surfaces. 

• Putting the sensors on the ground horizontally at a depth of 10 mm. 
• After putting the base for the model, mount the FWD in the center and ensure that it is 

perpendicular to the area of the model. 
• The file collecting system, as seen in Fig. 5, will record the response to delivering the 

impacting mass and display the results on a laptop. 
• The information of abbreviation for the verified models as well as a specimen of models 

identification is clarified in Table 4. 

 
Figure 5. Data acquisition system. 

Table 4. Details of the testing program and test designation. 

No. Test 
designation 

Soil 
state 

Soil 
density 

Impact loading 
state 

Size of bearing 
plate (mm) 

The dropping 
mass (kg) 

The height of 
drop (mm) 

1 SsoP100M5H25 Saturated Soft At surface 100 5 250 

2 SsoP100M5H50 Saturated Soft At surface 100 5 500 

3 SsoP100M10H25 Saturated Soft At surface 100 10 250 

4 SsoP100M10H50 Saturated Soft At surface 100 10 500 

5 SsoP150M5H25 Saturated Soft At surface 150 5 250 

6 SsoP150M5H50 Saturated Soft At surface 150 5 500 

7 SsoP150M10H25 Saturated Soft At surface 150 10 250 

8 SsoP150M10H50 Saturated Soft At surface 150 10 500 

3. Results and Discussion 
Concerning the behavior of soft clay soil, it is essential to note that a range of loading conditions was 

utilized in impact testing on plates ranging in diameter from 100 to 150 mm, dependent on the supporting 
plates' location on the soil surface (0B). A weight of 5 or 10 kg was dropped from a height of 500 or 250 mm 
to produce the impact force. The results of dynamic analysis are shown in Fig. 6–9. The data are shown in 
sections (a), (b), (c), and (d) of each figure for each reaction, which contains the load history, displacements, 
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accelerations, and velocity functions of time. All responses are observed directly beneath the surfaces. 
Variations in vertical displacement (beneath the plates) are depicted in section (c) of each figure. 

 
Figure 6. Dynamic test results for SsoPM5H25 model: (a) and (c) impact force-time history  

with displacements, (b) acceleration time history, (d) velocity time-history. 

 
Figure 7. Dynamic test results for SsoPM5H50 model: (a) and (c) impact force-time history  

with displacements, (b) acceleration time history, (d) velocity time-history. 
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Figure 8. Dynamic test results for SsoPM10H25 model: (a) and (c) impact force-time history  

with displacements, (b) acceleration time history, (d) velocity time-history. 

 
Figure 9. Dynamic test results for SsoPM10H50 model: (a) and (c) impact force-time history  

with displacements, (b) acceleration time history, (d) velocity time-history. 
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3.1. Impacts and Displacements Reactions 
The reaction is related to displacements of the soil surface layer under vertical impacts of energies 

(measured under the impact plate's middle under surface depth only); these reactions were represented in 
the bottom section of component (c) of Fig. 6–9. The following are examples of common effects features: 

• The highest impacting loading and highest displacements for soft clay occurred only when 
the impacts plate is placed at the soil surface of the foundations' area (100 mm) and the 
impactor plate (10 kg) is elevated to a height of 500 mm as seen in Fig. 9. 

• It is not possible to predict the highest impact load and highest displacements of soft clay 
soil according to the modeling data results compared with different soil models. To indicate 
the excess pore water pressure-time histories gathered by pore water pressure sensors 
located at levels B and 2B below the middle of the testing bearing surface, two piezometers 
were placed under the plates to measure the pore water pressure through impact. 

The following behavior is shown by a soil-foundations system: 

• According to design models, it was observed that the resultant impulse waves have a smaller 
value in all cases under investigation when the water content of soft clay soil is reduced. 

• The maximum displacement responses in the case of the soil model as shown in Fig. 9, have 
always been found to be greater as the kinetic energy of the dropping hammer increased 
(mass and level of fall). When either the mass of the hammering or the height of the fall is 
increased by a factor of doubled (from 5 to 10 kg or from 250 to 500 mm, respectively). 

• As a result of a reduction in the water content ratio and a rise in the density of clay particles, 
as indicated by the soil model, it has been shown that the excess pore water pressure of the 
soft clay model has measurable complete effect. 

• The vertical displacements of the footing block caused by the initial hammer blows were 
computed using the fatigue damage model proposed in this research and compared with the 
analytical results [18–21]. It can be shown that the simulation findings for vertical 
displacement are in good arrangement with the analytical results. 

• When comparing the amplitude of displacement for saturated sand with time as a test result 
for the investigated outcome [22], it can be seen that each test's findings have a different 
character in the relationship between displacement and time. Concerning the test conditions 
and reaction of the dynamic behavior of the soil, it seemed that high measurement values at 
the beginning and end of the test for a low amplitude load. Thus, when a low load amplitude 
was applied, a large displacement magnitude was detected and remained constant for a 
lengthy period of testing before the load was released, at which point there was a noticeable 
decrease in the magnitude of displacement. Therefore, it is clear that the displacement 
values change over time as the amplitude of the load increases. It follows that a high loading 
percentage would also have a high displacement and settling value. 

• As the soil required time to regain its resistance, the displacement may be higher or lesser 
than the prior displacement if the loading rate is not uniform [23-25]. 

Two piezometers were put under experimental bearing plates to monitor the pore water pressure 
during the impacts. Fig. 10–16 represent the excess pore water pressure-time histories recorded by pore 
water pressure sensors positioned at levels B and 2B underneath the bearing plate's center. A soil-
foundations system displays the following behavior: 

• For the soft clay state, based on increasing the water content, it was determined that the 
resultant impulse waves have a higher peak when increasing the mass energies. 

• The peak displacement reactions inside soft clay soil having risen in reactions were seen to 
be higher when the falling hammer's kinetic energy increased (mass and level of fall). When 
either the mass of the hammer or the elevation of the fall is doubled (from 5 to 10 kg or from 
250 to 500 mm, respectively). 

• The vertical displacements for the largest plates (150 mm) are decreasing by 60 % at the 
depth of the topsoil surface. 

• The excess pore water pressure inside the topsoil is shown as a result of three important 
parameters: impact energy (hammer weight and elevation of drop), size of foundations 
exposed to the impactor, and soil type. For soft clay soils with constant impact energy, 
increasing the impact area causes the excess pore water pressure to decrease. In that 
instance, a 125 % increase in the plate area (from 100 to 150 mm in diameter) causes a  
30–40 % drop in the pore water pressure. 
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Figure 10. Pressure-time history of excess pore water at depth B for the SsoP100M5H25 model. 

 
Figure 11. Pressure-time history of excess pore water at depth B for the SsoP100M5H50 model. 

 
Figure 12. Pressure-time history of excess pore water at depth B for the SsoP100M10H25 model. 
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Figure 13. Pressure-time history of excess pore water at depth B for the SsoP100M10H50 model. 

 
Figure 14. Pressure-time history of excess pore water at depth B for the SsoP150M5H50 model. 

 
Figure 15. Pressure-time history of excess pore water at depth B for the SsoP150M10H25 model. 
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Figure 16. Pressure-time history of excess pore water at depth B for the SsoP150M10H50 model. 

4. Conclusions 
• The average percentage change in maximum impact forces generated in the contact surface 

increased by 33 % under the same impact loads (5 Kg) for both dropping heights (250 and 
500 mm), which led to a reduction of 25 % in the maximum displacement reaction of the soft 
clay soil model. 

• The amplitude of the force-time history in soft clay is reduced by 40–57 %. This reduction 
happens since the voids are filled with water, causing fewer contact points between particles. 

• The amplitude of the force-time history for soil under impact stress is a single pulse. 
• Once the operation frequency increases, the amplitude of displacements on the foundations, 

total stress, and pore water pressure increased for soft clay shallow foundations at the soil’s 
surface. 

• The maximum displacements increased with increasing operational frequency and dynamic 
loads. 

• The dynamic response increases rapidly with the degree of damage, which in turn affects 
the transmission of damage in the foundation and the soil due to the higher stresses 
concentrating near the foundation regions. From the computational analysis of the dynamic 
features of soil damage, it can be observed that as damage rises, the effects of hammer 
blows on the surface and depth of the soil near the foundation become more important. This 
enables the development of a method for managing the damage and its progression in a 
damaged material, as well as the dynamic response of a damaged structure. 

Following these conclusions, it is advised that pile foundations in saturated clay soils be used in 
future works with the same standard specifications. In addition to the possibility of studying the behavior of 
the plane runways-bearing soil, which is constantly exposed to impact loads at the moment the plane 
touches the ground. 
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Abstract. Tuned mass dampers (TMDs) are used mainly for reduction of seismic and wind oscillations in 
high-rise buildings. It is well known that base isolation is ineffective in tall buildings. In general, TMDs can 
reduce seismic loads in tall building, but it needs a large mass of TMDs. In addition, TMDs cannot reduce 
vertical oscillations, which can be very destructive due to P-delta effect. This paper presents an engineering 
solution for mitigation of structural response caused by seismic excitations. The approach of using the 
upper part of the building as a TMD can significantly reduce horizontal accelerations and stresses in building 
elements up to 50 % along the entire height. In addition, the proposed TMD can significantly reduce vertical 
oscillations in a primary building up to 30 % in comparison with building without TMD. This solution can be 
used in both existing and new buildings. This solution does not require any additional mass and its 
transportation to the installation site. An optimization criterion for defining optimal TMD’s properties was 
developed. The criterion is the objective function of maximum difference in accelerations of floors with and 
without TMD along the entire height. For analytical studies, matrix of stiffness that takes into account 
bending and sliding motions and dissipation matrix that takes into account damping ratio for soil, TMD 
constructions and constructions of the building were developed. 

Citation: Bondarev, D.E. Tuned mass damper for reduction seismic and wind loads. Magazine of Civil 
Engineering. 2024. 17(5). Article no. 12904. DOI: 10.34910/MCE.129.4 

1. Introduction 
Tuned mass damper (TMD) is a device for reduction of seismic and wind responses of buildings and 

structures. The first mention of the use of this technology, as far as we know, appeared in 1909 when H. 
Frahm received a patent for “Device for damping vibrations of bodies” [1]. This device is used in structures 
to prevent discomfort, damage, or structural failure caused by dynamic excitations. Vibration control of 
structures can be divided into four groups: active, semi-active, hybrid, and passive systems [2]. It is possible 
to use several types of vibration control systems in one building [3]. TMD is a passive control device that 
does not require any external sources of energy. There are many types of TMDs: friction TMD [4], 
conventional TMD [5], pendulum TMD [6], bidirectional [7], tuned liquid column damper (TLCD) [8], etc. 
TMDs are widely used in tall structures [9], chimneys [10], long span transmission tower-line systems [11], 
high-rise buildings [12, 13], flexible bridges [14], etc. Usually, TMDs are installed at the upper floors of high-
rise building, under bridge’s spans and/or at bridge pylons, etc. 

In general, TMD consists of a mass, a spring, and a damper. A two-degree-of-freedom (-DOF) 
system is shown in Fig. 1 and 2 for seismic and wind excitations respectively. 

https://creativecommons.org/licenses/by-nc/4.0/
https://orcid.org/0000-0002-5364-5473
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Figure 1. A two-DOF damped system subjected to seismic excitation. 

Applying Newton’s second law to the main mass 1m  gives: 

( ) ( )1 1 1 1 1 1 2 1 2 2 1 2 1 0.m x c x k x c x x k x x m x+ + + − + − = −                                     (1) 

Applying Newton’s second law to the mass of a TMD 2m  gives: 

( ) ( )2 2 2 2 1 2 2 1 2 0.m x c x x k x x m x+ − + − = −                                              (2) 

Transforming these equations, we receive a system of differential equations of the second order: 

( ) ( )

( ) ( )

2 21
1 0 1 1 1 2 2 1 1 2 1 1 1

1
2

2 0 2 2 1 2 1 2 1

2 2
,

2

kx x x x x x x x
m

x x x x x x

 = − − − γ µω − − ξ ω γµ − − ξ ω

 = − −ω − − ξ ω γ −

    

   

                 (3) 

where 1,m  1,k  1c  are the mass, stiffness, and damping of a primary structure; 2,m  2,k  2c  are the mass, 

stiffness, and damping of a TMD’s construction, 0x  is time history acceleration of seismic excitation. 1,x  

2,x  1,x  2,x  1,x  2x  are displacements, velocities, and accelerations of structure and the TMD; µ  

represents the ratio of the TMD mass ( )2m  to structural mass ( )1 .m  1,ξ  2ξ  are the damping ratios of 

the structure and the TMD; γ  is the ratio of the frequency of the TMD ( )2ω  to the frequency of the structure 

( )1 .ω  

 
Figure 2. A two-DOF damped system subjected to wind excitation. 

For the system subjected to wind excitation where ( )P t  is a time-dependent external force: 

( ) ( ) ( )

( ) ( )

2 21
1 1 1 1 2 2 1 1 2 1 1 1

1 1
2

2 2 2 1 2 1 2 1
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P t kx x x x x x x
m m

x x x x x


= − − γ µω − − ξ ω γµ − − ξ ω


 = −ω − − ξ ω γ −
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                      (4) 
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These equations of motion undergoing seismic and wind excitations have an analytical solution if an 
external force (seismic or wind load) is roughly expressed by harmonic loading. For wind excitation, it is a 
sinusoidal time-dependent pressure of wind and, in turn, for seismic excitation – a sinusoidal displacement 
of soil motion [15]. 

In addition, these equations can be solved by numerical integration method. For instance, it can be 
solved by Runge–Kutta method where right parts in (3) and (4) are vectors of the first and the second 
derivatives in an explicit form and, in addition, it is necessary to use a vector of initial conditions, such as 
velocity and displacement in the beginning of the motion. Using numerical solution of differential equations, 
it is possible to take into account all frequencies of the external force expressed with accelerograms and 
wind pressure time histories. 

It is well known that there are simple equations to define the optimum damping ratio and frequency 
( )2,Hzξ  of a TMD. For minimum structural displacement amplitude, the formulae were given by Den 
Hartog [16]: 

1
2 ;

1
ff =
+µ

                                                                       (5) 

( )
2 3

3 .
8 1

µ
ξ =

+µ
                                                                  (6) 

If the acceleration amplitude of the structure is to be minimized: 

1
2 ;

1
ff =
+µ

                                                                      (7) 

( )( )2
3 .

4 2 1
µ

ξ =
+µ +µ

                                                            (8) 

There are many other criteria of optimization: maximum dynamic stiffness of the main structure [17], 
maximum effective damping of combined structure [18], minimum travel of damper mass relative to the 
main structure [18], minimum force in the main structure [19], minimum velocity of the main structure [19] 
etc. [15, 20, 21]. 

The equations (3) and (4) are very simply used to demonstrate the basic principles of TMD operation, 
but they cannot be used in actual engineering practice because real civil engineering structures cannot be 
considered as single-DOF systems. External excitation does not have the only frequency and structures 
may undergo nonlinear deformations. In addition, it is necessary to consider the stiffness of soil in equations 
of motions, if a structure is located at a soft soil. 

In general, TMD shall be tuned close to a dominant response frequency of the structure. TMD usually 
requires an essential mass related to a mass of a primary structure and a large space for its installation at 
high elevations. Usually ratio µ  of a mass of TMD’s construction and a mass of a primary construction of 
building ranges between 0.02 and 0.08 [22] for buildings subjected to seismic excitations and 0.0005 and 
0.02 [23] for buildings subjected to wind excitations to achieve demanded TMD efficiency. 

TMDs are rather complex and expensive devices that are limited in mass and damping with levels 
far away from optimal parameters and usually are tuned to only one dominant frequency of the structure 
providing protection from wind loads only and being ineffective in case of seismic excitation. Inefficiency of 
the TMD in case of seismic excitation makes researchers find other technological and engineering 
solutions. It is necessary to search other criterion of optimization for increasing efficiency of the TMD 
system. 

TMD approach described in this paper allows significantly improve TMD efficiency against seismic 
excitation and create a three-dimensional TMD system with optimal mass, stiffness and damping 
parameters for structures’ protection, while significantly reducing the cost of TMD itself. 
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2. Methods 
2.1. The Motion Equation of a Multi-Degree-Of-Freedom System  

of Shear-Wall Building with the TMD 
The motion equation of a multi-DOF system for the high-rise building subjected to a seismic excitation 

can be written as follows: 

[ ] [ ] [ ] [ ] { } { } { }( )0 0 0 ,x y zM u C u K u M I x I y I z+ + = − + +                                (9) 

where [ ],M  [ ]C  and [ ]K  represent the mass, damping, and stiffness matrices, respectively. ,u  ,u  u  

are the relative displacement, velocity, acceleration vectors with respect to the base. { },xI  { },yI  { }zI  

are the vectors, which consist of cosines between vector of displacements and vector of excitation. 0,x  

0,y  0z  are time history acceleration of a seismic excitation in ,X  ,Y  Z  directions. 

Considering only shear stiffness of the floors and X-direction of seismic excitation, we may use the 
following equation: 

[ ] [ ] [ ] [ ] { }( )0 .xM x C x K x M I x+ + = −                                            (10) 

Multi-DOF system with TMD is shown in Fig. 3: 

 
Figure 3. Multi-DOF system of shear-wall building subjected to a seismic excitation  

in X-direction with TMD located on the top floor. 
Stiffness matrix can be written as follows [24]: 
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 (11) 

Mass matrix [24]: 

[ ]
1

2

1
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0 0

; ,
0 0

0 0

c i i
n

n

i
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M I I m h
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I
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                             (12) 
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where cI  is a moment of inertia of the construction relative to horizontal axes passing through the center 

of gravity (CG); ih  is dimension between i -floor and CG; ,xK  Kϕ  are translational and rocking stiffnesses 

of soil; 1i iK − +  is shear stiffness of the floor; TMDK  is stiffness of the TMD. 

Vector { }xI  will be: 

{ } { }1 10 .T
xI =                                                           (13) 

 
Figure 4. Multi-DOF system of building subjected to a seismic excitation  

in X-direction with TMD located on the top floor. 
Model in Fig. 3 can be used only in case of shear-wall buildings. It is necessary to develop stiffness 

matrix for considering shear and bending stiffnesses of a building. 

2.2. Multi-DOF System for Building with TMD. Shear and Bending Stiffnesses 
In general, to consider shear and bending stiffnesses of floors (Table 1), stiffness matrix can be 

written as follows (Fig.4): 
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where 
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=  l  is the height of the floor; EI  is bending stiffness of the 

floor. 

Mass matrix can be written as follows: 
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      (15) 

where iI  is the moment of inertia of the floor; l  is the height of the floor; b  is the width of the building. 

Vector { }xI  will be: 

{ } { }1 0 1 0 1 0 1 .T
xI =                                                      (16) 

Table 1. Equations for support reactions for beams supported by springs. 
Beam subjected to single displacement  Equations for support reactions 

 

2
3 3;

3 3A
K Ki iM R

l K i K il

   
= =   

+ +      

ϕ ϕ

ϕ ϕ
 

 

2

26 6;
4 4

12
4

A B
K K ii iM M

l K i l K i

K iiR
K il

   +
= =   

+ +      
 +

=  
+  

ϕ ϕ

ϕ ϕ

ϕ

ϕ

 

 

3
2 ; 4

4 4

26
4

A B
K K i

M i M i
K i K i

K iiR
l K i

   +
= =   

+ +      
 +

=  
+  

ϕ ϕ

ϕ ϕ

ϕ

ϕ

 



Magazine of Civil Engineering, 17(5), 2024 

 
2

3
3 3

3
3 3

x
A

x x

x

x x

lK KiM il lK K K liK
l

lK KiR il lK K K liK
l

ϕ

ϕ ϕ

ϕ

ϕ ϕ

 
 

=  
 + +
 

 
 

=  
 + +
 

 

 

2

2

2

2

2

2 2

6
( 4 ) 12 ( )

( 2 )6
( 4 ) 12 ( )

( )12
( 4 ) 12 ( )

x
A

x

x
B

x

x

x

l K KiM
l l K K i i K i

l K K iiM
l l K K i i K i

l K K iiR
l l K K i i K i

ϕ

ϕ ϕ

ϕ

ϕ ϕ

ϕ

ϕ ϕ

 
 =

+ + +  
 +
 =

+ + +  
 +
 =

+ + +  

 

 

2

2

2 2

2

2

2

( 6 )
2

( 4 ) 12 ( )

3 ( )
4

( 4 ) 12 ( )

( 2 )6
( 4 ) 12 ( )

x
A

x

x x
B

x

x

x

K l K i
M i

l K K i i K i

i K l K l K K
M i

l K K i i K i

l K K iiR
l l K K i i K i

ϕ

ϕ ϕ

ϕ ϕ

ϕ ϕ

ϕ

ϕ ϕ

 −
 =

+ + +  
 + +
 =

+ + +  
 +
 =

+ + +  

 

 

To use a superposition of modal responses we must have a diagonal damping matrix. We cannot 
use Rayleigh damping because our system (Fig. 4) consists of three parts with significantly different levels 
of damping: soil, TMD, and the rest part of the building. In general, the modal damping ratio for the soil 
system would be much different from the structure’s one, for example 15 to 20 % for the soil conditions 
compared to 3 to 5 % for the structure [25] and 2 to 15 % for TMD (following (6)). This operation can be 
used: 
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(17) 

where 1 nξ ξ  are damping ratios; 1 nM M  are generalized modal masses; 1 nω ω  are modal 
frequencies. 

If rocking motion of the building on soil and TMD motion have different modes, it is very simple to 
use damping ratio for each mode on its own according to the matrix above. Fig. 5 shows mode shapes. In 
case of using TMD for reduction of wind loads, it is necessary to use TMD tuned to the 1st frequency. In 
case of using TMD for reduction of seismic loads, it sometimes necessary to use TMD tuned to the 2nd 
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frequency. It depends on frequency composition of seismic excitation. If high frequencies prevail over low 
frequencies, it is necessary to tune TMD to the 2nd or (sometimes) to the 3rd eigenfrequency. 

 
Figure 5. Mode shapes. 

2.3. The Target Building. Optimization Criterion 
The target building of this study is a residential high-rise building. It is a 103-m-high reinforced 

concrete building. Building parameters are: L  (length) = 36 m , B  (width) = 20 m , floorsN  (number of 

floors) = 33 (superstructure) and 2 (substructure), floorH  (height of the floor) = 3.1 m , totalM  (total mass) 

= 45800 t , Mstructure  (mass of structure) = 36650 t . The typical floor is shown in Fig. 6. Equivalent 

bending stiffness of a floor is: yEI  = 2123292340 2t m⋅ , xEI  = 2550000000 2t m⋅ , translational and 

rocking stiffnesses of soil: xK  = 1576390 
t
m

, Kϕ  = 517761250
t
m

, soilξ  = 0.15. 

 
Figure 6. Typical floor plan. 
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Table 2. Eigenfrequencies of dynamically uncontrolled building without TMD. 

Number  
Circular 

frequency, 
rad/s 

Frequency, 
Hz Direction Modal 

mass, % 

1 1.99 0.32 Y 67.46 

2 2.04 0.32 X 64.85 

3 12.41 1.98 X 21.94 

4 12.6 2.01 Y 21.08 

5 32.22 5.13 X 9.01 

6 33.63 5.35 Y 7.77 

7 58.02 9.23 X 3.15 

8 61.88 9.85 Y 2.7 
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Figure 7. Accelerations on soil in X, Y, Z directions and response spectra (𝝃𝝃=0.05). 

In order to define stiffness, mass and damping ratio of the TMD, it is necessary to carry out 
optimization analysis. Criterion of optimization: 

( )max max max ,
1

TMD
i i

n
Cr A A

i
= −

=
∑                                               (18) 

where n  is the number of a floor (substructure); max iA  are maximum absolute accelerations of the n th 

floor for the dynamically uncontrolled building (without TMD); max TMD
iA  are maximum absolute 

accelerations of the n th floor for the dynamically controlled building (with TMD). 

3. Results and Discussion 
3.1. The Optimum Parameters of the TMD 

The optimum parameters were defined by taking damping ratio of the TMD 0.1TMDξ =  (using (8)) 

for the first iteration of optimization, 1050TMDM t=  1050TMDM = t  ( )2.3%µ =  and using the model 
which is shown in Fig. 4, and consistently varying horizontal stiffness of the TMD. The acceleration along 
the entire height of the building is shown in Fig. 8, 9. Accelerations of the 13th floor in X and Y direction and 
response spectra are shown in Fig.10. 
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Figure 8. Maximum storey acceleration in X, Y directions. 

  
Figure 9. Maximum summarized storey acceleration and the reduction of accelerations. 
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Figure 10. Accelerations of the 13th floor in X and Y direction and response spectra (𝝃𝝃=0.05). 
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The optimum parameters for the TMD were installed as follows: xK  = 12000 
t
m

, yK  = 15000 ,t
m

 

TMDξ  = 0.1, TMDM  = 1050 t . The TMD with these parameters is tuned close to the 2nd eigenfrequency 

of the building. During modal analysis in dissipation matrix (16) 1 ,soilξ = ξ  2 TMDξ = ξ  were used. 
Installation of the TMD led to a minor changes in the eigenfrequencies of the dynamically controlled building 
(Table 3). 

Table 3. Eigenfrequencies of the dynamically controlled building 

Number Circular 
frequency, rad/s Frequency, Hz Direction Modal mass, % 

1 1.98 0.32 X 67.46 

2 2.03 0.32 Y 64.85 

3 10.3 1.64 X 7.54 

4 11.1 1.77 Y 10.63 

5 13.72 2.18 X 15.22 

6 14.41 2.29 Y 11.18 

7 33.18 5.28 X 8.73 

8 34.69 5.52 Y 7.49 

3.2. Configuration of the TMD 
Fig. 11 shows the configuration of the TMD developed for the target building. The construction of the 

TMD consists of the building’ technological floor and roof that constitutes TMD’s mass supported by BCS 
(Base Control System) 3D springs and 3D dampers [26, 27] system that provides near-optimum damping 
ratio TMDξ  = 0.1. For the considered building according to the optimization analysis, it is necessary to use 

50 spring blocks with vertical stiffness 1021v
tK
m

=  and horizontal stiffness 298h
tK
m

=  and 25 3D 

dampers VD 426/219-7 by process conditions1. With these near-optimal parameters (mass, stiffness, 
damping) TMD provides to the building efficient protection from seismic excitation with a quite reasonable 
relative displacements between TMD and the main structure from 20 to 45 mm only (Fig. 11). Relative 
displacements between TMD and primary building are shown in Fig. 12.  

    
Figure 11. General and detailed view of the building. 

 

 

 

1 CKTI-Vibroseism. Viscoelastic dampers VD series. Specifications. TU 4192-001-20503039-01. 1991/2022 
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Figure 12. Relative displacements between TMD and primary building. 

3.3. Comparison of an Analytical and Finite Element Models.  
Shear Force and Bending Moment in the Most Loaded Column 

Program code of the analytical model mentioned below was written by means of MathCad’s software. 
3D finite element model (FEM) was used in order to assess stresses in building’s elements. 3D building 
was created by SCad office’s software. Fig. 13 demonstrates the 3D FEM of target building. It has 153000 
joints and 174400 finite elements. Seismic excitation was presented by kinematic time-dependent 
displacements of soil. The dissipation matrix for column and beam finite elements is formed by the 
coefficient of internal inelastic resistance of the material [28]. For beams and columns, damping ratio was 
used as . .r cξ  = 0.05, for soil – soilξ  = 0.15, and for TMD’s constructions – TMDξ  = 0.1. 

 
Figure 13. 3D FEM of target building. 

The comparison between the analytical and finite element models is shown in Fig. 14 and 15. The 
displacement of the top floor has a good agreement in terms of maximum and minimum values. The 
accelerations, in turn, have rather large differences since the analytical model considers non-deformable 
slabs. 
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Figure 14. Comparison between two models. Displacement. 

 
Figure 15. Comparison between two models. Acceleration. 

Analytical model allows to define in short time the optimal parameters of TMD’s constructions. After 
this analysis, it is reasonably to use FEM to assess stresses in building’s elements. For example, in Fig. 16 
and 17 bending model and shear force in the most loaded column are shown. Reduction of the inner forces 
in column has reached up to 50 %. 

 
Figure 16. Bending moment in column in target building with and without TMD. 
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Figure 17. Shear force in column in target building with and without TMD. 

3.4. Reduction of the Vertical Accelerations in Target Building 
Due to vertical stiffness of BCS spring blocks and using 3D FEM, it is possible to assess the efficiency 

of the TMD in Z direction subjected to vertical seismic excitation (Fig. 7). In Fig. 18 and 19 time-history 
acceleration and response spectra of the point, which is close to shear wall of the building, is shown. The 
TMD can reduce vertical acceleration up to 30 % in comparison with uncontrolled building. It was achieved 
principally new effect of efficiency of the TMD in Z direction. This effect has not been mentioned in recent 
investigations in TMD’s field by others researchers [4–6, 12, 20–22]. 

 

 
Figure 18. Vertical absolute acceleration of the top floor in target building with and without TMD. 

 
Figure 19. Response spectra (𝝃𝝃=0.05) of the vertical absolute acceleration  

of the top floor with and without TMD. 
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4. Conclusions 
The main idea of the proposed TMD is to use the existing upper technological part of the building, 

located above the residential floors, as a TMD device. This new approach can achieve significant increase 
in TMD’s efficiency by using the optimal mass, stiffness and damping properties of the TMD. 

The proposed TMD construction has an optimal mass ratio of about 2 %. It can be installed in existing 
buildings or in new buildings using the upper technological floor and the roof as the mass of the TMD. This 
solution does not require transportation of a huge TMD to the installation site on the top floor of the structure. 
The TMD is a passive seismic and wind control device and does not require any external energy sources 
or its maintenance. The relative displacements between the TMD and the building are quite acceptable, 
less than 5 cm, due to the optimal damping of the system. 

A stiffness matrix has also been developed. It allows to consider soil stiffness, bending and shifting 
modes of a building. It is very easy to use the damping ratio in analysis separately for soil and for the TMD 
in case where the TMD is not tuned to the 1st eigenfrequency of a building. 

The approach of using the top of a building as a TMD can significantly reduce response accelerations 
and stresses in elements of the building along the entire height subjected to seismic and wind loads. It has 
been shown that the accelerations was reduced by up to 50 % in comparison with a dynamically 
uncontrolled building. 

The developed TMD construction can reduce vertical acceleration and motion in primary building 
due to the large mass of the roof. It has been shown that the vertical acceleration of the top floor was 
reduced by up to 30 % in comparison with a dynamically uncontrolled building. 

Innovative TMDs were developed to reduce seismic vibrations in high-rise buildings. However, it is 
also possible to use this construction of TDM for reduction of wind vibrations. 

In general, TMD mentioned in this paper is able to reduce rocking and torsional motions caused by 
earthquake and wind loads and these investigations are ongoing. 
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Abstract. Lightweight concrete has been used in buildings for centuries, due to its longevity and durability. 
In recent years, new studies have shed light on additives capable of reducing concrete weight while 
increasing strength. Nanosilica is one of these additives, which regulate the fundamental Calcium Silicate 
Hydrate CSH process in water. The addition of nanosilica (NS) particles to concrete improves its density 
and strength. In this work, we started by creating a reference mixture without additives and another mixture 
containing a different ratio of nanosilica. Porcelanite was used as a lightweight aggregate. First, the 
porcelanite aggregate was crushed into pieces of different sizes (6 and 9.5 mm). The results of testing 
under compression showed that mixes containing 1, 1.5, 2 wt. percent of nanosilica gave the best results 
when compared to a reference mix without nanosilica. Porcelanite rich in SiO2 and nanosilica were utilized 
to partially substitute cement. A comparison was made with the reference mix (without nanosilica) to figure 
out the efficiency of using nanosilica in lightweight porcelanite concrete. The highest average compressive 
strength at a particle size of porcelanite (6 mm) of 18.1 MPa and 15.3 MPa can be obtained at 28 days 
using 1.5 and 2 wt. percent of nanosilica, with 40.3 % and 18.6 %, respectively. The addition of 1 wt. percent 
of NS, on the other hand, has a negative effect on the compressive strength of 6 mm grain size porcelanite 
by a factor of not more than 2.3 % at 28 days. Flexural strength of 3.04 MPa can be obtained at 28 days 
using 1.5 wt. percent of NS at a particle size of 6 mm of porcelanite, with percentages of 424.1 %. The 
flexural strength of porcelanite aggregate concrete increases with a low percentage of various NS. The bulk 
density decreases when using porcelanite aggregate concrete at 6 mm and 9.5 mm particle sizes with 2 % 
from nanosilica by 4.84 % and 8.86 %, respectively. field Emission Scanning Electron Microscope FESEM 
test was carried out to study the structure of the fractured nature of the highest compressive strength 
samples and reference. 

Citation: Ahmed, S.I., Hameed, A.M., Al-Adili, A.Sh. Effect of nanosilica on properties of porcelanite 
aggregate concrete. Magazine of Civil Engineering. 2024. 17(5). Article no. 12905. 
DOI: 10.34910/MCE.129.5 

1. Introduction 
Lightweight aggregate concrete (LWAC) is not a new concept in the world of concrete; however, it 

has been used for thousands of years. The durability and longevity of concrete are demonstrated by ancient 
buildings [1]. LWACs building materials included pumice, scoria, and other naturally occurring volcanic 
debris [2]. In construction, the weight represents a great issue. Luckily, the LWAC may be produced by 
utilizing LWA (lightweight aggregates) [3]. Porcelanite lightweight aggregate rocks were discovered to be a 
locally available material in the production of cost-effective Structural Lightweight Concret (SLWC) [4]. Due 

https://creativecommons.org/licenses/by-nc/4.0/
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to its low weight and high strength, Lightweight Concrete LWC has recently been the focus of many studies. 
[5–7]. The equilibrium density of structural lightweight concrete ranges between 1120 and 1920 Kg/m3.This 
type of concrete, which is suitable for structural purposes, must have a compressive strength of 17 MPa 
after a 28-day water cure [8]. Low Strength Concrete LSC is defined as concrete with a compressive 
strength of less than 17.0 MPa after 28 days; Medium Strength Concrete MSC is defined as concrete with 
a compressive strength of between 17 and 27 MPa; and High Strength Concrete HSC, which is defined as 
concrete with a compressive strength of more than 41 MPa [9]. Nanotechnology is a new approach to 
science that deals with the understanding and control of matter at the nanoscale, or between 1 and 100 
nanometers in size [10]. Nanosilica NS is one of the nanomaterials utilized in the formation of building 
materials, has generated a lot of concern [11]. Adding NS to concrete mixtures has improved the materials 
properties [12]. NS has a larger surface area due to the small size of its particles, which improves cement 
hydration and pozzolanic processes, according to recent research   [13]. NS has a high reacting pozzolan 
that can put away Calcium Hydroxide CH and generate subsidiary Calcium Silicate Hydrate (CSH) [14, 15]. 
A few studies show that adding nanosilica has a greater effect on primary silicate polymerizing compared 
to the CSH quantity produced in the end [16]. Microstructural studies indicated that NS considerably impacts 
the concrete pore properties, resulting in denser and stronger microstructures. [17]. Another process by 
which NS might affect the characteristics of cement composite is the seeding effect, where hydration 
products are preferentially exposed to more places for them to precipitate [18, 19]. 

The application of nanoconcrete is used in civil engineering projects such as highway bridges [20], 
dams, and structural buildings. 

The objective of this study is to investigate their effects on some concrete qualities, such as 
compressive strength, flexural strength, bulk density, and microstructure analysis by Field Emission 
Scanning Electron Microscope FESEM, by adding nanosilica to porcelanite aggregate concrete and 
comparing all properties of porcelanite concrete without nanosilica (reference concrete) with porcelanite 
concrete with nanosilica. As a lightweight cement substitute, two grain sizes of 6 and 9.5 mm of crushed 
coarse porcelanite aggregates were used in this work. Nanosilica was added in different percentages (0, 
1, 1.5, and 2 wt. percent to the cement content as an aggregate substitute in concrete with a mixing ratio 
of cement, sand and porcelanite 1:1:1. 

2. Materials and Methods 
2.1. Materials 

table one and table two show the chemical and physical compositions of regular Portland cement 
Type1 that was utilized, manufactured by al Mass Factory, Iraq. The test results indicate that the adopted 
cement conformed to ASTM C150-16 [21] and Iraqi Standard Specifications (IQS No.5, 1984) [22]. 

Table 1. Chemical parameters of regular Portland cement. 

Constituent Lime 
(CaO)  

Silica 
(SiO2)  

Alumina 
(Al2O3)  

Iron Oxide 
(Fe2O3)  

Magnesia 
(MgO)  

Sulfur Trioxide 
(SO3)  

Weights % 61.5 20.8 3.5 3.2 1.7 2.5 
ASTM C150-16 – 20 (min) 6 (max) 6 (max) 6 (max) 3 (max) 

Limited of IQS No.5 % – – – – ≤ 5 ≤ 2.8 
 

Table 2. Physical parameters of regular portland cement. 

Constituent 
Specific 

surface area 
m2/kg 

The Primary 
setting time 

h  min 

Last setting 
period 
h  min 

Compressive 
strength (MPa)  

3 Days 

Compressive 
strength (MPa)  

7 Days 

Weights% 350 2  20 8  20 17 
24 

 
ASTM C150-16 280 min 00  45 06  25 10 min 17 min 

Limited of IQS No 5  – 1 00 10  00  ≥ 15 ≥ 23 
 

Silicon dioxide (SiO2) nanopowder was also utilized in the current experimentation work, 
manufactured by skyspring nanomaterials, USA table three shows the properties of the nanomaterial 
according to data sheet. 
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Table 3. Nano-silica (SiO2) Properties. 

Product Name Color Particle Size 
(nm) 

Surface area 
(m2/g) 

Al2O3 
(%) 

Fe2O3 
(%) 

CaO 
(%) 

MgO 
(%) 

Silica Powder Nano Grade White 20 160  0.002 0.001 0.002 0.001 
In this study, porcelanite was used as a coarse aggregate, it is locally available, and exits in nature 

as a lightweight and white in color stone. The Ministry of Industry and Minerals State Corporation of 
Geological Sciences Survey and Mining received porcelanite in huge lumps. Porcelanite stones avail in 
Wadi Mallusa (Rutba) at a location called El-Anbar Provinces Western Desert, Iraq; it is done according to 
ASTM, C330-05. [23]. See table four. 

Table 4. Properties of lightweight porcelanite aggregate. 

Product Name Color 
Water 

absorption 
% 

Saturation 
% 

Thermal 
conductivities W/m. K 

apparent density 
Kg/m3 

density 
Kg/m3 

Lightweight 
Porcelanite 
aggregate 

Off 
white 39 3.5 0.2 -1.0 1600 -1900 1447 

 

EUCOBET SUPER VZ is a superplasticizer with a stunting influence that is made from synthetic 
materials, manufactured by Swiss Chem., Egypt, table five depicts its proprieties according data sheet. 

Table 5. Properties of Superplasticizer according to data sheet. 

Product Name Color Specific 
gravity 

Chloride 
content Air entraining Compatibility with 

cement 
Shelf 
life 

EZ Brown 1.1 Nil Does not 
entrain air 

All type of Portland 
cement 

Up to 2 
years 

 

In this work, the cementations mix included NS with a purity of 99.5 percent   and a bulk density of 
0.08 to 0.10 g/cm3. A commercially available colloidal silica suspension nanosilica NS  was used to make 
the concrete, table three shows nanosilica’s characteristics. 

3. Methods 
3.1. Dispersing nanomaterial in water 

Nanosilica must be dispersed in water before adding it into the concrete mix. The ultrasonic method 
was to disperse the nanomaterial in water [24]. Before starting dispersal, using gloves and face mask. That 
the handling of nanomaterials is a dangerous process. First, the nanomaterial required for each sample 
batch of the design mixture was weighed and placed into a beaker. A quantity of water was poured and 
mixed. Ultrasound for this purpose is placed at a frequency of 100 Hz. Note that mixing the dispersed 
nanomaterial into the concrete mixture was done within 5 minutes to keep it constant. 

3.2. Samples’ preparation 
table six shows the mixture design employed in the current experimentation, it is done in the concrete 

laboratory in Technology university as well as the amount of utilized design material. The difference 
between each batchs mix compositions is the percentage of nanosilica used and the grain size of 
porcelanite. 

Measuring all essential components was done in accordance with the mix design percentage before 
the concrete mixing commenced. After wetting the concrete mixer, it was added the entire dry mix 
components, such as porcelanite, sand, and cement. After that, in the mixer, 10 percent of the needed 
water was provided and thoroughly blended. The left water was then added, preceded by the nanomaterial 
that had been disseminated. The materials were combined until the mortar and concrete became 
homogeneous. 

For eight of the concrete mixtures containing (48 samples), the concrete got poured and put flat into 
lubricated cubic molds with dimensions of 100 mm *100 mm * 100 mm . It is done according to BS 1881-
116 1983 [25], and prism molds with dimensions 280 mm * 75 mm *75 mm, it is carried out in accordance 
with BS 1881-101 1983 [26]. Were used to cast three specimens A, B and C at each batch, out of a total 
24 cubic samples and 24 prism samples. 

For compaction, three layers of concrete were placed in each mold, and a vibrator was used for 
around 3–4 minutes to equally disperse the concrete. Finally, a trowel was used to smooth out the molds. 
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For each mixture, three samples are poured and the average is taken for the calculations. All cast 
specimens were covered for at least 24 hours to avoid any early loss of moisture via evaporation under 
room conditions, then they were demolded. One got demolded, the mortar specimens were promptly 
labeled and deposited in the curing tank for a 28-day curing phase. In lab settings, the water in the cure 
tank was left at room temperature. 

Table 6. The Proposed mix of specimen. 

Mix type Cement 
(kg/m3) 

Sand 
(kg/m3) 

Porcelanite 
(kg/m3) Water/ cement ratio Nanosilica 

(kg/m3) 
Superplastsizer (wt. 

%) 
A1 Ref. 570 570 570 0.35 0 0.4 

A2 564.3 570 570 0.38 5.7 0.4 
A3 561.45 570 570 0.38 8.55 0.4 
A4 558.6 570 570 0.38 11.4 0.4 

A5 Ref. 650 650 650 0.35 0 0.4 
A6 643.5 650 650 0.38 6.5 0.4 
A7 640.25 650 650 0.38 9.75 0.4 
A8 637 650 650 0.38 13 0.4 

4. Results and Discussion 
The property of nano porcelanite concrete is poured into molds to make three cubes and three prism 

for each batch. 

4.1. Compressive strength test 
A compressive strength test was employed in the current study, before starting with this testing, each 

sample was air cured for a period of 21 days to remove extra moisture. The specimen was carefully 
positioned in the center of the test appliance, in the opposite direction of loading. After that, the compressive 
strength test appliance was calibrated according to the manufacturers requirements. Until the cube was 
crushed, the loading ratio got set to 10 KN/s. Fig. 1 and 2 showes the compressive strength with various 
failure patterns. 

At particle size six mm of porcelanite aggregate (PA) all compressive strengths of batch A2, A3 and 
A4 were greater than the reference A1, but at particle size 9.5 mm of PA the compressive strength little 
increases than the reference at batches A6 and A7 but at batch A8 decreases than the reference, the 
efficiency of the nanosilica increases with strength at particle size 6 mm of PA. 

fig. 1 and fig. 2 / table six are comparisons of strength of porcelanite aggregate with different 
nanosilica and different particle size of porcelanite, show that batch A3 is high strength than other batch. 

0

2

4

6

8

10

12

14

16

18

20

 Compressive strength
 Load

No. of batch

C
om

pr
es

si
ve

 s
tre

ng
th

 (M
Pa

)

A1 Ref A2 A3 A4
0

20

40

60

80

100

120

140

160

180

200

 L
oa

d 
KN

 
Figure 1. Compressive strength of porcelanite aggregate concrete  

at coarse porcelanite 6 mm with different ratio of nanosilica. 
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Figure 2. Compressive strength of porcelanite aggregate concrete  

at coarse porcelanite 9.5 mm with different ratio of nanosilica. 

4.2. Flexural strength 
The flexural strength at the 28th day is shown in fig. 3 and fig. 4 / table six. The inclusion of nanosilica 

boosts it to new heights. The nanoparticles efficiency in enhancing flexural strength increases the following 
order: A2, A3, A4, A6, A7, and A8, respectively. 

The strength of concrete without nanosilica is lower compared to that of concrete with different nano 
ratios. 
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Figure 3. Flexural strength of porcelanite aggregate concrete  
at 6 mm coarse aggregate with different ratio of nanosilica. 

Compressive strength, flexural strength, and density are the most acceptable terms to use when 
describing concrete strength. The concrete strength in relation to the mortar composition can be used to 
describe the overall picture of its quality. Adding nanosilica to lightweight aggregate can improve its 
compressive strength, which can help in the construction industry by casting any thinner section or longer 
span. 
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Figure 4. Flexural strength of porcelanite aggregate concrete  
at 9.5 mm coarse aggregate with different ratio of nanosilica. 

4.3. Fresh and bulk density 
Fig. 5 and fig. 6 / table six display the fresh and bulk density results batch according to ASTM C642-

97 [27]. The variables’ weight, density, and the compressive strength need to be considered. Loads at 
specimens failure and densities from the same batch show significant variation. As illustrated the dispersing 
techniques of nanomaterial as well as the casting procedure are identical. Because the whole batch was 
blended together, any weight discrepancy caused by nanoparticles or nanomaterial dispersing is not 
apparent. Consequently, the weight discrepancies could be explained by the fact that the amount of mortar 
used in the two molds differs. As a result, the total amount of content may differ. As a result, each specimen 
weight may differ; this can be attributed to human errors, which is unavoidable. Nonetheless, the demolded 
cubes showed no signs of wear. 
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Figure 5. Fresh and bulk density of porcelanite aggregate concrete  

at 6 mm coarse aggregate with different ratio of nanosilica. 
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Considering this, there was no deformation in the demolded cubes; the distribution of the mortar was 
also uniform and smooth. In batches A2, A3, and A6, compacting and distributing the mortar become more 
difficult because of the hydrophobic qualities of NS. However, with a lot of vibrating and compacting, the 
distributing was even. 

The nanosilica enhancing the densities are lightest than the reference in all batches A2, A3, A4, A6, 
A7 and A8. 
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Figure 6. Fresh and bulk density of porcelanite aggregate concrete  

at 9.5 mm coarse aggregate with different ratio of nanosilica. 

4.4. FESEM analysis 
After 28 days of water curing and dry the samples, FESEM imaging was performed on the fractured 

faces of the reference batch and maximum compressive strength batch, as well as the minimum 
compressive strength batch without nanosilica. 

fig. 7 show FESEM micrographs of the reference batch A1 of the material at magnifications ranging 
from figure 7-A equal 4000X and figure7- B to 15000X. 

The three phases of concrete are cementitous paste, aggregates, and the interfacial transition zone 
(ITZ). Lesser anhydrate cement, lesser CSH, larger calcium hydroxide crystals, more ettringite content, and 
increased porosity (lower density) characterize the ITZ. 

          
Figure 7. A, B Field emission scanning electron of reference batch  

at particle size of porcelanite 6mm without nanosilica at different magnification. 
Because it strongly depends upon materials porosity, penetrability, and pore size distributing, the 

pore structure of cementitious materials is well recognized as an important feature because it impacts 

A B 
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parameters like strength and permanency [28, 29]. The micro-structure of the reference batch that has the 
largest density is extremely compact. It has lesser voids as well as porosity features similar to the needle-
like C-S-H crystals. The reference batch has no high compressive strength because the produced voids 
did not regularly exist and the porosity features did not evenly spread throughout the mix [30, 31]. 

Three dissimilar areas of the FESEM imaging of the mixture design are shown in fig. 8, it can be 
noticed that the best compressive strength was achieved at magnifications ranging between 7000 and 
13000. Nanosilica fill the openings among aggregates, NS takes the shape of conglomerated clumps, as 
seen in the figures above. These strengthen the bond strength by filling up any void or space amid the 
aggregates. Accordingly, this mixture, in comparison to the reference mixture, achieves high compressive 
strengths while having a lower density. 

         
Figure 8. A, B Field emission scanning electron microscope of best batch of compressive  

at particle size of porcelanite 6mm with 1.5wt. % nanosilica at different magnification. 
Fig. 9 depict reference specimen at grain size of porcelanite 9.5 mm intensification between 8000 

and 15000 correspondingly. The specimen is without nanosilica but contains more cracks and voids. 

1 wt. % of nanosilica was added to mix A6; this percentage represents the lowest quantity of 
nanosilica. As it can be seen in fig. 10, C-S-H paste and C-S-H crystal forming are relatively low in FESEM 
images. C-S-H is formed when cement reacts with water, but because to the high quantity of nanosilica in 
the cement, the unrestricted water content in the cement could be decreased, leading to less C-S-H creation 
as well as a porous matrix. This also reveals the samples microstructure, which shows a highly insecurely 
packed cement matrix, which reduces density and increases compressive strength. fig. 10 shows that the 
interacting has a crucial function of enhancing the compressive strength of lightweight concrete. 

          
Figure 9. A, B Field emission scanning electron microscope of control batch  

at particle size of porcelanite 9.5 mm without nanosilica at different magnification. 

A B 
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Figure 10. A, B Field emission scanning electron of best batch of compressive strength  
at particle size of porcelanite 9.5 mm with 1wt. % nanosilica at different magnification. 

5. Conclusions 
Some conclusions were established based on the investigation of the nanosilica influence upon the 

compressive strength of lightweight concrete as follow: 

1. All specimens classified lightweight concrete LWC. 

2. Most of the specimens of nanomaterial reinforced lightweight concrete show an increasing in 
compressive strength. 

3. The density of the concrete is lightest when adding nanoparticles to the mixture. So, it can be 
considered as Structural Lightweight Aggregate Concrete SLWAC . 

4.  The costs of nanomaterial reinforced concrete could be reduced to a minimal increase when mass-
produced in huge quantities, after reaching industrialized grade NS. 

5. After 28 days of curing, the lightweight concrete without nanomaterial for such mixture design had 
an average compressive strength of 12.9 MPa. 

6. Batches A3 and A6 have strong compressive strengths of 18.1 MPa and 14.9 MPa, with 40.3 
percent and 10.3 percent increase over the control mixture, respectively. 

7. The optimum combination consists of 1.5 wt. percent NS with a grain size of porcelanite six mm, 
batch, it is consider Medium Strength Concrete MSC. 

8. Flexural strength high increased at all ratio of nanosilica and at any particle size, the optimum of 
flexural percentage increase 424.1 %. 

9. FESEM micrographs provided information about pore distribution and voids of the prepared 
porcelanite concrete. In addition, it is uniform adhesion resulting stronger and lighter. 
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Abstract. There are instances where foundations are closely spaced, such as around railroad sleepers 
and foundations close to property lines. In such circumstances, the stress isobars of the separate footings 
may interact and combine to generate an overlapping stress isobar that affects a wider zone of the 
foundation soil and alters the individual foundations behavior, which would be different from that of the 
isolated footings. As a result, an examination of such issues should be conducted by taking into account all 
the variables that realistically affect the interference behavior of such closely spaced footings. This paper 
has been conducted to understand the behaviour of closely placed strip footings of different depths 
embedded in saturated cohesive soils under various factors such as the groundwater table, soil undrained 
shear strength, footing depth, and the spacing between footings using a three-dimensional finite element 
model (Midas GTS-NX). The evaluated ultimate bearing capacity (UBC) and settlements are represented 
in terms of non-dimensional efficiency factors for UBC: ξL/ξR (Left/Right). It was concluded that when the 
spacing between footings is increased from S/B = 1 to 2, there would be an increase in the UBC of both 
footings when Dfr/Dfl increases, then the bearing capacity decreases when S/B is increased to 4. For 
footings of different embedment depths, when the ground water table is deep (at 4 m depth), the values of 
UBC ratio ξR increase with S/B while ξL decreases. This is because of various embedment between the 
two adjacent footings. In all cases, when the ground water table is at the ground surface, lower values in 
ξL are at Cu = 60 kPa, while the higher values in ξR are found at this strength. 

Citation: Ayasrah, M.A., Fattah, M.Y. Assessment of two nearby interfering strip footings of different 
embedment depths in saturated cohesive soils. Magazine of Civil Engineering. 2024. 17(5). Article no. 
12906. DOI: 10.34910/MCE.129.6 

1. Introduction 
One significant design factor to take into account is the settlement of foundations under working load 

situations. Designed effectively foundations cause the soil to develop stress-strain conditions that are 
neither linearly elastic nor perfectly plastic [1]. Settlements usually prioritize footing construction over 
bearing capacity when working with soft clay and sand. Therefore, for the construction of shallow 
foundations, settlement calculations are crucial. The impact of nearby footings is usually disregarded while 
assessing isolated footing capacity when taking permissible settlement requirements into account. In this 
regard, numerous studies using both experimental and numerical methods have been performed to 
determine the interference impact of two nearby shallow foundations [2]. 

According to Kumar and Ghosh (2007) [3], an upper bound limit analysis was used to ascertain the 
ultimate bearing capacity (UBC) of two closely spaced strip footings installed on a cohesionless medium 
that were loaded simultaneously to failure at the same magnitude of the failure load. Each footing edge was 

https://creativecommons.org/licenses/by-nc/4.0/
https://orcid.org/0000-0003-3997-8009
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assumed to have a logarithmic spiral radial shear zone made up of many triangular rigid blocks. The 
ultimate bearing capacity was discovered to correspond to a specific essential spacing between the two 
footings. For spacing greater than the critical, it was discovered that the bearing capacity decreased 
continuously as the distance increased. The obtained results indicate a reasonable degree of agreement 
with the available experimental and theoretical data. 

In the article [4], an attempt has been made to simulate the settling behavior of two strip footings 
situated near each other on a layered soil deposit, featuring a strong upper layer and a weaker lower layer. 
The governing differential equations were derived using the theory of elasticity and then solved using the 
finite difference analysis. Many parameters have been investigated on the settlement behavior of closely 
spaced footings, such as the footing load, clear distance between the footings, and the elastic moduli and 
thickness of the two layers. The results of the theoretical investigation show that the settlement of closely 
spaced footings is larger than that of a single isolated footing and that the settlement decreases as the 
spacing between the footings increases. 

The interaction of two closely spaced rigid strip footings resting on a homogeneous soil bed was 
examined in [2] using finite element analysis (FEA) in order to find their UBC and settlement behavior 
subjected to inclined loading. The foundation soil was modeled as elastoplastic material obeying the Mohr-
Coulomb failure criterion. Numerous parametric studies were performed by varying the angle of inclination 
of load and clear spacing between the footings. The findings showed that both bearing capacity and 
settlement of interacting footings compared to that of an isolated footing increased with decrease in spacing, 
whereas the effect on the UBC for footings was not significant. 

On the other hand, the performance of two closely spaced strip footings resting on the surface of the 
semi-infinite clay soil medium was examined [4]. Two-dimensional plane strain FEA was used to observe 
the effect of interference on characteristic behavior such as bearing pressure, tilt, and settlement. A 
parametric study has been conducted by altering the clear spacing and depth of the footings and examining 
the impact of these changes on the load-settlement characteristic, bearing pressure, and settlement 
variation with clear spacing. The study concluded that the interference impacted the isolated footing's 
performance. In contrast, the study observed an increase in settlement compared to the isolated footing, 
and a decrease in bearing pressure as the clear spacing between the footings decreased. 

Parametric studies were done in [6] for two foundations by varying the spacing between the 
foundations and the footing width. In the first instance, both footings were simultaneously loaded up to 
failure. In the second instance, an already existing footing was loaded with half of the estimated failure load 
of single independent strip footing and second adjacent footing was loaded up to failure. The interference 
effect was observed to be particularly significant in terms of the settlement and tilt. In addition, it was 
observed that the presence of shear keys has a significant effect on interference between footings when 
compared to not having them, particularly in reducing foundation tilt. 

However, the impact of the embedment on the interaction of closely spaced footings is seldom 
highlighted. In order to better understand the effect of footing depth on the interference effect, two adjacent 
interfering strip footings at different depths in saturated cohesive soils were studied. 

In this study, two strip footings are considered to investigate the effect of their interference on the 
bearing capacity of saturated cohesive soils. The strip footings have 0.3 m of thickness (H) and 2.0 m of 
width (B), as shown in Fig. 1. In addition, the depth of footings (Df), the spacing between footings (S), the 
undrained shear strength of the clay (Cu), and the groundwater table level (GWT) are changed. As a result, 
FEA is applied to each case. Table 1 lists the parametric studies considered in this analysis. 

 
Figure 1. Schematic representation of nearby footings. 
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Table1. Soil properties, footings, and parametric studies. 

Parameters 𝛾𝛾, kN/m3 Cu, kN/m2 E, kN/m2 ʋ 

Clay 18 
40 40000 

0.3 60 60000 
100 100000 

Footings 24  25x106 0.2 
Range of varying parameters 

S/B 0.5 1 2 4 
GWT 0 2 4  
Cu 40 60 100  

Special Case: Footings of different depths 
Depth of left footing, Dfl 1 m 1 m 1 m 

Depth of right footing, Dfr 1 m 2 m 3 m 
Dfr/Dfl 1 2 3 

2. Methods 
2.1. Finite Element Method 

In this study, the behavior of closely spaced strip footings embedded in saturated cohesive soils is 
examined numerically using a finite element analysis (Midas GTS-NX). The model size was 33B x 12B in 
both horizontal and vertical directions, with B representing the width of the strip footings. These dimensions 
were sufficient to reduce boundary effects in numerical modeling, as increasing mesh size did not affect 
the study results. Furthermore, the mesh simulation was conducted using a reasonably fine mesh close to 
the strip footings and a coarser mesh further away from these zones. The boundary condition assumed 
that the bottom surface was hinged to prevent both horizontal and vertical movement and that a roller had 
been applied to the right and left sides of the soil to permit only vertical movement [7-10]. Fig. 2 displays 
the geometrical boundaries and plane strain mesh. It is important to note that the load on each footing is 
applied with uniform pressure. The mesh of this model has 6591 components and 6706 nodes. Due to the 
auto mesh generating method used by the Midas GTS-NX program, it should be noted that the numbers of 
elements and nodes in each model differ slightly. 

 
Figure 2. Finite element mesh of the problem and boundary conditions. 

The soil was simulated using the Mohr-Coulomb constitutive model because of its simplicity and 
correctness [11]. This model is widely used in the FEA of geotechnical engineering, including the undrained 
bearing capacity problems [12–22]. In addition, a linear elastic model was used to simulate the footings. 
Table 1 presents the required soil and footing parameters. 

In the current study, all the models are simulated using Midas GTS-NX utilizing the undrained 
parameters. Consequently, the dilation angle ( )ψ and friction angle ( )ϕ  are equal to zero under undrained 

conditions. Moreover, the undrained modulus of clays ( )uE  is estimated using the following equation, 
which is suggested by [23]: 

( )100 1000 .E Cu= −                                                                         (1) 
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Fundamental to note that the undrained Poisson’s ratio for soil undrained is used with 0.495 rather 
than 0.50 to evade any numerical issues. In addition, the drainage parameter is selected with the third 
option: Undrained (Effective stiffness/Undrained strength) in Midas GTS-NX. Furthermore, the lateral earth 
pressure coefficient at rest ( )0k  has been computed as 1.00, using the following equation: 

0 ,
(1 )

vk
v

=
−

                                                                      (2) 

where v  is undrained Poisson’s ratio. 

2.2. Construction Stages 
The two-dimensional model was constructed using the same soil characteristics and footing 

elements stated in Table 1. The stages are summed up as follows: 

1. Initial Stage (I.S): this stage starts with applying the gravity load to create the initial soil stress prior 
to the installation of strip footings. Also, the boundary conditions were activated in this stage. 

2. Stage 1 (S1): Both footings are installed. Moreover, the displacements were reset to zero at this 
stage to begin calculating the bearing capacity resulting from the applied loads alone. 

3. Stage 2 (S2): the loads were applied using Forty incremental loading steps to simulate the load-
settlement behavior. 

2.3. Definition of Bearing Capacity Ratio (ξ) 

The evaluated UBC ( )uq  and settlements are represented in terms of non-dimensional efficiency 

factors for UBC: L Rξ ξ  (Left/Right). 

.u
L R

u

q of left right footing in presence of right left footing
q of identical isolated footing

ξ ξ =                       (3) 

3. Results and Discussions 
Fig. 3 shows the load-settlement curves for the two nearby footings in clayey soil with Cu = 40 kPa 

of different embedment depths and water table level. The values of bearing capacity of all the cases 
analyzed in this study are summarized in Table 2. 
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b) 

 
c) 

Figure 3. Load settlement curve on soil with Cu = 40 kPa for left and right footing  
with S/B=0.5 and a) GWT= 0, b) GWT = 2 m and c) GWT = 4 m. 

Table 2. Ultimate bearing capacity of footings based on the load settlement curves. 

Cu, 
kPa 

GWT 
m 

S/B Dfr/Dfl qu 
kPa 

Cu 
kPa 

GWT 
m 

S/B Dfr/Dfl qu 
kPa 

Cu 
kPa 

GWT 
m 

S/B Dfr/Dfl qu 
kPa 

40 

0 

1 
1 280 

60 

0 

1 
1 350 

100 

0 
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1 588 

2 285 2 365 2 594 
3 290 3 375 3 600 

2 
1 250 

2 
1 340 
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1 580 

2 260 2 350 2 587 
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Cu, 
kPa 

GWT 
m 

S/B Dfr/Dfl qu 
kPa 

Cu 
kPa 

GWT 
m 

S/B Dfr/Dfl qu 
kPa 

Cu 
kPa 

GWT 
m 

S/B Dfr/Dfl qu 
kPa 

4 
1 253 

4 
1 360 

4 
1 580 

2 260 2 367 2 585 
3 269 3 375 3 592 

4 

1 
1 295 

4 

1 
1 390 

4 

1 
1 595 

2 300 2 395 2 600 
3 305 3 403 3 607 

2 
1 275 

2 
1 383 

2 
1 590 

2 280 2 390 2 594 
3 287 3 397 3 601 

4 
1 265 

4 
1 378 

4 
1 585 

2 270 2 384 2 593 
3 280 3 390 3 597 

 

It is noticed that the bearing capacity values increase with the increase of the undrained shear 
strength, depth of footing, and water table depth. 

When the spacing between footings is increased from S/B = 1 to 2, there would be an increase in 
UBC of both footings when Dfr/Dfl increases. In addition, the bearing capacity decreases when S/B is 
increased to 4. This can be illustrated as follows. When S/B = 1, there must be some interlocking between 
the failure slip surfaces of the nearby footings, which decreases the ultimate bearing capacity, such 
interlocking is overcome when S/B becomes 2. As the spacing ratio increases to S/B = 4, the footings act 
separately and the effect of confinement vanishes. 

According to test results obtained by [24, 25], the presence of a bounding wall has a significant 
impact on bearing capacity, improving it by varying percentages depending on the wall’s depth and distance 
from the edge of the footing. This improvement is caused by an increase in soil confinement beneath the 
footing. 

3.1. Footings of Different Depths 
Fig. 4–7 present the variation of bearing capacity ratio for the left and right footings with Cu for 

different spacing between footings and water table level. Table 3 summarizes the values of Lξ  and Rξ  for 

different S/B values when Cu = 40 kPa. Table 4 present the values for footings with Cu = 60 and 100 kPa. 
In all cases, when the ground water table is at the ground surface, lower values in Lξ  are at  

Cu = 60 kPa, while the higher values in Rξ  are found at this strength. 

Table 3. Variation of Lξ  and Rξ  with S/B for Dfr/Dfl, Cu = 40 kPa. 

GWT (m) S/B Dfr/Dfl ξL ξR 

0 

1 
1 1.00 1.01 
2 1.02 1.08 
3 1.05 1.12 

2 
1 0.98 0.99 
2 1.00 1.02 
3 1.04 1.06 

4 
1 0.96 0.97 
2 0.98 1.00 
3 1.02 1.04 

2 
1 

1 0.99 1.00 
2 1.03 1.05 
3 1.05 1.08 

2 
1 0.98 1.00 
2 1.02 1.04 
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GWT (m) S/B Dfr/Dfl ξL ξR 
3 1.04 1.06 

4 
1 0.98 0.97 
2 1.01 1.02 
3 1.02 1.05 

4 

1 
1 0.99 1.00 
2 1.03 1.05 
3 1.05 1.08 

2 
1 0.98 1.00 
2 1.02 1.04 
3 1.04 1.06 

4 
1 0.98 0.97 
2 1.01 1.02 
3 1.02 1.05 

 

Table 4. Extent of variation of Lξ  and Rξ  with S/B for Dfr/Dfl, Cu = 60 and 100 kPa. 

 

Cu 
(kPa) 

GWT 
(m) 

S/B Dfr/Dfl ξL ξR Cu 
(kPa) 

GWT S/B Dfr/Dfl ξL ξR 

60 

0 

1 

1 0.97 0.98 

100 

0 

1 

1 1.03 1.04 

2 1.00 1.01 2 1.05 1.06 

3 1.01 1.06 3 1.06 1.07 

2 

1 0.96 0.97 

2 

1 1.03 1.04 

2 0.99 1.00 2 1.04 1.05 

3 1.00 1.04 3 1.05 1.06 

4 

1 0.95 0.96 

4 

1 1.02 1.03 

2 0.97 0.98 2 1.03 1.04 

3 0.99 1.03 3 1.04 1.05 

2 

1 

1 0.96 0.97 

2 

1 

1 1.02 1.03 

2 0.99 1.00 2 1.03 1.05 

3 1.01 1.03 3 1.04 1.06 

2 

1 0.95 0.96 

2 

1 1.01 1.02 

2 0.97 0.99 2 1.02 1.04 

3 1.00 1.01 3 1.03 1.06 

4 

1 0.94 0.95 

4 

1 1.00 1.02 

2 0.96 0.98 2 1.01 1.04 

3 0.97 1.00 3 1.02 1.05 

4 

1 

1 0.95 0.96 

4 

1 

1 1.02 1.03 

2 0.99 1.01 2 1.03 1.04 

3 1.01 1.02 3 1.04 1.05 

2 

1 0.94 0.95 

2 

1 1.01 1.02 

2 0.97 0.98 2 1.02 1.03 

3 0.99 1.00 3 1.03 1.04 

4 

1 0.93 0.94 

4 

1 1.00 1.01 

2 0.96 0.97 2 1.01 1.02 

3 0.98 0.99 3 1.02 1.04 
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a) 

 
b) 

 
c) 

 
d) 

Figure 4. Variation of ξL ξR with Cu for different Dfr/Dfl (left and right footing)  
and GWT = 0 for a) S/B = 0.25, b) S/B = 1, c) S/B = 2 and d) S/B = 4. 
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a) 

 
b) 

 
c) 

Figure 5. Variation of ξL, ξR with Cu for different Dfr/Dfl (left and right footing)  
and S/B = 0.5 for a) GWT = 0, b) GWT = 2 m, and c) GWT = 4 m. 
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a) 

 
b) 

 
c) 

Figure 6. Variation of ξL, ξR with S/B for different Dfr/Dfl (left and right footing)  
and GWT = 0 for a) Cu = 40, b) Cu = 60, and c) Cu = 100. 
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a) 

 
b) 

 
c) 

Figure 7. Variation of ξL, ξR with S/B for different Dfr/Dfl (left and right footing)  
and Cu = 40 for a) GWT = 0, b) GWT = 2, and c) GWT = 4 m. 

When the ground water table is deeper (at 4 m depth), the values of Rξ  increase with S/B while the 

values of Lξ  decrease. This is caused by the embedment of right footing. Fig. 8 displays clearly the 

extension of failure zones below footings when the depth of nearby footings changes from Dfr/Dfl = 1 to 2 
and 3. 
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a) 

 
b) 

 
c) 

Figure 8. Total-displacement contour plots for footings of different depths when Cu = 40 kPa,  
GWT = 0, and S/B = 0.5 for a) Dfr/Dfl = 1, b) Dfr/Dfl = 2, and c) Dfr/Dfl = 3. 

4. Conclusions 
This paper examined the impact of two adjacent interfering strip footings embedded in saturated 

cohesive soils. For this purpose, the finite element program Midas GTS-NX has been adopted. The 
following major conclusions can be drawn from the results: 

1. The soil cohesion and the footing depth ratio have a notable influence on the interference of closely 
spaced footings. 

2. When the spacing between footings is increased from S/B = 1 to 2, there would be an increase in 
the ultimate bearing capacity of both footings when Dfr/Dfl increases, then the bearing capacity 
decreases when S/B is increased to 4. 

3. For footings of different embedment depths, when the ground water table is deep (at 4 m depth), 
the values of Rξ  increase with S/B, while the values of Lξ  decrease. This is caused by the 
embedment of right footing. 

4. In all cases, when the ground water table is at the ground surface, lower values in Lξ  are at  

Cu = 60 kPa, while the higher values in Rξ  are found at this strength. 
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Abstract. Concrete is widely used as construction material in civil infrastructures. Generally, this type of 
material can deteriorate due to several reasons, such as temperature variations. It is essential to monitor 
the changes inside the concrete medium using a suitable technique. In this study, six concrete specimens 
(three prisms and three cylinders) with different nanosilica contents were made and tested using the 
ultrasonic pulse velocity (UPV) method. These specimens were evaluated under the effect of daily freeze-
thaw (F-T) cycle (71 cycles) under controlled laboratory conditions. A new evaluation approach based on 
selected frequency bands is proposed to analyze the signal spectra to monitor the damage development 
inside the concrete medium under temperature variations and compared with other conventional 
procedures. The results obtained show that the proposed approach could capture the damage progress 
better than other procedures used to evaluate damage propagation in concrete medium. It is shown that 
the band with high frequencies (42–65 kHz) is more robust to capture damage in all concrete specimens 
tested in this study in comparison with the UPV methods. In conclusion, the findings of this study indicate 
that the proposed new approach can be applied to monitor damage propagation in concrete medium under 
laboratory and field conditions. 
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1. Introduction 
Non-destructive testing (NDT) methods are widely used to characterize and assess the internal 

condition of concrete structures, such as deep foundations, bridges, buildings, pavements, dams, and 
others [1, 2]. In many situations, the consequences of deterioration can include excessive repair, shortened 
service life, and collapse of the structure. It is essential to assess the condition of concrete members during 
construction and throughout their service life. NDT methods are generally used for quality control of 
structure members, for condition assessment of existing structures, for rehabilitation and maintenance, and 
for quality control of repairs. Ultrasonic pulse velocity (UPV) method is one of these NDT methods that are 
used widely to assess the condition of cement-based elements, both in laboratory and field conditions. 

Recently, the method has been used in various fields, such as chemistry, medicine, biology, 
engineering, and physics [3–5]. Ultrasound is used in civil engineering for material characterization by NDT. 
In concrete, the ultrasonic velocity is less sensitive than the wave attenuation [6–14]. Therefore, wave 
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attenuation may be considered as a key parameter that is required for material characterization. The 
importance of this parameter is due to the fact that any reduction in the wave attenuation (wave amplitude) 
indicates a loss of strength or degradation of the material’s internal conditions [15, 16]. However, the use 
of wave attenuation has some limitations due to the difficulty of making reliable measurements at the testing 
site. 

In cold climate areas, the freeze-thaw (F-T) cycle is considered to be the main parameter that causes 
deterioration in concrete structures [17]. P.J. Nixon [18] stated that V.M. Malhotra is a pioneer in using the 
UPV method (1976) to evaluate the F-T resistance of concrete containing recycled aggregates. The 
reduction in UPV was reported after certain F-T cycles, some of which were as high as 4 % after more than 
600 cycles. Other researchers also used UPV as NDT procedure in F-T inspection [19, 20]. Other studies 
have discovered a few drawbacks of UPV under temperature variation [21, 22]. A. Erdélyi et al. [23] found 
that UPV measurements of heated dried specimens were significantly decreased after F-T cycles, but not 
on saturated specimens with NaCl. On the other hand, S.F. Selleck et al. [21] explained that the UPV 
sensitivity to detect changes of microcracking in concrete was not visible. 

The literature review presented above highlighted the use of UPV as a suitable tool to assess the 
concrete conditions under temperature variation. However, the use of UPV alone cannot provide a reliable 
assessment to evaluate the crack propagation inside concrete medium due to the effect of temperature 
variations (F-T cycles). Using the wave attenuation under control conditions along with UPV can be 
considered as a reliable inspection technique to investigate the damages induced inside concrete medium 
subjected to F-T cycles. Based on that, a new approach is proposed in this study to assess the concrete 
conditions of specimens treated with nanosilica under F-T cycles. 

The objective of this study is to investigate the ability of proposed new approach defining two 
frequency bands (low and high frequencies) to monitor the influence of temperature variations (F-T cycles) 
on the integrity of concrete specimens (prisms and cylinders) under controlled testing conditions. UPV and 
other conventional procedures are used for comparison with the proposed new procedure. Mixing concrete 
with nanosilica has received more attention due of its ability to enhance the main characteristics of concrete 
mixtures including compressive strength, durability, and decrease the effect of the F-T cycles [24, 25]. 
Therefore, the concrete specimens were mixed with different amounts of a nanosilica (0 %, 1 %, 3 %) to 
investigate the changes in P-wave characteristics that may occur under F-T cycles using UPV and two 
conventional procedures for comparison with the proposed new technique. The investigation includes 
proposing a damage index called damage reference (DR) based on wave velocity and signal amplitude to 
monitor internal damage in the concrete medium during different time periods. The results of the study 
show that suitability of the proposed new approach to identify the induced damage is better than the 
traditional measurements of UPV and other conventional procedures. 

2. Materials and Methods 
2.1. Concrete Specimens 

Six concrete specimens (three prisms and three cylinders) with different nanosilica content were 
manufactured for this research. Cylinder and prism specimens contained three different percentages of 
nanosilica: one without nanosilica, one specimen with 1 % of nanosilica, and the last one with 3 % of 
nanosilica. Table 1 shows the properties of the concrete used in manufacturing the concrete specimens. 

Table 1. Parameters of the concrete mixture. 
Parameter name Range value 

Slump rate 75.0–100.0 mm 
Air content percentage 5.0–8.0 % 

Water/cement ratio 0.390 
Concrete class C-20 

Nominal aggregate size 20.0 mm 
Specified compressive strength (28 days) 32.50 MPa 

 

Each concrete specimen (prism and cylinder) was subjected to 71 days of F-T cycles using a special 
machine with the ability to control the temperature to mimic F-T conditions. Each accelerated F-T cycle 
represented a full day (24 hours) and was accompanied by a gradual temperature change set to a gradual 
increase from –25.0 to +25.0 °C with ±2.0 °C. 
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2.2. Instrumentation Setup 
2.2.1. UPV setup 

The UPV measurement equipment consisted of four components: 1) pair transducers; 2) a function-
generator; 3) oscilloscope; and 4) laptop computer used as a data acquisition system (DAS) (Fig. 1a). A 
pair of 54 kHz transducers with a diameter of 50 mm was used for measurements, one transducer for 
transmitting the pulse, and the other for capturing the ultrasonic waves. To obtain consistent results, two 
3D-printed transducer holders with elastic cords to control the pressure on both transducers were fabricated 
(Fig. 1b). 

The function generator was used to generate square wave frequency of 60 kHz and amplitude 
10.0 vpp. to excite each specimen. Coupling grease was used between specimens’ surfaces and the 
transducers to minimize signal loss due to air voids. The input-output signal data were acquired using a 
laptop computer with Keysight-BenchVue® software, which was later used to calculate the UPVs and 
compute the areas below average spectra of signals. 

 
    a)     b) 

Figure 1. UPV testing configuration: a) testing setup, b) 3D-printed transducer holders. 

2.2.2. Damage assessment 
For the concrete cylinder specimens, the UPV testing was performed at defined periods of time 

(before the first F-T cycle, after two days, 15 days and each 7 days until 71 days were reached). To ensure 
the consistency of the results, each specimen was tested three times. As for the concrete prisms, they were 
tested to determine whether the UPV results reflect the change in the internal condition of the concrete in 
two axes (longitudinal and transverse) after 71 F-T cycles. In the transverse direction, four equally spaced 
points (edge and midpoints) were selected for ultrasonic testing. For that purpose, the average ultrasonic 
pulse velocities for each point from the three prism sets were determined before and after the F-T cycle 
tests following the same procedure used for testing the cylinder specimens. In addition, three procedures 
were used to evaluate the damage based on the signal energy, two of which were conventional and used 
by other researchers [1, 3, 9] and the last one is proposed in this research project. The first and second 
procedures take into account the damage inside the specimen based on the signal energy in the time and 
frequency domains, respectively, using index called the damage reference ( ) ,DR  which can be estimated 
using the following equation: 

( )% ,o d

o

S SDR
S
−

=                                                                   (1) 

where oS  is the energy of signal in the time or frequency domain for intact specimen (no damage); dS  is 
the energy of signal in the time or frequency domain for specimen with damage. The larger the DR mains, 
the more damage exists inside the concrete specimen, and vice versa. 

The third procedure is new and proposed in current research based on the definition of two frequency 
bands in the spectrum of each signal. Low frequency band (LFB ≈ 15–35 kHz) and high frequency band 
(HFB ≈ 42–65 kHz), which are shown more changes than other band frequencies. In addition, this 
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procedure uses the DR by calculating the area under each band to evaluate the damage inside concrete 
specimen induced by temperature variations. All the results obtained by the traditional methods and the 
proposed method are compared to investigate the feasibility of the proposed third method for assessing 
the damage in concrete specimens under temperature variations. 

3. Results and Discussion 
3.1. Freeze-Thaw Effect on Concrete Prisms 

3.1.1. Damage assessment using UPV 
Fig. 2 shows the average P-wave velocities calculated from the longitudinal configuration test data 

compared to the F-T cycles for the three concrete prisms. The figure shows that in all cases (with and 
without nanosilica), the P-wave velocity of the specimens does not show any significant trend throughout 
the test period, which can be attributed to the selection procedure of the arrival time based on the UPV 
device readings. 

In the initial periods (from 0 to 7 days), the velocity of the specimen with nanosilica shows a clear 
decrease and then increases to a value exceeding that of the specimen without nanosilica after 71 days. 
The difference between the calculated wave velocities of the specimens with and without nanosilica was 
obtained after two days, and it has a value of 2.6 %. A similar trend of the UPV results was obtained when 
testing the concrete prism in the transverse direction. 

 
Figure 2. Average P-wave velocities of all prism specimens compared to the F-T cycles. 

3.1.2. Damage assessment using signal information 
Fig. 3 shows the time signals acquisition for two prisms, a prism with an intact case and a prism with 

3 % nanosilica, tested before and after 71 days of F-T cycling. The time signals for the intact case show a 
significant decrease in the maximum amplitude (~ 28 %), while for the prism mixed with 3 % nanosilica the 
decrease is smaller than for the intact case (~ 19 %), which can be attributed to the effect of nanosilica that 
reduced the impact of temperature variations. 

Moreover, the frequency spectra of the time signals obtained in Fig. 3 are shown in Fig. 4 with two 
identified frequency bands that are proposed as the third method for assessing the damage induced by 
temperature variations. In this figure, both spectra reveal a small difference in the peak frequencies, but 
the signal energy is significantly reduced for the intact case, while a smaller reduction is observed in the 
prism with 3 % of nanosilica. Similar results are obtained for the prism with 1 % of nanosilica. 

Fig. 5 shows the comparison between the DR values for concrete prisms treated with 0 % and 3 % 
of nanosilica obtained by three procedures, the first and second depending on the peak amplitude of the 
signals over time and the total area under the frequency spectra. While the third procedure is proposed in 
this research and depends on areas under defined frequency bands that are most influenced by damage 
induced by temperature variations. Although the two conventional methods used to calculate DR for both 
cases are able to identify the damage progress better than the UPV method, the latter method, which 
depends on defined bands, shows better results. In particular, the higher frequency band is more robust 
than low frequency band in capturing the damage progress induced by F-T cycles. 
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Furthermore, the results in Fig. 5b show the ability of the added nanosilica to reduce the impact of 
F-T cycles on the internal condition of the prism. The analysis of the signals captured during the pulse 
velocity test provides an extra source of information that can assist in the examination of the condition of 
concrete members. This example shows that the proposed procedure was able to identify the damage to a 
greater extent than other conventional methods currently used in characterization of concrete medium. 

On the other hand, the average time signals measured at four different points along the intact prism 
concrete and the prism treated with 3 % nanosilica before and after 71 F-T cycles are shown in Fig. 6. 

 
Figure 3. Typical time signals of the intact prism and the prism  

with 3 % nanosilica tested in the longitudinal direction at 0 and 71 days of F-T cycling:  
a) intact prism (0 %), b) prism with 3 % of nanosilica. 

 
Figure 4. Typical spectra of the intact prism and the prism with 3 % of nanosilica signals  

at 0 and 71 days of F-T cycling: a) intact prism (0 %), b) prism with 3 % of nanosilica. 
The figure also reveals that the time signals for the intact case show a clear decrease in the maximum 

amplitude (~ 23 %), while for the prism mixed with 3 % of nanosilica the decrease is smaller than that of 
the intact case (~ 14 %), which can be related to the addition of nanosilica that reduced the impact of F-T 
cycles. In addition, the frequency spectra of the time signals obtained in Fig. 6 are shown in Fig. 7 with two 
identified frequency bands that are proposed as the third method for assessing the damage induced by 
temperature variations. 

Sig. @ 0 days 

Sig. @ 71 days 

a) b) 

a) b) 

L
 

H
 

L
 

H
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In this figure, both spectra reveal a small difference in peak frequencies, but the signal energy is 
significantly reduced for the intact case, while in the prism treated with 3 % of nanosilica a smaller decrease 
is observed. Similar results are obtained for the prism with 1 % of nanosilica. 

 
Figure 5. Comparison between DRs of the intact prism and the prism with 3 %  

of nanosilica signals under 71 days of F-T cycling: a) intact prism (0 %), b) prism with 3 %  
of nanosilica. Meth1 represents the 1st procedure based on the peak amplitude, Meth2 represents 
the 2nd procedure based on the total area under spectrum, Meth3LowB and Meth3HighB represent 

areas under low and high band spectra, respectively. 

 
Figure 6. Average time signals of the intact prism and the prism  

with 3 % nanosilica tested in the transverse direction at 0 and 71 days of F-T cycling:  
a) intact prism (0 %), b) prism with 3 % of nanosilica. 

Fig. 8 shows the DR values for concrete prisms with 0 % and 3 % of nanosilica, which are calculated 
using three procedures similar to the analysis of the testing result in the longitudinal direction. Although the 
two conventional methods used to calculate the DR for both cases are able to identify the damage progress 
better than the UPV method, the latter method, which depends on defined bands, shows better results. In 
particular, the higher frequency band is more robust than low frequency band in capturing the damage 
progress induced by F-T cycles. 

a) b) 

Sig. @ 71 days 

Sig. @ 0 days 

a) b) 
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Figure 7. Typical spectra of the intact prism and the prism  

with 3 % of nanosilica signals tested in the transverse direction at 0 and 71 days of F-T cycling:  
a) intact prism (0 %), b) prism with 3 % of nanosilica. 

 
Figure 8. Comparison between DRs of the intact prism and the prism with 3 %  

of nanosilica signals tested in transverse direction after 71 days of F-T cycling:  
a) intact prism (0 %), b) prism with 3 % of nanosilica. Meth1 represents the 1st procedure  

based on the peak amplitude, Meth2 represents the 2nd procedure  
based on the total area under spectrum, Meth3LowB and Meth3HighB represent areas  

under low and high band spectra, respectively. 

3.2. Freeze-Thaw effect on Cylinder Specimens 
3.2.1. Damage assessment using UPV 

Fig. 9 shows the average wave velocities plotted against the test periods for three specimens (0 %, 
1 %, and 3 % of nanosilica). The average velocity of the specimen with 3 % of nanosilica showed a 
decreasing trend until it reached a steady-state level after 7 days. In contrast, the intact specimen (0 %) 
reveals an initial decrease in average velocity and after 7 days increases until it reaches a maximum value 
after  
71 days. On the other hand, the UPV results did not show any consistent trend, which can be used to 
identify the damage induced by F-T cycles. 

H
 

L
 

L
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LFB LFB HFB 
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Figure 9. Typical average P-wave velocities of all cylinder concrete specimens  

(intact and with 1 % and 3 % of nanosilica). 

3.2.2. Damage assessment using signal information 
The time signals acquisition for two-cylinder specimens with the intact case and specimen with 3 % 

of nanosilica tested before and after 71 days of F-T cycling are shown in Fig. 10. The figure shows that the 
time signals for the intact case show a significant decrease in a maximum amplitude (~ 30 %), while for the 
cylinder mixed with 3 % of nanosilica, the decrease is smaller than that of the intact case (~ 12 %), which 
can be due to the effect of nanosilica that reduced the impact of F-T cycles. 

 
Figure 10. Average time signals of the intact concrete cylinders without and with 3 % of nanosilica 
tested at 0 and 71 days of F-T cycling: a) intact cylinder (0 %), b) cylinder with 3 % of nanosilica. 

Furthermore, the frequency spectra of the time signals obtained in Fig. 10 are shown in Fig. 11 with 
two identified frequency bands that are proposed as the third method for assessing the damage induced 
by temperature variations. In this figure, both spectra appear to have a little change in the peak frequencies, 
but the signal energy is significantly reduced for the intact case, while in the cylinder with 3 % of nanosilica 
shows smaller decrease. Similar results are obtained for the cylinder with 1 % of nanosilica. 

Sig. @ 0 days 

Sig. @ 71 days 

a) b) 
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Figure 11. Typical spectra of the intact cylinders without and with 3 % of nanosilica signals  
at 0 and 71 days of F-T cycling: a) intact cylinder (0 %), b) cylinder with 3 % of nanosilica. 

Fig. 12 shows the comparison between the DR values for concrete cylinders treated with 0 % and 
3 % of nanosilica, which are calculated using three approaches, the first and second depending on the 
peak amplitude of the signals over time and the total area under the frequency spectra. While the third 
procedure is proposed in this research and depends on areas under defined frequency bands that are most 
influenced by damage induced by temperature variations. In addition, the two conventional methods used 
to calculate DR for both cases are able to identify the damage progress better than the UPV method, the 
latter procedure, which depends on defined bands, shows better results. In particular, the higher frequency 
band is more robust than low frequency band in capturing the damage progress induced by F-T cycles. 

In addition to that, the observations in Fig. 12b confirm the ability of the added nanosilica to reduce 
the impact of F-T cycles on the internal condition of the cylinder, as was noticed with the prism specimens. 

 
Figure 12. Comparison between DRs of the intact cylinders without  

and with 3 % of nanosilica signals tested after 71 days of F-T cycling:  
a) intact cylinder (0 %), b) cylinder with 3 % of nanosilica. Meth1 represents the 1st procedure  

based on the peak amplitude, Meth2 represents the 2nd procedure based on the total area  
under spectrum, Meth3LowB and Meth3HighB represent areas under low  

and high band spectra, respectively. 
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4. Conclusions 
Different approaches based on the UPV testing including the proposed new approach are used to 

assess its potential to capture damage progress in two groups of concrete specimens (prism and cylinder) 
under the impact of 71 F-T cycles, each cycle lasting 24 hours. The UPV testing of all concrete specimens 
is conducted under controlled conditions to ensure the stability of the signals. The proposed technique 
depends on defining two frequency bands: low (15–35 kHz) and high (42–65 kHz) – on each signal 
spectrum obtained from testing of the concrete specimen. In addition, the DR is proposed to monitor the 
damage propagation inside concrete medium and to compare the conventional procedures with the 
proposed new technique. The following conclusions are drawn from the conducted study: 

1. It was found that there is no significant variation was observed in the wave velocities measured by 
the conventional procedure during the study (less than 3 % changes) for all the specimens. 

2. The results obtained from the time and frequency domains indicate a significant change in the 
specimens’ condition under the impact of the F-T cycles. 

3. The proposed new procedure with high frequency band was found to be more robust than other 
conventional procedures in assessing the damage induced in concrete specimens. 

4. At the end of testing period, the DR values calculated based on three procedures for all tested 
prisms with nanosilica (0 % and 3 %) were in the range of 20–63 % and 14–55 %, respectively. 
While for the tested cylinders, the DR were 50–62 % for the intact case and 34–45 % for the case 
with 3 % of nanosilica. The lower values of DR are related to the 1st procedure, and the higher ones 
– to the 3rd procedure with high frequency band. 

5. The results obtained in this research work indicated that a single pulse velocity measurement may 
not be sufficient to capture internal change in concrete medium. 

6. Based on the results obtained in this study, exploring the suitability use of the proposed new 
procedure (HFB 42–65 kHz) to overcome the low sensitivity of the UPV measurements is a good 
choice for monitoring the integrity of concrete medium under temperature variations. 
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Abstract. This research investigated experimentally and numerically the general behavior of six concrete 
beams reinforced with longitudinal and transverse bars made of Glass Fiber Reinforced Polymer (GFRP) 
or steel. Six beams were divided into three groups with different variables. The first group consisted of two 
beams reinforced with GFRP bars in main direction and with steel stirrups. The variable of this group was 
the spacing between the stirrups. The second group consisted of two beams also reinforced with GFRP 
bars in the longitudinal direction and with stirrups in the transverse direction. The variable of this group was 
the same – spacing between the stirrups. As for the third group, it consisted of two beams reinforced with 
GFRP bars in the longitudinal direction and without stirrups in the transverse direction. The variable of this 
group was the main reinforcement ratio. The results showed that the beams reinforced with GFRP bars 
improved their behavior, bending strength and the deflection with different ratios, but had somewhat limited 
shear resistance when using GFRP stirrups. All the tested beams exhibited linear elastic behavior until 
failure, with GFRP being more brittle compared to that of ductile steel. The numerical simulation of six 
beams using ABAQUS software showed good agreement with the experimental data obtained in the 
laboratory. 
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1. Introduction 
Concrete and steel are foundational materials in construction, renowned for their strength and 

durability. However, given the widespread use of these materials, the search for superior alternatives has 
become essential. Fiber Reinforced Polymer (FRP), particularly Glass Fiber Reinforced Polymer (GFRP), 
has emerged as a promising substitute due to its advantageous properties over steel. GFRP is lightweight, 
possesses higher tensile strength than steel, and is resistant to magnetic fields, making it especially suitable 
for civil engineering applications [1–4]. Bank, L.C. [5] discussed FRP’s potential to extend the lifespan of 
structures in harsh environments, while Saraswathy, T. et al. [6] investigated the flexural behavior of 
reinforced concrete beams using GFRP bars. Their study explored parameters, such as failure mode, crack 
pattern, load carrying capacity, load deflection behavior, and ductility in GFRP-reinforced concrete beams. 
GFRP materials offer advantages, such as corrosion resistance and a high strength-to-weight ratio, making 
them suitable for reinforced concrete applications where conventional steel reinforcement faces 
serviceability issues. Ahmed, A. et al. [7] further validated the superior performance and cost-effectiveness 
of GFRP-reinforced concrete beams. GFRP addresses critical challenges, such as steel corrosion, which 
compromises structural integrity and increases maintenance costs. Its corrosion resistance, lightweight 
nature, and electromagnetic neutrality make GFRP ideal for applications in marine infrastructure, MRI 
centers, and electrical substations [8]. Despite these advantages, the long-term performance of GFRP-
reinforced structures requires further study. According to the ACI 440.IR-15 guidelines [9], GFRP-reinforced 
concrete beams should be over-reinforced to fail by concrete crushing rather than bar rupture. The flexural 
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behavior of these beams is less ductile due to the linear elastic and brittle nature of GFRP bars until failure. 
The aim of this study is to evaluate the structural performance of concrete beams reinforced with GFRP 
bars, focusing on their flexural behavior, shear resistance, and the effects of varying stirrup configurations. 
Specifically, the study investigates how increasing the number of GFRP stirrups impacts load-bearing 
capacity and deflection, and compares the performance of GFRP to steel reinforcement. Through this 
research, the study seeks to contribute to the development of optimized design practices for integrating 
GFRP in construction. 

2. Methods 
2.1. Specifications of the Beams under Test 

The experimental program consisted of testing six beams under four-point loading. The beams were 
divided into three groups with different variables, such as the main reinforcement ratio, the distances 
between the stirrups, as well as the stirrup type used to reinforce the beams (steel or GFRP). All beams 
had the same dimensions of 2700 mm in length, 180 mm in width, and 260 mm in depth, with the clear 
span of 2500 mm. The first group included two beams reinforced with GFRP bars in the main direction and 
steel stirrups in the transverse direction, labeled B.S1 and B.S3. The second group included two beams 
reinforced with GFRP bars in the longitudinal direction with GFRP stirrups in the transverse direction, 
labeled B.G1 and B.G3. The third group included two beams reinforced with GFRP bars in the main 
direction without stirrups, labeled G1 and G3. Fig. 1 and Table 1 show the details of all the tested beam 
specimens. 

B.S1 

 
B.S3 

 
B.G1 

 
B.G3 

 
G1 

 
G3 

 
Figure 1. Details of all tested beams. 
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Table 1. Details of reinforcement of the beams. 

Groups Sample Spacing Type of stirrups Bar top Bar bottom 

Group 1 
B.S1 160 mm Steel – Ø 8 mm 2 Ø 8 mm 3 Ø 12 mm 

B.S3 65 mm Steel – Ø 8 mm 2 Ø 8 mm 3 Ø 12 mm 

Group 2 
B.G1 160 mm GFRP – Ø 8 mm 2 Ø 8 mm 3 Ø 12 mm 

B.G3 65 mm GFRP – Ø 8 mm 2 Ø 8 mm 3 Ø 12 mm 

Group 3 
G1 N/A N/A 2 Ø 8 mm 2 Ø 10 mm 

G3 N/A N/A 2 Ø 8 mm 3 Ø 12 mm 
*N/A: not applicate 

2.2. Material Properties 
2.2.1. Concrete mix design 

The concrete mix was designed according to ACI 211.1-22 guidelines [10] to achieve a compressive 
strength of 40 MPa. This concrete mix consisted of sand, gravel, cement, water, and some chemical 
additives to increase workability without affecting the strength of the hardened concrete. Table 2 shows the 
concrete mix proportions for one cubic meter of this material. 

Table 2. Proportions of the concrete mix components. 
Cement, kg/m3 Gravel, kg/m3 Sand, kg/m3 Water, liter/m3 Silica, kg/m3 

475 1030 640 170 20 

2.2.2. GFRP bars 
The longitudinal reinforcement consisted of GFRP bars of 8, 10, and 12 mm diameters. The stirrups 

are closed loops made of GFRP with 8 mm diameter. Several tensile tests were carried out on GFRP bars 
as shown in Fig. 2, for different diameter, and the results showed high tensile strength. The tensile tests 
were carried out in accordance with the ISO10406-1 specifications [11]. According to ISO requirements, a 
number of steel tubes of different diameters and fixed lengths, as shown in Fig. 2, were manufactured. 
GFRP bars were inserted into these tubes using epoxy adhesive from Sika Company (Sika AnchorFix®-
3030), as shown in Fig. 2, because, due to their high tensile strength, the GFRP bars may fall out of the 
tensioning machine during testing. The manufacturer’s manual reported a modulus of elasticity of 
70000 MPa for all GFRP bars. Table 3 shows the results of the tensile tests on GFRP bars. The 
Laboratories of the Consulting Office at the College of Engineering, University of Baghdad, conducted all 
the tensile test. 

 
Figure 2. Details of tensile strength test. 

Table 3. Results of the tensile strength test of GFRP bar. 
Type of bar Ultimate tensile strength, MPa Yield strength, MPa 

GFRP 1350 N/A 
*N/A: not applicate 

2.3. Testing Procedure 
The laboratory setup for the test consisted of a frame with supports spaced according to the design 

specifications. The specimen geometry specifications were 2700 mm long, 2500 mm span between the 
supports, and the width of support is 100 mm. Welded supports held up the specimens. Rubber pads and 
spirit level were used to level and stabilize these specimens. The concrete beam model was painted with 
a light white color to enhance the visibility of cracks during the test. After that, strain gauges were installed 
in bending and shear areas as well as an LVDT. After that, the specimen was lifted and placed on the 
frame, and the hydraulic jack and the load cell were installed on the I-section. The measuring devices were 
connected to the computer and data logger. A simple preliminary test was performed to verify the readings 



Magazine of Civil Engineering, 17(5), 2024 

of the strain gauges and the LVDT. The specimen was tested by applying an incremental load of 250 kg 
per stage until the hydraulic jack failed. The concrete beam was monitored during the test to determine the 
cracks formation from an incremental load. The cracks were marked with black lines along with the 
corresponding load values. All test results were recorded by the data logger in the form of tables, containing 
hundreds of thousands of data until the ultimate failure of concrete beams. Fig. 3 shows the details of the 
test setup components. 

 
Figure 3. Details of the test setup components. 

2.4. Finite Element Simulation 
To gain a better understanding of the behavior of GFRP and obtain reliable scientific results, the 

beams were modeled using ABAQUS and a variety of theories to simulate four-point bending. The models 
of the materials used were determined by their properties and the adopted theories that were divided into 
two parts. The first part involved the representation of concrete using the concrete damaged plasticity 
model, similar to the smeared cracking model but more accurate. The second part involved the 
representation of steel using the classical theory of metal plasticity. This concept is based on the well-
known von Mises yield criterion [12]. The beam components included GFRP, steel, stirrups, as well as a 
set of bearing plates. These components were assigned the material properties defined in the property field 
where the elastic behavior of concrete and the plastic behavior of concrete damage were specified. After 
that, elasticity and plasticity for GFRP and steel were defined, and the modulus of elasticity and Poisson’s 
ratio were also defined for concrete. The bearing plates were assumed to be made of elastic steel. In next 
phase of the modeling process, the beam components were assembled, and the static loads applied to the 
beams were defined. The nature of the bond between GFRP and concrete was assumed to be ideal, and 
the interaction between all beam sections was described. After that, the loads and constraints for roller and 
hinge supports were also defined. There were some attempts to find the optimal mesh size and shape 
during the meshing phase, with generally good results. 

2.4.1. Bar properties 
Due to their high tensile strength and low elastic modulus, GFRP bars exhibit brittle behavior and 

unexpected failure, but the modulus of elasticity in steel is higher. The manufacturer characteristics of 
GFRP and steel bars are shown in Table 4. 

Table 4. The manufacturer characteristics of GFRP and steel bars. 

Type of Bar Tensile strength fy Rupture strain ε Modulus of elasticity E 

GFRP 1350 MPa 0.0192 70000 MPa 

Steel 510 MPa 0.0025 200000 MPa 

 
 
2.4.2. ABAQUS parameters 

The finite element theories rely on parameters that reflect the general properties of concrete in its 
common state. These parameters were determined by extensive research and investigations on concrete 
behavior [13]. Concrete damage plasticity data used in models are shown in Table 5. 

Table 5. Concrete damage plasticity. 
Parameters ψ ϵ fb0/fc0 K µ 

Values 45 0.1 1.17 0.668 0.0001 
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3. Results and Discussion 
The result of testing the six concrete beams showed good resistance to bending loads. As well, the 

deflection has decreased. The resistance of GFRP to shear forces was somewhat limited. The failure 
patterns and the number of cracks were affected by changing the spacing between the stirrups, in addition 
to that the type of the stirrups also had a significant impact on the stiffness of the beams, as the ability of 
the beam to carrying loads increased significantly with the increase in the number of stirrups, in addition to 
significantly reducing the spacing between the stirrups also contributed to changing the pattern failure. In 
terms of the longitudinal reinforcement, the deflection decreased as the proportion of the longitudinal 
reinforcement increased due to the effect of dowel action, and the resistance of beams to shear forces 
increased as the proportion of the main reinforcement improved [14]. 

3.1. Cracks Patterns and Fracture Mode 
The first group of beams consisted of two beams that were reinforced with GFRP in the longitudinal 

direction as a main reinforcement in the same ratio for all beams (1.5 bρ ) and with steel stirrups in the 
transverse direction with different spacing (160 and 65 mm), which is the main variable for this group. In 
beam B.S1, the first crack appeared vertically (at an angle of 90°) in the tension area at a load of 15 kN 
between the two loading points in the mid-span, which is about 10.35 % of the ultimate load capacity. The 
cracks began to spread to the right and left in equal measure in the bending moment area until the model 
failed suddenly at a load of 145 kN. The sudden failure was caused by the concrete collapsing before the 
GFRP bars ruptured in the tension zone, which is known as compressive failure. 

In B.S3 beam, the first cracks were also vertical and occurred in the tension zone at a load of 15 kN 
as well, 8.9 % of the ultimate load capacity. In this model, the spacing between stirrups was decreased by 
59.3 % from that of the B.S1 beam. The increase in the stirrups by narrowing the spacing between them 
led to an increase in bearing capacity of beam by 16.5 % compared to the B.S1. The beam failed suddenly 
at a load of 168 kN. Concrete collapsing followed by the GFRP bars rupture directly in the compression 
zone. This beam was stiffer because the distance between the steel stirrups was reduced by a larger 
percentage than in the beam B.S1. Hence, higher bearing capacity in addition to smaller crack width and 
fewer cracks. Fig. 4 shows the crack pattern of the tested beams of the first group. 

 
Figure 4. Crack pattern of the beams B.S1 and B.S3. 

The second group also included two beams that have been over-reinforced to resist tensile forces 
with GFRP stirrups to resist shear forces. These beams were reinforced with GFRP bars in the longitudinal 
direction as the main reinforcement. The primary variable in this group was spacing (160 and 65 mm) 
between the GFRP stirrups, and the main reinforcement was a constant ratio (1.5 bρ ) in all beams. Due to 
the use of stirrups made entirely of GFRP, the pattern of cracks and failures in this group differed from that 
of the first group. The first crack in the beam B.G1 appeared in the tension region between two loading 
points at a load of 15 kN, 12.8 % of the ultimate load capacity. The cracks continued to increase in width 
and length in the bending moment area and started to spread diagonally at a distance (d) from the support 
face at a 45° oblique angle in the shear zones. These cracks persisted in the shear zone until the beam 
suddenly failed at a load of 117 kN, at which point the concrete in this zone collapsed and the GFRP stirrups 
ruptured, followed by splitting in the concrete cover. When compared to B.S1, this beam showed that the 
stirrups made of GFRP are generally weak in compression and have low elastic modulus compared to 
stirrups made of steel. This caused the failure pattern for B.S1 to change from compression failure to shear 
failure in B.G1. Because the GFRP stirrups weakly confine the concrete to the beam compared to steel 
stirrups, splitting in the concrete was also present in this beam. 

The failure pattern of B.G3 beam differed from that of the previous beam. In the compression zone 
close to the loading zone, where this model failed due to sudden collapsing of the concrete, a condition 
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known as compression failure at a load of 142 kN occurred. The first vertical crack appeared at a load of 
17.5 kN, 12.3 % of the ultimate load capacity, in the tension zone. The cracks spread between the two 
loading points in the bending moment area until the model failed due to compression. Due to excessive 
and further confinement of the beam, the failure pattern changed from shear to compression, and the 
distance between the stirrups became 59.3 % smaller than in the model B.G1. Thus, the addition of more 
stirrups along the beam increased its capacity to resist shear forces and changed its failure pattern. 

The probability of large diagonal cracks in the shear zones or splits in the concrete cover, as occurred 
with previous beams of the same group, was significantly reduced as a result of the increase in the number 
of stirrups and the bonding strength between GFRP bars and the concrete. By reducing the beam size, the 
number of cracks and their width were significantly reduced. Fig. 5 shows the crack pattern of beams of the 
second group. 

 
Figure 5. Crack pattern of the beams B.G1 and B.G3. 

In the third group of beams, shear is the main cause of failure. In the model G1, the first crack 
appeared at a load of 10 kN, which is about 11 % of the ultimate load capacity, between the two loading 
points in the mid-span. Directly below the two loading points, cracks continued to develop and grew in 
length and width. At a load of 35 kN, the cracks began to tilt slightly and spread clearly in an oblique pattern 
beyond the two loading points on the right and left. When the load was 91 kN and the angle was 45 degrees, 
shear failure suddenly occurred. The cracks continued to branch in the shear zones and spread diagonally. 
Horizontal sliding and slight splitting of the concrete cover along the beam illustrates the pattern of failure 
in this beam. The longitudinal reinforcement with GFRP bars, which was used to resist shear forces, caused 
splitting in the concrete cover. 

In beam G3, the first crack appeared at a load of 7.5 kN, which is about 6.3 % of the ultimate load 
capacity. First crack appeared vertically between the two loading points. Cracks began to spread in the 
bending moment area and increased in length and perpendicularity at a load of 20 kN. At a load of 35 kN, 
cracks began to increase below the loading points on the left and right and spread slightly obliquely. At a 
load of 70 kN, cracks began to spread in the shear zones. Then, the crack widths began to increase 
gradually in the shear zones near the supports as the applied load increased, and this was followed by a 
horizontal crack in the concrete cover beneath the bottom of the beam. This beam exhibited the effect of 
dowel action, wherein the longitudinal GFRP bars resisted a portion of the shear forces in the beam via 
dowel action, which had a greater effect than in beam G1. By increasing the ratio of longitudinal GFRP bar 
reinforcement by 200 % compared to beam G1, the resistance of the beam to shear forces increased by 
about 29.6 %. The failure pattern consisted of cracking of the concrete cover, an increase in diagonal cracks 
on both sides of the beam, and a sudden shear failure at a load of 118 kN. Fig. 6 shows the crack pattern 
of beams of the third group. 

 
Figure 6. Crack pattern of the beams G1 and G3. 
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3.2. Load–Deflection 
The four-point bending test of the concrete beams involved measuring the load and the midspan 

displacements at each loading stage. The resulting load–displacement curves revealed a distinct behavior 
for the beams reinforced with GFRP bars compared to those with all-steel bars. The GFRP-reinforced 
beams exhibited larger deflections than the steel reinforced beams, regardless of the orientation of the 
GFRP bars. This can be attributed to the lower elastic modulus of the GFRP bars relative to the steel bars. 
The service load deflections were also higher for the GFRP-reinforced beams than for the steel-reinforced 
beams. Thus, GFRP-reinforced concrete beams should be designed with serviceability criteria (deflection 
and cracks) in mind due to its low modulus of elasticity [15–19]. The type of stirrups, whether GFRP or 
steel, had barely noticeable impact on the load–displacement curves. 

The first group’s main variable was steel stirrup spacing. The maximum service load for this group 
was 60 % of B.S3 beam. Load–deflection curves showed that increasing the number of steel stirrups by 
gradually reducing their spacing did not affect deflection much as shown in Fig. 7. At service load, B.S1 
beam deflection was 15 % lower than that of B.S3. Despite the densification of the steel stirrups, the 
longitudinal reinforcement ratio with GFRP bars in three beams remained constant, limiting beam 
deflection. As can be seen from the curves, increasing the number of steel stirrups in the beams increased 
their load-bearing capacity. The beams failed linear elastic and brittle. 

 
Figure 7. Load–deflection curves for B.S1 and B.S3 beams. 

The maximum service load for the second group was the same – 60 % of B.G3 beam. As shown in 
Fig. 8, increasing the number of GFRP stirrups in concrete beams only slightly affected deflection. Reducing 
the spacing between them resulting in beam B.G3 deflecting 9.4 % less than B.G1 beam at service load. 
The deflection was not affected by the spacing between stirrups, but it did affect the pattern of failure in the 
beams and their capacity to support loads. The curves below show that the beams exhibit linear elastic 
behavior until failure. In contrast to ductile steel, the beams failed brittle and linearly. 

 
Figure 8. Validation of load–displacement for (B.G1 & B.G3) beams. 
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The service load ratio in the third group was approximately 60 % of the ultimate load for G3. 
According to the load–deflection results shown in Fig. 9, increasing the longitudinal reinforcement ratio has 
contributed to a significant reduction in deflection in G3 beam at service load compared to that of model 
G1. The curves below show that the deflection in the G3 model is 52 % less than that of model G1 as a 
result of the increase in the main reinforcement ratio. Increasing the main reinforcement ratio increased the 
ultimate load bearing capacity of the beams. The behavior of the beams reinforced with GFRP bars under 
the influence of loads was linear elastic until failure, indicating that the beam exhibited brittle behavior, in 
contrast to behavior of beams reinforced with steel bars, which was more ductile. 

 
Figure 9. Validation of load–displacement for (G1 & G3) beams. 

3.3. Numerical Results 
The numerical values showed high consistency and accuracy with the experimental data regarding 

beam load-bearing capacity and ultimate deflection. The numerical validation revealed that the load–
deflection curves had a similar trend to the experimental results. Moreover, the failure mode was also 
consistent between the experimental and numerical aspects. The results showed that the finite element 
method (FEM) was more rigid than the experiment test data [20]. The ultimate loads obtained from the 
experimental test were lower than the final loads obtained from the finite element analysis (FEA), which 
were significantly higher. These differences were within an acceptable range, and as a result, the FEM 
could be used for further studies by changing the parameters in question. The agreement between 
experimental and numerical results in load–deflection was good as shown in the previous curves. The 
results of the numerous analyses in the ABAQUS program were based on a number of theories and 
attempts to achieve this accuracy and agreement between the results for the experimental and numerical 
sides. Since the GFRP had lower compressive strength than the tensile strength, each element in the 
concrete beams was modeled according to its properties and in a way that is closer to the experimental 
side. It is worth noting that the GFRP stirrups were modeled in a solid form in order to take the changes in 
three directions, not only in compression and tension, and for the results to be as realistic as possible [21–
25]. Fig. 10 shows the crack pattern of all tested beams using ABAQUS software. 
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Figure 10. Crack pattern of all tested beams modeled using ABAQUS software. 

4. Conclusions 
• The results showed that the beams reinforced with GFRP bars exhibited linear elastic and 

brittle behavior until failure, whereas the beams reinforced with steel bars displayed ductile 
behavior with. This was attributed to the low modulus of elasticity of GFRP bars compared 
to the high modulus of elasticity of steel bars. 

• Increasing the number of steel stirrups by reducing the spacing between them did not 
significantly affected deflection, but it contributed to increasing the stiffness of the beam as 
well as increasing the ability of the beam to bear the bending loads by 16.5 %. 

• The resistance of the GFRP stirrup to shear forces was limited compared to the steel stirrup, 
but the increase in the number of stirrups led to making the beam more confined, and thus 
the failure pattern shifted from shear failure to compression failure. 

• Increasing the number of GFRP stirrups increased the beam capacity to bear loads by 
21.4 % and reduced the deflection by 9.4 %. However, increasing the number of steel 
stirrups at beam B.S3 by a large percentage contributed to increasing deflection because 
the weight of GFRP is lighter than that of steel. 

• By adding more GFRP bars to the main reinforcement, the beam was able to resist shear 
forces by 29.6 % and reduced deflection by 52 % because of the dowel action effect. 
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Abstract. The soil properties characteristics are the object of the current study. Determination of the soil 
properties characteristics is a complex and responsible engineering and geological task. Reliability of 
engineering construction and its cost depend on the quality of solution of this task. The article presents the 
results of the study of the possibility of predicting the soil properties characteristics on the example of 
determining the sand deformation modulus. Based on the analysis of previous studies of correlation 
between the soil properties characteristics, the list of independent soil properties characteristics was 
determined: soil genesis, static normal stress, granulometric composition, initial density and humidity of the 
soil sample. The main disadvantages of existing methods of predicting the soil properties characteristics 
were identified. The possibility of using artificial neural network for predicting the soil properties 
characteristics was determined. The soil deformation modulus was selected as a response (dependent 
variable). The presence of not only numerical but also classification features among the independent 
characteristics did not allow predicting the soil properties characteristics within the framework of the 
classical regression model. A soil information model, based on an artificial neural network, was used to 
solve this problem because not only continuous quantitative but also discrete classification parameters 
(genesis) can be used among the independent parameters of the soil information model. Laboratory studies 
of 655 samples of alluvial sand of the Irtysh River floodplain were performed to confirm the possibility of 
using the soil information model. 5895 data vectors were obtained, including information on independent 
and response parameters. A detailed study of two granulometric compositions demonstrated limited 
possibilities for using known statistical methods for determining the soil properties characteristics. In 9 out 
of 20 cases, the results of the studies did not follow a normal distribution. The use of the soil information 
model allowed to solve this problem – the absolute percent error in determining the deformation modulus 
did not exceed 12.55 % (mean – 5.05 %), the coefficient of determination R2 was at least 0.83 for unloaded 
sand samples, and at least 0.94 for loaded ones, for all datasets – 0.97. The performed studies confirmed 
the prospects of using the soil information model for predicting soil properties based on its known 
characteristics, which reduced the cost of engineering and geological surveys while ensuring the required 
accuracy of determining the soil characteristics. 

Citation: Gruzin, A.V. Soil information model for prediction the soil properties characteristics. Magazine of 
Civil Engineering. 2024. 17(5). Article no. 12909. DOI: 10.34910/MCE.129.9 

1. Introduction 
Characteristics of soil properties are used to classify soils, describe their condition and reaction to 

external influences of various nature. Determination of the characteristics of the physical and mechanical 
soils properties is a complex engineering task. At the present time both theoretical and practical scientists 
continue to solve this task, despite the rich scientific and practical experience of engineering and geological 
surveys, laboratory determination and subsequent statistical processing of the obtained data. The reason 
for this is not only the variety of characteristics of various soil properties: physical, mechanical, chemical, 
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etc., used for engineering purposes, but also the soils variability, caused by the stochastic nature of their 
genesis. Evidently, this diversity of characteristics, combined with soil variability, requires a large number 
of samples to ensure the required reliability of the results of the characteristics determination. Since after 
laboratory studies, as a rule, the studied samples have a broken structure and are unsuitable for reuse as 
samples, the task of determining the required soil characteristics ceases to be only an engineering task. 
There is an economic aspect – the need to increase research expenses. 

To solve the problem, the author proposes a method, which reduces the number of samples needed 
and the number of studies for determining and predicting the soil properties characteristics. It is based on 
both correlations between characteristics and modern digital technologies. Thus, the soil properties 
characteristics are the object of the current study. A new method for predicting the soil properties 
characteristics is the subject of the study. 

1.1. Correlations between the Soil Properties Characteristics 
The solution to the problem of reducing the number of definitions of the soil properties characteristics 

is seen in the search for a correlation between the characteristics of various soil properties. Thus, the 
correlation between the characteristics of various soil properties will allow predicting the required 
characteristics based on the characteristics already studied. 

In 1925, K. Terzaghi was one of the first to point out the possibility of a correlation between the 
characteristics of soil properties [1]. He systematically identified the factors “on which the occurrence and 
course of phenomena depend, with special consideration for the two elements of deformation and time”. 
He established the influence of packing density on the friction coefficient in sand, water content and 
previous loading history in loams and clays as well. Analyzing the experience accumulated by his 
predecessors, K. Terzaghi assigned the leading role in the science of soils to the knowledge of the soil 
physical properties, suggesting “to rely more on the physical properties of the soil”. He wrote about “the 
need to build the structural mechanics of the soil based on the physics of the soil”. He stated that 
“knowledge of the physical properties of the soil gives us the opportunity to establish a causal relationship 
between physical causes and technical action in soil construction (landslide, sediment, failure of the 
foundation, etc.) and when we are not able to present this relationship completely in mathematical form”. 

In 1941, N.N. Maslov formulated the basic law of the relationship between the soil properties and 
their formation conditions (genesis). This law establishes that rocks that are identical in their composition, 
genesis, and occurrence conditions and have undergone the same subsequent changes have the same 
engineering and geological properties [2]. 

In 1955, A.K. Birulya reported on the influence of the soil granulometric composition (grain-size 
distribution, GSD), the composition of its colloidal part, density, humidity and temperature on the soil 
strength [3]. 

In 1967, G. Müller pointed out the influence of the processes of soil particles weathering and 
transportation, that is, the conditions of their formation, on their shape, which determines, in turn, the nature 
of the mutual adhesion of particles in the soil, the mechanism of their contact [4]. 

In 1971, M.N. Gol'dshtejn noted “the complexity and diversity of natural conditions that determine the 
soils mechanical properties” [5]. The author reported on the need “for engineering and geological studies 
to constantly reveal the relationship between the properties of soils and the conditions of their formation 
and occurrence, and the material accumulated in this way by survey organizations should be systematically 
generalized by specialists in the field of engineering geology”. It was also noted that “the physical and 
mechanical properties of those sedimentary rocks that are classified as non-rock soils are determined, 
firstly, by the relative content of particles of various minerals and the size of these particles, and secondly, 
by the properties of substances that fill the pores of the soil”. 

In 1975, F.J. Pettijohn reported on the influence of the formation (genesis), sand mineral composition, 
and the shape of its particles on the classification characteristics of sandy soil [6]. 

In 1981, L.M. Arya and J.F. Paris presented a model to predict the moisture characteristic of a soil 
from its particle-size distribution, bulk density, and particle density parameters [7]. Their model predictions 
for several soil materials show close agreement with the experimental data. 

B.J. Cosby et al. reported, “the name used for the soil in the description relates to the principal soil 
type and, in general, is based on particle size or the presence of organic material. The soil name thus 
provides valuable qualitative information concerning the physical and mechanical properties of the 
material” [8]. 



Magazine of Civil Engineering, 17(5), 2024 

In 1989, V.A. Korolev established on the basis of thermodynamics the basic laws of changes in the 
phase composition and phase ratios of dispersed soils, including during compressive compaction of soils, 
allowing to predict changes in a number of soil properties during these processes [9]. 

In 1990, E.C. Drumm et al. reported about the need to take into account the influence of the 
magnitude of cyclic deviator stress to characterize the soil subgrade and related soil-index properties and 
the moduli obtained from unconfined compression tests, to resilient modulus MR [10]. 

In 1994, D. Li and E.T. Selig developed a method that takes into account the influence of soil physical 
state, moisture content, stress state, and soil type on MR of compacted fine‐grained subgrade soils [11]. 

C.R.I. Clayton et al. reported on the influence of the soil particles size on its physical and mechanical 
properties and on the classification of soils based on their quantitative characteristics [12]. 

In 1996, S.F. Brown having studied pavement failure mechanisms reported about the influence of 
soil moisture and loading regime on the soil MR [13]. 

L.M. Arya et al. used particle-size data and form of soil particle in their investigation to estimate the 
soil-water characteristic [14]. 

In 2002, M.D. Fredlund et al. used information on GSD and the volume-mass properties of a soil for 
developing a procedure for estimating the soil-water characteristic curve [15]. They also reported about 
potential to use GSD as a basis for estimating soil behavior [16]. 

In 2004, N. Khoury and M.M. Zaman studied the influence of moisture changes on the MR of 
subgrade soils. They reported that MR-moisture content relationships for clayey soil exhibit a hysteretic 
behavior due to wetting and drying. A similar behavior was observed for sandy soil. The clayey soil was 
more susceptible than the sandy soil to moisture variation. They reported that changes in MR values and 
suction were influenced by the initial moisture content [17]. 

P.S.K. Ooi et al. suggested using data on stress state, soil type, soil structure, and the soil physical 
state to improve the model for predicting the soil MR [18]. 

In their studies, X. Yu et al. demonstrated that “the parameters affecting the shear strength therefore 
depend on the relative density, gradation, particle strength, particle size and shape, and degree of 
saturation of the specimen” [19]. 

In their experimental researches, J.H.S. Kung et al. demonstrated that the stress state, moisture 
content, and soil suction influenced the MR and the plastic strain [20]. Unsaturated subgrade MR reduces 
with increasing deviator stress and decreasing matric suction. The subgrade plastic strain increases as the 
deviator stress increases and the matric suction decreases. 

T. Wichtmann and Th. Triantafyllidis presented “a study of the influence of GSD curve on the small 
strain shear modulus Gmax of quartz sand with sub-angular grain shape” [21]. The article reported on the 
need to take into account the shape of soil particles when modeling the effect of granulometric composition 
on its characteristics. 

H. Nowamooz et al. carried out an experimental study of the repeated load response of a compacted 
clayey natural sand at different water contents. It has been proven that there is a strong link between the 
variation of the bearing capacity of low traffic pavement and the water content of the unbound layers [22]. 

In 2012, A. Ward reported that “particle size is a fundamental property of any sediment, soil or dust 
deposit. It influences a variety of other soil properties” such as natural isotope abundance, hydraulic 
properties, transport properties, thermal properties, reactive properties, and electrical properties [23]. 

N. Khoury et al. conducted several studies to develop relationships between the MR of subgrade 
soils and moisture conditions [24]. They reported that the relationships between MR and the moisture 
content exhibit a hysteretic behavior similar to the soil-water characteristic curve; specimens subjected to 
drying exhibited higher MR values than specimens subjected to wetting. MR values on the drying-wetting-
drying path are different from the corresponding values on the wetting-drying path. 

In 2013, T. Enomoto et al. reported about correlation between increasing of soil grain size and 
uniformity coefficient and Gvhd shear modulus by dynamic measurement and Gvhs shear modulus converted 
from Evs quasi-elastic vertical Young's modulus by static measurement [25]. 

In 2013, A. Shaqlaih et al. reported about modeling of the MR correlation with routine properties of 
subgrade soils and state of stress for pavement design application [26]. 
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C.W.W. Ng et al. investigated using a suction-controlled cyclic triaxial apparatus MR values of a 
subgrade soil under various stress and suction conditions. They reported that the measured MR is highly 
dependent on the stress state [27]. 

In 2014, Z. Han and S.K. Vanapalli proposed equations for predicting the MR of granular materials 
by using soil-water characteristic curve and GSD [28]. 

In 2014, N. Lu and M. Kaya reported that for soils, in addition to their well-known dependence on 
stress, elastic moduli (Young's modulus and shear modulus) depend on volumetric water content and/or 
matric suction, particularly for silty and clayey soils [29]. 

In 2015, G.G. Boldyrev and M.V. Malyshev noted that the physico-mechanical soils properties are 
the result of a complex and long-term interaction of physico-chemical conditions of rock formation, 
conditions of their occurrence, tectonic processes, regional geological processes associated with the action 
of gravity of water, gases, temperature fluctuations, biological factors. It was noted that the aerometric 
definitions data can be useful for assessing the physical and mechanical soils properties as well [30]. It was 
also noted that in the first approximation, to solve the problems of designing foundations, the angle of 
internal friction of loose soils can be determined from the correlation of data by statistical probing, relative 
density, and classification indicators. The shape of the particles, especially sandy soils, affects their strength 
properties. The soils genesis most often determines their basic physical and mechanical properties. 

In 2015, V.A. Korolev and S. Chzhan reported the results of their studies of the effect of the 
granulometric composition of a mixture of various sizes fractions on the indicators of physical and physico-
mechanical properties – density, porosity, internal friction angle, etc. As factors of influence, they 
considered GSD, addition density, mineral composition, humidity [31]. They found that for sandy and 
coarse-grained soils, the leading factors are GSD, particle shape and density of soil composition. 

I. Ishibashi and H. Hazarika reported on the influence of GSD of the soil and its origin on its 
properties: “since soil is an assemblage of particles, interlocking of those particles and their contact 
mechanism – in particular, for larger particles – determines many important mechanical properties of soils 
such as strength, rigidity, permeability, and compaction” [32]. They reported about soil characteristics 
correlation: from GSD curve, several key parameters can be obtained, such as the effective grain size 
(D10), the mean grain size (D50), the coefficient of uniformity (Cu), and the coefficient of gradation (Cg). 
Those parameters will be used in soil classification practices and will be correlated with many engineering 
properties of soils such as in compaction, permeability, etc. 

A.V. Mel’nikov and G.G. Boldyrev proposed to include the consistency index IL from the cone 
penetration tests (CPT) data for clay soils as an additional argument in the correlation equations for clay 
soils and the specific sleeve resistance fs – for sands to increase the determination accuracy of deformation 
modulus E [33]. They reported about decreasing the determination accuracy of the E with increasing 
content of grainy and clayey fractions in soils as well. 

In 2016, A.V. Gruzin et al. proposed a method for regulating the deformation properties of an 
incoherent dispersed soil based on the granulometric composition [34]. 

M. Goudarzy et al. conducted “a series of resonant column and compression wave velocity tests 
simultaneously on dense and loose specimens containing 0, 10, 20, 30, 40 and 50 gravimetric percentages 
of fine particles to measure the small strain moduli (Gmax, Mmax and Emax) of the mixtures. Mixture samples 
were prepared by the moist tamping method and subjected to isotropic confining pressure levels of 50, 100, 
150 and 200 kPa” [35]. The authors found that “the accuracy of the predicted maximum stiffness depends 
on the accuracy of the equivalent granular void ratio”. 

At the same time, T. Enomoto reported after series of drained triaxial compression tests that quasi-
elastic vertical Young's moduli, Evs, measured statically, were generally independent of maximum and 
mean particle diameters and the effects of fines content and particle angularity on the Evs values were not 
clear [36]. 

W.-T. Hong et al. reported on the particle size influence on the soil-water characteristic curve during 
cyclic tests [37]. 

In his experiments, M.A. Khasawneh showed a slight increase in MR values with an increase in 
confining pressure and a noteworthy decrease in MR accompanied by an increase in deviatoric stress [38]. 
Also based on the independent samples t-test analysis, it was revealed that soil type and water content 
caused statistically significant difference in MR values. 
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G.I. López researched grain size analysis methods and noted that granulometry is a basic analytical 
technique. Several sediment, soil, or material properties are directly influenced by the size of its particles 
as well as their shape (form, roundness, and surface texture of the grains) and fabric (grain-to-grain 
interrelation and grain orientation), such as texture and appearance, density, porosity, and 
permeability [39]. 

I. Dyka et al. presented the results of laboratory tests that verify the correlation between the grain-
size characteristics of non-cohesive soils and the value of the dynamic shear modulus [40]. 

F.F. Badhon and Md.A. Islam reported about studying the gradation effect on shear strength of sand 
with various water contents [41]. They performed several direct shear tests on reconstituted sand samples 
having different GSD (well graded (WG), gap graded (GG), and uniform graded (UG)) with varying water 
content of 15 % and 25 %. They have established that higher shear strength was obtained for GG soil as 
compared with the WG and UG. 

The research of P.H. Thinh et al. was focused on the correlation between compression index Cc and 
other properties of the marine dark grey lean clay layer. Their research results showed that the correlation 
between Cc and liquid limit is the tightest [42]. 

Y. Sun et al. reported about development of the new grading parameter that considered the size 
distribution of the entire aggregates to capture the grading-dependence of the shear stiffness of 
heterogeneous granular aggregates [43]. The grading parameter was found by them to increase with 
decreasing coefficient of uniformity and median particle size where higher shear stiffness was observed. It 
was also found that the proposed grading parameter exhibited an improved power-law correlation with the 
material constants from Hardin’s stiffness formula compared with the traditional grading parameter, the 
coefficient of uniformity. 

In their monograph, G.G. Boldyrev and I.H. Idrisov reported numerous empirical dependencies that 
allow determining the elastic shear modulus Gmax of coarse – grained and sandy soils based on data on 
the granulometric composition, particle shape, porosity coefficient, and initial stress conditions [44]. 

Y. Yao et al. used correlations between the physical properties of subgrade soils including the 
percentage passing through the No. 200 sieve (0.075 mm), plasticity index, liquid limit, dry density, and the 
regression coefficients of the new model [45]. 

In 2019, A.V. Gruzin proposed a method for regulating the characteristics of physical and mechanical 
properties of dispersed unconnected soil by granulometric synthesis [46]. 

In their research, B. Ghorbani et al. used the accurate determination of MR of pavement subgrade 
soils with its dependence on several influential factors, such as soil physical properties, applied stress 
conditions, and environmental conditions [47]. 

The report of C. Mendoza et al. presented the compression behavior of Bogotá’s diatomaceous soils. 
The investigations results have found several practical relationships for secondary consolidation, 
compressibility index, yield point, initial void ratio, and soil structure. These results show the importance of 
geological history for soil structure and secondary consolidation [48]. 

D. Watanabe et al. reported about GSD influence on degree of size segregation in granular flow 
simulations [49]. They confirmed that the inherent degree of the size segregation clearly affects the run-out 
distance. 

The previously reviewed articles analysis shows that the characteristics of the soil physical properties 
are most often used as independent variables (often called “predictors” or “features”), such as GSD, density, 
humidity, and genesis (formation). Many authors reported about the need to take into account influence of 
the soil stress state as well. Numerous authors most often considered as dependent variables (“responses”) 
the characteristics of the soils mechanical properties, namely the resilient modulus MR and shear modulus 
G. Evidently, such a choice is due to the practical relevance of these characteristics. 

1.2. Methods for Predicting the Soil Properties Characteristics 
There are many methods for developing correlation models for predicting the soil properties 

characteristics: analytical, empirical, statistical, etc. At present time, regression models (RMs) have become 
widely used. Such models make it possible to locally solve the problems of predicting the required soil 
characteristics by using independent predictors. The development of scientific basis for processing the 
results of partial definitions of the characteristics of the object under study is the one reason for the 
widespread RMs using. The second reason is the practical confirmation of the adequacy of the results of 
forecasting performed using RMs. According to the Interstate standard GOST 24026-80, regression 
analysis model is the dependence of the response on quantitative factors and errors of observation of the 
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response; regression analysis is a statistical method of analyzing and processing experimental data when 
only quantitative factors affect the response, based on a combination of the apparatus of the least squares 
method and the technique of statistical hypothesis testing. It is evident that the engineering and geological 
conditions uniqueness of each new construction site and the stochastic nature of the soils formation each 
time give rise to the need to develop new adequate RMs. The scientific approach to planning experimental 
studies of the soils characteristics allows us to comprehensively solve the problems of both the stochastic 
nature of the soil properties and the need to ensure the required accuracy of determining the desired 
characteristic. Many articles are devoted to problems related to the experimental studies planning, the RMs 
development and their practical use for predicting the characteristics of the soils properties. 

In his monograph, C.R. Hicks in detail described the basic concepts of experimental design, from the 
problem formulation to the results interpretation [50]. Author analyzed the advantages and disadvantages 
of various models and pointed out the need to establish a list of independent variables that can influence 
the dependent variables. The same principles and approaches are followed by the authors of [51]. The 
methods presented by them make it possible to develop a RM for a wide range of cases encountered in 
practice, including those related to the need for optimization. In [8] the authors reported about possibility to 
construct models that are based on continuous spatial variation in physical soil properties (such as sand or 
clay content) which provide even better simulations of soil moisture. In [10] the authors described and 
demonstrated two statistical models for 11 soils from throughout the state of Tennessee. Authors reported 
both models provide a good characterization of the response for the soils investigated. In [11] the authors 
proposed to quantify the soil physical state effect by combinations of two equations relating MR to moisture 
content. In [21] the authors reported the proposed correlations predict quite well most of the small strain 
shear modulus Gmax-values reported in the literature for sands with a sub-angular grain shape. In [26] the 
authors developed statistical models to correlate MR with routine properties of subgrade soils and state of 
stress. In 2014, a series of uniaxial compression tests were conducted on various compacted soils under 
varying volumetric water content [29]. The authors of this research proposed a simple power law to describe 
the dependence of Elastic moduli (Young's modulus and shear modulus) on volumetric water content for 
all types of soils. In [31] the authors have considered questions of modeling of sandy soils with specified 
physical and physical-mechanical properties using triangular diagrams represented by modified Feret 
triangles. X. Luo et al. reported in [52] about development and verification moisture-sensitive and stress-
dependent mechanistic-empirical models to predict soil MR. In [42] the authors revised Terzaghi and Peck 
formula and proposed a new formula most suitable for the correlation between compression index and 
liquid limit of the soil layer for geotechnical design in Vietnam and Cambodia. In [45] the authors reported 
about the development of RM to predict MR based on subgrade soil physical properties. Authors stated 
that MR can be predicted much more easily with physical parameters of subgrade soils rather than 
conducting triaxial tests. In 2019, A.V. Gruzin proposed computer program modeling the properties of a 
three-component system using the Gibbs method [53]. The program is designed to calculate using one of 
the four proposed regression equations and visualize the obtained numerical values of the characteristics 
of the physical and mechanical properties of dispersed noncohesive soil by constructing a 3D-surface as a 
function of three independent predictors (fractions of dispersed noncohesive soil). The author reported in 
[54] a percent error of less than 13.6 % for the physical properties characteristics and less than 2.6 % for 
the mechanical properties characteristics when predicting using the proposed model, based on Gibbs–
Roseboom method. In [47] the authors used the accurate determination of MR of pavement subgrade soils 
with its dependence on several influential factors, such as soil physical properties, applied stress conditions, 
and environmental conditions. 

The main RM advantage is an ease of understanding and using for predicting an algebraic equation 
based on basic statistical principles. At the same time there are some disadvantages of RM, such as certain 
difficulties in working with categorical variables, in correctly describing nonlinear correlations, in decreasing 
of the RMs reliability with the variables number increasing and some others. 

1.3. Predicting Models based on the Artificial Neural Networks 
Many modern studies have shown that the use of the artificial neural networks (ANNs) successfully 

solves such RM problems as working with categorical (classification) variables. 

An attempt at a systematic approach to the analysis of the prospects for the use of ANNs in civil 
engineering is undertaken by I. Flood and N.A. Kartam in [55, 56]. The authors reported neural networks 
advantage compared to conventional digital computing techniques, and procedural and symbolic 
processing. They noted that designing a successful approach for applying ANNs to a specific problem 
requires experience and imagination as well. E. Tutumluer and R.W. Meier attempted to train ANN 
constitutive model for computing the MR of gravels as a function of stress state and various material 
properties [57]. They reported the pitfalls inherent in the indiscriminate application of ANNs to numerical 
modeling problems. M. Shahin et al. analyzed many reports on the use of ANNs in engineering fields. They 
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reported that ANNs have been applied successfully for many geotechnical engineering areas, one of is the 
prediction of soil properties and behavior [58]. In 2004, they investigated four data division methods used 
for training ANNs. It was reported that the statistical properties of the data in the training, testing, and 
validation sets need to be taken into account to ensure that optimal model performance is achieved [59]. 
Y.M.A. Hashash et al. have developed self-learning in engineering simulation analysis framework, which 
extracts relevant soil behavior using boundary measurements of load and displacement, facilitated by use 
of ANN constitutive model [60]. M. Zaman et al. developed four different feedforward-type ANN models: 
linear network, general regression NN, radial basis function network, and multilayer perceptrons network 
(MLPN) [61]. In each of these models, the input layer consists of seven nodes, one node for each of the 
independent variables. The output layer consists of only one node – MR. The MLPN model with two hidden 
layers was found to be the best model for the present development and evaluation data sets. In 2012, 
M.D. Nazzal and O. Tatari developed the ANN models resulted in subgrade MR predictions with significantly 
higher accuracy than those estimated using RMs with the same input variables [62]. They reported the use 
of genetic algorithms in developing the ANN models resulted in enhancing their prediction significantly. 

S.-H. Kim et al. developed of an ANN model to estimate subgrade MR [63]. Authors reported the 
stress state and physical properties on resilient behavior of subgrade soils were successfully correlated 
with developed ANN model. H. Tao et al. used back propagation (BP) neural networks algorithm to simulate 
parameter model of soil GSD based on soil particle analysis tests, and used to simulate the function 
relationship between soil volumetric water content and matrix suction, which were calculated based on 
Arya–Paris model [64]. Authors reported about applicability and reliability of their proposed method. To 
achieve the specified accuracy, the authors used two hidden layer nodes of BP neural networks algorithm. 
S. Saha et al. developed ANN models to predict the coefficients of a stress- and moisture-dependent MR 
model for plastic and nonplastic soils [65]. The developed ANN models consist of three layers, seven input 
variables, ten hidden neurons, and one output variable. Their models are the three-layered ANNs. The 
authors did not recommend ANNs for use as a prediction tool for the values that are out of the range of 
training dataset. The authors reported a good prediction accuracy of the developed models results in better 
estimation of the MR of base materials – the R2 value between the measured and predicted validation MR 
values was 0.8. In 2022, I.V. Ofrikhter et al. reported on the successful use of ANN in solving the problem 
of predicting soil properties [66]. As a result of their research, obtained ANN predicts the angle of friction 
and specific cohesion of clay soil with reasonable accuracy. The authors proposed the topology of the ANN 
and carried out the comparison of the estimation accuracy with the existing equations. 

ANNs using has become a new stage in the development of RMs for predicting the soils properties 
characteristics. A review of recent publications confirms this fact. 

1.4. Soil Information Model 
The previously performed studies analysis allows us to conclude about the complexity of the task of 

the soil physical and mechanical properties characteristics predicting. When predicting responses 
(dependent variables), there are different approaches in the selection of influence factors (independent 
variables). Some of authors mention both quantitative and classification factors as well [2, 6, 30]. Evidently, 
for correct statistical processing of laboratory results, it is necessary to establish type of probability 
distribution. Statistical processing of laboratory research results, as a rule, includes the search for and 
exclusion from consideration of the so-called “gross errors”. Previously performed studies do not provide 
an explanation for such a phenomenon as “gross errors” during the research data statistical processing. 
Obviously, the reason for the presence of so-called “gross errors” is ignoring the influence of certain factors 
(features) that are not included in the developed RM. The solution of this problem is seen in the 
development and use of a soil information model based on RM developed using ANNs, since, according to 
the Interstate standard GOST 24026-80, the classical regression analysis model is the dependence of the 
response (dependent variables) on continuous quantitative factors (independent variables) and response 
observation errors (error terms). 

Soil information model (SIM) is an object-oriented electronic (virtual) parametric model that digitally 
represents the characteristics of the soil (or its separated components) in the form of a set of information-
rich elements (features, parameters, characteristics – continuous quantitative and discrete classification) 
for various external conditions. 

It should be noted that in addition to solving the problem of predicting the soil properties 
characteristics, an important advantage of SIM is its open architecture. This makes it possible to develop 
SIM by adding to it both new research results and new influence factors (independent variables). It is 
expected that such SIM will allow predicting soil characteristics using fewer soil samples in comparison with 
existing methods. This means that SIM using will lead to a reduction of material expenses and waste of 
time when conducting engineering and geological surveys while maintaining the reliability and necessary 
accuracy of the obtained characteristics. 
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Thus, the main purpose of the current study is to develop a method for predicting the soil properties 
characteristics based on the correlation between the various soil properties characteristics – continuous 
quantitative and discrete classification and on ANN using. 

To achieve this goal, the following tasks were solved: 

• the list of independent soil properties characteristics was determined, the main 
disadvantages of existing methods for predicting the soil properties characteristics were 
identified, the ANN using possibility to predict the soil properties characteristics was 
determined, based on the analysis of previously performed studies; 

• the laboratory studies of soil samples were carried out in order to determine the values of 
independent characteristics of soil properties and the necessary information database for 
ANN training and testing was formed; 

• SIM, based on a trained ANN, was developed for predicting the soil properties characteristics 
and the accuracy of predicting the soil properties characteristics on its base was evaluated. 

2. Materials and Methods 
2.1. Laboratory tests 

According to the Russian Code of Practice SP 22.13330.2016, the calculation of the engineering 
construction foundation for the second group of limit states (by deformation) using the deformation modulus 
E is always performed, with the exception of three trivial cases. Therefore, E is selected as a response 
(dependent variable) of the developed SIM. The availability of proven methods and certified laboratory 
equipment can reduce the risks of methodological and operational errors in determining E. 

2.1.1. Experiment design 
The minimum number of soil samples (≥ 6) was determined for each combination of the specified 

independent soil characteristics (variables, factors), according to the Russian Code of Practice 
SP 22.13330.2016. As independent soil characteristics, the following were selected: soil genesis, static 
normal stress σ, soil sample granulometric composition, its initial density ρ and moisture w. The test 
program developed in accordance with the Interstate standard GOST 12248.4-2020 is shown in Fig. 1. 

 
Figure 1. Program of the soil compressibility laboratory tests. 

The maximum σ value is determined by the operating conditions for the bases of vertical steel tanks 
for storing oil and its refined products [67].Compression tests are cyclical in nature and consist of five 
stages. The number of loading stages shown in Fig. 1 is due to the need to study the effect of the soil initial 
density ρ on the deformation modulus E. 

Statistical processing of the results of laboratory studies for each combination of the specified 
independent soil characteristics and for each static normal stress σ stage was performed in accordance 
with the methods presented in [50, 51]. Statistical processing of the results of laboratory soil samples tests 
included the following main stages: verification of the laboratory data to follow normal distribution, exclusion 
of “gross errors” of measurement results, determination of the normative soil characteristic value and its 
root-mean-square deviation (RMSD). 
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2.1.2. Materials 
Sand was chosen as a dispersed incoherent soul because it is necessary to correctly change the 

soil GSD and to provide the required and controlled values of its independent characteristics for all test 
samples. Alluvial sand of the Irtysh River floodplain was used for laboratory studies. The initial dry sand 
was separated by the sieve method into grain size fractions, which were then used to prepare test-samples 
(Table 1) for laboratory studies in accordance with the research program. The laboratory equipment used 
for compression tests limited the maximum particle size of the soil test samples. Therefore, fractions with 
a particle size of more than 10 mm were not used in the studies. The mass fraction of such particles in the 
original sand was less than 0.2 %. 

Table 1. Sand test-samples used in the present study. 
Sand 

sample ID 
The soil mass fraction as a function of the sieve mesh size Number of 

samples 5.0 mm 2.0 mm 1.0 mm 0.5 mm 0.25 mm 0.1 mm Pan 
01       1.0 35 
02      1.0  45 
03     1.0   30 
04    1.0    65 
05   1.0     50 
06  1.0      35 
07 1.0       130 
08  0.5 0.5     30 
09 0.5  0.5     40 
10 0.5 0.5      40 
11 0.34 0.33 0.33     105 
12 0.2 0.4 0.4     50 
 

Samples dimensions are 25 mm in height and 78 mm in diameter. Fig. 2 illustrates examples of sand 
test samples with different granulometric composition. 

   
(a) ID 08   (b) ID 09   (c) ID 10 

   
(d) ID 11    (e) ID 12 

Figure 2. Sand mix test samples. 
The different mineralogical composition of the sand test-samples did not allow for the same values 

of the initial values of its density ρ. Therefore, the actual value of ρ was determined before each test. The 
results of determining ρ for various stages of cyclical compression tests are shown in Fig. 3 where ave is 
the arithmetic mean, s is RMSD, max is the maximum value ρ, min is the minimum value ρ. The values of 
the initial density ρ were in the range of 1.30–1.64 g/cm3 as the measurements showed. 
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Figure 3. Samples initial density ρ. 

In addition, taking into account the complex nature of the sand humidity w influence on its 
deformation properties [68], it was decided to limit the studies to air-dry sand, the humidity w of which was 
controlled before laboratory tests and was in the range 0.001÷0.0013. 

2.1.3. Laboratory equipment 
Fig. 4 illustrates universal automated ASIS test complex for conducting compressibility laboratory 

tests. 

 
Figure 4. ASIS – equipment for soil compressibility laboratory tests. 
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The main elements of the ASIS are a loading device (1), a compression oedometer (2), specialized 
software for computer-based automation of the tests processes (3). The ASIS software regulates the 
amount and duration of soil sample loading in accordance with the compression test program shown in 
Fig. 1. The current time, the amount of soil sample loading, and the soil sample deformation are recorded 
during compressibility laboratory tests. 

2.2. Soil Information Model 
As it was noted earlier, the presence of not only numerical but also classification features among the 

independent variables does not allow predicting the soil properties characteristics within the framework of 
the classical RM. Sand formation (genesis), for example, is the one of such classification features. It is 
obvious that further research will also solve this problem since, at a minimum, the classification concept of 
the soil genesis should include the soil mineralogical composition, the particles shape, that is, 
characteristics having non-classification quantitative representation. But at this stage of investigations, such 
detail would obviously significantly complicate the planned research. Thus, since there are classification 
features among the independent variables, the prediction of the soil properties characteristics can be 
implemented using SIM based on ANN. 

Previous studies review and analysis have shown that ANNs are widely used to solve engineering 
forecasting problems [55–66]. There are various software approaches for ANN implementation and 
subsequent modes of its development. The choice was made in favor of the “open source deep learning 
framework for Python – Keras” due to its simplicity, sufficient number of training materials and accessibility 
[69, 70]. Work with ANNs starts with its algorithm development. The ANN algorithm used in the research 
included the following stages of working with the source data: loading and subsequent separation of data 
into independent variables (features) and response, normalization of the source data, their random 
permutation and subsequent division into three groups – training, control-verification, and test datasets. 
The training dataset is needed to train ANN. The control and verification dataset are used for the current 
control of ANNs training. The test dataset is to evaluate the trained ANN. 655 sand samples were used in 
the studies, for which 5895 different measurements were performed. In accordance with the 
recommendations [69], 60 % of the data (3537 measurement results) were used for ANN training, 20 % 
(1179) – for its current verification, the remaining 20 % (1179) – for evaluation of the trained ANN. The next 
stage was the ANN model development. A sequential model consisting of 8 layers was used as ANN model: 
12 neurons in the input layer, 64 neurons in the hidden layers, and 1 neuron in the output layer. ANN 
training is an important stage. “Supervised learning” was chosen from the existing methods of ANN training 
[69]. “Supervised learning” assumes that there is a target vector representing the desired output for each 
input data vector. Together they are called a training pair. This choice is due to the implementation simplicity 
and the operational ability to evaluate the results of trained ANNs. The model was trained for about 1200 
epochs. As a loss function there was used mean squared error (MSE), widely used in regression analysis, 
which calculates the square of the difference between the predicted and target values [69]. Program control 
was carried out to prevent ANN overfitting (overtraining) during the ANN training process. At the final stage, 
the trained ANN was tested on a test dataset to assess the accuracy of response prediction. 

3. Results and Discussion 
3.1. Laboratory Studies 

During laboratory studies, 655 soil samples were tested. 5895 data vectors were obtained, including 
independent variables (features) and response. The results of the laboratory studies is presented in Fig. 5. 

  
Figure 5. Soil samples deformation modulus E changing during compression tests. 
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Nonlinear nature of the change of the deformation modulus E of sand samples, depending on the 
number of stages of their loading, was established during the processing the compression tests results. 
Minimal changes of the deformation modulus E were observed for the sample ID 03. After the second stage 
of loading, the deformation modulus E of the sample ID 03 increased by 1.89 times (from 6.92 MPa to 
13.10 MPa), after the third – by 1.06 times (from 13.10 MPa to 13.60 MPa), after the fourth – by 1.01 times 
(from 13.90 MPa to 14.08 MPa), after the fifth – by 1.02 times (from 14.08 MPa to 14.39 MPa). Thus, after 
five loading stages, the deformation modulus E of the sample ID 03 increased by 2.08 times. The maximum 
changes in the deformation modulus E were observed for the sample ID 01. After the second stage of 
loading, the deformation modulus E of the sample ID 01 increased by 7.05 times (from 1.75 MPa to 
12.34 MPa), after the third – by 1.05 times (from 12.34 MPa to 12.95 MPa), after the fourth – by 1.01 times 
(from 12.95 MPa to 13.12 MPa), after the fifth – by 1.01 times (from 13.12 MPa up to 13.28 MPa). Thus, 
after five loading stages, the deformation modulus E of the sample ID 01 increased by 7.58 times. The 
performed studies have established the nonlinear nature of the influence of the granulometric composition 
on the deformation modulus E of sand. 

The results of deformation modulus E determining for various stages of cyclic loading are shown in 
Fig. 6 where ave – arithmetic mean, s – standard deviation, max – maximum value, min – minimum value. 

  

  

 
Figure 6. Soil composition influence on deformation modulus E. 

As can be seen from the laboratory data, the minimum values of the coefficient of variation (CV) of 
the deformation modulus E for all loading stages were obtained for the sample ID 08 – from 0.0788 to 
0.1025. The maximum CV values were obtained for samples ID 06 and ID 07 – from 0.2899 to 0.3765. At 
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the same time, the minimum CV values of the initial density ρ were obtained for samples ID 11 and ID 12 
– from 0.0023 to 0.0034. The maximum CV values were obtained for samples ID 01 and ID 09 – from 
0.0194 to 0.0267 (Fig. 3). Thus, during the conducted studies there was not revealed a significant influence 
of the precision and repeatability of the determinations of the initial density values on the precision and 
repeatability of the determinations of the deformation modulus E. It was established that CV of the initial 
density ρ values is, as a rule, ten times less than the CV of the deformation modulus E. In the studied range 
of normal stress, there is established the linear nature of the influence of the soil sample initial density ρ on 
its deformation modulus E. 

According to the Interstate standard GOST R 8.736-2011 for samples ID 07 and ID 11, there was 
verified the hypothesis that the results of independent testing of the initial density ρ and the deformation 
modulus E follow the normal probability distribution law. Initially, according to the Interstate standard GOST 
20522-2012, for the samples ID 07, it was established that for all loading (normal stress) stages, the soil 
initial density ρ dataset is homogeneous (CV ≤ 0.15). At the same time, the soil deformation modulus E 
dataset for the first stage of loading is homogeneous (CV ≤ 0.3), for the other remaining loading stages it 
is inhomogeneous. For sample ID 07, 5 soil samples were excluded from 26 soil samples as having “gross 
errors”. After excluding “gross errors”, all the remaining datasets on their soil deformation modulus E and 
the initial density ρ were homogeneous. Table 2 presents the results of verifying the hypothesis that the 
results of independent testing of remaining 21 samples follow the normal probability distribution law at a 
significance level q over 5 %. 

Table 2. Sand samples ID 07 and ID 11 testing results. 

Sand 
sample ID 

Soil 
characteristics Stage 

Initial 
number of 
samples 

Allowed 
number of 
samples 

Mean s Follows the normal 
distribution 

ID 07 

Initial density ρ 

1 26 26 1.360 0.020 Yes 
2 26 25 1.393 0.022 No 
3 26 25 1.395 0.022 Yes 
4 26 23 1.399 0.022 No 
5 26 24 1.398 0.023 No 

Deformation 
modulus E 

1 26 26 5.138 1.490 No 
2 26 25 15.652 3.199 No 
3 26 25 16.688 3.468 No 
4 26 23 16.319 2.376 No 
5 26 24 17.120 3.048 No 

ID 11 

Initial density ρ 

1 21 21 1.555 0.004 No 
2 21 20 1.574 0.007 Yes 
3 21 19 1.575 0.007 Yes 
4 21 20 1.577 0.008 Yes 
5 21 20 1.578 0.008 Yes 

Deformation 
modulus E 

1 21 21 7.100 1.503 Yes 
2 21 20 15.466 2.654 Yes 
3 21 19 15.675 2.214 Yes 
4 21 20 16.435 2.838 Yes 
5 21 20 16.777 3.058 Yes 

 

The hypothesis that the remaining initial density ρ dataset follows the normal probability distribution 
law was confirmed only for the first and third normal stress stages. The hypothesis that the remaining 
deformation modulus E dataset follows the normal probability distribution law was not confirmed for any 
normal stress stage. 

For the samples ID 11, it was established that for all normal stress stages, the soil initial density ρ 
dataset is homogeneous (CV ≤ 0.15). For all normal stress stages the soil deformation modulus E dataset 
is homogeneous (CV ≤ 0.3) as well. However, according to the Interstate standard GOST R 8.736-2011, 3 
soil samples were excluded from 21 soil samples ID 11 as “gross errors”. Table 2 presents the results of 
verifying the hypothesis that the results of independent testing of remaining 18 samples follow the normal 
probability distribution law at a significance level q over 5 %. The hypothesis that the remaining initial 
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density ρ dataset follows the normal probability distribution law was not confirmed only for the first normal 
stress stage. The hypothesis that the remaining deformation modulus E dataset follows the normal 
probability distribution law was confirmed for all normal stress stage. 

Thus, the obtained research data demonstrate a limited possibility of using methods for processing 
measurement results based on the hypothesis that the measurement results follow the normal distribution 
for such characteristics of soil properties as the sand initial density ρ and its deformation modulus E. The 
impossibility of developing adequate regression models for these characteristics is an important 
consequence of this conclusion. 

3.2. Prediction based on SIM 
The developed SIM on the basis of a trained ANN made it possible accuracy evaluation of the soil 

deformation modulus E predicting. The remaining 20 % of the dataset (test array) – 1179 laboratory 
measurement results were used for this purpose. It should be particularly noted that ALL (5895, without 
any exceptions) measurement results of soil samples laboratory tests were used for the training, verification 
and testing purposes. The results of SIM testing are presented in Fig. 7. The test array contains data of 
different samples under different normal stress. 

 
Figure 7. Prediction of the deformation modulus E using SIM. 

The percent error (PE) is proposed to use as a characteristic for determination the accuracy 
predicting. The PE values for various normal stresses, which allow us to estimate the accuracy of 
deformation modulus E predicting using a SIM, are presented in Fig. 8. 
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Figure 8. PE in predicting the deformation modulus E using SIM  

for various normal stress conditions of soil samples. 
PE was in the range from –257.81 to 58.66 %, as can be seen from the data presented in Fig. 8. 

This maximum range (316.47 %) is for unloaded soil samples. For normal stress of 25 kPa, PE range is 
129.56 %, for 50 kPa – 29.47 %, for 75 kPa – 43.61 %, for 100 kPa – 55.18 %, for 125 kPa – 39.02 %, for 
150 kPa – 19.10 %, for 175 kPa – 55.31 %, for 180 kPa – 63.80 %. Fig. 9 shows the PE values for various 
normal stress conditions. 

 
Figure 9. Prediction results accuracy. 

The maximum absolute PE value (12.55 %) is for unloaded soil samples. The minimum absolute PE 
value (2.54 %) is for normal stress σ = 150 kPa. Mean absolute percent error (MAPE) is 5.05 %. The results 
of test array predicting using SIM are presented in Table 3. 
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Table 3. Results of the test array prediction. 
Normal stress 

σ, kPa 
Percent error δ, % Coefficient of 

determination R2 
Min Max Mean Mean absolute  

0 –257.81 58.66 -2.97 12.55 0.8265 
25 –97.46 32.10 -2.91 9.06 0.9403 
50 –16.06 13.41 0.29 3.97 0.9810 
75 –18.21 25.40 0.72 3.59 0.9902 

100 –19.32 35.87 0.81 3.35 0.9873 
125 –26.93 12.08 1.19 3.56 0.9910 
150 –8.57 10.53 0.87 2.54 0.9931 
175 –8.34 46.98 1.24 2.96 0.9942 
180 –9.71 54.09 2.49 3.86 0.9913 

For all dataset –257.81 58.66 0.19 5.05 0.9684 
 

Analysis of the values in Table 3 shows that the prediction accuracy characteristics (MAPE and 
coefficient of determination R2) obtained on base SIM correspond to values of the same characteristics 
obtained by another researches [65, 66]. In current study the minimum value of coefficient of determination 
R2 = 0.8265 is for unloaded soil samples (normal stress σ = 0 kPa), for normal stress σ = 25 kPa – 0.9403, 
for others – more than 0.98. For all dataset the coefficient of determination R2 = 0.9684. The reason for the 
low coefficient of determination values is the greater and stochastic effect of the friction forces between the 
soil particles on the soil density for small values of normal stress (≤ 25 kPa). 

4. Conclusions 
The results of the soil properties characteristics prediction using SIM, the independent parameters 

of which are continuous quantitative and discrete classification features, are presented in the article. The 
following conclusions are drawn on the basis of laboratory studies outcomes: 

1) the possibility of the soil deformation modulus prediction based on its genesis and physical 
properties characteristics is confirmed; 

2) independent variables sufficient set – soil characteristics: genesis, normal stress, granulometric 
composition, initial density and humidity – has been confirmed to determine soil deformation 
modulus; 

3) the possibility of SIM using based on a trained ANN to predict the soil properties characteristics, 
including cases when classical regression models using is impossible, has been confirmed; 

4) the SIM using experience shows that small amounts of data (less than 10000 measurement results) 
for training ANN allow us to obtain satisfactory results in the soil properties characteristics 
predicting; 

5) the SIM using allows to abandon the deformation modulus direct studies, and to determine it 
indirectly using SIM without losing the determination accuracy, minimizing material and time 
expenses. 
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Abstract. The problem of stability of a viscoelastic anisotropic fiber reinforced plate under the action of a 
rapidly increasing (dynamic) shear load in a geometrically nonlinear formulation is considered. The 
mathematical model of the problem is described by a system of nonlinear partial integro-differential 
equations with singular relaxation kernels. The Bubnov–Galerkin method is used to obtain systems of 
ordinary nonlinear integro-differential equations. The solution of the system of resolving equations is carried 
out by a numerical method based on quadrature formulas. To substantiate the accuracy and adequacy of 
the obtained results, a test problem is solved. A stability criterion for reinforced plates under the action of 
shear loads is introduced. Depending on various geometric, physical, and mechanical characteristics of the 
material, the behavior of the reinforced plate is investigated. In particular, it is shown that taking into account 
the viscoelastic properties of the material leads to a decrease in the critical time, and therefore in the critical 
force. Depending on various geometric and physical parameters, the difference in critical time values for 
elastic and viscoelastic plates in some cases is more than 15 %. It is also shown that an increase in the 
angle of fiber direction in the plates leads to a decrease in the critical time. Among the single-layer 
reinforced plates, the plate with a fiber direction of 0° is the most resistant to shear loads. An increase in 
the number of layers in a reinforced plate while maintaining its thickness does not always favorably affect 
the stability of the plate. In the case of three-layer viscoelastic plates made from KAST-V material with 
fibers oriented in the direction of 45°/–45°/45°, they are less stable than double-layer plates but more stable 
than single-layer ones while maintaining equal thicknesses of all three structures. 

Funding: This research was financially supported by the Ministry of Science and Higher Education of the 
Russian Federation, project FSEG-2022-0010 (agreements No. 075-03-2022-010 dated 14.01.2022 and 
No. 075-01568-23-04 dated 28.03.2023; additional agreements No. 075-03-2022-010/10 dated 09.11.2022 
and No. 075-03-2023-004/4 dated 22.05.2023). 

Citation: Eshmatov, B.Kh., Mirsaidov, M.M., Abdikarimov, R.A., Vatin, N.I. Buckling of a viscoelastic 
anisotropic fiber reinforced plate under rapidly increasing shear load. Magazine of Civil Engineering. 2024. 
17(5). Article no. 12910. DOI: 10.34910/MCE.129.10 

1. Introduction 
The use of composite materials, which exhibit a unique combination of mechanical and operational 

characteristics, has become indispensable in industry. By ingeniously combining different substances, 
compositions, and component ratios, these materials yield products with optimal characteristics of their raw 
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ingredients. Composite materials offer such essential qualities as elasticity, strength, heat resistance, 
electrical conductivity, etc. 

The effectiveness of using composite materials in various structures largely depends on the 
refinement of mathematical models and calculation methods. Developing calculation methods for structural 
elements composed of composite materials requires a mathematical problem formulation that reflects the 
distinctive deformation characteristics of the material, which can substantially impact their load-bearing 
capacity. 

Currently, the volume of scientific research dedicated to the study of structures from composite 
materials, encompassing various physical and geometric parameters, has a steady upward trend. 

A comprehensive review of existing literature on analyzing oscillatory phenomena in fiber reinforced 
composites is available in [1]. 

The laminated composite plate dynamic responds, when a mass hits it in the center, and energy 
transfers from the mass to the plate, were studied in [2]. The plate had initial stress before the impact load. 
The nonlinear integral equation was used. The key finding was that the higher the initial tension in the plate, 
the stronger the impact force would be. Additionally, a higher initial tension reduces the amount of energy 
transferred from the mass to the plate. 

The free oscillations and dynamic behavior of polymer composites reinforced with surface-modified 
basalt fiber were investigated in [3]. Natural frequencies and damping coefficients of layered composites 
were examined through impact testing and dynamic mechanical analysis. 

Meanwhile, [4] studied the effect of stacking and hybridization sequences on the damping properties 
of epoxy composites made of flax-carbon twill. The dynamic characteristics are examined using the pulse 
method. For modeling damping, the finite element method is implemented to evaluate the energy 
dissipation in each layer of carbon-linen laminates. 

The paper [5] deals with the free vibration modal analysis of hybrid laminates using a finite element 
model based on the third order shear deformation theory and the first-order shear deformation theory. A 
computer code has been developed using MATLAB, 2013. The experimental investigation of the free 
vibration of hybrid laminates made of carbon and glass fibers is conducted. Numerical results are compared 
with experimental outcomes, contributing to a holistic understanding. 

Further investigations explore the stability of structures made of composite materials. The work [6] 
investigates the potential for using the produced green composite in load-bearing structures and scrutinize 
bending properties under axial compression using numerical analysis and ANSYS software. 

Additionally, the work [7] examines the stability loss of layered composites when the influence of 
orthotropic materials is taken into account. This influence justifies the importance of considering orthotropic 
properties in analyzing the dynamic process. 

However, relatively less attention has been dedicated to studying dynamic stability in structures 
made of composite materials under the influence of shear loads. Most composite materials have 
pronounced viscoelastic properties. Practical experience in addressing various mechanical problems 
underscores the significance of incorporating the viscoelastic properties of structural materials. In this 
regard, the Boltzmann–Volterra integral models are good models that integrate both the relaxation and 
creep processes. 

The developed numerical method based on quadrature formulas was explained in detail in [8]. It 
facilitates the solution of systems of linear and nonlinear integro-differential equations with different kernels. 
This method, characterized by its simplicity, convenience, and efficiency in terms of computational time, 
delivers highly accurate results and accommodates various dynamic viscoelasticity problems. Notably,  
[9–11] present a series of practical problems solved using the developed method, with the numerical results 
closely aligned with experimental findings. 

The study [12] presents a non-linear dynamic analysis of a cross-ply laminated composite with fiber 
spacing plates under in-plane loading. The first order shear deformation theory and von Karman 
nonlinearity are used. Eight-node isoperimetric quadrilateral elements with five degrees of freedom per 
node are used to maintain geometric nonlinearity. The investigation explores a variety of fiber spacings and 
orientations to understand their influence on the behavior of samples under this loading condition. The 
dynamic equilibrium equations are solved using the Newmark integration technique. The nonlinear dynamic 
analysis examines the effects of changing fiber spacing with various changes in volume percentage and 
diverse fiber orientations. These variations were found to significantly influence the nonlinear dynamic 
behavior of the laminated composite plates. 
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The study [13] investigates the nonlinear bending behavior of laminated composite plates under 
static and dynamic loads. The plate was reinforced by single-walled carbon nanotubes’ fibers and nanoclay 
particles. The Halpin–Tsai mathematical model, which is based on the self-consistent field method, is 
applied. This model can be used to predict the modulus of composite materials. The computer program is 
created to solve this model. The program also considers different support conditions for the plate (clamped 
or simply supported). 

The research [14] investigates how adding fillers can improve the strength and vibration response of 
laminated composite plates. The laminated composite plates are fabricated by open layup process with 
epoxy resin, E-glass fiber reinforcement, and fly ash and graphene fillers (up to 5 % total volume). The total 
fiber and filler content is limited to 60 % by weight. The laminated composite plates are designed with 
various fly ash-to-graphene ratios. A custom-built vibration testing system is used to measure the free and 
forced vibrations of simply supported laminated composite plates. These experimental results are 
compared to mathematical models based on fifth order shear deformation theory and finite element 
analysis. Finally, the effect of circular holes on the laminated composite plates’ vibration characteristics is 
investigated using simulations. These simulations analyze how hole size and location impact the modal 
frequencies of the laminated composite plates. 

The research [15] investigates the vibration of a curved beam made from layers of composite material 
reinforced with graphene platelets. The amount of reinforcement varies between layers, creating a specific 
type of material. The study analyses both vibrations caused by the beam itself (free vibration) and vibrations 
caused by a moving load (forced vibration). The analysis is validated using existing data and then expanded 
to explore how different factors influence the vibration. The findings show that the shape of the beam, the 
amount of graphene reinforcement, and its distribution affect the vibration intensity of the beam in both 
scenarios. Simply put, a stiffer beam with more graphene reinforcement vibrates less. 

The research [16] studies how laminated beams made of composite materials vibrate when they 
have a separation layer running across their width. The study considers both in-plane and out-of-plane 
vibrations. The researchers use a computer simulation technique and a special method to account for 
contact between the separated layers. This research investigates the natural frequencies of a damaged 
beam and its response to various forces. The analysis includes both constant and moving force 
applications. The results of the present study are verified by comparing them with those available in the 
literature. This work provides a complete picture of how these damaged beams vibrate in all directions. 

The research [17] focuses on the vibration characteristics of rectangular composite panels used in 
structures like automobiles. These panels are designed to replace heavier metals for improved efficiency. 
The study examines how different fiber orientations within the composite panels affect their vibration under 
external forces. Two methods, analytical and numerical, are used to analyze the vibration behavior. The 
findings show that the way the fibers are oriented significantly impacts vibration, and this knowledge can 
be used to design composite structures with better vibration control. 

The research [18] focuses on fiber-reinforced polymer composites used in car parts like inlet/exhaust 
flange gaskets. These composites are desirable due to their strength-to-weight ratio and other properties. 
However, machining processes like drilling can cause delamination, which can grow and lead to sudden 
part failure. This study aims to identify such damage beforehand. The research method involves vibration 
analysis (modal and harmonic) using finite element analysis software. The analysis is performed on a model 
of a gasket, initially intact and then with deliberate delamination at the drilling location. Different 
delamination locations and materials are simulated. The results for intact and delaminated plates are 
compared, including vibration modes, resonance frequencies, and stress distribution. 

The study [19] investigates how delamination, a layering separation common in fiber reinforced 
polymer composites, impacts the vibration and stress behavior of plates with circular holes. It employs a 
combined approach: the layerwise theory for numerical analysis and the finite element method to simulate 
delamination effects. The research reveals a significant influence of delamination size on the plate’s natural 
frequency, stress concentration points, and overall impedance. 

The research [20] investigates the vibration of composite conical panels made with layers containing 
different amounts of graphene platelets. The effect of both uniform and non-uniform porosity is also 
considered. The material properties are estimated using established methods. The analysis uses a specific 
theory of shells and kinematics to define the energy components. A general method is applied to discretize 
the energy terms, allowing for various boundary conditions. Standard methods are used to find natural 
frequencies and track the deflection over time. The results are compared with the available data in the open 
literature, and new results are presented. The study concludes that both the type of porosity and the 
graphene platelets distribution significantly affect the frequencies and deflection of the panel. 

Despite the abundance of scientific results on structures made of composite materials encompassing 
diverse physical and geometric parameters, a number of questions remain unanswered. For the first time, 
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this paper aimed to study the stability of a viscoelastic anisotropic reinforced plate clamped on boundaries 
constructed from composite material under the influence of rapid, dynamic shear loads. 

2. Materials and Methods 
The rectangular rigidly pinched fiberglass plate subjected to the dynamic action of shear forces 

evenly distributed along its edges was considered (Fig. 1). It was assumed that the shear forces increased 
in proportion to time according to the law 

( ) 0 ,P t P t= ⋅                                                                         (1) 

where 0P  is the loading rate. 

 
Figure 1. Rectangular plate under shear load. 

The classical Kirchhoff–Love theory was employed to develop a mathematical model for a problem. 
The resulting stresses and moments were determined in the same manner as described in [21, 22]: 
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                              (2) 

where  * * *, , , , 1, 2,6ij ij ijA B D i j =  are operators of the following form: 

( ) ( ) ( ) ( )* * * * 2 2
1 1

1 1

1, ,
2

K K
ij ij k k ij ij k kk kk k

A Q z z B Q z zϕ ϕ ϕ ϕ− −
= =

= − = −∑ ∑  

( ) ( )* * 3 3
1

1

1 ,
3

K
ij ij k kkk

D Q z zϕ ϕ −
=

= −∑  

( ) ( )* 4 2 4 *
11 11 12 66 22

1cos 2 sin 2 sin 1 ,
2

Q Q Q Q Qϕ θ θ θ ϕ = + + + −Γ  
 

( ) ( )* 2 2 *
12 11 22 66 12

1 14 sin 2 1 sin 2 1 ,
4 2

Q Q Q Q Qϕ θ θ ϕ  = + − + − −Γ    
 

( ) ( )* 3 3 *
16 11 12 66 22

1sin cos 2 sin 4 sin cos 1 ,
4

Q Q Q Q Qϕ θ θ θ θ θ ϕ = − + − −Γ  
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( ) ( )* 4 2 4 *
22 11 12 66 22

1sin 2 sin 2 cos 1 ,
2

Q Q Q Q Qϕ θ θ θ ϕ = + + + −Γ  
 

( ) ( )* 3 3 *
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( ) ( )*

0

t
t dϕ τ ϕ τ τΓ = Γ −∫  

Here K  is the number of plate layers; 1,E  2E  are the elastic moduli; 12G  is the shear modulus; 

12,µ  21µ  are the Poisson ratios; θ  is the angle characterizing the direction of the reinforced fibers relative 

to the OX  axis; ∗Γ  is the integral operator with the relaxation kernel ( ).tΓ  

If the dynamic process is analyzed without considering the propagation of elastic waves, then it 
becomes possible to discard the inertial terms in the first two equations of the system (3). The relations 
between the strains in the median surface ,xε  ,yε  ,xyγ  ,xχ  ,yχ  xyχ  and displacements ,u  ,v  w  in 

the ,x  ,y  z  directions takes into account geometric nonlinearity. In this case, the solution of the resulting 
system was searched in the form described in the articles [21–23]: 

22
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                       (3) 

Substituting (1) and (2) into the equations of motion gives the system of nonlinear partial integro-
differential equations: 
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                                      (4) 

If the dynamic process is considered without the propagation of elastic waves, then it becomes 
possible to discard the inertial terms in the first two equations of the system (3). In this case, the solution of 
the resulting system has the form described in the articles [22, 23]: 

( )

( )

1 1
, , cos cosh sin sinh *

* cos cosh sin sinh ,

M N
m m m m

m m
m n

n n n n
n n mn

x x x xw x y t
a a a a

y y y y w t
b b b b

λ λ λ λγ γ

λ λ λ λγ γ

= =

 = − + − 
 

 − + − 
 

∑ ∑
                  (5) 



Magazine of Civil Engineering, 17(5), 2024 

where ( ) ,mnw t  ,m  1,2,3,n =   are the unknown functions of time; mλ  and nλ  are the roots of the 
frequency equation: 

cos cosh 1m mλ λ =  

and 

cos cosh .
sin sinh

m m
m

m m

λ − λ
γ =

λ + λ
 

A system of nonlinear ordinary integro-differential equations is obtained by substituting the 
approximating function (4) into the resulting system of equations and performing the Bubnov–Galerkin 
method procedure. Further, this system is integrated using the numerical method [8] based on quadrature 
formulas. A feature of this numerical method in solving systems of nonlinear integro-differential equations 
is the preliminary transformation of a singular kernel into a regular one. 

3. Results and Discussion 
To evaluate the accuracy of the chosen method, we solve a system of nonlinear integro-differential 

equations of the following form: 
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with initial conditions ( )0 1,u =  ( ) 10 ,u = −β  ( )0 1,v =  ( ) 20 ,v = −β  ( )0 1,w =  ( ) 30 ,w = −β  where 
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The system of equations (6) has an exact solution: 1 ,tu e−β=  2 ,tv e−β=  3 ,tw e−β=  satisfying the 
initial conditions. Integrating the system of equations (6) twice and taking into account the initial conditions, 
the approximate values ( ) ,n nu u t=  ( ) ,n nv v t=  ( )n nw w t=  at the nodes ( )1 ,nt n t= − ∆  

1,2,3,n =   are found from the relations: 
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where 1 2 3 4, , , ,i k k k kB C C C C  are the coefficients of the quadrature formula; 
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Table 1 shows the calculation results performed according to (7) in the range from 0 to 0.1 with a 
step of t∆  = 0.0001. The following initial data were used: 
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1 2 3 4 5

1 2 3 4 5

1 2 3 4 5 6 7

1 2 3 4

1 2 3

1 2 3

1.1; 1.2; 1.3; 1.4; 1.5;
1.2; 1.3; 1.4; 1.5; 1.6;

1.3; 1.4; 1.5; 1.6; 1.7; 1.8; 1.9;
0.01; 0.02; 0.03; 0.04;

0.25; 0.26; 0.27;
0.05; 0.06; 0.07;

A A A A

λ λ λ λ λ
ϕ ϕ ϕ ϕ ϕ

ω ω ω ω ω ω ω

β β β
α α α α

= = = = =

= = = = =

= = = = = = =

= = = =

= = =

= = = 4 0.08=

 

Table 1 also shows that the error of the described method coincides with the error of the quadrature 
formulas used, and the error is in the same order of smallness relative to the interpolation step. 

Table 1. Comparison of approximate and exact solutions.  

t  
Solution ,%∆  

Exact Approximate 
0.0 1.000000000 1.000000000 - 

0.01 0.997303642 0.998929533 0.296 
0.02 0.994614554 0.997560123 0.397 
0.03 0.991932717 0.995866611 0.462 
0.04 0.989258111 0.993831608 0.491 
0.05 0.986590716 0.991439562 0.482 
0.06 0.983930514 0.988675329 0.433 
0.07 0.981277485 0.985522169 0.340 
0.08 0.978631609 0.981957961 0.200 
0.09 0.975992868 0.977947442 0.004 
0.10 0.973361242 0.973403577 0.004 

 

In calculations, KAST-V plastic with the following physical and geometric parameters was chosen as 
the plate material: 1E  = 25.5 GPa, 2E  = 14.91 GPa, 12G  = 4.41 GPa, 12µ  = 0.2, ρ  = 1900 kg/m3,  

a  = b  = 0.5 m, h  = 0.5 sm, θ  = 45°, 0P  = 5 MPa/s. The simplest and, at the same time, quite common 

weakly-singular Koltunov–Rzhanitsyn kernel [24] of the form ( ) ( )1 0 1tt Ae t−β α−Γ = < α <  is used as the 

relaxation kernel where ,A  ,α  β  are the rheological viscosity parameters determined from the 
experiments [25]. 

The graphs below correspond to the results obtained for the midpoint of a rigidly pinched plate under 
the action of a dynamic load that caused the shift. On the presented graphs, m  (meter) is taken as the 
dimension of the deflection, and s (second) is taken as the time. 

To ensure the necessary accuracy of the results obtained, the convergence of the Bubnov–Galerkin 
method was investigated (Fig. 2). The results given below were obtained based on monomial and 
polynomial approximations. It can be seen from the figure that when calculating the deflection, it is sufficient 
in (4) to hold the first four harmonics ( )2M N= = . The further increase in the number of members does 
not significantly impact the dynamic process. 
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Figure 2. Convergence of the Bubnov–Galerkin method  

(1 – M = N = 1; 2 – M = N = 2; 3 – M = N = 3). 

Fig. 3 illustrate the shape of a deformable rigidly pinched plate under the influence of shear forces. 
Note that areas with both positive and negative deflections appear on the plate under such loads. It should 
be noted here that the contact lines of these regions, otherwise called nodal lines or zero deviation lines, 
do not occur under uniform compressive loads of anisotropic plates. Similar results for elastic static 
problems were obtained in [22, 23]. 

a)  

b)  
Figure 3. The curved shape of the deformable plate. 

The influence of geometric parameters of a rectangular plate on the change of regions with positive 
and negative deflections is studied (Fig. 4). It is shown that as one of the sides of the plate lengthens, the 
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area of the region with negative deflections increases. Here λ is the ratio of the sides of the plate. Thus, if 
λ = 1, then the plate has a square shape. 

 
a 

 
 b 

 
c 

Figure 4. Changing the areas of the plate with positive and negative deflections depending  
on the change in the surface area of the plate: 1 – λ = 1; 2 – λ = 1.2; 3 – λ = 1.4. 

In solving problems about the stability of plates under the influence of compressive dynamic loads, 
as a criterion determining the critical time and critical load, it is conditionally assumed in [26] that the 
deflection boom should not exceed an amount equal to the thickness of the plate. With such plate 
deformations, there are no areas with negative deflections. 

In our study, we depart from this convention by considering the presence of areas with both positive 
and negative deflections in the deformable plate. In our calculations, we define the critical dynamic load as 
the moment when the difference between the deflection values at the highest and lowest points of the plate 
(referred to as critical points) equals the plate’s thickness. It is worth noting that, unlike the uppermost point 
of the plate (which remains fixed at the intersection of the diagonals, i.e., the midpoint), the location of the 
lowest point varies with changes in the physical and geometric parameters of the plate. 

Fig. 5 and 6 graphically depict the influence of the material’s viscoelastic properties on the behavior 
of the reinforced plate. In these figures, curves 1 and 2 represent results for the viscoelastic problem while 
curves 3 and 4 pertain to the elastic scenario ( )0 .A =  Notably, accounting for the viscoelastic properties 
of the construction material leads to a reduction in the critical time. The disparity in critical time values 
between elastic and viscoelastic plates, contingent on alterations in the plate’s geometric and physical 
parameters, can exceed 15 %. Furthermore, we observe that a reinforced plate made of EDF with  
A = 0.0067 is more resistant to shear forces compared to a reinforced plate made of KAST-V with A = 

0.0208. This distinction arises from the fact that the latter exhibits more pronounced viscous properties than 
the former. 
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Figure 5. Changing the deflections of the plate from KAST-V at critical points. 

 
Figure 6. Changing the deflections of the EDF plate at critical points. 

An increase in stiffness due to an increase in the thickness of the plate leads to a proportional 
increase in the critical time value (Fig. 7). 

 
Figure 7. The dependence of the deflection of the reinforced plate on time at different values  

of its thickness: 1 – h = 0.3 cm; 2 – h = 0.4 cm; 3 – h = 0.5 cm. 
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Fig. 8 shows similar results for the geometric parameter λ  = 1; 1.2; 1.4. As can be seen from the 
graph, an increase in one of the sides of the plate leads to a shift of the deflection curve to the left (i.e., to 
a decrease in the critical time). 

 
Figure 8. Dependence of the deflection of the reinforced plate on time  

at different parameter values ( ) :a bλ λ =  1 – 1;λ =  2 – 1.2;λ =  3 – 1.4λ = . 

In Fig. 9, various curves represent cases involving changes in the deflection of the median point of 
the reinforced rectangular plate at different loading speeds. As expected, higher loading speeds lead to an 
earlier increase in deflections. These results are similar to the results obtained in the study of the stability 
of a simply supported plate under the influence of external compressive loads, given in [10]. 

 
Figure 9. Dependence of the deflection of the reinforced plate on time at different values  

of loading speeds: 1 – P0 = 5 MPa/s; 2 – P0 = 6 MPa/s; 3 – P0 = 7 MPa/s. 

The presented numerical results in Table 2 offer critical time values for an anisotropic reinforced 
plate constructed from KAST-V material under the influence of rapidly increasing shear loads. These results 
have been obtained by considering a wide range of variations in the plate’s geometric and physical 
parameters. It is important to note that the values in the table represent the outcomes for both elastic and 
viscoelastic problems. 

As previously mentioned, accounting for the viscoelastic properties of the construction material 
significantly impacts the numerical results. This effect becomes especially prominent if an anisotropic plate 
is subjected to an external static load 𝑞𝑞 in addition to shear loads. It is worth highlighting that for large 
values of ,q  the stability of the plate is compromised even at relatively low loading speeds. 

Layered composites consisting of alternating reinforcing layers, each with different mechanical 
properties, have found successful applications in various industries. They have the potential to significantly 
reduce the weight of structures, increase engine efficiency, and facilitate the creation of innovative, highly 
efficient, and reliable structures. In light of these achievements, the influence of the number of layers and 
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the orientation of reinforced fibers inside these layers on the dynamic process under consideration has 
been studied. 

This investigation reveals that two-layer plates exhibit greater shear load resistance than single-layer 
counterparts. For instance, in a two-layer viscoelastic plate with fibers oriented in directions of 45° and  
–45°, the critical time is more than 1.2 times longer than that of a single-layer plate with fibers oriented in 
the direction of 45°. However, it is worth noting that further increasing the number of layers may not always 
be justifiable. In the case of three-layer viscoelastic plates constructed from CAST-V material with fibers 
oriented in the direction of 45°/–45°/45°, they are less stable than double-layer plates but more stable than 
single-layer ones while maintaining equal thicknesses across all three structures. 

Table 2. Critical time values at different values of geometric and physical parameters  
of an anisotropic reinforced plate made of KAST-V. 

№ 
Geometric parameters Physical 

parameters Number 
of layers 

Fiber 
orientations 

Critical time values 

a, m b, m h, 
sm 

q, 
Pa 

P0, 
MPa/s 

Elastic 
problem 

Viscoelastic 
problem 

Difference 
(in %) 

1 0.5 0.5 0.5 100 5 1 45° 3.7325 3.1629 15.3 
2 0.6 0.5 0.5 100 5 1 45° 3.2155 2.7211 15.4 
3 0.7 0.5 0.5 100 5 1 45° 2.9677 2.5129 15.3 
4 0.5 0.5 0.4 100 5 1 45° 2.3838 2.0194 15.3 
5 0.5 0.5 0.3 100 5 1 45° 1.3292 1.1240 15.4 
6 0.5 0.5 0.5 200 5 1 45° 3.7136 3.1246 15.9 
7 0.5 0.5 0.5 300 5 1 45° 3.7009 3.0946 16.4 
8 0.5 0.5 0.5 100 6 1 45° 3.1141 2.6452 15.1 
9 0.5 0.5 0.5 100 7 1 45° 2.6711 2.2743 14.9 

10 0.5 0.5 0.5 100 5 1 0° 4.2618 3.9568 7.2 
11 0.5 0.5 0.5 100 5 1 15° 3.9175 3.4630 11.6 
12 0.5 0.5 0.5 100 5 1 30° 3.7667 3.2287 14.3 
13 0.5 0.5 0.5 100 5 2 0°/90° 4.2861 3.9712 7.3 
14 0.5 0.5 0.5 100 5 2 15°/–15° 4.3527 3.8456 11.7 
15 0.5 0.5 0.5 100 5 2 30°/–30° 4.5252 3.8704 14.5 
16 0.5 0.5 0.5 100 5 2 45°/–45° 4.6053 3.8919 15.5 
17 0.5 0.5 0.5 100 5 3 45°/–45°/45° 3.7993 3.2184 15.3 

 

4. Conclusions 
The investigation of the dynamic stability of viscoelastic anisotropic reinforced plates exposed to 

uniformly distributed shear forces along their edges reveals several significant findings: 

1. The importance of accounting for the viscoelastic properties of the construction material is evident. 
Results highlight that the difference in the critical time between solving elastic and viscoelastic 
problems for plates constructed from KAST-V, contingent on physical and geometric parameters, 
can exceed 15 %. 

2. In layered structures, the critical time values notably depend on the fibers’ orientation in each layer. 
Among the examined cases, the two-layer plate with fibers oriented in directions 0° and 90° 
demonstrated the highest resistance to shear loads. 

3. Changes in the physical and geometric parameters of the plate substantially affect critical time 
values. Considering the viscoelastic properties of the structural material demonstrates the change 
in critical time clearly. The results and conclusions drawn from this study enable accurate 
predictions of the dynamic behavior of reinforced plates made from composite materials. 
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