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Abstract. A planar model of a symmetric statically determinate arch truss is considered. The mass of the 
truss is evenly distributed over its nodes. The Maxwell–Mohr formula, assuming that the truss rods have 
the same cross-section, allows one to determine the stiffness matrix of a given structure. The Dunkerley 
method and a variant of the Rayleigh method are proposed to be used to estimate the first natural frequency 
of the truss. The mass of the structure is conditionally concentrated in its nodes. Only small vertical 
oscillations are considered. The generalization of a number of solutions for trusses with different number 
of panels to the general case is carried out by induction. A simplified method for calculating the first 
frequency based on the Rayleigh method is proposed. To simplify the sums of partial frequencies and 
squared frequencies included in the Rayleigh solution, the area of the curve limiting the frequency values 
is replaced by its approximate value, which is calculated by the triangle area formula. The solution includes 
the value of the maximum deflection of the truss from the action of a distributed load. The results obtained 
by different analytical methods are compared with the results obtained by the numerical method. All 
transformations were carried out analytically using the Maple computer mathematical system. The results 
showed that with an increase in the number of panels, the accuracy of the Dunkerley analytical estimate 
increases, and the proposed method changes insignificantly. Spectral constants and frequency safety 
regions were found in the spectra of a family of trusses of different orders. 

Citation: Kirsanov, M.N., Luong, C.L. Simplified method for estimating the first natural frequency of a 
symmetric arch truss. Magazine of Civil Engineering. 2024. 17(6). Article no. 13001. 
DOI: 10.34910/MCE.130.1 

1. Introduction 
The characteristic properties of truss racks are low material consumption, ease of installation, ease 

of maintenance and convenient transportation. Therefore, this type of structure is widely applied in 
construction, mechanical engineering, aviation technology, shipbuilding, etc. One of the main tasks, when 
considering a structure in dynamics, is the calculation of the natural frequency of oscillation. The first, the 
lowest frequency is of particular importance to practice. To calculate the natural frequency of the truss 
oscillation in the general case, numerical methods are used based on the finite element method [1–3]. 
Usually only the upper or lower estimates of the first frequency are of interest, the Dunkerley (for the lower 
limit) or Rayleigh (for the upper limit) methods are used [4, 5]. A two-sided analytical estimate of the 
fundamental natural frequency of the spatial contour coverage was obtained in [6]. The formulas obtained 
based on the Dunkerley method are relatively simple, but in some cases, the accuracy of this method is 
not satisfactory. Usually the accuracy of the Dunkerley method ranges from 10 % to 45 %. General 
problems with conventional statically determinate trusses have been presented in [7, 8]. The formula for 
the lower estimate of natural oscillations of a planar regular externally statically indeterminate beam truss 
with a rectilinear upper chord was obtained in [9]. The existence of conventional statically determinate truss 

https://creativecommons.org/licenses/by-nc/4.0/
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systems was first announced in [10, 11]. Algorithms for calculating normal truss deflection based on 
inductive method using the ability of Maple notation have been used in [12, 13]. The lower limit of the first 
frequency by the Dunkerley method for a regular planar beam truss was obtained in [14]. In [15], a formula 
was derived for the dependence of the first frequency of natural vibrations of two span trusses on the 
number of panels. The dependence of the truss spatial deflection on the number of slabs in the Maple 
system is found in [16, 17]. Analytical calculations of elements of building structures using the method of 
superposition of analysis and expansions into series in the Maple computer mathematics system were used 
in [18, 19]. The spectrum of natural frequencies of the spatial model of a hexagonal rod prism and an 
analytical estimate of the first frequency were obtained in [20]. The Galerkin method for the analysis of non-
linear parametric oscillations of plates was used in [21]. Vibrations and stability of a reinforced rectangular 
plate were studied in [22]. 

The Rayleigh method usually gives results with high accuracy. However, this method introduces 
overly complex formulas and in many cases may not provide a solution. In this paper, a variant of the 
Dunkerley method with relatively simple coefficients with good accuracy is proposed. The essence of this 
method is that if the potential energy is calculated from the sum of the potential energies of all the masses, 
then the sum of the kinetic energies of the masses is replaced by an approximate expression calculated 
from the maximum kinetic energy of one of the nodes. Refined versions of the Dunkerley method are 
considered in [23, 24]. 

2. Methods 
2.1. The Truss Scheme 

The truss under consideration is a symmetrical planar truss consisting of interconnected trusses with 
different number of slabs and different slopes (Fig. 1). The truss has a movable articulated support and a 
fixed articulation post. All truss posts have the same height .h  The slope of the side (lower) parts of the 
truss with m  panels is determined by the ratio ,b a  the slope of the middle parts ( n  panels in each part) 

is .c a  Truss length ( )L a m n= + . In a truss of ( )8 4m nη = + +  rods, of which ( )4 m n+  are in the 

upper and lower chords, ( )4 1m n+ +  rods form a lattice, and three rods are support rods. Using two 
balanced equations for each node, a closed system of equations for the forces in the rods and the reactions 
of the supports can be obtained. It is necessary to solve the problem of oscillation frequency in an analytical 
form. 

It is assumed that the mass of the truss is concentrated in its nodes, oscillations occur along the 
vertical axis .y  

 
Figure 1. Truss, n = 3, m = 2. 

The coordinates of the nodes and the connection order of the bars in the structure are entered into 
the program like problems in discrete mathematics, the edges and vertices of the graph are specified. Fig. 2 
shows the numbering order of the bars and the nods, nods and special feature bars are marked with 
formulas. The program to input coordinates into the Maple system has the following form: 

> for i to 2*n+2*m+1 do  

> x[i]:=a*(i-1);  

> x[i+2*n+2*m+1]:=x[i];  

> end: 

> for i to m+1 do  

> y[i]:=b*(i-1); 
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> y[i+m+2*n]:=m*b-b*i+b: 

> end: 

> for i to n do y[i+m+1]:=m*b+c*i; end: 

> for i to n-1 do y[i+m+1+n]:=m*b+n*c-c*i; end: 

> x[m3-2]:=0: y[m3-2]:=-4: 

> x[m3-1]:=x[2*n+2*m+1]: y[m3-1]:=-4: 

> x[m3]:= x[2*n+2*m+1]+3: y[m3]:=0: 

> for i to 2*n+2*m+1 do  

> y[i+2*n+2*m+1]:=y[i]+h: 

> end: 

 
Figure 2. Numbering of bars and nodes, m = 3, n = 2. Supports are modeled by bars. 

2.2. Dunkerley Method 
The lowest estimate of the frequency of the first oscillations is obtained by the Dunkerley formula: 

2 2

1
,D i

K

i

− −

=
ω = ω∑                                                                   (1) 

where pω  are partial frequencies calculated for each mass separately, 4 4 2K n m= + +  is the number 

of degrees of freedom of the cargo system in the truss nodes. 

To calculate the partial frequencies, we compose the mass µ  motion equation: 

0, 1,2, , .p p py D y p Kµ + = =
                                                  (2) 

The stiffness coefficient ,pD  inverse to the compliance coefficient, is calculated using the Maxwell–

Mohr formula: 

( )( ) ( )
23

1
1 .p

p pD S l EFα α

η−

α=
δ = = ∑                                             (3) 

From the Dunkerley formula for ( )sin ,p p p py A t D= ω +ϕ ω = µ  follows. Hence, we have the 

expression for the Dunkerley frequency: 

2

1
.D p n

K

p

−

=
ω = µ δ = µ∆∑                                                        (4) 

To obtain the dependence of the solution on the number of panels n  in the crossbar and the number 
of panels m  in the supporting parts, double induction is required. To do this, first, for 1,m =  according to 
the solutions for a sequence of trusses with 1,2,3 ,n =   a general formula is obtained, then the same 
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procedure is repeated for 2,3,4 .m =   A number of solutions obtained for various m  are generalized 
to an arbitrary case. For 1,m =  we have the following solution for the amount corresponding to vertical 
oscillations: 

( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )
( ) ( )

3 3 3 3 2
1,1

3 3 3 3 2
1,2

3 3 3 3 2
1,3

3 3 3 3 2
1,4

3 3 3 3
1,5

1: 344 842 984 163 36 ,

2 : 116 346 340 153 8 ,

3 : 392 1470 1160 1027 20 ,

4 : 446 2093 1326 1995 18 ,

5 : 840 4862 2504 5861 28

n a h d g EFh

n a h d g EFh

n a h d g EFh

n a h d g EFh

n a h d g EF

= ∆ = + + +

= ∆ = + + +

= ∆ = + + +

= ∆ = + + +

= ∆ = + + + ( )2 ,h



 

Using the Maple system operators, the common terms of the resulting sequence of coefficients are 

calculated for the degrees of truss sizes: 3,a  3,h  3,d  3,g  where ,b h=  2,c h=  2 2 ,d a h= +  
2 24 .g a h= +  It follows from the formula that the dependence of the deflection on the number of panels 

and the dimensions of the structure has the form: 

( ) ( )3 3 3 3 2
1 2 3 4C C C C EF .n a h d g h∆ = + + +                                         (5) 

The coefficients have the following formula: 

( )
( )
( )
( )

28 10 3 3,1,1
4 3 24 32 50 82 45 12,1,2
28 10 3 3,1,3
5 4 3 216 80 200 160 39 180.1,4

C n n

C n n n n

C n n

C n n n n n

= + +

= + + + +

= + +

= + + + +

 

Similarly, when 2,m =  the coefficients have the following formula: 

( )
( )

( )

216 40 30 3,2,1
4 3 22 24 81 176 138 6,2,2
216 40 26,2,3
5 4 3 216 160 600 10400 549 180.2,4

C n n

C n n n n

C n n

C n n n n n

= + +

= + + + +

= + +

= + + + +

 

Carry out the same process, when 3, 4, ,m =   until 12,m =  the general formula for the 
coefficients according to (5) is found and has the following form: 
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( )
( ) ( )

( )
( )
( ) ( )

3 2 24 10 8 1 3,1

4 3 2 26 8 3 2 32 32 32

3 2 4 3 22 8 8 3 10 4 16 2 20 12,

4 3 2 2 232 100 20 4 1 50 40 7 45,3

4 3 2 2 2 2 2 5 330 120 20 8 1 40 2 1 16 40 114

C m m n n m

C m n m n n m

n n n m n n n n

C m m m n n m mn n

C m n m n n nm n mn n n n

 = + + − 
 
= + + + + + +


+ + + + + + + + 


 = + + + + + − 
 

 = + + + + + + + −
 

180.

 

The final expression for the dependence of the lowest limit of the first frequency on the geometrical 
parameters of the structure, including the number of plates in the crossbar and the load-bearing side truss, 
has the following form: 

( )
.

3 3 3 3
1 2 3 4

EFhD C a C h C d C g
ω =

µ + + +
                                             (6) 

The result can be checked by doing it in reverse order, that is first carry out induction on ,m  then 
on .n  

2.3. A Simplified Version of the Calculation of the First Frequency 
When using the Rayleigh method to find the upper estimate of the fundamental frequency, the biggest 

difficulty in deducing the dependence of the oscillator frequency on the number of plates is the denominator. 
The essence of the Rayleigh method is based on the law of conservation of energy. During each period of 
the harmonic oscillation, there is a conversion of potential energy to kinetic energy and vice versa. The 
transformation can be expressed as the following equation: 

2 2,
1 1

K K
u uR i i

i i
ω = µ

= =
∑ ∑                                                                 (7) 

where 
( ) ( ) ( )

3

1

P iu u P S S l EFi i

η−
= = α α α

α =
∑  

  – displacement amplitude of mass µ  at a node i  under 

the effect of load distributed on the nodes of the truss, is called the value of vertical nodal force .P  

Notations are used: 
( )PSα  is the force in the rod 1, , 3α = η−  from the action of the load ,P  uniformly 

distributed over the nodes: 
( ) ( ) .P PS S P=α α
  Three support rods in this arrangement are assumed to be 

rigid. The proposed method for the simplified calculation of the Rayleigh frequency consists in replacing 
the sums in (7) by half the value of the product of the truss-averaged value of the partial frequency and the 
number of degrees of freedom. This is illustrated in Figs. 3 and 4. The figure for a specific truss shows the 
distribution of partial frequencies over the nodes of the truss. In Fig. 4, on the horizontal axis, not the number 

of marked nodes but the number of the list of u∗  values ranked in ascending order. The sum 
1

N
ui

i =
∑   can 

be interpreted as the area bounded by the distribution curve. This area can be calculated more simply by 
sorting the frequencies in ascending order and calculating the area using the triangle area formula 

2
1

N
u Kui

i
= ∗

=
∑   (Fig. 4). Here u∗  is the maximum deflection of the truss from the action of a single force 

distributed over all nodes. From (7) a formula is obtained for an approximate expression of the frequency 
based on the simplified Rayleigh method: 
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( )2 2 2 .
1 1

K K
u u Kui i

i i
ω = µ = µ∗ ∗

= =
∑ ∑                                                      (8) 

The value of the maximum deflection is obtained by the formula 
3

( ) (*)
*

1
/ ( ),Pu S S l EF

η−

α α α
α=

=∑    where 

( )S ∗
α
  is the force in the rod with number α  from the action of a unit vertical force on the node, the deflection 

of which is tentatively estimated as maximum. This value for an arbitrary number of panels has the form: 

( ) ( )3 3 3 3 2 .1 2 3 4u C a C h C d C g h EF= + + +∗                                             (9) 

 
Figure 3. The dependence of the coefficient up on the number  

of the truss node for m = 4, n = 3. 
 

 

 
Figure 4. Coefficients up in ascending order for m = 4, n = 3. 

Calculations testing the value of u p  for different values of m  and n  show that the maximum value 

of u∗  falls on a node of order 1.m n+ +  

For 1m = , the calculations give the following sequence: 
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( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )

3 3 3 3 21: 240 2044 19380 633 2 ,

3 3 3 3 22 : 560 5096 44120 3139 4 ,

3 3 3 3 23: 320 3128 24740 2867 2 ,

3 3 3 3 24 : 180 1895 13710 2294 ,

3 3 3 3 25 : 200 2270 15050 3400 ,

n u a h d g EFh

n u a h d g EFh

n u a h d g EFh

n u a h d g EFh

n u a h d g EFh

= = + + +∗

= = + + +∗

= = + + +∗

= = + + +∗

= = + + +∗


 

Formulas for u∗  are obtained similarly for 2,3, .m =   The generalization of the series of these 

formulas to an arbitrary number of panels m  gives the following final formulas: 

( ) ( )
( )

( )

2 2 ,1
3 3 2 2 2 23 2 2 4 1 4 2 3 1 2 4,2

3 25 8 4 6,3
3 2 2 2 4 212 30 2 10 1 4 7 48.4

C m mn

C m n n m n n m n

C m m m n m n

C m n m n n n m n n

= +

 = + + + + + + + 
 

= + + +

 = + + − + + 
 

                  (10) 

The sequence of coefficients with this approach were relatively complex, for problems like this, there 
are many advantages to using the rsolve and rgf_findrecur operators or the Maple operator to generalize 
to sequences. 

Thus, the approximate value of the first frequency (8) is: 

( )( )3 3 3 32 2 1 1 2 3 4

EFh
n m C a C h C d C g

ω =∗ µ + + + + +
                                     (11) 

with coefficients (10). 

This solution is obtained under the assumption that the three rods modeling the left movable and 
right fixed supports are rigid. This is why the summation in the Maxwell–Mohr formulas is carried out up to 

3.η−  However, this solution can be refined by conditionally accepting that all support rods have a length 
h  and a modulus of elasticity .E  Only the coefficient 2C  in (10) will have a small difference: 

( ) ( )3 3 2 2 2 23 2 2 4 1 4 2 3 5 10 4 4.2C m n n m n n m n = + + + + + + + + 
 

 

Considering that the new value of the coefficient 2C  is greater than the initial one, and this coefficient 

is in the denominator of formula (11), the solution for the natural frequency, taking into account the elasticity 
of the supports, will be slightly smaller. This change has almost no effect on the magnitude of the natural 
frequency. 

When ,m n=  the proposed simplified solution (11) has the form: 

( ) ( )
34 .

3 3 3 3 2 3 3 3 3 367 104 228 72 144 40 5 48

EFh
n g d n h n h a d g n h

ω =∗

=
 µ + + + + + + + 
 

   (12) 
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3. Results and Discussion 
3.1.  Numerical Example 

To illustrate the dependence of the natural oscillator frequency on the number of panels found by the 
Dunkerley method, the new method has been proposed, and to evaluate the accuracy of the analytical 
solution, the first frequency from the frequency of the device natural motion of the structure will be found. 
Using the special operator Eigenvalues from the LinearAlgebra package, the Maple system finds 
eigenvalues and matrix vectors. The truss under consideration corresponds to the dimensions a  = 5 m,  
h  = 4 m. The cross-sectional area of the grids and supports is assumed to be the same: F  = 4 cm2. 
Elastic modulus of steel E  = 2·105 MPa, mass at nodes µ  = 150 kg. Fig. 5 shows the dependence on the 

number of panels of the frequency Dω  according to the standard Dunkerley formula (6), the frequency 

ω∗  according to the simplified formula (11), and the numerically found value of the first frequency 1ω  of 

the spectrum of a system with K  degrees of freedom. 

 
Figure 5. Comparison of analytical solutions with numerical, m = 3.  

The first oscillation frequency of the truss ω1 and its lower estimate ωD according  
to Dunkerley, ω* is the lower estimate according to the simplified formula. 

The Dunkerley method, its simplified version, and the numerical method for values do not differ too 
much. At the same time, over the entire range of values of the number of panels, as expected, the Dunkerley 
estimates are less than the first frequency of the spectrum obtained numerically, taking into account all 
degrees of freedom. From Fig. 5 it can be concluded that the more cells in the crossbar, the smaller the 
error obtained. The lower the truss height, the smaller the error. 

 
Figure 6. Comparative error of methods, m = 3. 

Fig. 6 shows how the error of approximate solutions’ changes as the number of tables changes. 

Values of relative error are introduced: ( ) .1 1Dε = ω −ω ω  With increasing truss order, the error of the 

Dunkerley method decreases and reaches a value of about 1 % with 12.k >  In contrast, with the proposed 
method, with 8,k <  the accuracy is gradually reduced, when 8,k >  this error does not change at 12 %. 
In summary, for the selected design features, this value should not exceed 12 % for the proposed method 
and 6.5 % at most for the Dunkerley method. 

3.2. The Level Lines of the Value of the First Frequency 
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The level lines of the value of the first frequency in the m-n axes, with increasing frequency, thicken 
(Fig. 7). The figure is constructed for the a  = 5 m, h  = 10 m and previous values of the mass, modulus of 
elasticity and stiffness of the rods. As the height of the truss decreases, the curves in this figure straighten. 

 
Figure 7. First frequency level lines.  

1: ω = 4s–1; 2: ω = 6s–1; 3: ω = 8s–1; 4: ω = 10s–1; 5: ω = 12s–1. 
The curves thicken with increasing frequency of natural oscillations. Outwardly, this resembles the 

Doppler effect for a moving source of oscillations, although, of course, it has a completely different nature. 

3.3.  Natural Frequency Spectra of Regular Trusses 
Usually, high vibration frequencies are not used in engineering calculations, except in resonance 

case studies. The natural frequency of vibration caused by the operation of different equipment may 
coincide with the natural frequency of the structure's vibration. The natural frequency spectrum is used, for 
example, to monitor the dynamics of railway bridges [25, 26]. The frequency spectrum is also required for 
multi-scale modeling and design of sandwich metastructures with a lattice core to suppress broadband low-
frequency vibrations [27]. 

The analytical method cannot account for these oscillation frequencies, but the well-tuned 
mathematical engine in numerical mode gives an interesting picture of the spectral set of conventional 
systems. In Fig. 8, twelve curves connect the points corresponding to the oscillation frequency of the truss 
of order 1,2, 12.n =   Each curve corresponds to a given truss, and the coordinates of the points on it 
are the frequencies. The horizontal axis shows the number of natural frequencies in the ordered spectrum. 

Some features of the frequency distribution are noted here. All spectra are characterized by 
significant frequency jumps, and all higher frequencies of the spectrum are multiples. For the accepted 

truss sizes a  = 5 m, h  = 4 m, F  = 4 cm2, there appear to be frequencies of 1250 ,1 s−ω =  

1520 ,2 s−ω =  16003 s−ω =  (spectral constant) constant for rigs of different orders. The presence of 

this regularity allows one to predict several truss frequencies with large regularity as calculated by a truss 
with a small number of plates, which greatly simplifies the solution. The first frequency has a fairly accurate 
analytical estimate, which is found by the Dunkerley formula. A similar spectrum with multiple higher 
frequencies was obtained for a planar regular truss that allows kinematic changes for a certain number of 
panels [28]. 

 
Figure 8. Spectra of regular trusses, m = 6. 
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It should also be noted the area of frequency safety, enclosed between frequencies 12501 s−ω =  

and 15202 s−ω =  in the spectral picture. This means that placing on the truss some source of external 

excitation with a natural frequency from this gap guarantees the safety of the system from the occurrence 
of resonance. It is also characteristic that this area does not depend on the order of the truss (in this case, 
the number of panels n ). 

4. Conclusion 
A new scheme for a statically determinate symmetric truss is proposed. The design under 

consideration could be used in the design of a bridge or other transport structure. The Dunkerley method 
and the proposed method allow one to obtain an analytical solution to estimate the first natural frequency 
of oscillation of a conventional truss. One of the objectives of the study was to obtain an analytical solution 
in the form of a relatively compact formula for the frequency of natural oscillations. Therefore, fairly strong 
assumptions were introduced into the model of the object: the oscillations of the nodes were assumed to 
be vertical, and neither physical nor geometric nonlinearities were taken into account. In favor of the latter, 
it should be noted that the oscillations were assumed to be small, where various nonlinearities are 
irrelevant. 

Any other conventional mechanical system with a large number of degrees of freedom can also use 
this proposed method. The following main conclusions can be drawn from the analyzed results: 

1. The coefficients obtained from the proposed method are much simpler than those obtained from 
the Dunkerley method, and the accuracy of these two methods is almost the same. 

2. With an increase in the number of panels in the truss structure and a sufficiently large number of 
crossbars, the accuracy of the proposed method remains unchanged, while the accuracy of the 
Dunkerley method increases. 

3. In the frequency spectrum of a family of regular trusses, spectral constants and a frequency safety 
region are found. 
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Abstract. The study examined the technical condition of hydraulic structures (HS) to plan their 
reconstruction, restoration and development of protective measures. The Sarpinskaya Watering and 
Irrigation System (SWIS) in the Republic of Kalmykia was the object of study. Promising research and 
monitoring methods were used: testing of concrete core samples using universal testing machine  
MIM.4-1000 and ground penetrating radar probing (by the GPR OKO-3) with ground penetrating radar 
survey of HS. Based on the results obtained, it can be concluded that concrete and reinforced concrete 
structures on the territory of the SWIS (namely, pumping station No. 1) have low strength, which is 
explained by their long service life and the lack of major repairs. The studied core samples collapsed under 
a minimum load of 116...118 kN. This indicates severe wear of the concrete coating of HS, aggravated by 
the close occurrence of groundwater. Further destruction of the concrete coating is inevitable, and therefore 
urgent repair and reinforcement of the structures are required. The data obtained will be used as a basis 
for conducting an examination necessary for operational monitoring of the SWIS and decision-making, 
when developing protective measures to strengthen the structures. 
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1. Introduction 
Irrigation canals and hydraulic structures (HS) play a key role in agriculture, providing a constant 

water supply for irrigation of fields. During the operation of HS, various types of damages occur. The study 
of the technical condition of HS is important for planning their reconstruction, restoration and development 
of further protective measures. Under conditions of intensive operation and exposure to natural factors, the 
following main types of damage occur on HS [1]: corrosion of water-saturated concrete in the zone of 
variable water level due to alternate freezing and thawing; mechanical damage to concrete masonry 
(chipping of corners of elements, crushing of concrete in separate zones, etc.); cracks caused by shrinkage 
or reaction of cement alkalis with aggregates containing active silica, and others. 

Such scientists as V.S. Altunin, G.T. Balakay, A.V. Kolganov, B.S. Maslov, V.V. Noskewich, G.M. 
Nigmetov, I.V. Olgarenko, V.N. Shchedrin and others studied the technical condition of reclamation systems 

https://creativecommons.org/licenses/by-nc/4.0/
https://orcid.org/0009-0001-3147-6613
https://orcid.org/0000-0001-6490-7072


Magazine of Civil Engineering, 17(6), 2024 

[2–9]. The main direction in the works of these authors was the assessment of the condition of HS under 
construction and those already built where the main goal was to expand knowledge for further verification 
of design solutions and the formation of a regulatory and methodological framework. 

M.L. Vladov, D.V. Dmitrievtsev, A.D. Zhigalin, O.Kh. Zhukov, S.V. Izumov, K.T. Iskakov,  
V.V. Kapustin, A.N. Ryzhakov, D.A. Solodovnikov, M.P. Shirobokov and others were engaged in research 
using ground penetrating radar (GPR) surveys [10–17]. The authors study and consider the issues of 
complex application of geophysical methods at the stages of design, construction and reconstruction of 
hydro-reclamation systems, with a description and operation of GPR and the use of the radar sounding 
method. 

The work of D.A. Solodovnikov, N.M. Khavanskaya, N.V. Vishnyakov, A.A. Ivantsova, based on the 
use of geophysical monitoring, showed that the results of the using GPR monitoring contain more objective 
information about the depth of the groundwater table. Combining GPR profiling with a hypsometric profile 
of the terrain allows one to build a model of groundwater dynamics [14]. 

Such scientists as V.V. Borodychev, E.B. Dedova, A.V. Kolganov, T.N. Mandzhieva, V.A. Suprun, 
R.M. Shabanov and others conducted their research on the territory of the Sarpinskaya Watering and 
Irrigation System (SWIS) [18–24]. The research involves environmental monitoring of water bodies in the 
Republic of Kalmykia, including the SWIS, using methods of studying the biogeocenosis of inland water 
bodies. 

The SWIS was chosen as the object of the present study. It is one of the largest objects of the 
reclamation complex of the Republic of Kalmykia. The climate of the republic can be characterized as 
sharply continental, semiarid and arid with cold winters (minimum temperature –37 °C) and hot summers 
(maximum temperature +44 °C). The SWIS was put into operation in 1968 and was used mainly for 
irrigation of rice fields. The water source of the system is the Volga River, on the bank of which, near 
Raygorod (the Volgograd Region), there is a water intake of a machine water lift that supplies irrigation 
water to the system. Water losses amount to 59 % of the annual volume of water intake (data obtained 
from the administration of the Oktyabrsky District of the Republic of Kalmykia). Most of the losses are 
associated with the physical wear of the system, equal to 92 % (data obtained from the administration of 
the Oktyabrsky District of the Republic of Kalmykia). During the entire period of operation of the system, 
only routine repairs of pumping stations (NS-2, NS-8, NS-9, etc.) were carried out, as well as repairs of 
earth dams and emergency repairs of failed system elements. 

The republic is one of the most water-deficient regions of Russia. It is not provided with sufficient 
surface water resources, and the mineralization of the groundwater used for the needs of the population is 
constantly increasing. In some places, the mineralization index of natural groundwater is close to brines. 

Thus, the purpose of this work is to determine the technical condition of the elements of irrigation 
systems to improve the reliability and environmental safety of their structural elements using non-
destructive and destructive testing methods. The objectives of the study are: 

− identifying patterns of changes in the physical and mechanical properties of materials of 
structures and structures during operation and obtaining data on the state of reinforcement and 
concrete in the studied samples from HS; 

− obtaining up-to-date information on the condition, possible deformations and impacts of a natural 
and anthropogenic nature on structures using GPR; 

− assessing the current technical condition of the elements of the SWIS. 
To solve the problems associated with the wear and tear of HS and their timely repair, a more 

accurate assessment and forecast of the service life of HS is required. In accordance with the state 
assignment, field studies of the technical condition of HS at the SWIS were carried out in 2023. The results 
of these studies will help to identify defects and problem areas. It is necessary to develop a set of measures 
to improve the reliability and safety of HS, including more economically viable ways of current repair of 
structures. 

2. Methods and Materials 
2.1. SWIS 

The SWIS is located in the north-east of the Republic of Kalmykia, in the Oktyabrsky and 
Maloderbetovsky Districts. The following types of soil are typical for this area: saline light chestnut and 
brown semi-desert soils combined with salt marshes [2]. The total amount of precipitation is about 300 mm 
per year [1]. The average daily temperature varies in summer within the range of +23.5 °C...+25.5 °C, in 
particularly hot years it reaches an absolute maximum of +40 °C...+44 °C. In winter, the average 
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temperatures are negative –12 °C...–7 °C, the minimum temperature in January is –37 °C...–35 °C. 
Sometimes the temperature drops to –40 °C and below [3]. 

2.2. Technical Studies of HS 
In 2023, georadolocation survey was carried out at certain SWIS sites in the Oktyabrsky District of 

the Republic of Kalmykia using the GPR OKO-3. Concrete samples were taken from some sections of the 
concrete lining of the drainage channel for further study in the laboratory (Fig. 1). 

 
Figure 1. Places of concrete cores sampling. 

To obtain complete and accurate information about the HS condition, a destructive testing method, 
“Core sampling and testing” was used, which was carried out on selected sections of HS with the use of a 
diamond drilling rig (Fig. 2). 

 
Figure 2. Process of cutting the cores using a diamond drilling rig. 

The cores were taken from the area of pumping station No. 1 of the SWIS. The sampling site was 
chosen taking into account the minimum possible damage to HS, at a distance of 600 mm from the joints 
and edges of the coating, in the area free from reinforcement. The number and location of drilling spots are 
determined by local conditions. 

After cutting, the concrete core samples were sent to the laboratory to determine their strength by 
measuring the minimum force required for destruction. The number of samples in the series was 6 pieces 
(Fig. 3). 
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Figure 3. Concrete samples from the SWIS. 

Compression tests of samples were carried out in the laboratory of the Federal Scientific Centre of 
Agroecology, Complex Melioration and Protective Afforestation of the Russian Academy of Sciences on 
universal testing machine MIM.4-1000 (Fig. 4). The laboratory analysis consisted of a static load with its 
constant growth rate, and the subsequent calculation of stresses taking into account the elastic work of the 
material. 

 
Figure 4. Testing of a core sample using a universal testing machine MIM.4-1000. 

The cut-out part of the structure used for the testing was formed and hardened during HS 
construction under the same conditions and under the same load as the rest of the structure, which means 
that the results of testes represent the state of HS nearby. 

However, after the core was extracted, such a structural characteristic as load-bearing capacity of 
the structure under study may change. Therefore, it is recommended to extract a concrete sample only with 
the marks made in advance by the developer, so that the loss of a part of the structure would not affect its 
strength characteristics in any way. The place, from which the core was removed, was filled with concrete 
and the surface was leveled. 

The GPR survey was performed at the place where the core samples were taken (Fig. 1). The GPR 
survey of HS was carried out using the GPR OKO-3, manufactured by JSC Geotech (Russia), equipped 
with a 2-frequency antenna unit 150+400 MHz (Fig. 5). 
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Figure 5. The GPR survey. 

Both antennas of the device are shielded, which prevents electromagnetic radiation from entering 
the upper half-space of the device, and suppresses reflection from objects of the upper half-space [25]. 
The 150 MHz antenna probes the soil to a depth of up to 12 m with a resolution (minimum size of detectable 
objects) of 0.35 m. The 400 MHz antenna provides probing to a depth of 5 m but with a more accurate 
resolution of 0.15 m. In this work, due to the small capacities of the probed soils, the main instrument was 
the 400 MHz antenna, the 150 MHz antenna served as a control. 

The GPR method is based on the reflection of electromagnetic waves from surfaces, on which 
electrical properties change. It makes it possible to solve a wide range of applied tasks, in particular: the 
study of geological sections with determination of capacities layers and types of rocks; determination of the 
position of the groundwater level; identification of defects in building structures; identification of foreign 
bodies in the ground, and others [12]. 

The electromagnetic pulse emitted by the GPR is reflected from any objects or inhomogeneities in it 
that have electrical permeability or conductivity different from the medium. Such inhomogeneities may 
include voids, interfaces between layers of different rocks, areas with different humidity, etc. The receiving 
antenna converts the reflected signal into digital and stores it for further processing. When a GPR scans 
the surface of the area under study, a radar image or profile appears on the screen, which can be used to 
determine the location, depth and extent of objects. 

3. Results and Discussion 
The results of the conducted research show that concrete samples taken from the concrete lining of 

the drainage channel have low strength, which is natural, given the service life of structures and the lack of 
major repairs of concrete and reinforced concrete structures. The table shows the data obtained in the 
laboratory of the Federal Scientific Centre of Agroecology, Complex Melioration and Protective 
Afforestation of the Russian Academy of Sciences using a universal testing machine (Table 1). 

Table 1. Research results obtained using the MIM.4-1000 testing machine. 

№ 
Concrete 

core 
sample 

Sample 
diameter, 

mm 
Sample 

length, mm 
Mechanical stress 

R(cp), MPa 

Ultimate 
compressive 
strength, kN 

Year of HS 
commissioning 

1 1 63.40 110 47.1 150 1968 
2 2 63.20 111 34.3 148 1968 
3 3 63.10 109 41.2 118 1968 
4 4 63.40 110 34.3 116 1968 
5 5 63.35 110 38.2 118 1968 
6 6 63.37 111 29.1 116 1968 

 

From Table 1, it can be seen that samples No. 3, 4, 5, 6 were destroyed at a minimum load of 
116...118 kN. These data indicate a strong wear of the concrete coating of HS, which is complicated by the 
close occurrence of groundwater, which will cause further damage to the coating. 

The graph in Fig. 6 shows fluctuations and a subsequent sharp increase in the load during 
compression of the core sample on a universal testing machine. This graph is typical for all selected cores, 
since destruction occurs throughout the area under study. 
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Figure 6. Deformation diagram of the core sample, kN. 

When loading the test sample, in the area highlighted in orange in Fig. 6, there is an increase in the 
deformation curve from 0 to 42 kN. A repeated jump can be observed in the area highlighted in green. In 
this part, the graph has a stronger amplitude from 30 to 116 kN. 

The graph shows that the deformation runs along the layering with an exorbitant characteristic. It 
follows from this that the site is subject to destruction. 

Conducting research using the GPR OKO-3 allowed us to obtain the following results. 

1. Graphs of time sections recorded by the variable density method, on which the horizontal axis 
indicates the distance in meters, and the vertical axis indicates the time of arrival of reflected signals 
in nanoseconds. In subsequent work in the GeoScan32 program, when processing signals, 
interference is weakened or removed from the record as much as possible, and useful ones are 
highlighted [15]. 

2. The electrical properties of metals are fundamentally different from the properties of any soils, 
therefore, their detection in the soil by the GPR method does not cause significant difficulties, 
provided that metal objects are found within the probing depth of the device and linear dimensions 
exceed the resolution of the device. Concrete structures in the soil also cause changes in the 
propagation of electromagnetic fields (Fig. 7, 8). 

The geoimage (Fig. 7) shows the revealed inhomogeneities of the body: surface local fractures and 
voids in the reinforced concrete structure of the structure, when scanning with the antenna side of the AB 
150/400 MHz, having a width in plan of 0.5...1.5 m and directed across the body of the dam. In this image, 
we can observe fluctuations through the entire body of the concrete channel bed and up to 12.5 m, which 
can be formed by voids in the body of the dam [25]. 

Fig. 8 shows the result of a detailed study of the zone, which was carried out by scanning using the 
AB 150/400 MHz antenna unit. Some of these zones are visually distinguishable in the lower part of the 
slope in the form of leaks and filtration passing through the body of the structure. This filtration can be 
traced from a depth of 0.06–0.40 m to the groundwater level. 
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Figure 7. Image from the GPR OKO-3. 

 
Figure 8. Image from the GPR OKO-3. 

4. Conclusions 
Based on the results obtained, it can be concluded that: 

1. Concrete and reinforced concrete structures on the territory of the SWIS, namely pumping station 
No. 1, have low strength, which is due to the long service life of the structures and the lack of major 
repairs. Tests of concrete core samples showed that the samples collapsed at a minimum load of 
116...118 kN. This indicates severe wear of the concrete coating of HS, which is aggravated by the 
close occurrence of groundwater. Further destruction to the concrete coating is inevitable, which 
requires urgent repair and reinforcement of the structures. 

2. The study of the concrete coating using the GPR method on the territory of the SWIS using the 
GPR OKO-3 with a 2-frequency antenna unit of 150+400 MHz during the diagnosis of the technical 
condition allowed us to identify the following. Pronounced voids of soil decompression under the 
concrete base of the body of the dam. Water filtration points through the body of the dam. All of 
them are characterized by an increase in soil moisture from 3 to 40 %, interpreted through a change 
in its dielectric constant, which leads to the expansion of the concrete base of a part of HS. Due to 
the rise of groundwater to the base of the body of the dam, the strength of individual elements of 
HS is subjected to greater wear, which will lead to the rapid destruction of the concrete coating. 

3. The use of non-destructive testing methods, using modern equipment, allows us to carry out a 
survey of HS with high accuracy and to identify problem areas in time to further ensuring the safety 
of HS and the rational use of water resources for the development of the agricultural potential of 
the region. 
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Abstract. Soil stabilization is aiming to enhance the geotechnical properties of soils. Traditionally, it has 
relied on conventional materials, such as cement and lime. However, the growing awareness of 
environmental sustainability has prompted researchers to explore alternatives, including waste. The 
employment of waste helps reduce waste deposited in landfills and decrease greenhouse gas emissions. 
The literature revealed that adding wastes to clay significantly improves clay’s mechanical characteristics. 
This study has identified alternative methods of trash disposal that would be economically and 
environmentally beneficial. The effect of chicken bone powder with limestone and cement on clay has been 
investigated. Liquid limit and plasticity index have decreased, and unconfined compressive strength of 
samples treated with 10%CBP+5%LS and 10%CBP+5%C up to 28 days have been increased by 2.69-fold 
and 4.82-fold, respectively. A reduction in the soil’s cohesion from 37.079 to 35.115 kPa and an increment 
in the internal frictional angle from 0.66° to 2.10° has been discovered for the mix of 10%CBP+5%LS. 
Compression and swell index reductions were observed with the addition of 10%CBP+5%LS and 
10%CBP+5%C. From scanning electron microscopy, the binder materials caused the samples to indicate 
a dense and compact matrix and reduced the porosity. 

Citation: Salih, A.G., Rashid, A.S., Salih, N.B. Effects of chicken bone powder mixed with limestone and 
cement on the clayey soil geotechnical characteristics. Magazine of Civil Engineering. 2024. 17(6). Article 
no. 13003. DOI: 10.34910/MCE.130.3 

1. Introduction 
Soil quality is an essential consideration in infrastructure development [1]. The geotechnical 

challenges associated with varying site conditions can be mitigated through adjustments in foundation 
design and soil stabilization techniques [2, 3]. By adapting these methods to the specific needs of a project, 
engineers can ensure the long-term stability and safety of buildings, roads, and foundations, contributing 
to sustainable infrastructure development [4, 5]. Soil stabilization techniques might be the most cost-
effective way to solve the issue depending on the required particulars. Soil stabilization is the process of 
modifying soils physically and chemically to improve their mechanical characteristics [6]. The primary 
objectives of soil stabilization include increasing load-bearing capacity, reducing soil settlement, enhancing 
soil durability, and mitigating environmental impacts. 

To enhance the shear strength of soils, numerous stabilizing methods and additives have been used 
for a period of time. The two main techniques used nowadays to increase shear strength are either 
stabilization techniques can be mechanical or chemical. Compaction or the addition of fibrous and other 
non-biodegradable reinforcement to the soil are two examples of mechanical stabilization. Further, 
chemical stabilization involves the addition of chemicals or other materials to enhance the ongoing soil. 

https://creativecommons.org/licenses/by-nc/4.0/
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Portland cement (C), lime (L), fly ash, bitumen, calcium chloride, cement kiln dust, steel slag, limestone 
(LS), enzymes, and many other natural materials are a few of the chemicals or materials used today  
[7–15]. 

The majority of frequently used soil-stabilizing substances, such as C, L, and coal fly ash, all contain 
variable amounts of calcium. One of the most common, widely applicable, and simple methods for 
improving the geotechnical characteristics of clayey soils is by using L and C stabilization [16, 17]. Calcium, 
the essential component required for stabilizing soil and enhancing its strength, can be provided by both L 
and C. The availability of calcium varies depending on the type and purity of L employed as a stabilizing 
agent. The chemical reaction between L and soil consists mostly of two phases. When adding L, the first 
phase, sometimes referred to as an immediate or short-term treatment or stabilization, starts to take place 
within a few hours or days. At this step, three primary chemical processes occur – cationic exchange, 
flocculation-agglomeration, and carbonation. It may take months or years to finish the second phase, which 
makes up the majority of the pozzolanic reaction. It is regarded as a long-term treatment [4, 16, 18]. While 
L has some benefits in lowering the plasticity index (PI) of very plastic soils [19], C has the feature of 
enhancing soil strength in addition to decreasing the PI. The reaction between the silica from the soil and 
the Ca(OH)2 from the L might result in the formation of C-S-H in L-soil systems [15]. A pozzolanic reaction 
is the name for this process. Additionally, calcium and alumina may combine to form the cementitious 
compound C-A-H [20, 21]. In this context, when C hydrates, it composes C-S-H and produces Ca(OH)2, 
whereas the pozzolanic reaction produced known as C-S-H has been proven to be crucial for maintaining 
and enhancing soil’s engineering qualities [19, 21, 22]. Generally, the C stabilization method demands the 
addition of 5 to 14 % C by the volume of the compacted mixture being stabilized [23, 24]. Bhuvaneshwari 
et al. [25] and Anggraini et al. [26] reported that 5 % L additive is a sufficient amount for the stabilization of 
dispersive soils. 

Basically, conventional stabilizers like C and L have been widely used but raise concerns related to 
carbon emissions and resource consumption. As a result, there is a growing interest in utilizing waste 
materials as alternatives for soil stabilization, aligning with the principles of sustainability and circular 
economy. 

Many studies revealed that the characteristics of soil strength, compaction, and settlement are 
considerably enhanced by the addition of various waste materials to parent clay. Essentially, the resulting 
mechanical properties depend mainly on the type of the added mineral and treatment duration [27, 28]. 
When bones are burned (calcinated), white, powdery ash is remaining. Calcium phosphate is the main 
component. Tricalcium phosphate, or Ca5(OH)(PO4)3, represents the hydroxyapatite form of bone ash [29, 
30]. Ayininuola and Akinniyi [29] stated that bone ash is chemically inert, free of organic matter, and has 
very high heat transfer resistance; it also has good non-wetting features. Ayininuola and Shogunro [31] 
carried out laboratory investigations to study the influence of bone ash on soil shear strength and revealed 
that bone ash had a significant role in increasing its shear strength. The shear strength of the soil was 
increased by between 22.4 and 105.2 % above the strengths of the corresponding control tests when bone 
ash was added to soil samples. On the other hand, all samples reached their highest shear strengths at 
7 % stabilization with bone ash [31, 32]. However, there is still cause for concern regarding the embodied 
energy used to produce bone ash. This is because, notwithstanding the benefit of minimizing the 
environmental pollution caused by these wastes, calcining bone ash at a temperature of between 650 and 
900 °C after open-air burning has a high cost [33, 34]. 

To address problems related to soil instability, researchers are now creating and investigating 
effective uses for agricultural and environmental waste products. This study has identified alternative 
methods of trash disposal that would be economically beneficial and environmentally friendly. Thus, the 
study aims to investigate the possibility of utilizing waste chicken bone powder (CBP) – which is yet material 
containing calcium – as a soil stabilizer. Therefore, to improve clayey soils, the utilization of waste CBP as 
well as LS and C as partially eco-friendly alternatives was investigated in the current study. For samples of 
clayey soil, the additives were put in a variety of percentages. Then, to investigate the potential of such 
additives in reducing the LS and C content as well as improving the engineering properties of the clayey 
soil, a comparative analysis was made between the CBP-LS-treated soil mix and the CBP-C-treated soil 
mix. 

2. Materials and Test Methods 
2.1. Materials 

2.1.1. Soil 
The clayey soil in southern parts of Sulaimaniyah City was investigated for this research. As a result 

of weathered portions of the parent rock and foraminifera in the soil, the deposit in this location is primarily 



Magazine of Civil Engineering, 17(6), 2024 

made up of soft dark grey, silty clay, and clayey silt. Soil samples were taken from a depth near the surface, 
put in plastic bags, and transferred to the laboratory. Classification tests were carried out based on the 
ASTM standards [35–38] to determine the priority geotechnical properties of the collected soil. The natural 
water content in the soil sample used in this investigation ranged from 23 to 34 %. As illustrated in Fig. 1(a), 
the preliminary observation of the soil revealed that it is fine-grained soil. By performing the basic tests 
required for soil classification, the characteristics of the soil were determined. The soil sample contains 
51.17 % clay, 45.44 % silt, and 3.39 % sand, according to the results of the sieve analysis and the grain 
distribution curve shown in Fig. 2. Moreover, the basic properties of the soil sample are 2.67 specific gravity, 
48 % liquid limit (LL), 23 % plastic limit (PL), and 25 % PI. Table 1 lists the geotechnical characteristics of 
the soil. The natural soil sample was classified as low plasticity clay (CL) by the Unified Soil Classification 
System (USCS) [39]. The compaction test was conducted to obtain the optimum moisture content (OMC) 
and maximum dry density (MDD) of the natural soil sample as presented in Table 1. These results were 
used for the preparation of remolded soil samples for the study tests. Fig. 3 present the scanning electron 
microscope (SEM) micrograph and its elemental spectrum of the studied soil. 

2.1.2. Chicken bone powder 
Chicken bones were collected from the waste of food. The bones were carefully washed with water 

multiple times, released from the meat, and then rinsed once more repeatedly to get eliminate any surface 
impurities. Firstly, the bones were air-dried and then put in the oven at 50–60 °C to ensure they were fully 
dry. Then a grinder was used to crush the dried bones into a homogeneous mixture as presented in 
Fig. 1(c). Accordingly, the study employed an average particle size of less than 425 µm, which was obtained 
using a sieve size of 425 µm (sieve No. 40). 

2.1.3. Crushed limestone 
The sample of crushed LS used in this study was obtained from the Tlazait crusher in Iraq, which is 

located 30 kilometers to the southeast of Sulaimaniyah city. The crushed LS was chosen as a waste 
material. The waste LS used was easily crushed, whitish, and had a sub-rounded particle shape. To employ 
the crushed rock for laboratory use, it was passed through sieve No. 40 (425 µm) as indicated in Fig. 1(b). 
The sample of crushed LS had a specific gravity of 2.81 according to the ASTM standard [38]. 

2.1.4. Cement 
For the present study, the required amount of Bazyan Portland cement was obtained locally and 

used as a soil stabilizer additive. Both C and LS have a pozzolanic reaction that requires a period of time. 
They will create bonds among soil particles that tie them together and hence result in a strong soil structure. 

(a)  (b)  

(c)   
Figure 1. The materials used (a) clayey soil, (b) limestone, and (c) waste chicken bone. 
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Table 1. Geotechnical properties of clayey soil. 
Physical properties Clay Standard 

Liquid limit, % 48 
ASTM D 4318 Plastic limit, % 23 

Plasticity index, % 25 
Sand content, % 3.39 

ASTM D 422 
Silt content, % 45.44 

Clay content, % 51.17 
Passing sieve no. 200, % 96.61 

Soil classification Lean Clay ASTM D 2487 
Optimum moisture content, % 20 

ASTMD 698 
Max dry density, g/cm3 1.694 

Specific gravity, Gs 2.67 ASTM D 854 
 

 
Figure 2. Grain size distribution curve for the natural clayey soil. 

Table 2 lists the materials’ chemical compositions by the weight percentage of the total chemical 
composition as determined by X-ray fluorescence (XRF) testing. Table 2 shows that the clay soil sample 
has a high content of silica (SiO2 = 49.4 %) and a lower content of alumina (Al2O3 = 9.25 %). 

On the other hand, the oxide composition of the LS showed that it consisted of majorly of calcium 
oxide (87.12 %) with traces of magnesium oxide (0.96 %), silicon oxide (0.6 %), and potassium oxide 
(0.1 %). Furthermore, C was mostly consists of calcium oxide (65.03 %) and silicon oxide (18.4 %), 
whereas CBP mostly consists of calcium oxide (53.25 %), phosphorus pentoxide (37.46 %), and silicon 
oxide (1.5 %). Ojuri et al. [4] reported that cow bone powder does not contain enough calcium oxide to be 
considered a cementitious material. 

However, Adeyemi et al. [40] have noted that when employed that cow bone powder as a partial 
substitute for L in the presence of water at room temperature, it produces insoluble compounds with 
cementitious capabilities. 
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Table 2. The chemical composition obtained from (X-ray fluorescence analysis) of the natural 
soil and the additives for soil stabilization under study. 

Chemical compound Minerals Clay soil, % Chicken bone 
powder, % 

Limestone, 
% Cement, % 

Silicon dioxide SiO2 49.4 1.5 0.6 18.4 

Sulfur trioxide SO3 0.44 1.74 0.58  

Iron (III) oxide Fe2O3 6.37 0.26 0.15 2.537 
Aluminum oxide AL2O3 9.25 0.7 0.49 3.439 
Calcium oxide CaO 16.45 53.25 87.12 65.03 

Magnesium oxide MgO 9.003 1.77 0.96 2.748 
Potassium oxide K2O 4.28 0.48 0. 1  

Chlorine Cl 0.7  0.0013 0.013 
Sodium oxide Na2O – 0.016 0.0031  

Phosphorus pentoxide P2O5 0.07 37.46 0.02  
Tricalcium aluminate C3A – – – 4.83 
 

The SEM micrograph of untreated clay is displayed in Fig. 3. The image illustrates the detection of 
hexagonal particles and the flaky texture of the clay, which almost disappeared after the addition of 
additives as presented in Fig. 10. 

 
Figure 3. SEM image of clay soil. 

2.2. Sample Preparation and Methods 
The soil sample was put in the oven at 110 °C, then left to be dried for 24 hours. The soil sample 

was well mixed after being pulverized with a plastic mallet and then passed through a No. 4 sieve on a flat 
surface to achieve a uniform distribution. In order to investigate the geotechnical characteristics of the 
treated clayey soil, and look into the impact of the CBP with a separate mix of LS, or C, some of the 
geotechnical experiments, such as the Atterberg limit, unconfined compressive strength (UCS), direct 
shear, and 1-D consolidation tests were conducted. All samples were remolded using the moist tamping 
method with a dry density of 1.694 g/cm3 (95 % of MDD), and 20 % water content (OMC). The compaction 
characteristics of soil samples were evaluated using the Standard Proctor test and as presented previously 
in Table 1. Manual mixing was used in every part, and each step was monitored carefully to ensure a 
uniform mixture. The samples, which had been carefully compacted in particular molds prepared for each 
experiment, were taken out of the molds, placed in plastic bags, and kept in safe containers at about 25 °C 
in the laboratory for various treatment periods. 

SEM and X-ray diffraction (XRD) analysis were carried out to obtain a better understanding of the 
microscale’s interaction mechanism of the CBP and the soil particles, in addition to the LS and C mixture. 
The central zone of the samples was used to collect the specimens. 
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According to ASTM D2166/D2166M-16 [41], the UCS tests were carried out on cylindrical samples 
with dimensions 38 mm in diameter and 76 mm in height for both the untreated and treated remolded soil 
samples. The samples were remolded and then sealed in plastic bags and cured at constant humidity and 
room temperature of 25 °C to allow for chemical reaction. The soil was mixed with the specified distilled 
water to produce the necessary water contents. 

Firstly, the soil was treated with CBP of 2.5, 5, 7.5, and 10 % of the total dry weight of the soil at 
curing time periods of 7 days in order to evaluate the effect of time on the strength of the treated materials 
for UCS tests. To compare the UCS behavior of the tested samples, the stress-strain curves were plotted. 

Secondly, other samples were prepared for each additive with the optimum value of the CBP, 
obtained from the results of UCS tests as mentioned in the previous step. Both crushed LS and C were 
added individually to the optimum value of CBP with the clay soil mix by utilizing the replacement method 
with percentages of 5 % in order to increase the soil’s bearing capacity and stiffness. This dosage was 
selected for subsequent experiments and tests. 

In a similar manner, separated mixtures of soil, 10%CBP+5%LS, 10%CBP+5%C, and 20 % of water 
content were prepared in order to be used for the direct shear tests. The prepared mixtures were then 
placed into the direct shear test squared mold of 60 × 60 × 20 mm in accordance with ASTM D3080 
standard [42]. The direct shear test samples were made, sealed with a plastic bag, and allowed to cure for 
28 days. To determine the shear strength parameters, shear stress-normal stress curves were developed 
(internal friction angle and cohesion). 

The intention of the 1-D consolidation test is to determine the compressibility characteristics of the 
soil samples on the remolded samples of treated and untreated soil. The ASTM D2435 standard [43] 
provides the basis for the test. The consolidation tests were carried out over a single curing time period of 
28 days. Brass oedometer rings of 50 mm in diameter and 19 mm in height were used for all consolidation 
tests. The additional load that was imposed was twice as much as the previous one. Thus, with a loading 
interval of 24 hours, the samples were loaded gradually as 2, 4, 8, and 16 kg. At 2 kg of normal stress, the 
unloading was accomplished. In order to plot the compression curves (void ratio versus applied vertical 
stress), the deformations of the samples during the test were recorded. 

However, these materials and additives percentages were used and compared in order to address 
the strength development of materials to evaluate the best combinations of soils and stabilizing agents. 

3. Results and Discussion 
3.1. The Effect of the Additives on the Consistency Limits 

The results obtained from this study showed that the LL and PI decreased with the addition of 
binders. For the sample treated with 10%CBP+5%LS, there was a reduction in the PI values from 25 to 
20.59 % due to the LL value decrease from 48.1 to 43.09 %, and the PL value decreased from 23 to 22.5 %. 
In addition, in the treated sample with 10%CBP+5%C, the PI value decreased from 25 to 11.07 % due to 
the LL value decrease from 48.1 to 39.1 %, and the PL value increased from 23 to 28.03 %. 

The remarked behavior may be due to the partial replacement of the plastic soil particles with CBP 
and other binders that are non-plastic material with a reduction in clay content. Basically, the amount of 
clay in the soil controls its plasticity, which decreases as the percentage of clay fractions decreases [1, 29, 
44, 45]. Further, chemical reactions between the soil and the binders may be responsible for this reduction. 
The significant reduction in LL for the sample treated with 10%CBP+5%C may be caused by the rapid 
hydration of the C that leads to a decrease in the amount of water available in the mixture to be absorbed 
by the other contents. 

Abdalqadir et al. [46] reported in their study on clayey soil stabilization with LS that the reduction in 
the double-layer thickness of clay particles was the matter of this reduction in constancy limits, which was 
caused by the cation exchange reaction, which increases the attraction force and causes the particles to 
flocculate. 

3.2. The Effect of the Additives on the Unconfined Compressive Strength 
Unconfined compressive strength values are considered the primary criterion for evaluating the 

enhanced strength of the treated soil [47, 48]. Fig. 4 displays the relation stress versus axial strain for 
treatment duration of 7 days for samples containing soil with CBP of 2.5, 5, 7.5, and 10 % mix. These 
curves illustrate the effect of CBP on the UCS of clay soil samples. The UCS of the untreated sample was 
66.6 kPa. However, there are considerable increases in the UCS values of all CBP-clay samples. It can be 
seen that the UCS increased and reached its maximum resistance with the addition of CBP of up to 10 % 
as the UCS was 120.133 kPa, and the UCS of the clayey soil was increased by 80.29 %. 



Magazine of Civil Engineering, 17(6), 2024 

 
Figure 4. UCS results for different CBP % contents. 

Furthermore, the achieved results showed that by increasing the CBP dosage, the strength increased 
and the failure strain increased accordingly, besides, the treated sample stiffness was decreased. The 
failure strain of the treated soil increased from 3.26 to 4.35, 4.86, and 5.92 % for the 2.5, 5, 7.5, and 10 % 
of CBP mix, respectively, showing an increase in flexibility. Overall, the treated soil samples exhibited more 
stiffness than the untreated soil samples. Therefore, the addition of LS or C was suggested for the soil 
stiffness and brittleness enhancement. 

 
Figure 5. UCS results of 10%CBP+5%LS contents with different curing ages. 

Fig. 5 illustrates the UCS results for samples treated with 10%CBP+5%LS contents. By comparing 
the result of UCS as presented in Figs. 4 and 5 for curing ages of 7, 14, and 28 days; all samples provided 
more strength and less ductility at failure strain compared to the untreated soil sample and the samples 
treated with CBP only. The failure strain decreased from 4.92 % for untreated soil to less than 2 % for 
treated soil showing decreased flexibility, thus, the brittleness of the treated samples with 10%CBP+5%LS 
further increased and subsequently resulted in non-plastic deformation. 
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Figure 6. UCS results of 10%CBP+5%C contents with different curing ages. 

The pozzolanic reaction property of the LS and C increases the strength of the treated soil, but as 
the plasticity of the soil is decreased by the addition of additives, the soil sample becomes more brittle. 

Similarly, after the treatment duration of 7, 14, and 28 days, samples treated with 10%CBP+5%C 
represented more UCS strength but less ductility at failure strain compared to the untreated samples and 
samples treated with only CBP as presented in Fig. 6. The failure strain decreased from 4.92 % for 
untreated soil to less than 2 % for treated soil showing less flexibility and more brittleness. This behavior 
may come as a result of the influence of cementation reactions on the reduction of soil plasticity. 

Due to the time effect, which created the environment for long-term pozzolanic reactions, the 
specimens’ ductility decreased, therefore, extending the curing time improved the development of 
mechanical strength, which was caused by the completion of chemical reactions. 

 
Figure 7. Effect of additives on the UCS of clayey soil. 

Overall, for the resulting material, the UCS values of C-treated soil were higher than the LS-treated 
soil at all curing days as illustrated in Fig. 7. For samples treated with 10%CBP+5%LS and 10%CBP+5%C 
up to 28 days; the strength was increased by more than 2.69-fold and 4.82-fold, respectively, compared to 
the UCS of the untreated sample. Thus, using C is ideal when strength improvement is required. Two 
elements may be involved in Portland cement’s ability to acquire increased strength. Firstly, the Ca(OH)2 
crystals produced as a by-product of the hydration of calcium silicates are significantly more reactive as 
they are pure and fine. This gives the required calcium for the ion exchange process. Secondly, with the 
hydration of C, a stiff network was created similar to that in mortar or concrete which mainly depends on 
the amount of the added C. This variation in the utilized material may be of significant employ when various 
properties are required from the same soil. 

A study conducted by Ojuri et al. [4] concluded that the cow bone powder and L efficiently reacted to 
form cementitious materials that improved the soil’s strength properties. The results obtained from the 
present study agree with the findings of Ojuri et al. [4], and Adeyemi et al. [40]. 
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3.3. The Effect of the Addition on Shear Strength Parameters 
Fig. 8 shows the effect of different additives on clay soil results from the direct shear test. Cohesion 

and angle of internal friction are each determined by the y-intercept and line gradient, respectively. With 
the addition of CBP and LS or C, the strength of soil samples increased. This strength increase was due to 
water content reduction in the treated samples. While the pH-raising additives create an ideal environment 
for the stabilizing process, so the soil density tends to increase upon stabilization. Based on Table 3, the 
samples treated with the CBP-C content reached the highest shear strength with the cohesion of 
48.143 kPa in comparison with the strength of samples treated with CBP-LS or untreated clayey soil 
strength. As well known, soil plasticity is a factor that controls the corresponding cohesion of the samples. 
It was presented earlier that the addition of 10%CBP+5%LS and 10%CBP+5%C reduced the PI of the 
mixture by 17.64 and 55.72 %, respectively. Therefore, with the addition of CBP-C content, there is a 
noticeable increase in cohesion, and further, the angles of internal friction increased up to 1.54°. 

In contrast, the addition of 10%CBP+5%LS reduced the cohesion to 35.115 kPa, while the internal 
friction increased to 2.1°. Results indicated that the LS content had a greater influence on the friction angle 
than the cohesion and that relatively controlled by the surface friction of the particles, which has a great 
impact on the structure and stability of the sample. It is evident that because of the relatively significant 
amount of coarser particles in samples that had appeared, the larger particles in the samples were broken 
and filled with pores during the shearing test process, which makes the adhesion between particles lesser, 
and further decreases the soil’s cohesion. Thus, the friction force on the particle surface is increased and 
soil cohesiveness is decreased as a result of the particles’ evident edge angle. 

 
Figure 8. Strength envelope lines of untreated and treated soil. 

Table 3. Cohesion and angle of internal friction for samples with different material additives. 
Sample description Untreated sample Soil+10%CBP+5%LS Soil+10%CBP+5%C 

Cohesion (kPa) 37.079 35.115 48.143 
Angle of shear resistance ( ° ) 0.66 2.10 1.54 

 

These results showed a good agreement with results obtained by Ojuri et al. [4]; the 10%L addition 
improved the internal friction while reducing the soil cohesiveness. Moreover, 6% L + 7 % cow bone powder 
+ 1 % plastic waste stabilized low plasticity soil showed a similar pattern thus, with the addition of additive 
materials, the soil cohesiveness decreased, while the angle of internal friction increased [4]. 

3.4. The Effect of the Addition on Compressibility Characteristics 
As seen in Fig. 9, the coefficients of consolidation (Cc) and the expansion index (Cr) decreased with 

the addition of the stabilizing binder 10%CBP+5%LS and 10%CBP+5%C. With the addition of 
10%CBP+5%LS, the values of Cc and Cr decreased by 71.07 and 1.84 %, respectively. Likewise, the value 
of Cc and Cr decreased by 74.21 and 54.6 %, respectively for samples treated using 10%CBP+5%C. The 
reduction in Cc and Cr comes as a result of the influence of the stabilizing additives on reducing the void 
ratio among the clay soil particles in the treated samples, as well as the stiffness increase contributed to 
this reduction. From all curves, it can be observed that clayey soil with CBP achieved the lowest Cc and Cr 
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with the addition of C compared to LS. Therefore, the addition of 10%CBP+5%LS and 10%CBP+5%C to 
the clayey soil will reduce its settlement potential. These results agree with the findings of Ojuri et al. [4]. 

 
Figure 9: Void ratio versus effective stress curves from the consolidation test on untreated  

and treated soil with 10%CBP+5%LS and 10%CBP+5%C. 

3.5. Microstructural Mechanisms of the Additives Mix on the Microstructure 
As seen in Fig. 10(a), untreated clayey soil has large voids between the soil particles to appear as 

dark patches. The microstructural analysis utilizing SEM indicated denser materials for the treated samples 
which resulted in decreasing the voids between the soil particles as shown in Fig. 10(b), (c), and (d). The 
particles of these denser materials have closer contact and stronger bonding due to the addition of 10 % of 
CBP as the soil stabilizer as clarified in Fig. 10(b). Thus, increasing the soil density will enhance the 
compressive strength of the treated clayey soil as presented in images (c) and (d) for samples treated with 
10%CBP+5%LS and 10%CBP+5%C, respectively. 

    

    
Figure 10. SEM images of (a) untreated soil, (b) sample treated with 10%CBP after 7 days,  

(c) sample treated with 10%CBP+5%LS after 28 days,  
and (d) sample treated with 10%CBP+5%C after 28 days. 
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The effect of LS and C relies mainly on their chemical reaction with soil components when there is 
water present, as well as the quantity of stabilizer agent, which is used. In this regard, the SEM analysis 
was employed to observe the structural changes and to better understand the interactions between the soil 
and additives. 

It is noteworthy that the primary aspect affecting the void ratio of the texture is the shape of the 
particles. Among the analysis of particle matter, it is found that the arrangement of texture particles in the 
treated sample in image (d) is relatively dense, and multiple paths for cemented bonds (C-SH gel) are 
formed between particles in different forms of contact. In the texture particle system, numerous of these 
cemented bonds crisscross one another to create a network that is adequate to resist both the weight of 
the particle system and external loads. The production of C-S-H has a significant effect on the mechanical 
properties of the sample which is reflected in the strength development of the soil sample. Fewer voids 
remain as a result of the particle’s range in angularity, which lowers the void ratio. 

In general, as calcium-based stabilizers, L, and C are usually utilized to strengthen the soil during 
the hydration and pozzolanic processes [49]. 

 

 
Figure 11. SEM micrograph and its elemental spectrum of a selected particle obtained  

by EDS analysis of sample: (a) 10%CBP+5%LS and (b) 10%CBP+5%C. 
According to Fig. 11, this study found that the development of new hardened cementitious 

compounds has a principal effect that enhanced the UCS and shear strength characteristics of CBP-LS-
treated soil and CBP-C-treated soil. The outcomes of the microstructural test revealed that the growth and 
deposition of cementing compounds caused morphological changes at the edges of soil particles. The soil 
texture changes when the soil particles get closer to one another. The clayey soil is mainly composed of 
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silica (SiO2) and alumina (Al2O3), while LS and C are mostly composed of calcium ions. The most important 
chemical composition values belong to calcium in LS and C; silicon and aluminum in the soil are presented 
in Table 2. The addition of LS or C (Ca+2) strengthens the bond between the soil particles. The soil 
mineralogy, LS content, and short-term reactions are the factors affecting LS-treated soil. On the other 
hand, C reactions are time-dependent and take a long time to complete since these reactions depend on 
temperature, the amount of calcium present, the pH level, and the proportion of silica in the soil minerals 
[50]. Substantially, SEM images revealed that the pozzolanic reaction coated the soil particles and created 
a closed matrix, which made the voids less evident and reduced the consolidation coefficient as well as the 
expansion index. 

4. Conclusions 
This research investigated the effect of CBP with the addition of LS and C individually to a clay matrix. 

The conclusions obtained throughout the investigations for this research can be listed as follows: 

1. The study yielded in LL and PI values to be decreased with the addition of additives. 

2. The results from UCS (which were considered the primary indicator to evaluate the effectiveness 
of CBP as a stabilizer) revealed that the 10%CBP mix produced the best improvement for the soil 
strength. 

3. According to results obtained from UCS for samples treated with 10%CBP+5%LS and 
10%CBP+5%C up to 28 days; the strength was increased by more than 2.69-fold and 4.82-fold 
respectively compared to the UCS of the untreated sample. 

4. Generally, the rate of UCS development of the clayey soil samples stabilized with CBP and C or 
LS is enhanced as the curing duration is increased. 

5. The direct shear components were notably achieved. The soil cohesion was reduced from 37.079 
to 35.115 kPa, but the angle internal frictional was increased from 0.66° to 2.10° for the mix 
10%CBP+5% of LS. While, for the mix 10%CBP + 5 % of C, the soil cohesiveness and the internal 
frictional angle were increased from 37.079 to 48.143 kPa, and from 0.66° to 1.54° respectively. 

6. Reduction in both the compression index Cc and swell index Cs were observed with the addition of 
10%CBP+5%LS and 10% CBP+5%C content. 

7. Portland cement modification with CBP exhibited higher UCS and shear strength values than 
limestone modification for all samples when mixed with clayey soil and CBP for all curing ages. 

8. According to the SEM analysis, the addition of the binder materials caused the stabilized samples 
to indicate a dense and compact matrix as well as reduced the soil porosity which resulted in 
increasing the mechanical strength. 
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Abstract. Mathematical models and analytical methods for solving contact problems of multilayer beam 
slabs lying on an elastic base are developed, considering the reactive normal and shear pressures of the 
base. In this case, an elastic filler is inserted between each pair of beam slabs. The rigidity of the filler 
placed between the slabs can differ in each layer. Each slab beam is subject to external loads and pressure 
of the filler. The stiffness coefficients of beam slabs are discrete and variable. The lower beam slab, which 
has a two-way connection with the elastic base, is under the influence (except for external loads) of reactive 
normal and shear pressure of the base. The mathematical model of the problem includes closed systems 
of integro-differential equations with corresponding boundary conditions. To solve the problem, an 
analytical method based on the approximation of Chebyshev orthogonal polynomials was used. The 
solution to the problem is reduced to the study of infinite systems of algebraic equations. The regularity of 
the resulting infinite system of equations is proven. To solve it, the reduction method was used. A test 
example is considered and a numerical solution to algebraic equations is obtained. The internal force 
factors arising in the beam slab are also investigated. Based on the analysis of numerical results, some 
new results were identified, i.e., a significant influence of the filler and the reactive pressure of the base on 
the internal force factors of the beam slab, etc. 
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1. Introduction 
Numerous scientific studies are devoted to the influence of contacting structural elements. Various 

physical models describe these relationships. Recently, the number of scientific articles in this sphere has 
increased dramatically; various aspects of modeling and analysis of contacting elements by mechanical 
parameters are presented in these articles. 

Plate Behavior under Various Conditions were studied in [1–3]. The article [1] presents an effective 
theoretical solution for studying the time-dependent characteristics of elastic plates on layered soil. The 
study compares numerical results with the finite element method (FEM). It investigates the influence of load 
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shape, plate rigidity, material anisotropy, and soft soil layers on the plate-soil system's dynamic behavior. 
The findings emphasize the significant impact of shallow weak layers and the increasing flexibility of the 
plate with decreasing burial depth. 

Research in [2] proposes a strain recovery method based on surface strain measurements for 
analyzing large deflections in thin-plate structures. The authors develop an algorithm for strain field 
reconstruction and create an experimental platform to control strain under different loading conditions. 
Comparisons between theoretical and experimental data yield valuable insights into surface strain behavior 
under various loads. 

A comparative study in [3] explores the nonlinear vibrations of plates fabricated from polymeric 
materials. The research derives governing equations for plates made of polymers and polymer composites, 
considering first-order shear deformations. Verification results are presented to validate the approach's 
accuracy. 

Plate Design and Optimization were studied in [4, 5]. In [4], it introduces a novel Moving Morphable 
Component (MMC)-based approach for the topological design of rigid plate structures. This approach 
utilizes stiffeners as optimization building blocks. The research demonstrates the efficiency and 
effectiveness of the proposed method through numerical examples. Notably, a three-dimensional model for 
rigid bodies is presented, contrasting with traditional approaches. The study in [5] combines experimental 
and numerical analysis to assess the ultimate strength and fracture behavior of reinforced plates under 
combined biaxial compression and lateral loads. The results reveal that lateral pressure significantly 
enhances the ultimate bearing capacity. 

Foundation Modeling and Analysis were done in [6–8]. In [6] and [7], the problem of determining the 
internal stresses of multilayer slabs was considered. In these studies, the slabs of buildings and structures 
foundations are considered beam slabs, and the effect of the beam on the internal tension forces in beam 
slabs is evaluated. 

Building upon uniaxial load testing of orthotropic plates, [8] proposes an interaction function based 
on axial loads and shear forces. The research establishes interaction formulas for bending and failure under 
combined loading scenarios. The proposed formulas demonstrate excellent agreement with test results for 
bending interaction curves and fracture envelopes. 

Dynamic Modeling and Optimization were proposed in [9, 10]. The research [9] presents a dynamic 
modeling approach for multi-plate structures connected by nonlinear hinges. The method utilizes 
Chebyshev polynomials to create dynamic models for each plate. The Rayleigh–Ritz method is then 
employed to derive the characteristic equation for determining the eigenfrequencies of multi-plate 
structures. In [10], the research focuses on optimizing the placement of longitudinal stiffeners in steel plates 
under pure bending. The obtained results are validated against established findings to ensure accuracy. 

Simplified Models and Contact Mechanics were studied in [11, 12]. The study [11] explores one-
dimensional linearly elastic models for composite layered beams. The results are compared with a two-
dimensional finite element model under plane stress conditions. The findings demonstrate good agreement 
between the simplified multilayer sandwich model and experimental data. A mathematical model was 
constructed in [12] for the contact interaction between two plates with distinct elastic moduli. This model 
accounts for physical and structural nonlinearities. The method of variational iteration is employed to solve 
the governing partial differential equations, leading to a set of ordinary differential equations. 

References [13, 14] provide comprehensive reviews on the development of mathematical models, 
methods for elastic analysis of non-homogeneous rigid bodies, and models for elastic and viscoelastic 
foundations in oscillating systems. 

A broader range of studies, encompassing references [15–31], delve into the behavior of non-
homogeneous elastic and viscoelastic systems, particularly their interaction with soil under various loading 
conditions. These studies offer valuable analyses of internal force factors and stress states within various 
systems under environmental interaction. 

Along with these studies, a sufficient number of scientific works have been conducted to date, 
devoted to various structures interacting with media under dynamic impacts. 

In [32], radial vibrations of cylindrical panels of finite length were considered using the concept of 
wave propagation in periodic structures. Several new results were obtained and it was shown that with the 
correct choice of a periodic element, it is possible to determine the boundary frequencies and corresponding 
modes in all propagation bands. 

In [33], an assessment of large displacements of prismatic beams of variable cross-sections 
subjected to concentrated impacts was done. The resulting large amplitudes at the first frequency were 
estimated by the FEM and approximately by using polynomial functions. 
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The study in [34] describes the free waves propagation in a two-dimensional periodic plate using the 
FEM. In this case, infinite plates are considered a combination of periodic plates on an orthogonal array of 
simple, evenly-spaced linear supports. The eigenfrequency of the infinite plate was obtained for different 
wave propagation constants in two directions of the plate. 

In [35], based on the theory of thin and thick plates, the vibration and energy flow of a fixed reinforced 
plate are studied using the finite integral transform method. It is found that including the rotational inertia of 
the beam and plate in the model affects only the component of the energy flow controlled by the moment 
coupling but not the component controlled by the shear force coupling. 

In reference [36], the propagation of one-dimensional axial waves in an infinitely long periodically 
supported cylindrically curved panel exposed to a supersonic air flow was investigated. A line of instability 
was identified. The limiting frequency values and flutter pressure parameters are compared with the critical 
flutter state of a single curved panel by two methods – the exact method and the FEM. 

Currently, many different methods have been developed for assessing the strength parameters of 
structures in contact interaction with elastic half-spaces under static and dynamic loads. 

Despite this, today many questions related to the assessment of internal force factors arising in a 
structure working together with the soil base under the impact of static loads remain open. 

Therefore, this study is devoted to an urgent problem of the development of mathematical models 
and analytical methods for assessing the internal force factors of multilayer beams lying on an elastic base. 

2. Methods 
2.1. The Beamslab Configuration 

A n -layered beam slab interacting with a linearly deformable half-space is considered. Unlike [28], 
a more general model is presented here, which assumes the normal and shear pressure of the base on the 
strip slab. It is assumed that between each pair of beam slabs, there is an elastic filler. At that, normal 
external loads iq  and pressure of the filler 1z ,iq + , 1z ,q  act on each i -th beam slab. The first (lower) beam 

slab fits snugly to the base, i.e., a tear-free contact hold. It is assumed that vertical iq  and horizontal 1T  
external loads and reactive normal p  and tangential τ  pressures of the base act on the lower beam slab. 
Each beam slab has different mechanical characteristics of the material, i.e., the stiffness coefficients of 
the beam slabs iD  are discretely variable. It is also assumed that the length of each beam slab is the 

same, i.e., 2l , the height is different, i.e., ih , and the width equals one (Fig. 1). 

Then, the problem of bending of n -layered beam slabs interacting with an elastic base is considered, 
an n -layered structure works with the base, considering the normal and shear pressure of the base on the 
strip slab under the impacts of static loads. It is required to develop a mathematical model and analytical 
methods for assessing the internal force factors, considering the pressure of the base and filler arising on 
strip slabs under various static loads. 

2.2. Mathematical Model of the Problem 
In the mathematical model, the origin of the system of rectangular Cartesian coordinates xOy is 

located at the center of symmetry of the lower beam slab (Fig. 1). If the deflection of the i-th beam slab is 
denoted by iy , then the following functional dependencies i iy y ( x )= ; i iq q ( x )= ; p p( x )= ; 

( x )τ τ= ; 1 2i , ,...,n=  hold on the segment [ ]l;l− . 

The pressure of the filler is assumed to be proportional to the differences in deflections connecting 
the beams of the slab 1z ,i i i iq k ( y y ).+= −  
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Figure 1. Calculation scheme of n-layer beam slabs interacting  

with a linearly deformable half-space. 

Here, the coefficients of proportionality ik  refer to the stiffness coefficients of the filler. 

Based on the above assumptions and notation, the following system of differential equations can be 
written for the beam slab deflection  

( )
( ) ( )

( )

1 1

1 1 1 2 1 2 1 2

1 1 1 1 2 1 10 5

IV
n n n n n n

IV
n n n n n n n n n

IV

D y q k y y
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................................................................
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− −

− − − − − − − −

= − −

= + − − − 




= + − − − 

  (1) 

The following formula is used to determine horizontal displacements uτ  of the foot point of the first 
beam slab: 

2
'1

1 1 1, 2,
1 1 0 0

1 ( ) 0.5 .
x x

u x dxdx h y B x B
h Eτ τ τ

ν τ−
= − + +∫ ∫    (2) 

Here, 1E  and 1ν  are the modulus of elasticity and Poisson's ratio of the material of the first beam 

slab, respectively; 1, 2,,B Bτ τ  are the unknown constants determined from the boundary conditions of the 
problem. 

Vertical V  and horizontal U  displacements of the surface points of an elastic half-space are 
determined by the following formulas: 

1 2
1( , ) ( ( ), ( )) ln ( ( ), ( )) ( ) ,

l

l
V U p s s s p s sign x s ds

x s
α τ τ α

−

 
= + − − 

−  
∫    (3) 

where: 

( ) ( ) ( )( )2
1 0 0 2 0 0 02 1 / ; 1 1 2 / 2 .E Eα ν π α ν ν= − = + −  

Equilibrium equations are written as: 

( ) , ( ) , ( ) .
l l l

l l l
p x dx R x dx T xp x dx Mτ

− − −
= = =∫ ∫ ∫          (4) 

Here, , ,R T M  are the sums of vertical and horizontal forces and their moments, respectively, from 
all external loads on the middle of the beam slab. 

According to the assumptions, the first beam slab fits snugly into the foundation. The relationship in 
the form of contact conditions of the beam slab and foundation is written as: 

1( ) ( ), ( ) ( ), .y x V x u x U x l x lτ= = − ≤ ≤     (5) 
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The set of equations (1), (2), (3), (4), and (5) are the resolving equations of the problem, and they 
form a system of closed equations. The closedness of the system of resolving equations confirms the 
correctness of the problem under consideration. 

3. Results and Discussion 
3.1. Solution Method 

The dimensionless coordinates equal to the ratio of absolute coordinates to the half-length of the 
beam slab were used and expressed in similar equations in matrix form for convenience. 

A series in orthogonal ( )nT x  Chebyshev polynomials of the first kind approximates the normal and 
shear stresses of the elastic half-space: 

1
22

0
( , ) (1 ) ( , ) ( ).n n n

n
p x A B T xτ − ∞

=
= − ∑      (6) 

Here, ,n nA B  are the unknown constants to be determined. 

The substitute (6) into the equilibrium equation (4), and considering the orthogonality of the 
polynomials, gives the relations:  

( ) ( ) ( )2
0 1 0/ ; 2 / ; / .A R l A M l B T lπ π π= = =    (7) 

Here, the Chebyshev norm was used defined by the following formulas: 

( ) , 0; ( ) , 0.
2n nT x for n T x for nππ= = = ≠    (8) 

Formulas (3), which determine the vertical and horizontal displacements of the surface points of the 
elastic base, considering (6), are written as: 

( )1 0 0 1 0 0
1 1

( , ) , ln 2 ( , ) ( ) / 2 ( , ) arcsin ( , ) ( ) / .n n n n n n
n n
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∞ ∞
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   
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Here, ( )nU x  are the Chebyshev polynomials of the second kind. 

For simplicity, a two-layer beam slab interacting with an elastic base is considered. The system of 
differential equations (1) takes the following form: 

2 1 1
2 2 1 2 1 1 1 1 2 14 4( ); ( ) '.

2
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The general solution of the system of differential equations (10), considering (6), is represented in 
the following form: 
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Here: 
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are the integration constants; ( )iu x  are the known functions [6]: 
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Expression (2), which determines the horizontal displacements of the points of the slab foot, 
considering (6) and (11), takes the following form: 

2 2
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The contact conditions (5) are used to determine the unknown coefficients ,n nA B . In this case, 
expressions (9), (11), and (15) are put into equations (5), respectively, and both equations are multiplied 
by the expression 2 1/2(1 ) ( )кх T х−− . After that, integrate the equations on the variable x in [–1; 1]. In the 
integration, the orthogonality of polynomials is used, and it is possible to get the following results: 
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The following notation is used: 

4
' ' 2 1/22

1, 1, 2,4
1 2

1

1
( ) ( ) ( ) (1 ) ( ) ;k q q q k

Dla F x f x F x x T x dx
D D e

−

−

 = + − − +  
∫          (17) 

2 2 4
' ' 2 1/21 2

2, 2, 2, 1, 2,4
1 1 1 1 2

1

1

(1 ) ( ) ( ) ( ) (1 ) ( ) ;
2 ( )k q q k

v l Dla B x B F x F x x T x dx
h E h D D eτ τ

−

−

 − = + + − − +  
∫ (18) 

4
2 1/22

1, , , ,4
1 2

1

1
( ) ( ) (1 ) ( ) ;n k p n p n k

Dea f x x x T x dx
D D e

ϕ −

−

 = − + − +  
∫     (19) 

4
' ' 2 1/22

2, , , ,4
1 1 2

1

1
( ) ( ) (1 ) ( ) ;

2 ( )n k p n p n k
Dea f x x x T x dx

h D D e
ϕ −

−

 = − + − +  
∫   (20) 

4
2 1/22

1, , , ,4
1 2

1

1
( ) ( ) (1 ) ( ) ;n k n n k

Deb f x x x T x dx
D D eτ τϕ −

−

 = − + − +  
∫     (21) 

2 2 4
' ' ' 2 1/21 2

2, , , , ,4
1 1 1 1 2

1

1

(1 ) ( ) ( ) ( ) (1 ) ( ) .
2 ( )n k n n n k

v e Deb f x f x x x T x dx
h E h D D eτ τ τϕ −

−

 −  = + − −  +    
∫ (22) 

The integration by parts can eliminate the singularity in integrals (17), (18), (19), (20), (21), and (22) 
and bring the integrals to a convenient form for calculation and evaluation. 

System (16) is an infinite system of algebraic equations with respect to unknown coefficients  
,n nA B . For solving system (16) the reduction method is proposed. 
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The patterns of pressure distribution along the base are determined by substituting the obtained 
values of coefficients ,n nA B  into (6). Expression (6) is put into formulas (9) and (11) to find displacements 
of beam slabs and base points. Based on these formulas, the internal stress factors in beam slabs are 
determined according to certain rules of the elasticity theory. Thus, the solution to the problem is reduced 
to the study of a system of infinite algebraic equations of the form (21). The existence of a bounded solution 
to the system (21) is equivalent to the existence of solutions for the problem under consideration. 

3.2. The Existence of a Bounded Solution of the System of Equations 
Since a regular system has a unique bounded solution, the regularity of the system (16) is studied. 

The convergence of the following sequences consisting of free coefficients 1, 2,,k ka a  of the system (16) 

is studied. That is, the meeting of the following conditions is analyzed to study the regularity: 

1, 2,, , 2,3, 4,...k ka a k< ∞ < ∞ =     (23) 

Integrating integrals (17) and (18) by parts, applying the Cauchy–Bunyakhovsky inequalities, and 
considering the continuity of the integrands gives the following estimates: 

1/2(1/2,1,2)
1, 2, 1 2 1

1( , ) ( , ) ( ) .
2k k ka a a a P x

k −<      (24) 

Here, 
1/2(1/2,1/2)

1 ( )kP x−  is the norm of Jacobi polynomials. The following designations are 

introduced: 

1/224
' ' 2 1/22

1 1, 2,4
1 2

1

1
( ) ( ) (1 ) ,q q

Dea F x F x x dx
D D e−

   = − −  +    
∫     (25) 

( )
22 3

'' '' 2 1/21 1 2
2 2, 1, 1, 2,4

1 1 1 2

1

1

(1 ) ( ) ( ) (1 ) .
2( ) q q

v l h l Da B B x F x F x x dx
h E D D lτ τ

−

 −  = + − − −  +    
∫  (26) 

Considering the given estimate (24), it is certain that inequality (23) holds. 

Now, the following numerical series, consisting of the coefficients of unknowns ,n nA B  of the system 
(16), are considered: 

( )1, , 2, , 1, , 2, ,
0

.n k n k n k n k
n

a a b b
∞

=
+ + +∑      (27) 

If series (27) is a convergent series, then the sum of the series depends on the parameter k . 

Therefore, denoting the sum of series (27) by kS  gives the following sequence: 

{ } , 2,3, 4,...kS k =      (28) 

The next step is studying the convergence of sequence (28). For each summand of the common 
term of series (27), determined by formulas (19), (20), (21), and (22) separately, the following estimates 
could be obtained: 

4 4
2 1 2

1, , 3 2 1 2, , 2 2 14 4
1 2 1 2

( ) ; ( )
2n k n n k n k n n k

D h De ea P uP P a P uP P
D D D D le e− − − − − −≤ +    ≤ +

+ +
 (29) 

2 34
2 1 1 2

1, , 2 2 1 2, , 1 1 1 14
1 2 1 1 1 2

(1 )( ) ; ( ) .
2( )n k n n k n k n n n k

D v e h e Deb P uP P b P P uP P
D D h E D D ee− − − − − − −

−
≤ +    ≤ + +

+ +
 (30) 

In obtaining these estimates, integration by parts in integrals (19), (20), (21), and (22) is applied. 
Then, the Cauchy–Bunyakovsky inequality and the following notation is used: 
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1 2 3 4max ( ), ( ), ( ), ( ) , 1 1u u x u x u x u x x= − ≤ ≤     (31) 

4 1/2 1/2(3/2,3/2) (7/2,7/2)2
1, , 2 2 1 2 31 341 2

1 1( ) ; ( ) ; ( ) .
4 ( 1) 8 ( 1)( 2)n k n n k n nn n

Deb P uP P P P x P P x
D D n n n n ne

− − − − −− −≤ +  =  =
+ − − −

 (32) 

Substituting (29) and (30) into (27), and considering (28) gives the following: 
2 34
1 1 2

14
1 2 1 1 1

2 1
3 2

1 2 223 1

(1 ) 1 .
2( )

(3 )
2k k nn n

nn n

l h l DlS D hP u PP u P
D D h E DD l DD l

ν
− −−

∞ ∞ ∞

===

  −  ≤ + +   + +      
+ + +

+
∑∑ ∑  (33) 

Considering (31) and (32) in inequality (33) verifies that each series on the right-hand side of 
inequality (33) are convergent. Therefore, the following limit holds: 

lim 0.k
k

S
→∞

=        (34) 

Since estimates (23) and (34) are true, then the infinite system of algebraic equations (16) is regular. 
Thus, the reduction method (23)–(34) can be applied to solve the system (16). As a result, the infinite 
system of algebraic equations (16) can be solved using the reduction method. 

3.3. Test Case 
The test case is the problem of bending a two-layer beam slab interacting with an elastic base when 

loaded with a uniformly distributed external load of the following form: 

1 1 2 2( ) , ( ) .q x q const q x q const= = = =  

Due to the symmetry of external loads, (6) and (7) will take the following form: 

( ) ( )2 1/2
2 2 2 1 2 1 0 1 2

0
, (1 ) ( ), ( ) , 2( ) / .n n n n

n
x A T x B T x A q qρ τ π−

+ +

∞

=
= −  = +∑    (35) 

Expressions (9) are written in the following form: 

( ) 2 2 1
1 0 2 2 1

2 1 2
1 0 2 1 2

1

1

( ) ( )( , ) ,0 ln 2 ,
2 2 1

( ) ( )2 (0, ) arcsin , .
2 1 2

n n
n n

n n
n n

n

n

T x T xV U A A B
n n

U x U xA x B A
n n

πα

α

−
−

−
−

∞

=

∞

=

  = − + +  −  
  + − −  −  

∑

∑

   (36) 

Beam slab deflections that satisfy the boundary conditions of the problem are written as: 

]

4 4 2
2

1 2 1 2 2 1,2
1 2 1

1 2
2 2 1 2,2 2 1

1

1

1

( , ) (1,1)( ) ,1 ( )
24 2

(1, 1) ( ) ,1 ( ) (1, 1) ( ) .
2

n n

n n n n

n

n

Dl x xy y q q A F x
D D D

h Df x B F x f x
l D− −

∞

=

∞

=

    = + − − +    +    
  ′+ − − + −   

  

∑

∑

   (37) 

Here, 1 2,y y  are the relative deflections equal to 1 1 1 2 2 2( ) ( ) (0); ( ) (0);y x y x y y y x y= − = −  

( ) ( ) ( ) ( )1
1,2 2,2 1 5,2 5,2 1 1 7,2 7,2 1 3 2 1 2 14( ), ( ) ; ( ) ; ( ) ( ); ( ) ;n n n n n n n n

DF x F x u x u x x x
l

ϕ ω α ϕ ω α ϕ ω− − − − −= + + (38) 

( ) ( ){

}

5,2 7,2 4 2 2

2 1/2
1 3 1 2

1

0
, ( ); ( ) [ (1 )]

(2 ( ) 2 ( )) [ (1 ) ] (1 ) ( ) ;

n n

n

u u u s

u u u s s T s ds

ϕ ϕ α α α

α α α −

= − +

+ − − −

∫
    (39) 
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( ) ( ){

}

1
5,2 1 7,2 1 4 2 2

1
2 1/2

1 3 1 2

1

0
, ( ); ( ) [ (1 )]

2

(2 ( ) 2 ( )) [ (1 ) ] [(1 ) ( )] .

n n

n

h u u u s
lD

u u u s s T s ds

ω ω α α α

α α α

− −

−

= − − +

′+ − − −

∫
    (40) 

The horizontal displacement of the foot point of the beam slab, which satisfies the boundary 
conditions, is represented in the following form: 

( ) ( )2 2
1 1 1/ 12 ' / 2 .u h l D Tx y h lτ = − −       (41) 

Next, the system (16) is solved in correspondence to this example (41). 

Here, the solution is restricted to eight equations relative to eight unknowns 0 ,A 2 ,A 4 ,A 6 ,A 8,A

1 ,B 3 5 7, , .B B B  

The calculations are performed for the following values of the parameters of the slab and base [6]:  

1 2 1 2 1 2
5 2 2 2

1 2 0 0

500 , 45 , , 0.167

1.25 10 , 0.3, 5 10

l cm h h cm q q q

E E kg cm E kg cm

ν ν

ν

= = = = = = =

= = ⋅ = = ⋅
  

The modulus of elasticity and Poisson's coefficients obtained for slabs and elastic base correspond 
to concrete slabs and clay-sand soils, respectively. 

Calculations will be performed separately according to the following numerical values of the stiffness 
coefficients of the filler 24.52; 49.03; 73.55;122.5;171.6[ ] :  k kPa . 

These values correspond to elastic materials with very low, low, and moderate porosity in the order 
in which the filler layer stiffness coefficients are written [31]. 

Table 1 gives the calculation results. The analysis of the results obtained shows that an increase in 
the values of the stiffness coefficients of the filler k does not lead to a significant change in the numerical 
values of the algebraic equations. A change in the numerical values of the stiffness coefficients of the filler 
k does not lead to a significant change in the pressures in the base. Retaining three terms in the series in 
the expansion of the pressure in the base in terms of orthogonal Chebyshev polynomials is ensured by 
sufficient accuracy in determining the internal force factors in the beam slab. 

Table 1. Numerical values of coefficients 2 2 1,n nA B − for different values of stiffness 
coefficients of the filler k. 

[ ]k kPa  24.52 49.03 73.55 122.5 171.6 

0 /A q  1.273239 1.273239 1.273239 1.273239 1.273239 

2 /A q  –0.308264 –0.306441 –0.304161 –0.302753 –0.301269 

4 /A q  –0.041247 –0.040962 –0.037824 –0.033472 –0.031643 

6 /A q  0.002193 0.002081 0.001973 0.001746 0.001385 

8 /A q  0.0003427 0.0003165 0.0002761 0.0002472 0.0002169 

1 /B q  0.817618 0.806977 0.793185 0.784676 0.778634 

3 /B q  –0.427618 –0.421738 –0.415627 –0.410698 –0.407164 

5 /B q  –0.044363 –0.041764 –0.037954 –0.031761 –0.030118 

7 /B q  0.001394 0.001169 0.000875 0.000554 0.000347 

 

The solutions to the system of algebraic equations presented in Table 1 differ from the quantities in 
the table presented in [6] by the characteristics of the equations and the numerical amount of the unknowns 
in it. From Table 1, it is possible to determine the numerical value of the unknowns of the system of algebraic 
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equations in order to perform the project calculations with the required accuracy. In particular, for 
calculations with an accuracy of 0.01, it is enough that the number of unknowns in the system of algebraic 
equations is six. 

Table 2 shows the highest values of bending moments 1,M τ and 2,M τ of the beam slabs (for 

  0x = ). It shows the values of bending moments 1M  and 2M , obtained without considering the shear 
stresses given in [6]. 

Table 2. The highest values of bending moments in beam slabs. 

[ ]k kPa  24.52 49.03 73.55 122.5 171.6 
2

1, / ( )M qlτ  
0.025764 0.0241627 0.023866 0.023219 0.022761 

2
1 / ( )M ql  

0.103563 0.103012 0.099073 0.098169 0.091864 

2
2, / ( )M qlτ  

0.016191 0.016843 0.017384 0.018175 0.019568 

2
2 / ( )M ql  

0.069591 0.071368 0.072437 0.074981 0.077576 

 

The analysis of the results obtained allows to draw the following conclusions: with a decrease in the 
stiffness coefficients of the filler k, the bending moments in the first beam slab increase, and in the second 
beam slab, they decrease; with an increase in the stiffness of the filler k, the bending moments of the beam 
slab significantly approach each other; at the accepted values of the stiffness coefficients of the filler k, an 
account for the shear stresses in the base leads to a significant (up to 24%) decrease in the bending 
moments of the first and second beam slabs (Table 2). 

4. Conclusions 
1. A mathematical model was developed for the problem of bending of multilayer beam slabs 

interacting with an elastic half-space, taking into account shear stresses in the base. 

2. An analytical method was proposed for solving the problem of bending of multilayer beam slabs 
interacting with an elastic half-space based on the approximation of Chebyshev polynomials. 

3. The regularity of the infinite system of algebraic equations obtained by solving the problem was 
proved. 

4. The required number of summands of the terms of the series was established with expanding 
the solution of the unknown pressure of the base into a series of Chebyshev polynomials. 

5. The pattern of changes in the stiffness of the filler and their influence on the force factors in 
multilayer beam slabs was established. 

6. A decrease in the force factors of multilayer beam slabs was established, considering shear 
stresses in the multi-layer plates. 
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Autogenous shrinkage and early cracking  
of massive foundation slabs 
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Abstract. The risk of early cracking due to temperature gradients in the early period of concrete hardening 
of massive monolithic reinforced concrete structures determines the relevance of research into the 
possibilities of regulating temperature-shrinkage stresses. An important task is to improve the algorithm for 
calculating temperature-shrinkage stresses due to temperature gradients and autogenous shrinkage, 
taking into account the kinetics of heat dissipation of concrete, heat exchange conditions, and ambient 
temperature. Numerous factors influencing the formation of temperature-shrinkage stresses determine the 
relevance of the use of numerical methods for modeling temperature fields and stresses, which requires 
dependencies of changes in heat generation and temperature gradients over time, temperature 
deformations and autogenous shrinkage deformations, tensile strength of concrete, elastic modulus, creep 
coefficient. Purpose of the study: obtaining dependencies describing changes in the kinetics of heat 
dissipation and strength, taking into account the properties of cements and the presence of additives; 
methodology for taking into account autogenous shrinkage deformations when calculating stress values; 
modeling the stress-strain state of a massive monolithic structure in the early period of hardening and 
comparison of calculated and experimental values, taking into account the influence of autogenous 
shrinkage of concrete on the stress level. Materials and methods: modeling temperature fields and stresses 
from temperature differences and autogenous shrinkage depending on the class and kinetics of heat 
dissipation and hardening of concrete; experimental studies of temperature fields and stresses in the early 
period of hardening. Results: the equations describing the kinetics of heat dissipation, strength, and 
autogenous shrinkage of concrete up to 5 days old depending on concrete hardening rate are proposed. It 
is shown that failure to take autogenous shrinkage into account can lead to an overestimation of the tensile 
stress level, depending on the concrete class and the autogenous shrinkage value by up to 30 %. An 
algorithm is proposed for calculating the kinetics of the stress level in the early period of hardening of 
massive monolithic structures, taking into account the deformations of autogenous shrinkage, the class, 
and hardening rate of concrete. The expediency of limiting the temperature difference “center-top” 
depending on the required reliability in the range from 20...23 °C to 26...28 °C is substantiated. 
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1. Introduction 
The risk of early cracking due to temperature gradients in the early period of concrete hardening of 

massive monolithic reinforced concrete structures determines the relevance of regulating the temperature 
regime of concrete hardening. Particularly effective is the combination of prescription (limiting cement 
content, using low exothermic cements and hardening retardant additives) and technological factors, for 
example, regulating heat loss to level out temperature gradients [1–3]. 
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An important task is to improve the algorithm for calculating temperature stresses due to temperature 
gradients in the early period of construction of a massive monolithic structure, taking into account the 
kinetics of heat dissipation of concrete, heat exchange conditions, and ambient temperature. According to 
[4], the level of tensile stresses t ctmu f= σ  ( btR  in the Russian Code of Regulations 63.13330.2018 
“Concrete and reinforced concrete structures. General provisions”) > 1 was noted after approximately 3.5 
days of aging. In [5], the level of tensile stresses t ctmu f= σ  ( t btRσ  in the Russian Code of Regulations 
63.13330.2018) > 1 at a design concrete strength of 80 MPa was recorded after approximately 54 hours of 
hardening. In [6], when the maximum temperature in the center of the slab was reached after 72 hours, the 
value tσ  = 2.43 MPa was recorded, which is higher than the axial tensile strength of class С20/25 (В25 in 
the Russian Code of Regulations 63.13330.2018) concrete at design age. The maximum temperatures in 
the center of the structures can exceed 70 °C, the time to reach the maximum temperature can be from 24 
to 72 hours or more, and the “center-top” temperature difference, which determines the level of tensile 
stresses, according to the authors, can exceed 30 °C with standardized permissible values up to 20 °C. 

The above predetermines the relevance of research in the field of regulating the temperature regime 
of hardening and preventing early cracking of massive monolithic reinforced concrete structures [7]. The 
numerous prescription and technological factors influencing the formation of temperature stresses in the 
early period of concrete hardening of monolithic structures determines the relevance of using modeling to 
study temperature fields and stresses using numerical methods [1, 3, 8]. Calculation of the stress level 
requires the dependencies of the change in the “center-top” temperature gradients and temperature 
deformations, the tensile strength of concrete, the elastic modulus, and the creep coefficient over time [1, 
9]. Calculation of temperature gradients requires data on the kinetics of heat dissipation of hardening 
concrete. In addition, when calculating temperature stresses, with rare exceptions [1], the deformations of 
autogenous shrinkage of concrete are ignored, especially when the overlap time of layers is more than 4 
hours, when using concrete mixtures from different suppliers (with different cements), the values of which 
depend on prescription factors and can make certain adjustments to the assessment of stresses. The value 
of autogenous shrinkage of concrete at any time depends on the class of concrete, the properties of cement 
[10–12]. Some factors can influence on the kinetics [13] and the value of autogenous shrinkage, for example 
the different additives and conditions, such as internal curing [14], calcium carbonate whiskers [15], 
nanofibrillated cellulose [16], temperature rising inhibitor [17], and others. And, with increasing class of 
concrete, it can exceed the shrinkage deformation during drying [18, 19], and depending on the class of 
concrete can be 0.5…0.83 of the total shrinkage (shrinkage during drying + autogenous shrinkage) [18], 
and according to [19] – 0.32…0.38. Since the use of high-strength concrete is finding increasing application 
in the construction of building foundations due to the increase in the number of storeys, assessing the 
contribution of autogenous shrinkage to the formation of the stress field in the early period of hardening of 
massive monolithic structures is an urgent task. In this regard, the purpose of this work is: 

− obtaining dependencies describing changes in the kinetics of heat dissipation and strength, 
taking into account the properties of cements and the presence of additives; 

− methodology for taking into account deformations of autogenous shrinkage, when calculating the 
magnitude of stresses; 

− modeling the stress-strain state of a massive monolithic structure in the early period of hardening 
and comparing of calculated and experimental values. 

2. Materials and Methods 
The research included modeling and experimental determination of the parameters of temperature 

fields and concrete deformations of a massive monolithic structure. The modeling methodology is based 
on the principles presented below. 

The determination of temperature field parameters was carried out according to the method [20] 
depending on the concrete class С20/25 – В40 (В40 in the Russian international standard GOST 25192-
2012 “Concretes. Classification and general technical requirements”, between С30/37 and С35/45) with 
specific heat dissipation at the age of 28 days respectively from 130 to 190 mJ/m3 (for example, in [21], the 
simulation was performed for concrete with a specific heat dissipation of 140 mJ/m3). In order to exclude 
factors that do not have a significant impact on the result of this study, the main objective of which is to 
assess the effect of autogenous shrinkage of concrete, taking into account the properties of cement, on the 
level of stress in the early period of hardening, the following assumptions were made: 

− uninsulated upper surface, ambient temperature of 20 °C and initial concrete temperature of 
20 °C; 

− a statically determinate slab is erected on a concrete foundation. 
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Since the Russian Codes of Regulations (63.13330.2018, 70.13330.2012, 435.1325800.2018) do 
not contain quantitative criteria for crack resistance in the early period of hardening, the following condition 
is adopted as a criterion: 

, 1,5,tRτ τσ <                                                                      (1) 

where στ  is the value of tensile stress at time ;τ  ,Rt τ  is the ultimate strength of concrete under axial 

tension at time ;τ  1,5 is the safety factor for concrete under tension (in the Russian Code of Regulations 
63.13330.2018). 

The relative heat dissipation of hardening concrete due to the hydration of Portland cement under 
normal conditions is described by the equation [20]: 

28
28exp 1 , 1,

d
Q Q kτ

    = ⋅ ⋅ −  τ >   τ   
                                                (2) 

where τ  is the time (days); ,k  d  are the coefficients, the values of which proposed by the authors are 
presented in Table 1. 

In this case, the relative heat dissipation is considered as an indicator of the degree of cement 
hydration: 

28 28
.Qf

Q
τ τ α
=  α  

                                                                      (3) 

When hardening under normal conditions, the change in the relative compressive strength of 
concrete , ,28c cf fτ  ( 28R R  in the Russian international standard GOST 25192-2012) over time is 
described by the equation 3.2 EN 1992-1-1: 

,

,28

28exp 1 , 1.c

c

f
s

f
τ   
= ⋅ − τ >    τ  

                                                      (4) 

As is known, the compressive strength of concrete depends on the porosity of concrete and the 
hardening temperature, in connection with which the concepts “reduced age” or “degree of maturity” are 
used [22, 23]: 

( ) ,cf f P=      or     ( )
0

exp ,c

P

f k P
f =

= ⋅                                                  (5) 

and the porosity of concrete depends on the degree of hydration of the cement: 

( ) ( )11 1 ,
c cs c

nWP f k
C

+ α   −α
= α = + − +  ρ ρ ρ   

                                            (6) 

therefore, the tensile strength of concrete cmf  at time τ  depends on the relative heat dissipation at this 
moment and there is a relationship of the form [24]: 

,

,28 28
.

x
cm

cm

f Qb
f Q

τ τ 
= ⋅ 

 
                                                                (7) 

To take into account the influence of temperature conditions other than normal, the dependence of 
the ultimate strength of concrete from the “reduced age” (“degree of maturity”) [20, 23], similar to (2), in 
which the value rτ  is defined as: 

,i i
r s

a

Q
T
τ

τ = − τ∑                                                                     (8) 
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where iQ  is the amount of heat dissipation per period ;iτ  aT  is an average concrete temperature over a 

controlled hardening period; sτ  is the duration of the induction period (a parameter adjusted to take into 
account different setting times due to different mix temperatures caused by the use of retarding/ 
accelerating admixtures). 

The value of autogenous shrinkage ( )caε ∞  according to EN 1992-1-1 is determined by the 
formulas: 

( ) ( ) 62.5 10 10 ;ca ckf −ε ∞ = −                                                        (9) 

( ) ( ) ( );ca as cat tε = β ε ∞                                                          (10) 

( ) ( )0.51 exp 0.2 .as t tβ = − −                                                      (11) 

Using (3) and taking , ,ck cf f τ=  and instead of 10 taking , ,2810 c cf fτ , after some transformations, 
we obtain a function connecting the kinetics of autogenous shrinkage and the kinetics of compressive 
strength of the form: 

, ,

,5 ,5 28
.ca c

ca c

f Rf f
f R

τ τ τ ε  
= =    ε   

                                                  (12) 

These dependencies make it possible to consider the kinetics of heat dissipation, strength, and 
autogenous shrinkage in relation to each other. 

Experimental studies of temperature fields and deformations of concrete of a massive monolithic 
structure in the early period of hardening were carried out by the authors using temperature and deformation 
sensors [25]. The ultimate axial tensile strength of concrete ctmf  ( btR  in the Russian Code of Regulations 

63.13330.2018), the modulus of elasticity of concrete 0,E  the creep coefficient of concrete ϕ  at any time 

were calculated as a function of the ultimate compressive strength cmf  ( bR  in the Russian Code of 
Regulations 63.13330.2018), taking into account the degree of concrete maturity, according to (7) time [20, 
24]: 

0.60.29 ;ctm cmf f= ⋅                                                                (13) 

0
0.05 571000 ;291

3.8

cm
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fE

f

⋅ +
= ⋅
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+

                                                        (14) 

( )
( )( )0.785

0

8000 .
E

ϕ τ =
τ

                                                              (15) 

Tensile stresses from temperature deformations Tε  at any time were calculated using the formula 
[9]: 

( ) ( )
0 0

1 1
r r T

T
k E T k E⋅ ⋅α ⋅∆ ⋅ ⋅ε

σ = =
+ϕ +ϕ

                                               (16) 

and taking into account the deformations of autogenous shrinkage caε  according to the formula: 

( )
( )
0 .
1

r T ca
T

k E⋅ ⋅ ε + ε
σ =

+ϕ
                                                         (17) 
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3. Results and Discussion 
The kinetics of heat dissipation, compressive strength of concrete and autogenic shrinkage are 

described by the equation: 

[ ]
[ ]exp 1 ,

d

Y Y kτ τ

   τ  = ⋅ ⋅ −   τ    
                                                  (18) 

the coefficients ,k  d  of which for concrete based on cements with different hardening kinetics (with 
different hydration rates) are presented in Table 1. 

Table 1. Coefficient values in (18) for concretes with different hardening kinetics. 

Properties of concrete, Y Coefficient 
fc,2/fc,28 according to EN 206.1 

Rapid 
> 0.5 

Medium 
0.3–0.5 

Slow 
0.15–0.3 

Very slow 
< 0.15 

Compressive strength, 

c,R( f )τ  

k (s) < 0.25 0.25–0.43 0.43–0.7 ≥ 0.7 

d 0.5 

[ ]τ  28 

Heat dissipation, Qτ  

k ⋜ 0.15 0.16–0.2 0.21–0.24 > 0.24 

d ⋜ 0.45 0.46–0.51 0.52–0.62 > 0.62 

[ ]τ  28 

Autogenous shrinkage, CA,τε  

k ⋜ 0.33 0.3–0.4 > 0.4 – 

d ⋜ 0.65 0.66–0.9 > 0.9 – 

[ ]τ  5 – 

 

Fig. 1 shows the calculated values according to (18) kinetics of heat dissipation under normal 
hardening conditions. 

 
Figure 1. Relationship between relative heat dissipation and age of concrete under  

normal conditions. α – average statistical values for hydration kinetics for normally hardening 
concrete; max, min – according to (18) for quickly and slowly hardening concrete according  

to Table 1; average – average between max and min. 
As is known, the value of autogenous shrinkage depends on the properties of cement, the presence 

of additives and can differ significantly (Table 2, 3) from the values according to (9). Autogenous shrinkage 
develops most intensively under normal conditions during the first 5–7 days [10]. 
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Table 2. Values of autogenous shrinkage of concrete of various classes. 

Concrete class 
Autogenous shrinkage, (106) 

EN 1992-1-1 Data of the authors with different admixtures and additives 
C20/25 25 17…72 (0.68…2.88) 
C60/75 125 110…360 (0.88…2.88) 
 

Table 3. Autogenous shrinkage values. 

Data 
Autogenous shrinkage, (106) 

Cement paste Concrete or mortar1 

72 h 120 h 72 h 120 h 
[11] 1200 1470 (120–240)* (147–295)* 

[26] 
600 
300 

750 
390 

(60–120)* 
(30–60)* 

(75–150)* 
(39–78)* 

[13]   

20001 (800–1000)* 
11001 (440–550)* 
9501 (238–475)* 
4501 (180–225)* 

 

[27] 250 275 (25–50)* (27.5–55)* 
* according to our forecast 

 

It is obvious that autogenous shrinkage deformations can vary over a very wide range. In this study, 
values at the age of 28 days were taken from 20·10–6 for C20/25 to 80·10–6 ( )ε  and 160·10–6 ( )2ε  for B40 
(by the Russian Code of Regulations 63.13330.2018). 

Fig. 2 shows the measured values of autogenous shrinkage of concrete according to Table 2 in the 
first 5 days of hardening. It is obvious that the kinetics of autogenous shrinkage, especially in the first two 
days of hardening, varies significantly depending on the individual characteristics of cements and additives. 

 
Figure 2. Kinetics of autogenous shrinkage. Etalon – without admixture, 1–15 with different PCE, 

MF, NS superplasticizers; Ex; R; C – expansion additive, hardening accelerator, complex additive; 
R – rapid; M – medium; S – slow according to Table 1. 
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Fig. 3 shows a comparison of the kinetics of the calculated values of autogenous shrinkage according 
to Table 1 with the values according to (9–11). A good compliance for type “M” concrete according to Table 
1 with values according to EN 1992-1-1 for 2τ >  is obvious. 

 
Figure 3. Kinetics of autogenous shrinkage. ε, R; ε, M; ε, S – according to (16);  

“EN” – according to EN 1992-1-1. 
Fig. 4 shows the calculated “center-top” temperature difference of foundation slabs 0.7 and 1.5 m 

thick made of fast-hardening concrete of classes С20/25 (В25) – В40 and the “center-top” temperature 
difference measured during the construction of a real foundation slab 1.5 m thick made of class B40 
concrete. According to data, for example, [28], a temperature difference between “center-top” of up to 
28.7 °C was noted, while deformations on the surface reached values of 126–137 μs. 

 
Figure 4. Relationship between “center-top” temperature difference of foundation slabs 1.5 m  

and 0.7 m thick. В25…B40 – 1.5 (0.7) – design values for concrete of the corresponding classes;  
В40 R – 1.5 Э – measured values; R, S – rapid and slow hardening concrete. 

3.1. Theoretical Prerequisites for Constructing a Calculation Methodology 
Calculation of the kinetics of the stress level from temperature-shrinkage deformations in the early 

period of hardening of massive monolithic structures can be implemented using the following algorithm: 

− depending on the class and hardening kinetics of cement (concrete) according to (18), the 
kinetics of heat dissipation is determined; 

− according to the method, for example, [29], temperature fields are calculated with the 
determination of the temperature in the center and on the surface of the structure and the 
temperature difference “center-top” at any time of the analyzed period ;τ  

− average temperature for the analyzed hardening period Ta  is determined; 
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− according to (8), the degree of concrete maturity is determined at any time during the analyzed 
period ;τ  

− reduced hardening time aτ  is determined for the analyzed period; 

− compressive strength of concrete is determined at any time of the analyzed period τ  according 
to (4) with ;rτ = τ  

− determined by (13–15) concrete tensile strength, elastic modulus, and creep coefficient at any 
time τ  are calculated; 

− according to (18), the magnitude of autogenous shrinkage deformations at any time τ  is 
calculated; 

− according to (16) or (17), the magnitude of stress and the level of stress at any time τ  are 
calculated. 

Fig. 5 shows the calculated and measured values of the stress level in the first 5 days of hardening 
during the early period of hardening of a foundation slab 1.5 m thick. The value sτ  = 0 in (8) is accepted. 

The ratio of the stress level without taking into account autogenous shrinkage to the stress level taking into 
account autogenous shrinkage according to EN 1992-1-1 is 1.36 for concrete of class B40 and 1.09 for 
concrete of class B25. If the autogenous shrinkage deformation exceeds 2.5 times relative to the data in 
EN 1992-1-1 (Table 2), for class B40 concrete, the ratio of stress levels is 2.15. Comparison of the influence 
of autogenous shrinkage increased relative to (9) for concrete classes C20/25 and B40 clearly shows the 
increase in influence with increasing autogenous shrinkage, which increases with increasing class of 
concrete. 

 
Figure 5. Dependence of the calculated values of the stress level in the early period  

of hardening of a foundation slab 1.5 m thick. В25…40 R T+sh, T+2sh – calculated values taking  
into account the influence of autogenous shrinkage for concrete of the corresponding classes;  

В25…40 R T – without taking into account the influence of autogenous shrinkage. 
Fig. 6 shows the dependence of the stress level on the temperature difference “center-top” according 

to calculated and measured [25] results. The dependence of the stress level on the temperature difference 
“center-top” is described by the equation: 

( ) ,U k Tσ = ∆                                                                      (19) 

with k  = 0.029 for calculated values without taking into account autogenous shrinkage and k  = 0.033 for 
measured values. 

It is in good agreement with the values measured in a real structure [20]. Taking the value  
[ ]u  = 1/1.5 = 0.67 for the calculated value of the permissible level of tensile stresses, we obtain for the 
permissible temperature difference “center-top” according to experimental data and the model the value 

T∆  = 20–23 °C, at [ ]u  = 0.85 we get T∆  = 26–28 °C. According to modeling data [30], at a temperature 
difference of 29 °C, the stress level was approximately 0.55, which is lower than the values according to 
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our data. This once again confirms the relevance of research in this area. In [28], very different results, 
when modeling using five different techniques, were also obtained. 

 
Figure 6. Dependence of the stress level on the temperature difference “center-top”.  
25…40 – calculated values for the corresponding class of quick-hardening concrete;  

T – excluding autogenous shrinkage; 2ε – with autogenous shrinkage doubled relative to (8);  
M – measured values; Lim – limit values. 

4. Conclusions 
1. The relationship between the kinetics of heat dissipation, strength, and autogenous shrinkage is 

shown and the corresponding calculation equations are presented. A classification of concretes 
based on the kinetics of the above properties is proposed. 

2. The effect of some superplasticizing and mineral additives on the kinetics of autogenous shrinkage 
is shown. 

3. An algorithm is proposed for calculating the stress level in the early (up to 5 days) period of 
hardening of massive monolithic slab foundations, taking into account autogenous shrinkage and 
the degree of maturity of concrete at any time. It is shown that failure to take autogenous shrinkage 
into account, when determining temperature-shrinkage deformations and stresses, can lead to an 
overestimation of the tensile stress level, depending on the concrete class and the value of 
autogenous shrinkage by up to 30 % or more. 

4. An equation is obtained for the dependence of the tensile stress level on the “center-top” 
temperature difference for the structures under consideration. Comparison of the calculated values 
based on the simulation results and the values measured on the real structure showed a difference 
within 15 %. 

5. A conclusion was made about the advisability of limiting the temperature difference “center-top” 
depending on the required reliability in the range from 20…23 °C to 26…28 °C. 
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Abstract. The object of the study is a concrete station dam of a run-of-river hydroelectric power plant (HPP). 
A review of publications on the methods of calculating the dynamic responses of structures is presented. 
The calculation studies were carried out using the finite element method. The initial data for the calculation 
are the physical characteristics of the concrete material, steel and rock foundation, the geometric 
parameters of the dam obtained as a result of engineering surveys and strength calculations of the 
structure. To determine the natural frequencies and vibration modes of the station dam, eight dynamic 
calculations of the structure and foundation system were performed for eight design nodes at the equipment 
installation marks. An analysis is presented describing the dam vibrations and response spectra at the 
equipment installation marks of the station dam. The issues of strength and stability of the station dam are 
not included in this study, but were taken into account when determining the geometric dimensions of the 
structure. To calculate the response spectra at the structure marks, a finite element model of the “structure-
foundation” station dam of the Nizhne-Bureyskaya HPP was built. The construction of the calculation model 
was based on the geometric and physical parameters of the station dam and foundation. The accelerogram 
is selected in accordance with the design period of the station dam of the Nizhne-Bureyskaya HPP, which 
is 0.23 sec. It corresponds to the first form of oscillations with a frequency of 4.43 Hz. Using the calculated 
accelerogram, eight dynamic calculations of the “structure-foundation” system were performed for eight 
calculated nodes at the elevations of the HPP equipment installation. The solution of the equations of 
motion with decomposition by the initial oscillation forms was performed for each of the eight calculated 
nodes. The calculated nodes were determined based on the condition of the location of the HPP equipment 
on them. 

Citation: Kozinetc, G.L., Kozinetc, P.V., Badenko, V.L. Response spectra at elevations of station dam 
equipment installation. Magazine of Civil Engineering. 2024. 17(6). Article no. 13006. 
DOI: 10.34910/MCE.130.6 

1. Introduction 
The object of the research is a concrete station dam of a run-of-river hydroelectric power plant (HPP), 

which is part of the main structures of HPPs. A special feature of HPPs is the presence of numerous 
equipment located at various elevations. Thus, mechanical and crane equipment is located at the water 
intake marks of the HPP. The water intake valves are closed in case of repair of the hydraulic unit. Turbine 
and transformer equipment is located at the elevations of the turbine room of the HPP. At the outlet marks 
of the HPP, there is mechanical and crane equipment for the outlet pipes. The outlets are closed during 
repair of the turbine equipment. 

The concrete station dam ensures the supply of water to hydraulic units through a water intake 
device. The station structure consists of a water intake part of the dam, a water supply path, which includes 

https://creativecommons.org/licenses/by-nc/4.0/
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a spiral chamber and suction pipes. On the upstream side of the HPP, there is a water intake part, on the 
downstream side, there are rear HPPs and a part of the dam that drains water from the hydraulic units. 
Lifting mechanisms are mounted on the bulls, designed to block the water intake openings. There is a lot 
of equipment located at the station dam elevations; therefore, it is mandatory to calculate the seismic load 
on this equipment. 

When designing a station dam in zones of seismic activity, response spectra are calculated at various 
elevations of equipment installation. The action of seismic waves causes vibrations of the structure. The 
higher the mark, the stronger the amplitude of the oscillations. 

A feature of calculating the response spectrum of a station dam is that the model considers several 
factors, such as the presence of a soil foundation in the model and the effect of water on the pressure face 
of the dam. 

In the scientific literature, there are several studies of the seismic response of hydraulic structures to 
dynamic loads using numerical modeling methods. 

The article [1] presents an analysis of response spectra, which estimates the peak response directly 
from the calculated earthquake spectrum. The study includes the effects of dam interactions with water and 
foundation, which are known to play an important role in the response of a dam to an earthquake. This 
paper provides a comprehensive assessment of the accuracy of the response spectrum studies by 
comparing them with the results obtained from monitoring the response spectrum of a dam. The modeling 
was carried out using the finite element method, including a dam-water-foundation model. A comparison of 
the results showed that the response spectrum procedure estimates stresses with a satisfactory degree of 
accuracy for the preliminary design stage of new dams and safety assessment of existing dams. 

The article [2] is devoted to the analysis of the safety of concrete dams. Most existing station dams 
were designed without taking into account their dynamic behavior; therefore, monitoring their condition is 
of great importance to determine the appropriate safety level. This study provides a framework for dynamic 
monitoring of the structural health of concrete station dams under changing operating conditions. 

The paper [3] presents an analysis of the dimensions of the foundation base in the dam-foundation-
reservoir system. The study applied the finite element method to model mass, damping and wave 
propagation effects in foundations of dam-foundation-reservoir systems using ABAQUS software. The 
boundary condition is used to model the semi-infinite foundation and damping. Various mechanisms for 
modeling foundations, earthquake impacts, and boundary conditions in a given area are described. The 
implementation of the boundary condition in the program by the finite element method is verified by 
comparing it with the analytical results. 

The article [4] presents a practical methodology with an example of determining the seismic 
resistance of concrete gravity dams using nonlinear seismic analysis from an accelerogram using 
simulation. Nonlinear seismic analysis is performed for ten tests at multiple ground motion levels until each 
test indicates an error. The ground motion variable includes ten sets of acceleration time histories obtained 
from actual earthquake records and mapped to a target response spectrum. 

Many articles and books are devoted to the methods for numerically solving the problems of structure 
dynamics [5–9]. Among the scientists who studied seismic resistance and dynamic characteristics of 
structures, it is worth noting the works of Ya.M. Aizenberg, S.P. Timoshenko, L.A. Rozin [10]. 

The aim of the study is to determine the natural frequencies and analyze the vibration modes of the 
station dam, as well as to calculate the response spectra for further analysis of the seismic resistance of 
the equipment [11–13]. 

The study was carried out based on a model of the Nizhne-Bureyskaya HPP dam with a rock 
foundation (Fig. 1). 
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Figure 1. Three-dimensional geometric model of a station dam with a base. 

2. Materials and Methods 
The method describes the procedure for calculating seismic load response spectrum for equipment 

located at the station dam levels. 

To calculate the response spectra at the elevations of the structure, a finite element “structure-
foundation” model of the station dam of the Nizhne-Bureyskaya HPP was constructed. The “structure-
foundation” model was divided into three-dimensional 4-node elements of the tetrahedron – TETRA, 
interconnected at the nodes. Coordinate system: OX axis – along the flow, OZ axis – across the flow, OY 
axis – vertically upward. 

The calculation area was automatically divided into the following elements: 

 The maximum size of a rock foundation element is 4 m. 

 The maximum size of a concrete structure element is 1.5 m. 

 In the areas where the rock foundation and concrete structure are connected, the grid has been 
increased to 1 m. 

 Number of model nodes: 877615. 

Description of boundary conditions: 

 The nodes on the lower edge of the rock foundation are secured against movement and rotation 
along all axes. 

 The nodes on the vertical faces of the rock foundation are secured against movement in the direction 
perpendicular to each face. 

 The dimensions of the foundation soil are selected vertically to the depth of solid rocks without cracks. 
The depth of the soil layer is 30 m. 

 The problem is solved in an elastic setting. 

The issues of strength and stability of the station dam are not included in this study, but were taken 
into account when determining the geometric dimensions of the structure, which were used as input data 
for this work. 

Computational studies were carried out within the framework of the spatial formulation of the problem 
by the finite element method [14–17] using the SolidWorks program. The method and its application in 
structural calculations are presented in [18–23]. The methodology for monitoring the condition of structures 
is presented in [24]. The calculation model was constructed on the basis of the geometric and physical 
parameters of the station dam and the foundation. The calculated model of the structure is presented in 
Fig. 2. 
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Figure 2. Finite element calculation model of a station dam with boundary conditions. 
The initial data for the calculation are the physical characteristics of the material of concrete, steel 

and rock foundation, the geometric parameters of the station dam of the Nizhne-Bureyskaya HPP on the 
Bureya River, obtained as a result of engineering surveys and calculations of the strength of the structure. 
For dynamic calculations, an accelerogram of the dynamic seismic impact was used, obtained by the results 
of microseismic zoning at the station dam construction site. 

The main objectives of the study are as follows: 

1. Construction of a mathematical dynamic model “dam-foundation” of the station dam of the Nizhne-
Bureyskaya HPP, including geometric construction, division into finite elements, setting the material 
properties and boundary conditions. 

2. Determination of natural frequencies and vibration modes of the station dam. In this case, the 
calculation period corresponding to the first form of oscillation was determined. Based on the 
calculated period, a 3-component calculated accelerogram of the seismic impact was selected, in 
which the predominant period along the horizontal component G1 corresponded to the calculated 
period of the station dam. 

3. Dynamic calculation based on the selected calculated 3-component accelerogram. 

4. Calculation of response spectra at given nodes at the station dam marks and construction of graphs 
of response spectra at given nodes and tables of digitization of spectral curves. 

3. Results and Discussion 
First stage of research 

Fig. 2 shows the finite element calculation model of the structure, together with the foundation. 
Boundary conditions are specified on the model. 

Physical characteristics of materials 

The station dam is made of hydraulic concrete class B20. Calculated resistance of concrete under 
compression Rb = 11700 kPa and tension Rbt = 900 kPa for the limit states of the first group. 

Modulus of elasticity of concrete in compression and tension Eb = 3 × 107 kPa. The coefficient of 
transverse deformation of concrete (Poisson's ratio) for massive structures ν = 0.15. Density of concrete 
pb = 2.36 t/m3. 

The metal frame of the HPP building is welded from sheet steel 09G2S GOST 19281–2014 (similar 
to DIN 13Mn6, JIS SB49, GB 12Mn). 

Density p = 7.85 t/m3. 

Modulus of elasticity Е = 2.1 × 108 kPa. 
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Poisson's ratio ν = 0.2. 

Thermal expansion coefficient α = 1.2 × 10–5°C–1. 

The rock foundation is composed of granites. Physical and mechanical properties and 
thermophysical characteristics of granite rock foundation are: 

Density p = 2.65 t/m3. 

Elastic modulus Е = 1.3 × 107 kPa. 

Poisson's ratio ν = 0.35. 

Adhesion с = 400 kPa. Angle of internal friction ϕ = 39°. 

Thermal expansion coefficient α = 1.4 × 10–5°C–1. 

Second stage of research 

At the next stage, the calculation of the natural frequencies and vibration modes of the structure with 
the foundation was carried out. 

In this calculation, the first 50 natural frequencies of the dam-foundation were obtained from 4.43 to 
24.24 Hz (from 27.84 to 152.24 rad/sec). The first natural waveform with a frequency of 4.43 Hz is shown 
in Fig. 3. 

 
Figure 3. The first natural mode of vibration with frequency f = 4.43 Hz. General oscillations of the 

water intake part of the station dam with shift and rotation of the bulls across the flow. 

Calculation period T corresponding to the first mode of dam vibrations with frequency 4.43f Hz=  
amounts to 0.23T = sec. 

1 1 0.23sec
4.43

T
f

= = = .     (1) 

The response spectra at the equipment installation marks were determined using a calculated three-
component accelerogram for the MPE (maximum probable earthquake) level of 7 points at the station dam 
site of the Nizhne-Bureyskaya HPP (Fig. 4). 
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Figure 4. Calculated three-component accelerogram [25]: red line – horizontal component G1, 

along the OX axis; blue line – horizontal component G2, along the OZ axis; green line – vertical 
component B1, along the OY axis. 

The choice of this accelerogram was made in accordance with the calculated period of the station 
dam of the Nizhne-Bureyskaya HPP, which is 0.23 sec, which corresponds to the first form of oscillation 
with a frequency of 4.43 Hz. 

The predominant period for the horizontal component G1 is 0.24 sec, G2 is 0.16 sec, for the vertical 
component is 0.26 sec. 

Third stage of research 

Using the calculated accelerogram, eight dynamic calculations of the structure-foundation system 
were performed for eight calculation nodes at the installation marks of HPP equipment. The solution of the 
equations of motion with expansion in terms of the initial vibration modes was performed for each of the 
eight calculated nodes. The calculated nodes are determined from the conditions for the location of HPP 
equipment on them, Fig. 5. 

1. Gantry valve, water inlet, elevation 142, node 931; 

2. Console, water inlet, elevation 125.2, node 4273; 

3. Main shutter, grate, water inlet, elevation 98.03, node 9045; 

4. Gantry crane, suction pipes, elevation 122.5, node 11459; 

5. Main valve, suction pipes, elevation 89.8, node 12315; 

6. Transformer equipment, transformer site, elevation 122.5, node 20899; 

7. Stator support, power unit, elevation 111.535, node 13763; 

8. Spacer jack support, aggregate block, elevation 114.8, node 20219. 

 



Magazine of Civil Engineering, 17(6), 2024 

 
Figure 5. Equipment at station dam marks. 

Fourth stage of research 

Floor-by-floor response spectra were calculated at the installation marks of the station dam 
equipment, and graphs of acceleration m/sec2 versus frequency Hz were obtained along all three axes (Fig. 
6). Three-component spectral curves are presented. Table 1 shows the maximum acceleration values and 
the corresponding frequencies at the equipment installation marks for two horizontal AX and AZ and one 
vertical AY axes. The resulting spectra can be used to calculate equipment installed at the station dam 
elevations. 
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Figure 6. Response spectra at station dam elevations. Dependence of acceleration m/sec2 on 
frequencies Hz: red line – horizontal accelerations AX (along the flow); green line – vertical 

accelerations AY; blue line – horizontal accelerations AZ (across the flow). 
Table 1. Maximum acceleration values and corresponding frequencies at equipment 

installation marks. 
№ Equipment name Mark on the 

structure 
Acceleration m/sec2, 
Frequency Hz 

AX; FX 

Acceleration m/sec2, 
Frequency Hz 

AZ; FY 

Acceleration m/sec2, 
Frequency Hz 

AY; FZ 
1 Gantry valve, water inlet Elevation 142 7; 21.8 14; 11.7 4.4; 24 

2 Console, water inlet Elevation 125.2 7; 11 14.1; 10.5 4.4; 12.1 

3 Main shutter, grille, 
water inlet 

Elevation 98.03 4.4; 3.6 14; 3.2 6.2; 3.3 

4 Gantry crane, suction 
pipes 

Elevation 122.5 12.2; 9.8 3.5; 2.4 7.9; 13.3 

5 Main valve, suction 
pipes 

Elevation 89.8 4.4; 3.4 3.5; 2.4 4.4; 3.4 

6 Transformer equipment, 
transformer site 

Elevation 122.5 17.3; 7.7 12.3; 9.7 7.9; 11.2 

7 Stator support, power 
unit 

Elevation 111.535 7.4; 3.8 21.2; 3.1 7.7; 5.8 

8 Spacer jack support, 
power unit 

Elevation 114.8 7; 3.5 20.7; 3.6 7.7; 6.3 

 

The parameters of the selected accelerogram are consistent with the research data of [12], in which, 
during an earthquake greater than 7 points, the prevailing period T multiplied by the peak acceleration Amax 
and the corresponding time t can be described by the parameter B, which is determined by the earthquake 
magnitude. 

max m 447B A gT cm= τ = 0.95×9.81×0.24×2 = 4.47 = .   (2) 

For our study, parameter B is equal to 447 cm, which corresponds to a magnitude of 6.5 points, 
which is the calculated magnitude for the design area of the Nizhne-Bureyskaya HPP with a MPE level of 
7 points. 

Thus, when comparing the results of the study with the data of [12], the reliability of the determination 
of the accelerogram parameters used to calculate the response spectra of the concrete dam of the HPP is 
confirmed. 

4. Conclusions 
9. Calculations of the response spectra at the installation elevations of mechanical equipment 

corresponding to the seismic impact of a MPE level of 7 points were performed. The calculations of 
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the response spectra were used in the designs of the mechanical equipment of the Nizhne-
Bureyskaya HPP, performed at JSC Lengidrostal. 

10. The response spectra of the floors represent the calculated seismic load for each unit of equipment 
installed at the elevations of the station dam. The response spectra at the elevations were the 
calculated seismic load for the equipment of JSC Power Machines. As a result of the study, the points 
of the design area's estimated magnitude were found to correspond to the research data of 
Academician A.I. Savich et al. 

11. The scientific novelty lies in the presented and implemented method for calculating the response 
spectra determined at the equipment installation marks, considering the choice of parameters of the 
estimated accelerogram. 
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Abstract. The paper presents the results of the research conducted to justify construction works within the 
intensively developed and still developing city area. The study area was located structurally and tectonically 
within the lowered part of the grabens bounded by regional gaps. The second from the surface aquifer was 
confined. The aim of the research was to evaluate the effect of lowering of the water table during 
construction work and laying utility lines on the filtration properties of soils, as well as on existing buildings 
and highways. Analytical dependencies for the infinite linear perturbation source scheme in an infinite soil 
layer were proposed and improved. The conducted modeling showed that the estimated maximum 
depression at the design point under the multi-storey non-residential administrative building was 4.4 m, 
which was less than the maximum allowable deformations. It was revealed that the maximum water inflows 
were observed at lowering of water table over the entire limited area of 20–40 m length simultaneously; 
therefore, the obtained analytical solution should be increased by 22.4 %. It was found that the average 
discharges depend proportionally on the amount of subsidence in the water table lowering area, with the 
relationship between the average discharges being linear regardless of the design scheme. The building 
subsidence due to water table lowering was calculated and a model for geofiltration calculations was 
developed in Microsoft Excel. The model calculations showed that the maximum subsidence of the soil at 
the design point of the multi-storey non-residential administrative building did not exceed the maximum 
allowable deformation values. 

Citation: Glazunova, I.V., Sokolova, S.A., Shiryaeva, M.A. Filtration calculation to reduce the construction 
impact on hydrogeological conditions in the city. Magazine of Civil Engineering. 2024. 17(6). Article no. 
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1. Introduction 
The studied area is structurally and tectonically located within the lowered part of the grabens 

bounded by regional gaps. 

The constructed site is located within the valleys of small rivers flowing through the city. In particular, 
on the site along the construction of the city highway, there are also small basins of small rivers. It should 
be noted that within the floodplains of small rivers, with shallow bedding of the moraine roof and insignificant 
thickness of fluvioglacial deposits, the area becomes waterlogged. Therefore, the problem of assessing 
and predicting changes in the filtration properties of soils in conditions of intensive urban development is 
relevant. 
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When considering the situation in the modern scientific community, it is revealed that the closest to 
this issue are the researches of Prof. V.V. Vedernikov in the field of water regime forecasting in the aeration 
zone. In our study, in contrast to the above study, differential nonlinear equations with specified parameters 
of the range of application area are used [1]. 

As an aside from the previously considered hydrogeological conditions of urban areas development 
(M.V. Bolgov et al.), large megapolis with dense building are characterized by more intensive development 
and frequent reconstruction of both roads and buildings, which must be taken into account when calculating 
filtration flows in construction [2]. 

Most works in the considered research area (S.F. Aver’anov, I.S. Pashkovskii, etc.) consider 
agricultural areas and the impact of irrigated and drained meliorations on filtration flows in soils without an 
emphasis on built-up areas [3, 4]. 

Various types of construction work, civil engineering and laying of utility lines substantially affect 
changes in hydrogeological conditions and, in particular, the water regime, which, in turn, has a significant 
impact on the subsidence and deformation of buildings [5–8]. This is especially relevant when laying utility 
lines in urbanized areas. One of the most important problems and practical tasks at construction sites and 
when laying utilities, when designing hydraulic structures, linear engineering systems, etc. is the prediction 
of the water regime in the aeration zone and the groundwater regime. Therefore, the assessment of the 
filtration calculation to reduce the factors of the impact of utility lines on hydrogeological conditions within 
the urban districts is relevant, especially in the constantly changing conditions of urban development and 
reconstruction of cities. 

The aim of the research is to evaluate the filtration calculations of water lowering during construction 
works on utility lines in the watersheds of the small rivers within the built-up urban area to reduce the factors 
of the impact of utility lines on the hydrogeological conditions within urban districts. 

Such tasks as modeling to reveal patterns of changes in the subsidence of buildings depending on 
the water table were considered. 

2. Material and Methods 
The research was conducted to justify construction works  in the territory of megapolis on the example 

of some districts of Moscow. 

This structural depression includes structural-erosive valleys of the Moscow River of different ages 
[9–13]. Geomorphologically, the area under consideration lies within the plain of fluvioglacial interfluves. 
This part of the upland is characterized by smooth relief forms with indistinct watersheds of small rivers, 
with absolute surface elevations of 150–190 m and relative elevations above the flat depressions of 5–
10 m, which were previously waterlogged. 

The hydrogeological conditions of the area under consideration within the upper part of the section 
are characterized by the presence of three aquifers: supra-moraine, Upper Jurassic and Upper 
Carboniferous (Fig. 1). 
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Figure 1. Geological and hydrogeological cross-section (the figure was compiled by the authors  

based on the results of some studies, expertise and other data from various free resources). 
The upland aquifer is the first from the surface at a depth of 1–4 m, is partially distributed and is 

characterized by sandy deposits above the upper part of moraine and low filtration properties of moraine 
deposits. The thickness of the horizon is 0.3–5.0 m, water conductivity varies from 1 to 20 m2/day. The 
water-retaining foundation is loams 3–15 m thick. 

The Upper Jurassic aquifer, widespread throughout the area under consideration, is the second from 
the surface and is a confined aquifer. The filtration structure of the groundwater in the aquifer is rather 
complex due to the irregularity of the infiltration supply and the heterogeneity of the underlying water-
bearing Jurassic clays. The total thickness of the aquifer is 10–20 m, the filtration coefficient is 2 m/day, 
the water permeability is 20–40 m2/day. The water-bearing foundation is clayey deposits of the Upper 
Jurassic. 

The analysis showed that the technical and moral deterioration of fixed assets at almost all operating 
construction sites, expiration of the standard service life of technical facilities and utility lines, reduction in 
the volume of reconstruction and repair work, force one to improve the existing ones and look for new ways 
to reduce the environmental hazard of techno-natural system  functioning. 

Analytical methods for solving differential equations of groundwater filtration are used to assess the 
impact of construction work on hydrogeological conditions. When predicting changes in groundwater levels, 
it is advisable to use the basic differential nonlinear steady-state filtration equation for planar-flat flow  
[14, 15]: 

0,H HT
x x y y

 ∂ ∂ ∂ ∂  + =  ∂ ∂ ∂ ∂   
                                                           (1) 

where H  is the hydraulic head, m; T  is the reservoir conductivity, m2/day; x  and y  are the coordinates, m. 

The general solution of equation (1) is represented as [16, 17]: 

( ) ( ), , ,eH x t H H x t= + ∆                                                               (2) 
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where eH  is the head of the original steady-state flow; ( ),H x t∆  is the change in the head caused by the 
disturbance boundary. 

In order to solve equation (1), the condition of theoretically instantaneous filling of the channel and 
instantaneous onset of undercut filtration stage is assumed, i.e. the following initial and boundary 
conditions: 

( ) ( ) 0,0 0 and 0, .H x H t H∆ = ∆ = ∆                                              (3) 

For an instantaneous level change at the boundary, the calculation formula (solution) has a general 
form [18, 19]: 

( )0 ; ,H H F x t∆ = ∆ ×                                                               (4) 

where H∆  is the change in groundwater level at the distance x  (m) from the boundary of the flow 

disturbance after the time period t  (days); 0H∆  is the value of the change in the horizon level at the line 
of the well contour, m; ( ),F x t  is a special function, depending on the nature of the flow disturbance and 
boundary conditions, whose values are given [20, 21]. 

For a semi-constrained flow with an imperfect boundary, the value of additional hydrodynamic 
resistance must be taken into account by lengthening the flow tL∆  by the time-dependent value t  during 
unsteady flow. When solving the problem in this way, the equation has the following form [22, 23]: 

0 .
2

x LtH H erfc
at

+ ∆ 
∆ = ∆ ×  

 
                                                        (5) 

Enter the designation: 

, 2 ,
2 t

x at L
at

λ = θ = ∆                                                            (6) 

where erfc λ  is the special tabulated error function; a T= µ  is the conductivity coefficient, m2/day; T  is 
the water conductivity of the horizon, m2/day; µ  is the gravity capacity coefficient, shares of unites. 

The dependence tf ( L / L )θ = ∆ ∆  is presented in Fig. 2. 

 

Figure 2. Dependence of ( / )tf L L∆ ∆  on θ . 

With a high degree of accuracy, with a pairwise correlation coefficient of r  = 0.9997, the value 

tL∆  can be expressed by a regression equation: 
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1 .0.3530.904
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 
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∆ = ∆ × 
 +

θ 

                                                          (7) 

Given the value of ,tL∆  the equation (7) can be presented as follows: 

0

1
0.904 0.353

.
2

x L
H H erfc

at

  
+ ∆  + θ  ∆ = ∆ ×

 
 
 

                                           (8) 

The magnitude of the change in specific two-way inflow (flow rate per linear meter) is determined 
by the relationship: 

04 1exp .0.3532 0.904

T H Lq Lat at
at

 
 ∆ ∆

∆ = × − × 
×∆π×  + 

 

                                       (9) 

The average flow is determined by numerical integration. For trenches and horizontal drainage, the 
value L∆  can be expressed through the parameter ( )2 .ld ldL L L∆ =  For a drain located in a 

homogeneous reservoir, ldL  is determined by the formula [24, 25]: 

20.73 lg ,ld
d

dL
d

= ×
π

                                                          (10) 

where dd  is the calculated drain diameter, 0.56 ;d dd P≈ ⋅  dP  is the wetted perimeter of the drain; dm  is 
the power of the flow under the drain. 

For a two-layer reservoir, consisting of a slightly conductive top layer nm  with filtration coefficient 

nk  and a lower aquifer, with a drain in the top layer, we obtain: 

80.73 lg .n

n d

mTld
k d

= ⋅
π

                                                             (11) 

Analytical solutions according to dependencies (8, 9) are considered for the scheme of infinite linear 
source of disturbance in an infinite reservoir. However, in real conditions during construction dewatering, 
open laying of utilities, work is carried out at limited intervals. In this case, dewatering is carried out either 
at once on the entire interval (trench) – about 100 m, or on a limited section of 20–40 m long, which moves 
as the pit is dug. The flow pattern gradually becomes radial as it moves away from the source of 
disturbance. 

The analytical values were compared with the numerical values obtained for typical hydrogeological 
conditions in order to adjust the limitations of the dewatering areas. The averaged discharges appear to be 
proportionally dependent on the decrease in the level in the dewatering site ( ) ,cS  so the relationship 
between the average discharges is also linear, regardless of the design linear scheme. Using this 
relationship, the analytical solutions aQ  were refined: 

• when dewatering occurs throughout the entire interval during the entire period of work: 

1.2244 ;o aQ Q= ⋅                                                                 (12) 

• when the dewatering section shifts in time: 

1.0332 .v aQ Q= ⋅                                                                 (13) 
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It is obvious that the result of analytical solution is practically no different from the result of the 
numerical solution in the case of section mobility and can be accepted without corrections, since the 
accuracy is about 3 %. However, the maximum water inflows are observed with a simultaneous decrease 
in the level over the entire interval, therefore, the obtained analytical solution, according to (12), should be 
increased by 22.4 %. 

3. Results and Discussion 
During construction work on laying utility lines, the geological environment will be changed by 

removing soil from open trenches and pits, as well as under the influence of a number of measures aimed 
at changing the hydrogeological conditions to prevent flooding in the area of the small river basins. The 
main impacts on the geological environment during construction is dewatering, which will be carried out 
in the areas of urban and storm sewerage and water supply systems [26–29]. 

The input data and calculation results for water inflows into the building drainage system are 
shown in Fig. 3. 

 
Figure 3. Calculation results of water inflows in the building drainage system. 

The studies have shown that the level drop in the supra-moraine aquifer at different areas ranges 
from 1 to 4 m. The water-bearing rocks of the horizon are upper quaternary deposits, represented by sands 
and sandy loams; the water yield coefficient is taken to be 0.07–0.15. As the calculations have shown, the 
average groundwater discharge during the period of level decrease will vary for each calculated area from 
2 to 456 m3/day. At the same time, the total volume of water withdrawal will be 64112 m3. When determining 
the size of the zone of influence of the level decrease in the aquifer, a level decrease of 1 m is taken as the 
boundary, which corresponds to the amplitude of natural fluctuations in the groundwater level. The 
maximum zone of influence from the conducted dewatering will be 59 m in the storm sewer zone. 

Calculations of building subsidence as a result of lowering the water table have been made using 
the recommendations given in [30, 31] and the dependencies of moisture transport in the aeration zone 
[18, 32]. 

In order to assess the filtration calculations of dewatering, a model of the filtration calculations was 
developed and carried out in Microsoft Excel. During the model calculations, it was found that the 
depression funnel from construction dewatering with a groundwater subsidence of more than 1 m would 
include non-residential buildings in the industrial area, where the maximum subsidence under them would 
be 2 m (Fig. 4). 

0 2000 4000 6000 8000 10000 12000 14000

0

50

100

150

200

250

300

350

400

450

500

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
Section length or radii, m Hydrogeological parameters of the aquifer, μ
Summati veselection, Vs, m3 Hydrogeological parameters of the aquifer,mn , m
Hydrogeological parameters of the aquifer, kf, m/d Average flow rate, Qavg, m/day3
Radius of influence, RoI, m Lowering of level, m

Rainwater 

Water supply

Urban sewerage



Magazine of Civil Engineering, 17(6), 2024 

 
Figure 4. Calculation results of geotechnical parameters and building settlement. 

The modeling has revealed a pattern of changes in building settlement depending on the water table. 
The plot of building settlement in the area of PT-1 at different depths of the water table eH  and its different 

geotechnical parameters and building settlement oS  is shown in Fig. 5. 

 
Figure 5. Dependence of deposition on lowering and depth of groundwater level. 

The modeling showed that the estimated maximum subsidence at the design point PT-1 under the 
multi-storey non-residential administrative building was 4.4 m, which is less than the maximum permissible 
deformations. 

4. Conclusions 
Dependencies for estimation of filtration calculations of dewatering in the area of construction of utility 

lines and laying of urban and storm sewers in the territory of the highway construction zone are proposed. 

It was revealed that the main factor influencing the hydrogeological conditions of the area of 
construction of utility lines, where minor catchments of small rivers are located, is dewatering. 
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Analytical dependencies for the infinite linear perturbation source scheme in an infinite soil layer were 
proposed and improved. 

It was found that the average discharges appear to be proportionally dependent on the amount of 
the drawdown at the dewatering site, with the relationship between the average discharges being linear 
regardless of the design linear scheme. 

The conducted modeling showed that calculations on estimation of maximum depression at the 
design point under the multi-storey non-residential administrative building was 4.4 m, which was less than 
the maximum allowable deformations. It was revealed that the maximum water inflows were observed at 
lowering of water table over the entire limited area of 20–40 m length simultaneously; therefore, the 
obtained analytical solution should be increased by 22.4 %. 

The building subsidence due to water table lowering was calculated and a model for geofiltration 
calculations was developed in Microsoft Excel. The model calculations showed that the maximum 
subsidence of the soil at the design point of the multi-storey non-residential administrative building did not 
exceed the maximum allowable deformation values. 
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Abstract. The article is devoted to the development of machine learning models for predicting the ultimate 
load during central compression of concrete-filled steel tubular (CFST) columns with square cross-section. 
Artificial intelligence is currently widely used in data processing and analysis, including data on the load-
bearing capacity of building structures. The use of machine learning models can become an alternative to 
the empirical formulas from current building design codes. The models built by artificial neural networks are 
based on four different architectures: cascade forward backpropagation network, Elman neural network, 
feedforward neural network and layer recurrent neural network. The models were trained on synthetic data 
obtained as a result of finite element analysis of CFST columns in a simplified formulation with varying input 
parameters. The input parameters of the models were the outer cross-sectional size, wall thickness, 
concrete compressive strength and steel yield strength. The difference from previous works is the large 
size of the dataset, which amounts to 22308 samples. This dataset size allows to cover the entire currently 
possible range of changes in input parameters. The trained models showed high performance in terms of 
mean squared error. The correlation coefficients between predicted and target values are close to one. The 
developed models were also tested on experimental data for 123 samples presented in 15 different works. 
The best agreement with experimental data was obtained using the layer recurrent neural network model. 
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1. Introduction 
In modern construction, there is a tendency to increase the height of structures and floor spans. This 

requires the use of columns with high load-bearing capacity at small cross-sections. One solution to this 
problem is the use of concrete-filled steel tubular (CFST) structures [1–3]. The reason for the high efficiency 
of CFST structures lies in a number of positive qualities that they possess. This is the plastic nature of 
destruction even when using high-strength concrete [4–6], no need for formwork, an increase in the load-
bearing capacity of concrete due to its lateral compression with a steel shell [7–9], etc. 

Russian set of rules 266.1325800.2016 “Composite steel and concrete structures. Design rules” 
contains calculation methods only for columns of circular cross-section. At the same time, square cross-
section CFST columns are widely used [10–12], for which there are no design recommendations in the 
current Russian design codes. 

https://creativecommons.org/licenses/by-nc/4.0/
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Most of the existing calculation methods are based on an empirical approach [13–15], the calculation 
dependencies used in this case will be applicable only for a specific design solution (for example, the 
absence of reinforcement of the concrete core) and the type of concrete. One of the reliable ways to predict 
the load-bearing capacity of CFST structures is finite element modeling [16–18]. However, this approach 
requires analysis in a three-dimensional physically nonlinear formulation, which leads to large time costs 
for preparing the calculation model and the calculation itself [19]. 

Currently, machine learning algorithms are widely used for determining the load-bearing capacity of 
building structures along with analytical and numerical algorithms [20]. 

The authors of [21] proposed an interpretable machine learning method based on the adaptive 
surrogate model with adaptive neuro-fuzzy inference system (ANFIS). To train the model, the results of 99 
central compression tests on square CFST columns were collected from various sources. The quality of 
training was assessed using 11-fold cross-validation. 

In [22], an artificial neural network (ANN) model was built to determine the load-bearing capacity of 
CFST columns with square and circular cross-section under central and eccentric compression. The data 
from 3091 full-scale experiments were used to train the model. Of these, 895 experiments were conducted 
for centrally compressed columns of square cross-section. 

In [23], the training dataset included 1022 square-section samples, of which 685 samples were short 
columns and 337 were slender columns. The prediction results were compared with calculations according 
to Eurocode 4. 

The authors of [24] considered the joint use of gene expression programming and ANNs for 
predicting the load-bearing capacity of CFST columns with circular and square cross-section. The 
experimental base for training included data from 993 samples. To validate the results, comparisons were 
made with design codes from six different countries. 

The authors of the listed works claim that surrogate models based on machine learning have an 
advantage over the formulas from design codes. However, ANNs and other machine learning models are, 
in fact, multidimensional interpolation of data, and provide reliable results only in the range of parameters 
in which they were trained. 

Since conducting full-scale experiments is a rather expensive and time-consuming process, some 
researchers use synthetic data obtained from finite element modeling to form a training dataset. An example 
of such an approach is the work [25]. Since the modeling is performed in a three-dimensional setting, which 
is also a rather labor-intensive process, the final volume of the training dataset remains small. As a rule, 
the volume of the training dataset does not exceed 1000 samples, which does not allow covering the entire 
possible range of changes in material characteristics and geometric parameters. 

The purpose of this work is to develop the machine learning models for predicting the load-bearing 
capacity of centrally compressed square-section CFST columns, which could correctly predict the ultimate 
load over the entire possible range of changes in the characteristics of steel and concrete, as well as the 
geometric characteristics of profiled square-section pipes. The size of the training dataset in this article is 
22308 samples, which is tens of times larger than the size of the datasets in previous works. 

2. Materials and Methods 
This article considers short columns, for which deflections do not lead to any significant increase in 

the eccentricity of the axial force. The following values were chosen as input parameters of ANNs: cross-
sectional size a (mm); pipe wall thickness t (mm); pipe material yield strength Ry (MPa); ultimate 
compressive strength of concrete (prismatic strength) Rb (MPa). At the output, the ANN must predict one 
parameter, which is the value of the ultimate load Nult. 

Parameters, such as the modulus of elasticity of concrete, its tensile strength, Poisson’s ratio, as well 
as the modulus of elasticity of steel, to a certain extent also influence the load-bearing capacity of CFST 
columns. However, they were not included among the input parameters. For the modulus of elasticity of 
concrete and its tensile strength, this is explained by the fact that they are in correlation with the prismatic 
compressive strength [26, 27]. The initial Poisson’s ratio of ordinary concrete (under elastic work of material) 
varies from 0.16 to 0.20 [28]. When training the models, the value presented in the Russian design codes 
for the reinforced concrete structures was taken (v = 0.2). As for the modulus of elasticity of steel, it also 
has a small spread from 196 to 222 GPa [29], and when training the models, it was taken equal to 200 
GPa. 

The supervised learning method was used to train the models. Training was carried out on synthetic 
data obtained by finite element modeling using a simplified method given in [30]. The essence of this 
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technique is to reduce the three-dimensional problem of determining the stress-strain state to a two-
dimensional one based on the hypothesis of plane sections. Rectangular finite elements were used to 
model the concrete core, and one-dimensional finite elements were used to model the steel shell. The 
rounding of corners in steel profile pipes was not taken into account in the calculations. A quarter of the 
section was considered due to the symmetry of the problem. The side size of the concrete finite element 
was taken to be 1/20 of the size of the concrete core. The physical nonlinearity of concrete was specified 
by the equations of the deformation theory of concrete plasticity by G.A. Geniev as in [30]. Steel was 
considered an ideal elastoplastic material. The Huber–Mises–Henky criterion was used as a yield criterion 
for steel. The following formulas were used as correlation relationships between the prismatic strength of 
concrete Rb, tensile strength Rbt and the initial modulus of elasticity of concrete E0 [31]: 
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The dataset containing 22308 numerical experiments was generated1. The range of changes in 
parameters a and t (Table 1) corresponded to the current Interstate standard GOST 30245-2012 “Steel 
bent closed welded square and rectangular section for building. Specifications”. For each value of a from 
the range, the calculation was performed with 11 values of wall thickness from tmin to tmax with a uniform 
step. The concrete compressive strength varied from 10 to 120 MPa in increments of 10 MPa, the yield 
strength of steel varied from 220 to 840 MPa in increments of 62 MPa. A fragment of the training dataset 
is shown in Table 2. 

Table 1. Values of parameter a, as well as ranges of variation of parameter t when constructing 
a training dataset. 

a, mm tmin, mm tmax, mm 
100 3 8 
120 3 8 
140 4 8 
150 4 8 
160 4 8 
180 5 16 
200 5 12 
250 6 12 
300 6 22 
350 6 22 
400 7 22 
450 7 22 
500 8 22 

 
Table 2. Fragment of the training dataset. 

No. a, mm t, mm Ry, MPa Rb, MPa Nult, kN 
1 100 3.00 220 10 349.71 
2 100 3.45 220 10 385.27 
3 100 3.91 220 10 420.72 
4 100 4.36 220 10 455.76 
5 100 4.82 220 10 490.38 
6 100 5.27 220 10 524.59 
7 100 5.73 220 10 558.38 
8 100 6.18 220 10 591.76 
9 100 6.64 220 10 625.31 

 
1 The dataset is available at the following link: https://disk.yandex.ru/i/y2y0eTlaYox3Rw.  

https://disk.yandex.ru/i/y2y0eTlaYox3Rw
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No. a, mm t, mm Ry, MPa Rb, MPa Nult, kN 
10 100 7.09 220 10 657.89 
11 100 7.55 220 10 690.07 
12 100 8.00 220 10 722.50 
13 100 3.00 282 10 422.21 
14 100 3.45 282 10 468.22 
15 100 3.91 282 10 514.09 
16 100 4.36 282 10 559.41 
17 100 4.82 282 10 604.20 
18 100 5.27 282 10 648.45 
19 100 5.73 282 10 692.81 
20 100 6.18 282 10 736.03 
21 100 6.64 282 10 778.72 
22 100 7.09 282 10 821.63 
23 100 3.00 220 10 349.71 
... ... ... ... ... ... 

22286 500 9.27 778 120 42107.78 
22287 500 10.55 778 120 43721.33 
22288 500 11.82 778 120 45326.32 
22289 500 13.09 778 120 46878.91 
22290 500 14.36 778 120 48465.31 
22291 500 15.64 778 120 49996.36 
22292 500 16.91 778 120 51564.20 
22293 500 18.18 778 120 53073.77 
22294 500 19.45 778 120 54623.09 
22295 500 20.73 778 120 56111.24 
22296 500 22.00 778 120 57642.06 
22297 500 8.00 840 120 40922.32 
22298 500 9.27 840 120 42593.22 
22299 500 10.55 840 120 44248.28 
22300 500 11.82 840 120 45887.56 
22301 500 13.09 840 120 47511.10 
22302 500 14.36 840 120 49118.97 
22303 500 15.64 840 120 50759.78 
22304 500 16.91 840 120 52338.05 
22305 500 18.18 840 120 53900.79 
22306 500 19.45 840 120 55501.41 
22307 500 20.73 840 120 57089.77 
22308 500 22.00 840 120 58609.37 

 
Several options were considered for the architecture of the ANN: cascade forward backpropagation 

network, Elman neural network, feedforward neural network and layer recurrent neural network. For each 
option, the number of hidden layers was taken to be one, the number of neurons in the hidden layer was 
taken to be 10, and the hyperbolic tangent was used as the activation function. ANNs with one hidden layer 
are among the simplest ones, but as will be shown below, one hidden layer is enough for high quality 
prediction with a sufficient volume of training dataset. ANN models were implemented in MATLAB software 
(Neural Network Toolbox). The architecture of the ANNs used is shown schematically in Fig. 1. 

Levenberg–Marquardt algorithm was used to train the models. During training, the dataset was 
randomly divided into three parts: Training, Validation and Test in proportions of 70%, 15% and 15%, 
respectively. The value of the mean squared error (MSE) was chosen as a metric for the quality of training: 
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where n is the volume of the training dataset; Yi are the ultimate load values predicted by the neural network; 
Ti are the target values of the ultimate load. 

 
Figure 1. Architecture used for ANN: a) cascade forward backpropagation network; b) Elman 

neural network; c) feedforward neural network; d) layer recurrent neural network. 
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3. Results and Discussion 
Table 3 shows the MSE values obtained as a result of models training, calculated from the 

“Validation” part of the dataset. The best results were obtained using the Elman architecture neural network. 
Training performance graph for this model is shown in Fig. 2. Fig. 3 represents regression plot for the Elman 
neural network model. The x axis corresponds to the target values of the ultimate loads T, and y axis 
corresponds to the predicted values Y. Most of the points on the graphs fit on the straight line Y = T. The 
correlation coefficients R between target and predicted values are close to 1, and for the entire sample R 
is equal to 0.99997. For ANN models built on cascade forward backpropagation network, feedforward 
neural network and layer recurrent neural network architectures correlation coefficients are also close to 1. 

Table 3. MSE values obtained as a result of training ANN models. 
Model MSE 

Cascade forward backpropagation network 12635.45 
Elman neural network 6624.35 

Feedforward neural network 9954.31 
Layer recurrent neural network 7728.31 

 

 
Figure 2. Training performance graph for Elman neural network. 
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Figure 3. Regression plot for Elman neural network. 

 
After training on synthetic data, the developed ANN models were tested on experimental data 

presented in [32–46]. Dimension a varied from 70 to 500 mm, wall thickness t varied from 0.7 to 16 mm, 
concrete compressive strength Rb varied from 21 to 121.6 MPa, and yield strength of steel varied from 228 
to 835 MPa. The test results are given in Table 4. ANN 1 are the results obtained using cascade forward 
backpropagation network, ANN 2 corresponds to Elman neural network, ANN 3 corresponds to feedforward 
neural network and ANN 4 corresponds to layer recurrent neural network. Table 4 shows that despite the 
different architecture, the results predicted by the four models are quite close to each other. Table 5 shows 
the average values of the ratio of predicted ultimate loads Npredict to experimental ones Nexp, the maximum 
and minimum values of the ratio Npredict/Nexp, standard deviations of the value Npredict/Nexp, as well as the 
coefficients of variation for each of the ANN 1–ANN 4 models. 
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Table 4. Results of testing the developed models on experimental data. 

No. Sample a, mm t, mm Ry, MPa Rb, 
MPa 

Nult, kN 
experime

nt ANN1 ANN2 ANN3 ANN4 

Ouyang, Y., Kwan, A.K.H. (2018) [32] 
1 CR4-A-2 148 4.38 262 25.4 1153 1213 1166 1187 1178 
2 CR4-A-4-1 148 4.38 262 40.5 1414 1501 1407 1453 1450 
3 CR4-A-4-2 148 4.38 262 40.5 1402 1501 1407 1453 1450 
4 CR4-A-8 148 4.38 262 77 2108 2135 2059 2071 2064 
5 CR4-C-2 215 4.38 262 25.4 1777 2092 2052 2071 2005 
6 CR4-C-4-1 215 4.38 262 41.1 2424 2746 2607 2701 2643 
7 CR4-C-4-2 215 4.38 262 41.1 2393 2746 2607 2701 2643 
8 CR4-C-8 215 4.38 262 80.3 3837 4304 4170 4238 4235 
9 CR4-D-2 323 4.38 262 25.4 3367 3867 3947 3789 3713 
10 CR4-D-4-1 323 4.38 262 41.1 4950 5358 5238 5305 5260 
11 CR4-D-4-2 323 4.38 262 41.1 4830 5358 5238 5305 5260 
12 CR4-D-8 324 4.38 262 80.3 7481 9212 8994 9225 9329 
13 CR6-A-2 144 6.36 618 25.4 2572 2573 2563 2560 2591 
14 CR6-A-4-1 144 6.36 618 40.5 2808 2850 2862 2864 2876 
15 CR6-A-4-2 144 6.36 618 40.5 2765 2850 2862 2864 2876 
16 CR6-A-8 144 6.36 618 77 3399 3485 3520 3502 3476 
17 CR6-C-2 211 6.36 618 25.4 3920 4335 4280 4351 4346 
18 CR6-C-4-1 211 6.36 618 40.5 4428 4927 4901 4980 4973 
19 CR6-C-4-2 211 6.36 618 40.5 4484 4927 4901 4980 4973 
20 CR6-C-8 211 6.36 618 77 5758 6335 6353 6340 6354 
21 CR6-D-2 319 6.36 618 25.4 6320 7463 7402 7498 7526 
22 CR6-D-4-1 319 6.36 618 41.1 7780 8879 8848 8992 9058 
23 CR6-D-4-2 318 6.36 618 41.1 7473 8839 8808 8952 9017 
24 CR6-D-8 319 6.36 618 85.1 10357 12996 13018 12965 13004 
25 CR8-A-2 120 6.47 835 25.4 2819 2603 2592 2598 2624 
26 CR8-A-4-1 120 6.47 835 40.5 2957 2815 2818 2802 2800 
27 CR8-A-4-2 120 6.47 835 40.5 2961 2815 2818 2802 2800 
28 CR8-A-8 119 6.47 835 77 3318 3252 3249 3189 3159 
29 CR8-C-2 175 6.47 835 25.4 4210 4198 4196 4270 4272 
30 CR8-C-4-1 175 6.47 835 40.5 4493 4617 4648 4680 4662 
31 CR8-C-4-2 175 6.47 835 40.5 4542 4617 4648 4680 4662 
32 CR8-C-8 175 6.47 835 77 5366 5581 5639 5565 5563 
33 CR8-D-2 265 6.47 835 25.4 6546 7120 7089 7256 7236 
34 CR8-D-4-1 264 6.47 835 41.1 7117 8052 8078 8202 8190 
35 CR8-D-4-2 265 6.47 835 41.1 7172 8093 8119 8244 8232 
36 CR8-D-8 265 6.47 835 80.3 8990 10537 10610 10590 10597 
37 CR4-A-4-3 210 5.48 294 39.1 3183 2943 2845 2896 2860 
38 CR4-A-9 211 5.48 294 91.1 4773 4909 4873 4856 4879 
39 CR4-C-4-3 210 4.5 277 39.1 2713 2646 2537 2611 2562 
40 CR4-C-9 211 4.5 277 91.1 4371 4641 4559 4589 4609 
41 CR6-A-4-3 211 8.83 536 39.1 5898 5404 5397 5378 5360 
42 CR6-A-9 211 8.83 536 91.1 7008 7280 7274 7276 7263 
43 CR6-C-4-3 204 5.95 540 39.1 4026 4069 4082 4156 4136 
44 CR6-C-9 204 5.95 540 91.1 5303 5932 5977 5979 5980 
45 CR8-A-4-3 180 9.45 825 39.1 6803 6241 6288 6189 6165 
46 CR8-A-9 180 9.45 825 91.1 7402 7506 7562 7485 7504 
47 CR8-C-4-3 180 6.6 824 39.1 5028 4797 4836 4880 4849 
48 CR8-C-9 180 6.6 824 91.1 5873 6235 6302 6217 6240 
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No. Sample a, mm t, mm Ry, MPa Rb, 
MPa 

Nult, kN 
experime

nt ANN1 ANN2 ANN3 ANN4 

Schneider, S.P. (1998) [33] 
49 S1 127.3 3.15 356 30.454 917 1080 1070 1056 1074 
50 S2 126.9 4.34 357 26.044 1095 1171 1154 1136 1158 
51 S3 126.95 4.55 322 23.805 1113 1101 1072 1063 1081 
52 S4 125.9 5.67 312 23.805 1202 1199 1158 1160 1184 
53 S5 127 7.47 347 23.805 2069 1521 1506 1494 1538 

Lin, C.Y. (1988) [34] 
54 D7 150 0.7 250 23 569 743 790 748 742 
55 D8 150 0.7 250 23 624 743 790 748 742 
56 D10 150 1.4 250 23 726 815 844 812 804 
57 D12 150 2.1 250 23 809 891 902 883 871 
58 E7 150 0.7 250 34.4 762 911 912 913 903 
59 E10 150 1.4 250 36 993 1023 997 1015 1003 

Zhu, A. et al. (2017) [35] 
60 Pa-6-1 197 6.3 438 26.58 2730 3063 3083 3075 3062 
61 Pa-6-2 198.5 6.2 438 25.81 3010 3039 3061 3052 3036 
62 Pa-6-3 200.5 6.25 438 24.47 2830 3050 3072 3058 3041 
63 Pa-10-1 201 10.2 382 26.58 3980 3858 3912 3849 3874 
64 Pa-10-2 201 10.1 382 25.81 3920 3806 3858 3797 3821 
65 Pa-10-3 199.5 10 382 24.47 3900 3694 3744 3686 3712 

Yamamoto, T. et al. (2022) [36] 
66 S10D-2A 100.2 2.18 300 25.7 609 667 631 617 633 
67 S20D-2A 200.3 4.35 322 29.6 2230 2232 2219 2232 2196 
68 S30D-2A 300.5 6.1 395 26.5 5102 5160 5177 5151 5107 
69 S10D-4A 100 2.18 300 53.7 851 884 795 804 830 
70 S20D-2A 200.1 4.35 322 57.9 3201 3204 3159 3219 3208 
71 S30D-4A 300.6 6.1 395 52.2 6494 7228 7185 7297 7333 
72 S10D-6A 101.1 2.18 300 61 911 951 855 865 891 
73 S20D-6A 200.2 4.35 322 63.7 3417 3403 3363 3417 3412 

Han, L.-H. (2002) [37] 
74 rc1-1 100 2.86 228 48.3 760 836 717 745 762 
75 rc1-2 100 2.86 228 48.3 800 836 717 745 762 
76 rc2-1 120 2.86 228 48.3 992 1029 909 951 959 
77 rc2-2 120 2.86 228 48.3 1050 1029 909 951 959 

Liu, D. et al. (2003) [38] 
78 C1-1 99.25 4.18 550 70.8 1490 1544 1488 1486 1491 
79 C1-2 101.05 4.18 550 70.8 1535 1578 1526 1525 1529 
80 C2-1 101.05 4.18 550 82.1 1740 1682 1618 1618 1613 
81 C2-2 100.55 4.18 550 82.1 1775 1671 1606 1607 1602 
82 C3 182 4.18 550 70.8 3590 3747 3849 3927 3917 
83 C4 181.1 4.18 550 82.1 4210 4043 4143 4195 4190 

Han, L.-H., Yao, G.H. (2003) [39] 
84 M-1-1 130 2.65 340.1 22 760 909 924 889 898 
85 M-1-2 130 2.65 340.1 22 770 909 924 889 898 

Han, L.-H., Yao, G.H. (2004) [40] 
86 ssh-1 200 3 303.5 40 2306 2200 2177 2240 2203 
87 ssh-2 200 3 303.5 40 2284 2200 2177 2240 2203 

Yu, Q. et al. (2008) [41] 
88 S30-1 100 1.9 404 121.6 1209 1500 1352 1372 1377 
89 S30-2 100 1.9 404 121.6 1220 1500 1352 1372 1377 



Magazine of Civil Engineering, 17(6), 2024 

No. Sample a, mm t, mm Ry, MPa Rb, 
MPa 

Nult, kN 
experime

nt ANN1 ANN2 ANN3 ANN4 

90 S30-3 100 1.9 404 121.6 1190 1500 1352 1372 1377 
91 S30-4 100 1.9 404 121.6 1220 1500 1352 1372 1377 

Chen, C.-C. et al. (2002) [42] 
92 AA-48 500 10 389 42.5 16500 17619 17626 17696 17633 
93 AA-40 500 12 378 42.5 17900 18683 18674 18697 18672 
94 AA-32 410 12 378 42.5 12800 13623 13716 13715 13765 
95 AA-24 410 16 358 42.5 15300 15114 15209 15252 15279 

Ding, F.-X. et al. (2014) [43] 
96 SST1-A 249.6 3.7 324.3 40.4 3131 3525 3486 3575 3529 
97 SST1-B 251 3.75 324.3 40.4 2832 3575 3533 3622 3577 
98 SST1-C 251.1 3.73 324.3 40.4 2677 3570 3529 3619 3573 

Aslani, F. et al. (2015) [44] 
99 SC1A 70 5 701 21 1122 1085 978 964 999 

100 SC2A 100 5 701 21 1417 1496 1448 1444 1477 
Khan, M. et al. (2017) [45] 

101 CB15-SH (A) 74.04 4.91 762 100 1636 1708 1506 1521 1486 
102 CB15-SH (B) 72.87 4.88 762 100 1755 1678 1473 1488 1453 
103 CB20-SH (A) 99.56 4.91 762 100 2520 2352 2237 2234 2205 
104 CB20-SH (B) 99.2 4.93 762 100 2632 2346 2229 2227 2197 
105 CB25-SH (A) 124.43 4.93 762 100 3023 3159 3128 3110 3093 
106 CB25-SH (B) 124.94 4.94 762 100 2962 3180 3151 3132 3116 
107 CB30-SH (A) 149.99 4.92 762 100 4115 4156 4192 4162 4164 
108 CB30-SH (B) 149.87 4.92 762 100 3968 4151 4187 4157 4159 

Xiong, M.-X. et al. (2017) [46] 
109 S1 150 8 779 193 6536 6842 7047 6953 7581 
110 S2 150 8 779 199 6715 6926 7216 7074 7793 
111 S3 150 8 779 187 6616 6755 6889 6835 7380 
112 S4 150 8 779 208 7276 7044 7488 7257 8135 
113 S5 150 8 779 188 6974 6770 6915 6855 7413 
114 S6 150 12 756 193 8585 7790 8346 8038 8807 
115 S7 150 12 756 199 8452 7852 8529 8137 9009 
116 S8 150 12 756 187 8687 7723 8173 7940 8618 
117 S9 150 12 756 208 8730 7935 8822 8289 9335 
118 S10 150 12 756 188 8912 7734 8201 7957 8648 
119 S11 150 12.5 446 193 5953 5557 6194 6027 6340 
120 S12 150 12.5 446 199 5911 5591 6333 6095 6444 
121 S13 150 12.5 446 187 6039 5519 6061 5959 6239 
122 S14 150 12.5 446 208 6409 5632 6552 6194 6609 
123 S15 150 12.5 446 188 6285 5525 6083 5971 6256 

 
Table 5. Characteristics of the quality of model forecasting. 

 ANN1 ANN2 ANN3 ANN4 

Npredict/Nexp mean 1.046579 1.037273 1.037224 1.046729 
max 1.333582 1.388401 1.351886 1.334703 
min 0.735138 0.727888 0.722088 0.743354 

Standard deviation 0.102275 0.101901 0.100931 0.097743 
Coefficient of variation 9.77234 9.823902 9.730883 9.337981 
 

Table 5 shows that quality metrics of the models are quite close, and layer recurrent neural network 
provides the best agreement with the experimental data. The results deviation from the experimental data 
can be primarily explained by the fact that when training the ANN, the simplified model of the CFST columns 
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deformation was used. This model did not take into account the slipping of the concrete core in the steel 
shell, the separation of the steel shell from the concrete core, and the effects of local buckling. In addition, 
of course, there was a scatter in the experimental data, which can be observed in Table 3. Our further 
research will be aimed at developing ANNs based on more complex theoretical models [47–48]. 

4. Conclusion 
1. Four ANN models have been developed to predict the load-bearing capacity of centrally compressed 

CFST columns of square cross-section based on the following architectures: cascade forward 
backpropagation network, Elman neural network, feedforward neural network, layer recurrent neural 
network. The ANNs were trained on synthetic data obtained through a numerical experiment using a 
simplified method for 22308 samples. 

2. The trained neural networks are characterized by low MSE, and the correlation coefficients between 
the predicted and target values are close to one. The best MSE value was achieved using the Elman 
neural network architecture that has a feedback. 

3. The developed models of ANNs were tested on experimental data for 123 samples presented in 15 
different papers. The model based on the layer recurrent neural network architecture, which has 
feedback like Elman neural network, showed the best forecasting quality. The average ratio of the 
predicted ultimate loads values to the experimental ones was 1.047, the maximum was 1.335, and the 
minimum was 0.743. 

4. Further research can be aimed at training ANNs using more complex theoretical models that take into 
account the features of the contact interaction between the concrete core and the steel shell, the effects 
of local buckling, the slenderness of the elements, the presence of eccentricities, etc. 
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Abstract. The objective of the study is to evaluate the prior probability distribution (PPD) of undrained 
cohesion (Cu) parameter for soil in Nasiriyah, southern Iraq, based on prior knowledge and observations. 
Estimated PPD of Cu can be used in Bayesian approach to update the observed value in any project in this 
region using the posterior probability distribution, because it is considered as a measure of the initial belief 
about a random variable before considering any data. The research used five methods to express the PPD 
of Cu. Two of them are for non-informative data, i.e. uniform distribution and Jeffreys prior, and three of 
them – for informative data, which include maximum entropy, regression analysis and subjective probability. 
They were applied to data collected from different sources in Nasiriyah, based on site investigation reports. 
The ranges of mean, standard deviation and vertical scale of Cu fluctuation were found to be 12–62 kPa, 
0.5–27.6 kPa and 6–8 m, respectively. It was concluded that Jeffreys method is used well with individual 
models at the mean value of cohesion of 28.66 kPa and the standard deviation of 1.19 kPa. The maximum 
entropy can be used for the least informative data, while respecting the given constraints. The mean value 
of cohesion was 28.7 kPa, and the standard deviation was 1.2 kPa. Finally, for a finite number of 152 
cohesion values, the subjective probability assessment approach, which takes into account expert 
knowledge and judgment, is the most appropriate method with the mean value of cohesion of 37 kPa and 
the standard deviation of 8.8 kPa. 
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1. Introduction 
Undrained cohesion (Cu) is a significant and necessary property used to characterize the undrained 

shear strength of soil. It can be used to design and analyze different geotechnical problems, such as bearing 
capacity of shallow and deep (pile) foundation. Laboratory tests, such as triaxial shear or unconfined 
compression tests are commonly used to measure the Cu value performed on undisturbed samples from 
field investigation. These processes are relatively time-consuming and expensive, and there are many 
sources of error that make the Cu value uncertain, such as quality of consistency and degree of saturation. 

Prior distribution is an essential and first step in the Bayesian approach, which includes knowledge 
of the uncertain parameters combined with the probability distribution of recent data to get the posterior 
distribution [1]. It is used in the Bayesian approach to update the observed value of cohesion in a project 
in this area. Prior knowledge includes general information about the hypothesis that may be relevant or 
unclear. It may be previously gained knowledge of any type of distribution that correctly reflects the state 
of the model or parameter under study. When the posterior distributions belong to the same family of 

https://creativecommons.org/licenses/by-nc/4.0/
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probability distribution of prior distribution, they are known as conjugate distributions [2]. Previously gained 
information can be divided into two groups: informative prior knowledge and non-informative prior 
knowledge, according to its accuracy and quantity. 

Non-informative prior knowledge can be used to probabilistically characterize a homogeneous soil 
layer, which requires three model parameters, e.g. mean ,µ  standard deviation ,σ  vertical scale of 
fluctuation λ  [3]. It depends on the value of the rate, i.e. the limits of the parameter, with the most dependent 
uniform distribution in describing the uncertainty [2]. It led to the conclusion that prior knowledge is 
consistent with the rates cited in [4, 5]. Jeffreys [6] analyzed the optimal selection of non-informative prior 
distributions. He found that the prior probabilities should be assumed to be uniform over the parameter for 
variables with domains of ( ),−∞ ∞  and uniform over the logarithm for variables with domains of [ ]0, .∞  
The latter becomes inversely proportional to the soil parameter in arithmetic space [7]. 

Informative prior knowledge shows that certain prior estimates are preferable to others. It is used, 
when there is an abundance of collected information about soil properties, which is divided into three 
methods that help to obtain the probability distribution (e.g., subjective probability, maximum entropy, 
regression analysis). Subjective probability assessment framework (SPAF) is used to evaluate the 
plausibility of previously acquired uncertain statistical estimation [8, 9]. There are some circumstances, in 
which a different kind of distribution might be necessary to hold the available data without the risk of 
obstructing the conclusions of the analysis. The maximum entropy principle could be used to define the 
prior prior distribution [10, 11]. In this situation, entropy refers to randomness of the information and is 
relatively similar to the concept of entropy in physical systems [12]. The maximum entropy method was 
used to estimate the probability distribution and to develop the reliability of the slopes [13]. The probability 
distribution can also be obtained through regression analysis [14, 15] with the µ and σ of the data. This 
analysis provides a practical way to construct prior distributions from prior knowledge. It usually provides a 
weight similar to the prior information. In addition, it is challenging to include systematically subjective 
judgments in statistical analysis, which are sometimes a crucial component of prior knowledge [16]. 

The objective of geotechnical site description is to identify the soil layers and to evaluate the 
properties of the soil and rocks for the analysis of geological and geotechnical systems [9, 17]. The correct 
site characterization requires comprehensive measures at several places since soils are common 
geomaterials with spatial heterogeneity [18].The process of geotechnical site characterization involves 
several steps, including desk research, site surveys, laboratory tests [3], analysis or comprehension of site 
data, and inference of soil and rock properties [19]. Any method used in the site characterization that solely 
relies on measured data is called “data-driven site characterization”, and this includes both site-specific 
data collected for the current project and existing data of any kind collected from previous stages of the 
same project or previous projects at the same site, adjacent sites, or elsewhere [20, 21]. Geotechnical 
engineering frequently deals with uncertainty, and engineering design must take it into account [22]. There 
are three main categories of uncertainties: test errors, existing model uncertainty, and inherent variability 
[23, 24]. The evaluation of soil properties and their statistics based on past information are not clearly known 
results rather than clear-cut conclusions because of uncertainties in the currently studied information and 
engineers' qualification. As a result, such not clearly known evaluations are referred to as uncertain 
evaluation [3]. 

This article investigated approaches to enhance and estimate prior knowledge. It included data 
obtained from the geotechnical reports of projects implemented in Nasiriyah in southern Iraq. The purpose 
of collecting this data, which was considered as prior knowledge, is to quantify it and calculate its prior 
distributions to achieve the most appropriate geometric judgment sense and insert it into a Bayesian 
framework. The non-informative knowledge (e.g. uniform distribution) was based on the average maximum 
and minimum value of ,µ  ,σ  and λ  of Cu, in addition to the maximum entropy method and the regression 
analysis method, besides the SPAF, which in turn was based on many stages to achieve the prior 
distribution appropriate to the soil property. 

2. Methods 
2.1. Study Area 

Thi-Qar is a province in the south of Iraq that borders the provinces of Basra, Wassit, Muthanna, 
Missan, and Qadissiya (Fig. 1) [25, 26]. The province is located about 370 km southeast of Baghdad 
between latitude 31°14' N and longitude 46°19' E. It has a total area of 13552 km2 [27]. The province 
features a hot desert climate with very hot and dry summers and mild winters. The mean daily maximum in 
the summer exceeds 40 °C [28]. It is located in the Mesopotamian plain. There are deposits of alluvial silt 
from the Euphrates and Tigris rivers. The soil in this region is a floodplain formation consisting of clay, silt, 



Magazine of Civil Engineering, 17(6), 2024 

and sand, where the silt forms 60 % of the deposits. The silt soil and sand settle in the swamps, the mud 
runs below the Shatt al-Arab, and one million tons of sediments are dried up annually (12000 years) in 
these rivers that flow from the northwest to the southeast of Turkey through this basin [29, 30]. Since the 
area is free from surface erosion of ancient rocks, the city of Nasiriyah belongs to the floodplain zone and 
represents the last formation of surface of Iraqi geology [31, 32]. 

 
Figure 1. Location of Thi-Qar Province on the map of Iraq. 

2.2. Data Collection 
In this study, the data was gathered from a variety of places within Thi-Qar Province. The province 

is divided into many sections (for example, Nasiriyah, Al-Chibayish, Suq Al-Shuyukh, Al-Rifai, Al-Shatrah, 
Qalat Sukkar and Al-Nasr), as shown in Fig. 2. The available soil investigations for these areas were 
included in the data. To analyze the geotechnical properties, as well as to measure soil consistency at 
various depths, the standard penetration test of approximately 200 boreholes was used. 

 
Figure 2. Location of the study area. 
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2.3. Description of Thi-Qar Soil 
The data collected from multiple projects in Nasiriyah included zones 1–4 (Fig. 2). Zone 1 represents 

the description of soils of Qalat Sukkar and Al-Nasr. Zone 2 represents the soils of Al-Shatrah. Zone 3 and 
4 represent the soils of Nasiriyah, Al-Chibayish, and Suq Al-Shuyukh, respectively. 

The soil layers consist of silty clayey or silty clay soils of little to medium plasticity ML, that varies in 
color from light gray to light brown and have a fairly firm texture. It is also characterized by patches of salt 
and gypsum crystals that extend in Zone 1 at a depth of 14 m and 20–24 m, and in Zone 2 at a depth of 
12–14 m and in Zone 3 at a depth of 11–13 m. 

Zone 3 consists of a hard to very hard layer and medium plasticity. Layer of light green clay appears 
in the upper layer at a depth of 4 m, at 8–12 m, and also at 14–24 m. Zone 4 extends at a depth of 2–12 m 
and at 15–24 m. It classified by type CL. 

Soil layers of little plasticity or non-plasticity are located in Zone 1, as it consists of medium to dense 
gray soil to soft brown of soft sandy grains (SM), at a depth of 14–20 m. The same applies to Zone 2 at a 
depth of 15–18 m and at a depth of 4–8 m and at a depth of 12–14 m in Zones 3 and 4, respectively. Fig. 3 
shows the profile of each of these layers of Nasiriyah soils in the Thi-Qar Province. 

 
Figure 3. Soil profile of Nasiriyah based on borehole samples considered in the current study. 

2.4. Prior knowledge 
During geotechnical site characterization, both previously acquired knowledge and observation data 

that are site-specific are used to determine soil parameters, that can be expressed as iθ  (e.g., ,µ  ,σ   

λ ). From a Bayesian perspective, such a procedure may be viewed as an update of previously acquired 
knowledge using observational data from a project site [19]. The previously acquired distribution is an 
essential part of Bayesian inference because it resembles information about an uncertain parameter that 
is accompanied by the probability distribution of new data to produce the posterior distribution. The prior 
distribution can be obtained by applying the methods shown in Fig. 4. 
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Figure 4.  Methods of expressing the prior knowledge. 

2.4.1. Non-informative prior knowledge 
Since the early studies of Bayes and Laplace [33], there has been some consensus that assigning a 

uniform distribution to a scalar parameter iθ  is one of the easiest methods to depict a state of ignorance 

about its value. Each value of iθ  has the same prior probability with a uniform prior (or probability density). 
It expresses vague data regarding the specified variable. In the lack of specific prior knowledge, vague 
priors are frequently used as the default prior option, however, it is crucial to emphasize that ambiguous 
priors are not always non-informative to the analysis, which is a common mistake in the literature with vague 
priors being incorrectly referred to as non-informative priors. The use of a non-informative antecedent in 
parameter estimation issues yields findings that are not materially different from those of conventional 
statistical analysis. Based on prior distribution, there is no predisposition for any value that falls within the 
range of potential values iθ . The prior distribution of iθ  can be written as follows. 

( ) ( )1 ;mn
p iiP P=θ = θ∏                                                                  (1) 

( ) ( ) ,min ,max
,max ,min

1 for , , 1, 2,...,
.

0 otherwise

i i i m
i ii

i n  θ ∈ θ θ =  θ −θθ = 



                   (2) 

Consider a model parameter iθ  (e.g., ,µ  ,σ  λ ). 

( )
[ ]min max

max min

1 for ,
;

0 otherwise
P

 µ∈ µ µµ −µµ = 


                                        (3) 

( )
[ ]min max

max min

1 for ,
;

0 otherwise
P

 σ∈ σ σσ −σσ = 


                                    (4) 
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( )

[ ] [ ] [ ]min max min max min max
max min max min max min

1 1 1 for , , , , and ,
.

0 others

PP θ =

 × × µ∈ µ µ σ∈ σ σ λ∈ λ λµ −µ σ −σ λ −λ= 


(5) 

( )PP θ  refers to the prior probability distribution, µ  is the mean, σ  is the standard deviation, λ  is 
the vertical scale of fluctuation. 

This form of prior knowledge of the soil property Cu in Nasiriyah city was investigated. During the site 
characterization, the maximum and minimum values of the mean, standard deviation and vertical fluctuation 
scale were determined and presented as shown in Tables 1 and 2. 

Table 1. Ranges of the mean and standard deviation of soil properties of Thi-Qar. 

Soil property Range of prior 
evaluation of mean 

Range of the prior 
evaluation of standard 

deviation 
Range of COV% 

Cohesion Cu (kPa) 12–62 0.5–27.58 1.6–84.85 
 

Table 2. Ranges of the vertical scale of fluctuation of soil properties of Thi-Qar. 

Soil property Range of the prior evaluation of vertical scale  
of fluctuation(m) 

Cu (kPa) 6–8 
 

Jeffreys proposed prior, non-informative method used to estimate parameters when an appropriate 
prior distribution is not obtainable. 

Jeffreys noticed that a non-informative prior proportionate to the square root of the information 
matrix's determinant is non-informative. Then, Jeffreys prior is: 

( ) ( )
1

.2P Iθ ∝ θ                                                                    (6) 

Regarding the non-invariance of prior distributions based on Fisher's information matrix, Jeffreys 
shows up a larger finding. Fisher [34] proposed that the data contained in a set of observations 

1,..., ,nx x x=  with regard to a parameter ,θ  are to be as follows: 

( ) ( )( )
2

ln .dI E p x
dθ

  θ = θ  θ   
                                                        (7) 

( )I θ  is the Fisher information. 

Please note that ( )p x θ  is the probability of .θ  

2.4.2. Informative prior knowledge 
Informative prior distributions are those based on knowledge other than the immediate measured 

data at hand (e.g., prior data or engineering opinion). Prior information about the value of a parameter 
exists, the prior distribution might be informative rather than non-informative. Any probability distribution 
may be used to depict prior information. Increase in prior knowledge or data is more beneficial. The right 
informative distribution of prior iθ  information must be estimated by appropriate evaluating of the 

plausibility of various prior iθ  evaluation in light of previous experience. 

2.4.2.1. Maximum entropy principle and statistical analysis method 

This method is the least biased method and by selecting a distribution with entropy, the most 
appropriate probability distribution of Cu can be determined, which increases the uncertainty measure. Prior 
knowledge regarding the model parameters may also be used to evaluate the informative prior distribution, 
which resembles the degree of belief (or certainty level) of prior information according to the model 
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parameters. When there is insufficient prior information on iθ , the maximum entropy method can also be 
used to infer the prior distribution from the established data [35, 11]. Using the maximum entropy principle, 
prior probability distributions for Bayesian inference are frequently generated. Jaynes [36] was an ardent 
supporter of this method, believing that the distribution with the maximum entropy was the least informative. 
Within the maximal entropy technique, the information entropy IH  is used as a measure of the uncertainty 

of the prior probability density function (PDF) ( )iP θ  of iθ  and is defined as [35]: 

( ) ( )ln ,I i iH P P d = − θ θ θ ∫                                                    (8) 

where iθ  is a random variable with a continuous distribution and ( )iP θ  is the PDF. A function is 

constructed to assess the entropy difference between ( )1 iP θ  and ( )2 iP θ  probability assignments [37]. 

( ) ( ) ( ) ( )
( )

1
1 2 1

2
, ln .i

i i i
i

P
H P P P d

P
 θ

 θ θ = θ θ   θ  
∫                                    (9) 

According to Jaynes, the minimum biased assignment of probabilities is one that reduces entropy 
while satisfying the restrictions given by the available information. 

( ) ( ) ( ) ( )
( )0

0
, ln .i

i i i
i

P
H P P P d

P
 θ

 θ θ = θ θ   θ  
∫                                   (10) 

The maximum entropy principle implies that, given specified restrictions on the prior, the prior should 
be the distribution with the maximum entropy that follows these requirements. The most fundamental 
condition is that P  must reside in the probability simplex, i.e. 

( ) ( )
( )

1 and 0.

, 1, 2,..., ,
i i

i i i m

P P

P d i n

θ = θ ≥

θ θ θ = µ =∫
                                               (11) 

where ( )0 iP θ  is the prior distribution function, ( )iP θ  is the actual distribution function of the random 

variable ,iθ  and mn  is the greatest level of moments examined for the random variable. 

The maximum entropy of the normal distribution gives the following equation: 

( ) ( )2 2, .E x E x= µ −µ = σ                                                      (12) 

The statistical analysis method can also be used to produce the prior distribution. The following 
equation represents the probability density function of normal distribution. 

( )
21 1exp for .

22
xf x x

 −µ = − −∞ < < ∞  σσ π    
                                 (13) 

The first step in this technique is to obtain the maximum likelihood equation applied to normal 
distribution equation. The following statistical quantities were obtained for average and variance, 
respectively. 

1
1 ;i

n
i x x

n =µ = =∑                                                                  (14) 

( )22
1

1 ;i
n
i x

n =σ −µ∑                                                             (15a) 

( )
22

1
1 .

1 i
n
is x

n == −µ
−
∑                                                          (15b) 

2.4.2.2. Subjective probability 

The SPAF method was established in response to cognitive biases. Each action taken by the 
engineer demonstrates the effective application of prior information and the reduction of unfavorable effects 



Magazine of Civil Engineering, 17(6), 2024 

and complications [3]. It is developed using the cognitive process, which is broken down into a number of 
cognitive models, including the following. 

Specification of assessment objectives 

Evaluation objectives are an essential and important step during information gathering because they 
can cause cognitive biases and the evaluation objective must be clearly understood. In the start of the 
SPAF, it helps engineers to know and understand the objective of the assessment clearly by providing 
many solutions: 

a) Record the soil property Cu of interest and establish an overall evaluation target (for example, 
"probabilistic characterization of the soil attribute Cu"). 

b) Break the overall objective into multiple sub-goals. Each sub-goal corresponds to the statistic 

[ ], 1, 2,...,i mi nθ =  of Cu. The relevant statistics 1 2, ,..., ,
m

i n
 θ = θ θ θ  

 which depends on the theory of 

probability, used to explain the underlying variability of Cu within a Bayesian framework. The important 
statistics are the model parameters of the random field, namely ,µ  ,σ  and λ  of Cu. Thus, θ  is composed 
of three random variables. 

c) Identify unfamiliar probability terminology (including Cu statistics) for engineers. 

Collecting relevant data and making a preliminary estimate 
The second stage is to compile the essential information on evaluation objectives from the prior 

knowledge (i.e. the acquired existing data and the engineers' ability). Using known correlations (e.g., real 
regressions or theoretical correlations) or intuitive reasoning, a key part of knowledge may resulted in 
several questionable estimates of the soil property Cu and/or its statistics in the past. It then provides several 
examples of assessment goals. Two sorts of evidence exist: disconfirming evidence and supporting 
evidence [8]. These evidences provide a set of information that is consistent with prior information and 
engineering experience, which includes soil property Cu or its statistics. The serious attempts to uncover 
information and evidence that are related to prior information, which was obtained from a number of projects 
of geotechnical exploration implemented in the province. The cohesion value were obtained for Al-Shatrah, 
Nasiriyah, Suq Al-Shuyukh and Al-Rifai, depending on the data collected from many projects for each region 
with the depth as shown in Fig. 5. 

(a) (b)

(c) (d)  
Figure 5. Mean value of cohesion with depth for (a) AL-Shatrah; (b) AL-Nasiriyah;  

(c) Suq AL-Shuyukh, Al-Chibayish; (d) AL-Rifai. 
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Synthesis of the evidence 
Engineers make use of the collected data to develop internal engineering judgments, for example 

property of soil Cu and its statistics. The evidence shows two crucial cognitive attributes: weight and 
strength [8]. Evidence synthesis is a research process that helps researchers to gather all relevant 
information about the research subject. This occasionally leads to engineers being overconfident in 
powerful but untrustworthy evidence while underemphasizing (or ignoring) fairly weak proof with relatively 
high weight (e.g., huge quantity and good quality), which leads to overconfidence bias, representativeness 
bias, and inadequate correction. There is a requirement to correctly balance the impacts of evidence 
strength and weight, as well as further synthesis the evidence for subjective probability evaluation. Table 3 
shows the strength and weight of the cohesive soil property Cu obtained from in-situ SPTs N  and the 
calculation of the correlation function, which were evaluated according to synthesis of the evidence. 
Strength in group (I) is represented as weak, (II) – moderate, (III) – weak, while in regions (IV) it is 
characterized as strong, (V) – moderate, (VI) – weak, (VII) – weak, (VIII) – moderate, and moderate weight. 

Table 3. Summary of the evidence's strength and weight. 
No. of 

evidence 
Source of the information Type of correlation Strength Weight 

1 A formal report on the location 
of the clay Empirical correlation Strong Strong 

2 A formal report on the location 
of the clay Intuitive inference Weak Intermediate 

3 A formal report on the location 
of the clay Intuitive inference Weak Intermediate 

4 A formal report on the location 
of the clay Empirical correlation Weak Intermediate 

5 A formal report on the location 
of the clay 

Empirical correlation and 
logical inference Intermediate Intermediate  

6 A formal report on the location 
of the clay Empirical correlation Strong Intermediate 

7 A formal report on the location 
of the clay 

Empirical correlation and 
logical inference Intermediate Intermediate 

8 A formal report on the location 
of the clay Empirical correlation Strong Intermediate 

9 A formal report on the location 
of the clay Intuitive inference Weak Intermediate 

10 A formal report on the location 
of the clay Empirical correlation Strong Intermediate 

11 A formal report on the location 
of the clay Intuitive inference Weak Intermediate 

12 A formal report on the location 
of the clay Intuitive inference Weak Intermediate 

13 A formal report on the location 
of the clay Empirical correlation Strong Intermediate 

14 A formal report on the location 
of the clay Intuitive inference Weak Intermediate 

15 A formal report on the location 
of the clay Intuitive inference weak Intermediate 

16 A formal report on the location 
of the clay Intuitive inference Weak Intermediate 

17 A formal report on the location 
of the clay Intuitive inference weak Intermediate 

 

Numerical assignment 
The numerical assignment is a method for selecting simple and compound random probabilities that 

consider how prior distributions of non-random parameters are determined and derived. It involves applying 
many probabilities with repeated significance to randomness, and Bayesian analysis avoids it. The median 
value of iθ  for a given range from 0.5 to 1, 2, …, mn  is 0.5. The similar “equivalent” lottery technique 
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requires a range of ,iθ  namely ,min ,max,i iθ θ  to estimate the average value of the statistics. Using various 
ranges in a similar lottery approach results in different median values. 

Final confirmation 

The SPAF methods mentioned above are repeated to produce the relevant PDFs of the model 
parameters ,iθ  1,2,..., ,mi n=  based on prior information. The prior information about iθ  is represented 
in the probability distributions (e.g., CDF) and PDF, which provides means of assessing the impact of 
uncertainty on characterizing conditions, in which uncertainty is high or low. This theory requires a large 
amount of data, and the latter requires a sufficient time and effort,  which provides means of assessing the 
impact of uncertainty on characterizing conditions, in which uncertainty is high or low. 

3. Results and Discussion 
3.1. Uniform distribution 

This method relied on the results shown in Tables  1, 2 for the characteristic of undrained cohesion 
and based on (5). The details of uniform distribution of the Cu soil parameters for the three statistical 
quantities are as follows: 

( ) [ ]1 1 for 12, 62
;62 12 50

0 otherwise
P

 = µ∈µ = −


 

( ) [ ]1 10 for 0.5, 27.6
;27.6 0.5 271

0 otherwise
P

 = σ∈σ = −


 

( ) [ ]1 1 for 6, 8
;8 6 2

0 otherwise
P

 = λ∈λ = −


 

( ) [ ] [ ] [ ]1 10 1 1 for 12, 62 , 0.5, 27.6 , and 6, 8
.50 271 2 2710

0 others
P p

 × × = µ∈ σ∈ λ∈θ = 


 

It implies that all combinations of ,µ  ,σ  ,λ  and within their respective potential ranges have the 
same probability 1/2710. Only the ranges of soil parameters are given, they can be used in the Bayesian 
framework to describe Cu at the clay location according to the probability distribution. Fig. 6 shows the 
uniform probability distributions for Cu based on the data set depended on in the current study. 

Fig. 6a shows the CDF of µ  of Cu as a solid line. It was calculated using the simpler procedure. The 
relation between CDF and the mean value of Cu shows a linear relationship. The CDF increases linearly 
from 0.01 to 0.99 at mean values of 12 to 62. The PDF can be presented using a histogram with a single 
bin (i.e. a uniform distribution with a range of 12–62), and the PDF value of µ  is around 0.019. The uniform 
PDF of µ  (Fig. 6b) may serve as the prior distribution of µ  in the Bayesian framework. 

Fig. 6c displays the CDF of σ  as a solid line calculated using the simpler procedure. The CDF 
increases linearly from 0.01 to 0.99 as σ  rises from 0.5 to 27.6. The PDF of σ  determined using the 
simpler approach was represented a histogram with a single bin (i.e. a uniform distribution with a range of 
0.5–27.6), and the PDF value of σ  is around 0.037 (Fig. 6d). The uniform PDF of σ  (Fig. 6d) may serve 
as the prior distribution of σ  in the Bayesian framework. 

The solid line shown in Fig. 6e represents the CDF of .λ  The value of λ  increases from 6 to 8; the 
CDF increases linearly from 0.01 to 0.99. Fig. 6e shows the PDF of λ  using a histogram with a single bin 
(i.e. a uniform distribution with a range of 6–8), and the PDF value of λ  is around 0.5. The uniform PDF of 
λ  (Fig. 6f) may serve as the prior distribution of λ  in the Bayesian framework. 



Magazine of Civil Engineering, 17(6), 2024 

 
(a)    (b)   (c) 

 
(d)    (e)   (f) 
Figure 6. Non-informative prior distribution of µ, σ, λ. 

3.2. Jeffreys method 
Jeffreys prior has a limited effect on the posterior distribution. Application of this method shows that 

the mean was 28.7 kPa, with a standard deviation of 1.19 kPa, based on the data included in the MATLAB 
code developed in this paper. Fig. 7 shows the probability and cumulative distributions. It is noteworthy that 
the maximum probability distribution reaches 0.33. 

 
Figure 7. Non-informative prior distribution (Jeffreys prior) of Cu. 

3.3. Regression analysis 
In this method, the probability distribution of prior knowledge can be found based on the data of 

undrained cohesion. Producing the probability distribution implies computing the average and standard 
deviation of the data and the maximum likelihood function. The data can be fitted with a suitable probability 
distribution using regression analysis. In this research, two types of probability distribution were introduced 
for the data: normal and lognormal distribution. The disadvantage of this method was that the data collected 
from different sources had similar weight and no strength or weakness for the evidence was taken into 
account. Fig. 8 shows the normal and lognormal probability distribution fitted to the cohesion data. The 
results of this statistical analysis do not reflect the reality of data because some data may be very significant 
and some of them are not significant based on the source of data that has not been taken into account in 
the analysis. Engineering judgment in this analysis will be difficult to make since the data is not recognized 
according to its quality. 
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Figure 8. Informative prior distribution. 

3.4. Maximum entropy 
The prior probability distribution was obtained based on the maximum entropy method. With this 

method, the uncertainty of the prior probability distribution can be measured using information entropy .IH  
The prior distribution can then be found by maximizing the information entropy subject to constraints or 
prior knowledge. This method can be used when the data is small but can offer a probability constraints. 

The maximum entropy approach was also applied on the mean value of Cu. Fig. 9 shows the PDF 
and CDF distribution of the maximum entropy. In addition to the maximum entropy approach and regression 
analysis, the prior probability distribution was determined using the mean and standard deviation of the 
undrained cohesion data, respectively 28.7 and 1.2 kPa, as shown in Fig. 9. 

  
(a)       (b) 

Figure 9. Informative prior distribution. 

3.5. Subjective probability 

Table 4 summarizes the evidence related to the parameters Cu, which include mean value ( ) ,µ  

standard deviation ( ) ,σ  and correlation length ( ).λ  The evidences were obtained from eight sets of items, 
each of which was categorized by strength and weight. 

For Cu, the evidence is based on three item groups: (I), (II), and (III). Item Group (I) includes four 
guides with strong strength and moderate weight (evidence 1, 6, 8, 13). Item Group (II) includes a single 
guide with moderate strength and weight (evidence 7). Item Group (III) includes evidence 2, 9, and 14, 
which are characterized by weak strength and moderate weight. The equations (16) and (17) are used. 
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=                                                                (16) 
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max min .
6x

X Xw −
=                                                              (17) 

X  is the mean of ;x  xw  is the standard deviation of ;x  x  is the cohesion. 

The Cu rates were calculated for Item Group (I), resulting in the following ranges: 

µ  = 32, σ  = 4, range: 20–44; 

µ  = 37, σ  = 1.6, range: 32.4–42.2; 

µ  = 21.3, σ  = 0.25, range: 20.5–22; 

µ  = 30, σ  = 1.6, range: 25.5–35. 

Similar calculations were performed for the rest of the Table contents. 

Table 4. Summary of the evidence undrained cohesion for soil in Nasiriyah. 

Variable No. of 
evidence Item Previous uncertain 

evaluation Strength Weight 

Cohesion (kPa) 

(1) 

(I) 

20.5–44 Strong Intermediate 
(6) 32.36–42.16 Strong Intermediate 
(8) 20.5–22 Strong Intermediate 
(13) 25.5–35 Strong Intermediate 
(7) (II) 14.55–62 Intermediate Intermediate 
(2) 

(III) 
13.75–28.15 Weak Intermediate 

(9) 19–24 Weak Intermediate 
(14) 12–62 Weak Intermediate 

µ 

(10) (IV) 31.55 Strong Intermediate 
(5) (V) 49 Intermediate Intermediate 
(11) 

(VI) 

22.05 Weak Intermediate 
(12) 20 Weak Intermediate 
(15) 37.2 Weak Intermediate 
(16) 26.67 Weak Intermediate 
(17) 18.29 Weak Intermediate 

σ (19) (VII) 5.02–20.3 Weak Intermediate 
λ (18) (VIII) 6–8 Intermediate Intermediate 

 

Depending on the self-assessment solution stages and the data shown in Table 4, µ  and σ  were 
obtained as shown in Table 5. 

The average cohesion and standard deviation were 37 and 8.8 kPa, respectively (Table 5). 
Figure 10a shows the probability distribution based on the SPAF. The value of the probability distribution 
reaches 0.043. It follows from the obtained results that there is a significant difference in the mean and 
standard deviation value in this method compared with other methods. Other probability distribution of Cu 
is presented in Fig. 10: a, b for ;µ  c, d for ;σ  e, f for .λ  

Table 5. The prior percentiles of the mean, ,µ  ,σ  λ . 

Cumulative of probability 0.01 0.25 0.5 0.75 0.99 

Mean µ 12 24.5 37 49.5 62 
Standard deviation 𝜎𝜎 0.25 5.3 10.3 NA 20.3 

Length of the correlation λ 6 NA NA NA 8 
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(a)       (b) 

 
(c)   (d)   (e)   (f) 

Figure 10. Informative prior distribution of µ, σ, λ. 

4. Conclusion 
This research examines the indicating of the prior probability distribution of undrained cohesion 

parameter based on a collected database of prior knowledge about this parameter in Nasiriyah, southern 
Iraq. About 152 Cu values from different boreholes presented in various geotechnical investigation reports 
were used in this research. A wide range of conditions for selecting the suitable probability distribution was 
considered. The following points can be outlined based on the results of this study. 

1. The range of cohesion values based on database of 152 value was between 28 kPa and 46 kPa. 
The uniform distribution is simple and easy to use when there is little prior knowledge or when all 
outcomes are considered equally likely. It can be used as a non-informative prior in Bayesian 
analysis when no other information is available. Since it implies all cohesion values within the given 
range are equally likely, it may not be the case in reality. 

2. The Jeffreys prior provided a prior probability distribution based on the given mean and standard 
deviation. The effectiveness of Jeffreys prior might be limited to 152 data points, and the prior could 
dominate the posterior distribution, leading to biased results. The Jeffreys prior is particularly useful 
when dealing with transformation-based parameters.  

3. The maximum entropy can be used for the least informative while satisfying given constraints. In 
this case, the mean of cohesion was given as 28.7 kPa, and the standard deviation was 1.2 kPa. 
By applying the principle of maximum entropy, we can find a probability distribution that is consistent 
with these constraints. The maximum entropy distribution fits the available information (mean and 
standard deviation) while being as unbiased as possible. The resulting distribution is expected to 
be relatively smooth and not make strong assumptions about the underlying data. 

4. Regression analysis can be effective when dealing with larger data sets because it allows 
relationships between variables to be modeled and predictions to be made based on those 
relationships. With 152 data points, it may be necessary to increase the data, especially when there 
are significant analysis challenges, to provide useful and reliable results. 

5. When working with a limited number of data points, the subjective probability assessment approach, 
which considers expert knowledge and judgment, might be the most suitable method. However, it 
is essential to be transparent about the assumptions and uncertainties introduced by the subjective 
assessment and to carefully interpret and validate the results against any available data. 
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Additionally, if further data becomes available, it could be useful to reassess the analysis using 
methods that are better suited for larger datasets, such as regression analysis. The subjective 
probability assessment heavily relies on the knowledge and judgment of the expert providing the 
assessment. It can be subjective and may lead to varying results depending on different expert 
opinions. 
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Abstract. Cut-off wall is used to prevent seepage in foundations of embankment dams of reservoirs and 
tailing dams. Under the action of external loads, they may be subject to stresses comparable with strength 
of the wall material. There is a risk of loss of the wall both tensile strength and compressive strength. To 
decrease stresses, the cut-off wall is made of clay-cement concrete more deformed as compared to 
material concrete. To compare conditions of operation and strength of the cut-off wall in foundation of the 
reservoir dam and the cut-off wall in foundation of the tailing dam, there was fulfilled the study of their 
stress-strain state. Abstract rockfill dam 100 m high with geomembrane face was considered. A 2 m thick 
cut-off wall is located under the dam upstream slope: it crosses the layer of deformed foundation 15 m thick 
and is embedded in rock. Mohr–Coulomb model was used for description of behavior. Computations 
showed that the cut-off wall of the tailing dam performs in less favorable conditions than the cut-off wall of 
the reservoir dam. It is subject to greater by value vertical and horizontal loads. Due to pressure of slimes, 
it is subject to several times as much by value vertical compressive stresses. The value of stresses is highly 
dependent on deformation of the foundation soil. To provide strength, the deformation modulus of the cut-
off wall should not exceed the foundation soil deformation modulus by more than 4 times. In spite of the 
fact that the tailing dam cut-off wall is subject to greater horizontal loads, it has less displacements than the 
reservoir dam cut-off wall. It was revealed that this is explained by more favorable stress state of soil in 
foundation of the tailing dam. 

Citation: Sainov, M.P., Talalaev, N.S. Cut-off wall in foundation of reservoir dam and tailing dam: 
comparative evaluation. Magazine of Civil Engineering. 2024. 17(6). Article no. 13010.  
DOI: 10.34910/MCE.130.10 

1. Introduction 
Subject of research. In foundations of dams and dikes composed of soils, the cut-off walls (COW) 

arranged by one of the methods of slurry trench are frequently used as seepage-control facilities. They may 
be fulfilled for a considerable depth reaching several dozen meters. The examples of such structures are 
COWs in embankment dams Xiaolangdi (China, 2000), Karkhe (Iran, 2001), Peribonka (Canada, 2008), 
Sylvenstein (Germany, 2012) [1–4]. The main seepage-control wall arranged in foundation of Peribonka 
dam is 116 m deep. The wall up to 80 m deep in the foundation of Karkhe dam is long and the square area 
of its upstream face is approximately 190000 sq.m. 

COW is also used in structural designs of dams of tailings ponds in metal mining industry, namely in 
Chile and Peru [5]. As an example, we may indicate COW, which was arranged in tailing dam Aznallcolar 
(1978, Spain) [6, 7]. 

Literature review 

To provide safe operation of COW, proper strength of its material should be provided. Publications 
[9–20] are dedicated to study of stress-strain state (SSS) of COW in foundation of an embankment dam. 

https://creativecommons.org/licenses/by-nc/4.0/
https://orcid.org/0000-0003-1139-3164
https://orcid.org/0009-0001-9424-9661
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The results of scarce field measurements of displacements and stresses in COW are generalized in [8]. 
Mainly the study of SSS of COW in foundation of an embankment dam is fulfilled with the aid of numerical 
modeling. 

Publications [9–11, 17, 19] are dedicated to SSS of COW made in foundations under the cores of 
earth-rockfill dams, [16] – to study of SSS of COW arranged in the dam with asphalt concrete diaphragm. 
In articles [12–14, 20], there studied SSS of COW made in the foundation of Miaojiaba concrete faced 
rockfill dam in China. 

By the results of studies, there was formulated the theory of forming SSS of COW in the dam 
foundation. Its main concepts are as follows. COW is subject not only to bend deformations but also to 
deformations of longitudinal (vertical) compression. Bending moments, longitudinal and transversal forces 
appear in the wall. Longitudinal compressive force is the results of not only pressure on the upper end 
(head) of the wall but also of soil friction forces on the wall lateral surface. Pressure on the upper end is 
determined by dead weight of the dam soil located above the wall and by water pressure. 

Under the action of vertical forces, COW may be subject to high compressive stresses comparable 
with strength of the wall material. This may present a serious danger for COW strength. In order to avoid 
loss of strength, the wall should be made of material which by its rigidity is close to surrounding soil. By 
recommendations of ICOLD (International Commission on Large Dams), the ratio between the wall 
modulus of linear deformation and the soil modulus of linear deformation should not exceed 5. 

The results of numerical modeling show that conditions of COW operation also depend on its depth, 
structural design of an embankment dam and other factors. L. Wen et al. [14] note that conditions of 
operation, SSS of COW are determined by position of the wall within the embankment dam profile. It is 
obvious that the wall located at the toe of the embankment dam upstream slope will be subject to less 
vertical loads than the wall located under the dam central part. 

With this regard, it is logical to propose that operation conditions of COW made in foundations of 
tailing dams should differ from operation conditions of COW arranged in reservoir embankment dam 
foundation. However, investigations dedicated to studies of SSS of COW in foundations of tailing dams 
were not found. 

Formulation of relevance of research. The urgent issue is evaluation of workability of COW 
arranged in the layer of soil (deformed) foundation under the tailing dam in comparison with COW in the 
deformed foundation of the reservoir dam. To fulfill this comparative evaluation, it is necessary to analyze 
SSS of COW on the example of a certain structure  

Aims and tasks of study. Studies of SSS should answer the following questions: 

Question no. 1. What is the difference between SSS of COW in foundation of the tailing dam and 
that of COW made in the reservoir dam foundation? Are operation conditions of COW in foundation of a 
tailing dam more favorable or unfavorable as compared to those of COW in the reservoir dam foundation? 

Question no. 2. Is there the risk of strength loss of COW made in foundation of the tailing dam? In 
what case the COW strength may not be provided? 

2. Materials and Methods 
Description of the studied structure 

Investigation was conducted on the example of an abstract tailing dam, which is 100 m high. It was 
assumed that the dam is made of rockfill and grows in several stages towards the downstream side (Fig. 1). 
Maximum depth of the tailing dam filling is 98 m. 

There considered the dam, which is built on 15 m thick layer of cohesionless alluvial soil under which 
rock is bedded. To provide water tightness of the alluvial layer, a 2 m thick seepage-control wall made of 
clay-cement concrete is arranged in it. 

The dam structural design is assumed to be as follows. The dam seepage-control element is the face 
made of geomembrane placed along the upstream face. To provide stability of the face, the upstream slope 
was chosen to be 2.5. The dam downstream slope is 1.6. 

The face and the COW are connected with the aid of a concrete apron 2 m long and 0.4 m thick. 
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Figure 1. Diagram of the tailing dam structural design: 1 – rockfill; 2 – foundation alluvial layer;  

3 – rock foundation; 4 – cut-off wall made of clay-cement concrete;  
5 – face made of polymer geomembrane; 6 – slimes. 

Description of finite-element model 

The structure SSS analysis was conducted by finite-element method with the aid of computer 
program NDS_N, developed by M.P. Sainov. Analysis was fulfilled in 2D formulation. 

The structure computational domain included the dam itself, the layers of soil and rock foundations 
as well as part of a tailing dam. 

The developed finite-element model of the computational domain includes 1273 elements (Fig. 2). 
The use was made of the elements with square degree of approximation of displacements inside the 
element. 115 elements out of the total number of elements were Goodman’s elements, which are intended 
for modeling non-linear character of interaction between soils and rigid structures. 

 
Figure 2. Diagram of dividing the structure into finite elements. 

Computations were conducted for loads from the structure dead weight and hydrostatic pressure. 
Slimes located below the water level were assumed to be in suspended state. Lengthwise distributed load 
from hydrostatic pressure was applied to upstream faces of seepage-control facilities. 

SSS analysis was conducted taking into account the sequence of the dam construction and the tailing 
dam filling. The dam is constructed in 8 stages. The first stage is 30 m high. Its construction is preceded by 
arrangement of COW in the layer of the deformed foundation. Each subsequent stage is 10 m higher than 
the preceding one. 

For comparative evaluation, the analysis was also conducted for the reservoir embankment dam with 
similar structural design. Its only difference is the fact that there are no loads from slimes. 

Selection of physical-mechanical properties of medium 

Two alternatives of soil deformation of the dam and foundation were considered. 

In alternative 1, rockfill modulus of linear deformation was taken equal 75 MPa, and foundation 
alluvial soil modulus of linear deformation was 40 MPa. They correspond to not high quality of soil 
compaction. In alternative 2, the moduli of linear deformation of rockfill and foundation soil were two times 
as much as in alternative 1. 

Mohr–Coulomb model was used for description of soil behavior. Tensile strength of soils was 
assumed to be close to 0. 

Rock material was assumed to be elastic and absolutely strong. It was proposed that COW is made 
of clay-cement concrete. By Russian building code, for clay-cement concrete, the modulus of linear 
deformation is assumed to be 300–500 MPa, and uniaxial compressive strength is 1–2 MPa. 

The most complicated issue is assigning physical-mechanical properties of slimes: strength ,ρ  
modulus of linear deformation E,  angle of internal friction ϕ  and cohesion c.  With this purpose, the literary 
sources [21–25] were analyzed. 

Publications [21, 22] are dedicated to analysis of tailing dams. In [22], for slimes, the following design 
characteristics were assumed: ρ  = 1.7 kg/cm3, ϕ  = 40°, c  = 10 kPa. In [21], they were assumed as 
follows: ρ  = 2 kg/cm3, E  = 12.1 MPa, ϕ  = 21°, c  = 16 kPa. 
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In [24], by the results of tests in stabilometer, the followings strength indices of slimes were obtained: 
c  = 20 кPа, ϕ  ≈ 40°. 

Publications [23, 25] are dedicated to the issue of determining parameters of slimes for Hardening 
Soil model. In publication [25], the properties of slimes in different zones of Aitik tailing dam (Sweden) were 
investigated. The following characteristics of slimes were obtained: density in dry state 1.43–1.62 kg/cm3, 
averaged modulus of linear deformation 50E  amounts to 5.5–8.3 MPa, angle of internal friction  
ϕ  = 38–40°, cohesion c  = 0–7 kPa. 

In [23], there described the results of investigations of slimes properties in the largest tailing dam of 
Bulgaria. Soil samples were taken in the interval of depths 12–81 m. There was determined the range of 
slimes density variation in natural state (1.8–2.2 kg/cm3) and the range of modulus of linear deformation  
(6–21 GPa). Processing of the results showed that deformation of slimes decreases with growth of lateral 
compression. 

The indicated effect is explained by the fact that due to pressure of lying above layers, consolidation 
processes, the density of slimes increases with depth and their deformation decreases. Therefore, in 
calculation, the tailing dam storage was conditionally divided in two zones by depth. In the lower zone, the 
slimes were assumed to be denser and less deformed. The depth of the upper zone was taken equal 20 m. 
As the dam height increased and the tailing dam was filled, the boundary between the zones was also 
raised. 

Parameters of physical-mechanical properties of the structure materials are presented in Table 1. 

Table 1. Physical-mechanical properties of materials. 

Material  
Density, kg/cm3 

E, MPa ν ϕ с, kPa 
unsaturated saturated 

Rockfill (alternative 1) 2.00 2.28 75 0.30 45º – 
Rockfill (alternative 2) 2.00 2.28 150 0.30 45º – 
Foundation alluvium 

(alternative 1) 1.85 2.16 40 0.30 38º – 

Foundation alluvium 
(alternative 2) 1.85 2.16 80 0.30 38º – 

Slimes (upper zone) 1.64 2.02 10 0.38 35º 1 
Clay-cement concrete 1.74 2.10 25 0.38 35º 1 
Clay-cement concrete 1.90  300 0.35 strong 

Concrete 2.40  30000 0.20 strong 
Rock 2.55 2.63 5000 0.25 strong 

Note: E  – modulus of linear deformation; ν  – Poisson’s ratio; ϕ  – angle of internal friction; c  – specific 
cohesion. 

 

Shear stiffness of contacts between rock structures and soils was taken equal 500 MPa/m. 
Preliminary calculations showed that variation of shear stiffness in the interval 500–2500 MPa/m does not 
greatly affect the results of calculations. 

3. Results and Discussion 
SSS analysis of the dam and СOW was fulfilled for the last construction stage of the tailing dam. 

Stress-strain state of the dam 

In order to evaluate difference in SSS of a tailing dam and a reservoir dam, Figs. 3, 4 show distribution 
of displacements, and Figs. 5, 6 – distribution of stresses. They are plotted with consideration of the dam 
construction sequence. 

Values of stresses in the dam body and foundation are mainly determined by acting loads (function 
of the structure) and are less depended on the variant of deformation properties of soils. The tailing dam is 
subject to greater by value stresses. 

In the reservoir dam, vertical stresses yσ  reach maximum value (1.8 MPa) at the toe, in the internal 

zone (Fig. 5,b). In COW zone, they amount to approximately 0.7 MPa. In the tailing dam, due to the weight 
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of slimes, the vertical stresses reach 2.1 MPa (Fig. 5,a). In COW zone, they comprise approximately 
1.2 MPa. 

Horizontal compressive stresses xσ  reach their maximum in the rock foundation layer, as a rule, in 

the zone from the downstream side from COW. At construction of a tailing dam, they exceed 1.1 MPa  
(Fig. 6,a), and at creation of an reservoir, they are 1.0 MPa (Fig. 6,b). 

Considerable difference is noted in soil stress state from the downstream side of the wall. In case of 
a reservoir, the zone of soil loosening appears in front of the wall; there the soil loses compressive strength 
and/or shear strength. In this zone, horizontal stresses σx are close to 0 (Fig. 6,b). In case of a tailing dam, 
from the upstream side of the wall, the soil is subject to compressive stresses σx with value at least 
0.15 MPa (Fig. 6,a). This compression arises from pressure of slimes lying above. 

The tailing dam is characterized by greater by value displacements and settlements than those of 
the reservoir dam. This is explained by existence of additional loads from the weight and pressure of slimes. 
However, the difference in displacements is not large. Horizontal displacements of a tailing dam exceed 
the displacements of a reservoir dam by approximately 15 % (Table 2). The tailing dam displacements 
reach their maximum at the upstream face (Fig. 3). The tailing dam settlements also reach their maximum 
near the upstream face and for the reservoir dam they are in its internal part (Fig. 4). But maximum values 
of settlements differ not greatly. 

Table 2. Maximum values of the tailing dam displacements and settlements. 

Parameter 
Tailing Reservoir 

Alternative 1 Alternative 2 Alternative 1 Alternative 2 
Ux [cm] 41 21 36 18 
Uy [cm] 88 44 85 43 

 

 
a)                                                                                   b) 

 
c)                                                                                   d) 

Scale of displacements [cm] 

 
–50     –35     –25      –20     –15     –10       –5         0          5        10        15       20        30      40 

Figure 3. Tailing dam horizontal displacements^ 
a), b) – tailing dam; c), d) – reservoir dam; a), c) – alternative 2; b), d) – alternative 1. 
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a)                                                                                   b) 

 
c)                                                                                   d) 

Scale of settlements [cm] 

 
–100     –70      –50      –40     –30     –20     –10         0        10        20       30       40        60       80 

Figure 4. Tailing dam vertical settlements:  
a), b) – tailing dam; c), d) – reservoir dam; a), c) – alternative 2; b), d) – alternative 1. 

 
a)                                                                                   b) 

Scale of stresses [MPa] 

 
–2,5   –2,25 –2,0   –1,75  –1,5  –1,25  –1,0  –0,75  –0,50  –0,25   0     0,25   0,5      0,75   1,00  1,25 

Figure 5. Vertical stresses in a tailing dam foundation and body (alternative 1): 
a) – tailing dam; b) – reservoir dam. 

 
a)                                                                                   b) 

Scale of stresses [MPa] 

 
–1,0   –0,9   –0,8   –0,7   –0,6   –0,5   –0,4   –0,3   –0,2   –0,1      0       0,1    0,2     0,3      0,4    0,5 

Figure 6. Horizontal stresses in a tailing dam foundation and body (alternative 1): 
a) – tailing dam; b) – reservoir dam. 

Stress-strain state of a cut-off wall 

In SSS of COW in a tailing dam and a reservoir dam, the difference is expressed more vividly. 

The first difference refers to the values of COW horizontal displacements. 

In all the considered cases, COW is displaced towards the downstream side and displacements 
reach their maximum in COW upper part. By the results of calculations, it was revealed that a tailing dam 
COW horizontal displacements are always less than those of a reservoir dam COW (Fig. 7). It seems that 
it should be vice versa because in a tailing dam the wall is subject to more by value horizontal loads from 
the upstream side than that in a reservoir. However, it was revealed that such effect is explained by specific 
feature of soil stress state from the upstream side of the wall. 
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With the aid of additional calculations, it was shown that a tailing dam COW displacements would be 
more than a reservoir COW displacements in case if soils were assumed to be strong and able to perceive 
any by value tensile and shear stresses. However, in real conditions, the soils tensile strength is close to 0 
and this results in increase of a reservoir COW displacements. At displacements of a reservoir dam, the 
soils bedded from the upstream side of the wall turn to be unable to resist shear displacements. 

 
Figure 7. COW horizontal displacements. 

The second difference is in the character of COW stress state. In both cases, SSS is formed by two 
processes. 

The first process is the wall bend deformations. At horizontal displacements, COW bends towards 
the upstream side. In the wall upper part and in the zone of its embedment into rock foundation, the bend 
occurs towards the upstream side. The highest wall bend deformations are revealed in the zone of 
embedment. Bend deformations are expressed in non-uniform distribution of vertical stresses σy between 
the wall faces (Fig. 8). In the tailing dam wall, they are revealed to some more extent. 

The second process is wall longitudinal compression, which is mainly formed by the forces acting on 
its upper end. From the point of view of longitudinal forces value, the tailing dam wall principally differs from 
the reservoir wall. Vertical load on the reservoir wall is mainly formed due to hydrostatic pressure. In a 
tailing dam COW, it is added by pressure from the weight of slimes. Calculations showed that the tailing 
dam wall is subject to compressive force approximately 3 times as much as compared to the reservoir wall. 
This creates danger of loss of compressive strength of clay-cement concrete of which the wall is built. 

Calculations showed that in all the considered cases in COW, there are zones where vertical stresses 

yσ  exceed uniaxial compressive strength of clay-cement concrete (2 MPa). In the reservoir COW, as a 

rule, this is the downstream face of the wall in the zone of its embedment into rock foundation (Fig. 8). At 
that, the values of stresses slightly vary depending on deformation of the foundation alluvial soil. 

In the tailing dam wall, vertical stresses exceed uniaxial compressive strength of clay-cement 
concrete actually height-wise. They amount to 4–6 MPa, and in the zone of embedment into rock, they 
exceed 5 MPa in alternative 2 (Fig. 8,b) and 10 MPa in alternative 1 (Fig. 8,a). 

However, as clay-cement concrete is a plastic material, at evaluation of its compressive strength, it 
is necessary to take into account the effect of strength increase if lateral compression takes place. This 
effect is known from experimental results of a number of authors [26, 27]. 

Mohr–Coulomb theory was used to determine compressive strength of clay-cement concrete in 
conditions of complicated stress state. The value of hydrostatic pressure on the wall was approximately 
used as compressive stress. At that, it was assumed that the angle of internal friction of clay-cement 
concrete was equal to ϕ  = 30°. 

Analysis showed that with consideration of the indicated effect, the strength of clay-cement concrete 
in the reservoir wall would be provided in all the considered alternatives. COW strength of the tailing dam 
will be provided only in case if deformation modulus of foundation soil will not be less than 80 MPa 
(alternative 2, Fig. 8, b). In alternative 1, when deformation modulus of foundation soil amounts to 40 MPa, 
the wall strength will not be provided in any sections height-wise (Fig. 8, a); its integrity will be damaged. 
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Thus, the tailing dam COW operates in more unfavorable conditions than the reservoir COW and not 
always it may serve as a safe seepage-control facility of the tailing dam. 

                
a)                                                                                   b) 

 
Fig.8. Vertical stresses in в COW: a) – alternative 1; b) – alternative 2. 

4. Conclusion 
The fulfilled study shows that COW in the foundation of the tailing dam operates in more unfavorable 

conditions than the COW in the reservoir dam foundation. This is related to existence of additional vertical 
and horizontal loads. 

Pressure from the weight of slimes creates additional vertical force in the wall and increases the risk 
of compressive strength loss of its material. Selection of mix and properties of clay-cement concrete for 
COW should be accomplished with consideration of deformation properties of foundation soil. For the 
considered case of a high tailing dam, the wall strength will not be provided if clay-cement concrete modulus 
of deformation will be 4 times as much as deformation modulus of foundation soil. 

As a result of investigations, an interesting effect was revealed: under other equal conditions, the 
wall displacements in foundation of a tailing dam may be a little bit less than displacements of the wall in 
foundation of the reservoir dam. This is related to specific feature of elastic-plastic behavior of soils 
embedded in the tailing dam foundation. 
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