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Abstract. A rectangular flat finite element is proposed that allows modeling the process of crack formation
without changing the initial elements’ grid. The proposed finite element can be used to calculate structures
made of reinforced concrete, masonry, fiber concrete, and other materials with low tensile strength. To
calculate structures with existing cracks, their position can be specified as initial data. The finite element
was formed based on the stress fields approximations and the principle of possible displacements to obtain
the equilibrium equations of nodes. To calculate the stiffness matrix of the finite element, the principle of
minimum additional energy was used, to which algebraic equilibrium equations were added using the
Lagrange multiplier method. After a crack formation in the centre of finite element, additional degrees of
freedom were introduced into its nodes, determining the possible mutual displacement of the element’s
parts separated by the crack. The calculations were performed for a rectangular elastic bending beam with
a low tensile strength. The reinforcement was located in the tensile zone of the beam. For comparison, the
beam was also calculated using standard finite elements. The comparison of the results, including the crack
width, for the two solutions showed that they coincided with high accuracy. The maximum displacements
differ by 1.5 %, the maximum stresses in compressed concrete and reinforcement differ by less than 1 %.
The crack width for the two solutions differs by no more than 5-7 %.
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1. Introduction

In the construction of industrial and civil buildings, materials such as reinforced concrete and masonry
are widely used. Such materials have low tensile strength, so cracks occur in them. The formation and
growth of cracks causes a redistribution of forces and stresses in the structural elements. A number of
scientific articles are devoted to the problem of calculating structures with cracks [1-3]. In [2, 4, 5], Extended
Finite Element Method (XFEM) and substructure methods were used for crack modeling. In [2], the
structures are divided into several substructures, and XFEM is employed to model the presence of cracks
within each substructure. To evaluate the proposed method, four examples have been considered. In [6],
a finite element formulation is developed that modeled a local crack as imposed strain to simulate fracture
in quasi-brittle materials. For simplicity, only tensile crack has been considered. The structure is modeled
as an averaged continuum, using constant strain triangles. Cracks can develop along the element edges
by controlling the forces normal to the potential crack direction at the nodes. In [7], a novel local mesh
refinement numerical manifold method with variable-midside-node elements for fracture analysis in solids
is presented. In the framework of conventional numerical manifold method, a local mesh refinement
algorithm was proposed to achieve automatic multilevel refinement to the original coarse mesh in a focused
region. In [8], a constitutive model coupling the rotating smeared crack model and the plasticity model in
incremental sequentially linear analysis is proposed.

© Tyukalov, Yu.Ya., 2025. Published by Peter the Great St. Petersburg Polytechnic University.


https://creativecommons.org/licenses/by-nc/4.0/
https://orcid.org/0000-0001-6184-2365

Magazine of Civil Engineering, 18(3), 2025

In [9], the sequentially linear approach based on the exponential softening is proposed to solve the
divergence problem of computational process due to negative stiffness encountered in fracture analysis of
concrete or masonry structure, and nonlinear response is obtained through several linear analyses. In
[10-13], the formation of cracks in various beam systems is investigated. The article [10] presents a novel
strain-based beam finite element family for the analysis of softening and localization of longitudinal
deformations in planar frames made of brittle materials. In the analysis, the softening region was limited
only to a discrete crack, which was treated as an “exclude” element point, i.e., the deformation quantities
in the crack were considered separately from the deformations in the immediate vicinity of the crack.
Localized deformations are connected to the element only through kinematic quantities, which used to
describe the crack opening. The problem of analyzing the stress-strain state of shells, plates and nodal
connections taking into account cracks is investigated in [14—17]. In [17], an innovative fiber beam-column
model updating method based on static deflection and crack width is proposed. The fiber beam-column
finite element program COMPONA-MARC, developed in this laboratory, is modified to efficiently simulate
the nonlinear cracking behavior of reinforced concrete flexural members.

A large number of scientific papers are devoted to the study of crack propagation based on fracture
mechanics [18-20]. In [18], a numerical model for wing crack initiation and propagation due to shear slip is
presented. The governing mathematical model is based on linear elastic fracture mechanics and contact
mechanics, along with failure and propagation criteria for multiple mixed-mode fracture propagation. The
numerical solution approach is based on a combination of the finite element method combined with quarter
point elements to handle the singularity at the fracture tips. In [21], a method to achieve smooth nodal
stresses in the XFEM application is presented. The salient feature of the method is to introduce an
“average” gradient into the construction of the approximation, resulting in improved solution accuracy, both
in the vicinity of the crack tip and in the far field. Due to the higher-order polynomial basis provided by the
interpolants, the new approximation enhances the smoothness of the solution without requiring an
increased number of degrees of freedom. An alternative formulation of the finite element method, which is
based on stress approximations, is presented in [22—25]. The solution is based on the additional energy
functional, to which, using the Lagrange multiplier method, the algebraic equilibrium equations of the finite
element mesh nodes are added. The equilibrium equations are constructed with the principle of possible
displacements.

In [26], a new finite element formulation for the analysis of reinforced concrete slabs is proposed,
accounting for concrete cracking and reinforcement yielding. The proposed formulation, developed within
the framework of Lumped Damage Mechanics, considers that all inelastic effects are localized in lines and
relates all numerical parameters to the mechanical properties of the slab. The problem of formation and
propagation of cracks in bending plates is studied in [27-29]. In [27], the crack is modelled as a rotational
spring with additional rotational freedoms being added to the finite element nodes. The method is validated
against published results for through-the-depth cracks. Cracks with varying direction, location, depth, and
length are used to study the effects of changing the crack parameters. A novel refined numerical method
for simulating cross-scale crack propagation in 3D massive concrete structure is proposed in [30]. The
applicability of the proposed method is verified by a three-point bending test of the beam with regular and
irregular cracks. Finally, the simulation analysis of the roller-compacted concrete dam with cross-scale
irregular cracks is performed based on the monitoring cracks. The modifications of the traditional finite
element method that allow modeling the formation and propagation of cracks are presented in [31, 32]. In
[33], an innovation is proposed to use precise shell-solid finite element models to study the redistribution
factor of composite frame structures under horizontal loads considering concrete cracking. Using shell-solid
finite element models, the cracking behavior due to the slab spatial composite effect can be considered. In
[34], the strain compliance crack model is proposed to capture, as reported by tests, the specifics of various
cases of crack spacing and width analysis involving primary and secondary cracks in reinforced concrete
beams. The model dwells on calculating crack spacing based on the reinforcement strain profile. The works
[35—-37] also present methods for solving stability and statics problems based on stress approximation, as
well as mixed approximations.

The problem of developing methods for calculating building structures taking into account the
process of crack formation remains relevant. The largest number of scientific articles are devoted to studies
of the crack propagation under constant load based on fracture mechanics. The purpose of this work is to
develop a flat finite element that will allow modeling the process of crack formation under loading without
changing the finite element mesh.

2. Methods

Stiffness matrix of an equilibrium rectangular finite element without a crack.

To construct the stiffness matrix, we use the following stresses approximations over a finite element
domain:
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GX:a1+a.4y, Gy =a2+a5X, 'L'Xy :a3. (D)

Similar approximations were used in [35] to construct a flat finite element of arbitrary shape. Thus,
the shear stresses are constant in the finite element region, and the normal stresses along the X and Y
axes vary linearly. The stress approximations (1) satisfy the homogeneous differential equations of
equilibrium of the plane problem of elasticity theory.

Let us write expressions (1) in matrix form:

&
oy 1 00y O ay
c=Ha, o= Sy (s H=/0 1 0 0 x|, a=<ag. (2)
Tyy 00100 ay
a5

Consider the stiffness matrix construction of a rectangular finite element (Fig. 1), which will be used
later to model the process of crack formation in the structure tension zones.

Ay
3 al2 | al2 4
b/2
X
5 >
b/2
1 2
a)

Figure 1. Rectangular finite element: a) coordinate system;
b) possible displacement of node 4; c) possible displacement of node 3.

The nodal unknowns vector includes the displacements of a node along the X and Y axes,
respectively:

u;l’ :(ux,i uy,i)' (3

The stiffness matrix is obtained using the principles of minimum additional energy and possible
displacements. The principle of possible displacements is written as follows:

8U; +8V; =0, @)

where 0U; is the deformations energy with possible displacement of the node; 6V; is the potential of
nodal reactions, equal to the work of the reaction taken with a minus sign.

By considering the possible displacements of nodes, we can obtain algebraic equilibrium equations
for them. To approximate the possible displacements vector over the finite element domain, we use the
following functions:

U = du, = N; (% y):%(1+ 4:;(‘ j(1+ 4;'2“ j i=12,3,4 5)

where X;, Y; are the nodal point coordinates in the local coordinate system (Fig. 1). Using (5), we obtain
expressions for the deformations corresponding to the possible displacement of the node along the X axis:

oS¢ :aNi(X’y):ﬁ 1+% , St =aNi(X'y):ﬁ 1.,.% i (6)

OX a? a
And with the possible displacement of the node along the Y axis, we obtain, respectively:
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50 :aNi(X,y):ﬁ(1+4xxij, 8TXy:@Ni(x,y) X; (Hﬂ}

_ L i 7
y 8y b2 a2 GX a2 b2 ( )
The deformation energy for possible displacement of node i along the X axis:
b/2 a/2
thx: thx; y: tay;
U, =t J. I (GXSSX +17Xy6yxy)dxdy =g —+a, 1Y, +ay Yi , (8)
, -b/2-a/2 a b

where t is the finite element thickness.

Similarly, we obtain the deformation energy expression for the possible displacement along the Y

axis:
b/2 a/2
tay; tax: y: thx
oU; y =t j I (cy88y+rxy8yxy)dxdy:a2 bl +as 3;) Lt+a, al : 9)
-b/2-a/2
We write the equilibrium equations (3) for node i in a matrix form:
Lia—-R; =0; (10)
tox; 0 tay; toxy; 0 R
L, = a b 3a R, = x| 1)
o B x o, taxy Riy
b a 3b
The system of equilibrium equations for all nodes of the element has the following form:
I—l Rl
_ _ 2 _ R2
La-R=0, L= , R= (12)
3 R3
L4 R4
Let us introduce the notation for the material stiffness matrix:
1 —u 0
E! :é —u 1 0o | (13)
0 0 2(1+p)

where E, p are the elasticity modulus and Poisson’s ratio of the material. We represent the deformations
additional energy of the finite element in the following form:

1 b/2 a/2
E==a'Da—>min, D= J. j HTE *Hdxdy; (14)
2
-b/2-a/2

1 -4 0 0 0

D - b2 . (15)
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Using the Lagrange multiplier method, we add the equilibrium equations (12) to the functional (14):
1 .
E:EaTDa+uT(La—R)—>mm. (16)

By equating the derivatives of expression (16) with respect to vectors a and U, we obtain the
following equations:

Da+L"u =0, La—R=0. (17)

Expressing the vector from the first equation a and substituting it into the second equation, we
obtain:

a=-D'LTu: (18)
Ku=R; (19)
K=LD™L". (20)

Thus, the expression for the stiffness matrix of the finite element K is obtained. Note that the matrix
consists of 8 rows and columns.

Stiffness matrix of an equilibrium rectangular finite element with a crack.

We obtain an expression for the finite element stiffness matrix after a crack has formed in it. We
agree that a crack is formed if the maximum principal stress at the finite element center reaches the material

tensile strength Rt. At the center of the finite element, the coordinates (X, y) are zero, so the stresses
are determined by only three parameters:

Gy :al, Gy = a2, 'L'Xy :a3. (21)

The maximum principal stress at the finite element center and the crack inclination angle will be
determined by the following well-known expressions:

2
_S%x*%y . (Gx_cy) 2

21
Oy = 1acrtg A (23)
2 (GX —Gy)

Depending on the inclination angle, there are two possible options for the crack location in the
element. In the first option, the nodes 1 and 3 are located on one crack side, and the nodes 2 and 4 are
located on the other. In the second variant, the nodes 1 and 2 are located on one side, and the nodes 3
and 4 are located on the other side (Fig. 2).

AY AY
C
3 A 4 3 i 4
C
\O('cr __i (Xcr AZ l
0 0 g
AL Ny A, d
1 2 1 2
crack-1 crack-2
a) b)

Figure 2. Variants of crack cd location.
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Consider the first variant of the crack location. After the crack has formed, we introduce additional
degrees of freedom into the nodes of the finite element. These degrees of freedom are associated with the

possibility of shifting two parts of the element A; and A,, separated by a crack, relative to each other.

Thus, after the crack formation, the number of degrees of freedom in the nodes of the finite element
increases. Let us denote the vector of additional degrees of freedom in node i :

cr
ui,x
cr
iy

or _

u (24)

u

To approximate the possible displacements of the main and additional degrees of freedom of the
nodes, we also use functions (5). Fig. 3 shows the displacement functions from the main and additional
possible displacements of nodes 3 and 4.

Figure 3. Main and additional possible displacements of nodes after the crack cd formation:
. . cr . cr
a) 6”4,x(y)' b) SUS,X(y)’ c) 8U4’X(y), d) 8U3’X(y).

After the crack has formed, the main possible displacements of the node cause displacements only
in the region of the finite element adjacent to this node. This region is limited by the crack line. The additional
possible displacements cause displacements and deformations only in the opposite region of the finite
element, located behind the crack line (Fig. 3b). In both cases, the same functions (5) are used to
approximate the possible displacements. The possible displacements of nodes 1 and 2 are accepted
similarly.

Due to the discontinuity of displacements and deformations, the number of parameters required to
approximate the stresses increases. The stresses approximate parameters are different in the two regions
of the finite element (25):

a' :(a% ay a3 a; a: a; a; a; a; ag). (25)

The first five parameters are used to approximate the stresses in the region A, the remaining five
are used to approximate the stresses in the region A,. Expressions (1) are used to approximate the
stresses in each region of the finite element.

When calculating the deformation energy, integration is performed only over a part of the finite
element. For example, for the main possible displacement of node i along the X axis, the deformation
energy is calculated using the following formula:

A, =13

. 26
A2, |:2,4 ( )

BUj x =t [ (036 + T B1yy JOA, A :{
Ai

For additional possible displacement along the X axis, integration is performed over the opposite
region of the finite element relative to the crack:

Al’ i:2,4

. 27
A, =13 @0

SUY =t [ (0488 + 1487y )dA, A, :{
A
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For integration, the quadrangular region is divided into two triangles, indicated in Fig. 2 by a dotted
line. For each triangular region, the integrals were calculated analytically using triangular coordinates. Let

us introduce for the domain A; the designations of the necessary integrals, calculated analytically:

= [ xdA+ [ xdA, 1} = [ ydA+ [ ydA, Iy = [ xydA+ [ xydA,

13c lcd 13c lcd 13c lcd (28)
= [ XPdA+ [ x%dA, 1y = [ y?dA+ [ ydA.
13c lcd 13c lcd
The similar designati dopted for the region A, 12, 12, 12, 12, I%,. Usi
gnations are adopted for the region A, . I}, yr oo gy Dy Using (26), we
obtain the matrix L; elements for the main possible displacement of node i :
L; =
(a0 Ak Vil oo ) X[, Ak
. 32£Ak+ 2 ij 0 2 A+ ¥ Iy ¥ Iy + 2 Iy 0 (29)
y 4% k| X Yi (k Vi (k%% k)|
0 b—é(Ak+—2'|XJ a—'(Ak+—Z'|yj 0 b—;(lx+—z'lxxj
L i=13
2,i=2,4

The matrix LciIr elements for additional possible displacement are calculated by changing the index

k values to the opposite values:

LS =
X Yi (k Y, A ) X[k Bk
[Eaeds] o Haeg) g ) o 0
Y, 4% k) X 4y« Vi (k4% k)|
0 bé(A +—2'Ixj a_l(Aker_zllyj 0 b—é(lir—z'lxxj
K= 1Li=24
12,i=13

The matrix of equilibrium equations, which are similar (12), for a finite element is composed of the
matrices (29) and (30):

L, O
o L,
L, O
o L,
L= o L(ir . (31)
LY ©
o LY
L O

The matrix consists of 10 columns, corresponding to different stress approximation parameters, and
16 rows, corresponding to the node’s possible displacements.

For the second crack variant (Fig. 2), in expressions (29) and (30), it is necessary for the parameter
K to replace the pair of indices 1.3 with the pair 1.2 and the indices 2.4 with the pair 3.4. In addition, in

(31), the position of the matrices L;, Lcir must be changed to the following:
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_ L, O _
L, O
0 L,
o L,

L= 0 Lclr . (32)
@) chr
K:ge
Y o)

The matrix D, similar to (13), has the following form:

D, O
D= : (33)
O D,
A, —uA 0 -l
t A 0 -y, 1
Di== 2(1+u) O 0 | (34)
symmetric lyy  —ulyy
i L

The finite element stiffness matrix is also calculated by formula (20) and contains 16 rows and
columns. The A global stiffness matrix for all structure is formed from the matrix stiffness of the finite
elements.

Depending on the presence of cracks in the finite elements, there may be 2, 4 or 6 unknowns in a
node. If there are no cracks in all elements surrounding the node, then there are only two unknowns in the
node. If there are cracks in elements only to the right (bottom) or left (top) of the node, then there are four
unknowns in the node. If there are cracks in the elements located to the right and left (bottom and top) of
the node, then there are six unknowns in the node (Fig. 4).

1\4 2
| m\ . .
, j e tip of crack
k/ e 2 unknowns i (Xtipl ytip) J
PA e 4 unknowns
@ 6 unknowns crack
L 4
| 1
L 4
a) b)

Figure 4. Cracks: a) the unknowns’ number in a node,
depending on the cracks location; b) the tip of a crack.

The determination of crack opening width.

For a finite element, the crack opening width is determined at points ¢ and d in the direction to the
crack normal (Fig. 2). The width of the crack opening in the direction of the local axes X and Y is
determined by the difference in the displacements of its sides, according to the following formulas:

W((::,rx = u4,xN4(Xv:v yc)+u§,rxN3(Xc: yc)_US,xNS(XCv yc)—quXN4 (Xc, yc); (35)
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Wg,ry = u4,yN4 (Xc’ yc)"'ug,ryNB (Xc’ yc)_US,yNB(Xc’ YC)_UZ,ryN4 (Xc’ YC)- (36)
Then, the crack width in the direction of the normal to it is equal to:
Wen =WE'y €08 ((0ter —7/2)+Wey sin (otgy —7/2). 37)
For point d, the crack width is determined similarly:
W x = Up N (Xgs Va ) +ULxNy (Xg, Ya ) = U x Ny (Xq, Ya ) = UixN2 (Xg, Yo ) (38)
Wy =Uz,yN2 (Xa, Ya )+ ULy N1 (Xa, Ya ) =y N1 (Xa, Ya ) ~UryN2 (%, Ya ); (39)
W'y =Wy €08 ((0tgr —7/2)+Wg'y sin (ot —7/2). (40)

The closing of crack edges at its tip.

The crack tip is located at the boundary of two finite elements, one of which has no crack (Fig. 4). At
the top of the crack, its banks come together (Fig. 4b). The vertical and horizontal displacements of the
crack tip in element 1 must be equal to the corresponding displacements of this point in finite element 2, in
which there is no crack. In the element 2, the displacements of the crack tip are determined only by the
main displacements of nodes i and | :

ux,tip = ui,xNi (Xtip’ ytip)+uj,xNj (Xtip’ ytip); (41)

uy,tip = ui,yNi (Xtip’ Ytip)+uj,yNj (Xtip’ ytip)- (42)

In finite element 1, the displacem(_ants of the crack sides are determined by the main and additional
displacements of one of the nodes i or j. The displacements of the crack tip on the left side are expressed

through the displacements of node i :

left .

Utip = Ui xNi (Xtip’ Ytip ) +UTN; (Xtip » Ytip ) (43)
left

Uy'tip = Uiy N (Xtip’ Yiip ) +UujyN; (Xtip » Yiip ) (44)

Equating expressions (41) and (42) to expressions (43) and (44), respectively, we obtain:

cr _ ... cr _ ..
Ujx =Ujx, Ujy=Ujy- (45)

Considering the displacements of the crack tip on the right side, we obtain:

cr cr
Ui'x = Ui x» lJi,y :ui,y' (46)

Equalities (45) and (46) mean that the corresponding additional and main unknowns at the nodes
belonging to the side on which the crack tip is located must be equal to each other. Simply assigning the
same numbers to the corresponding main and additional unknowns ensures equalities (45) and (46).

The iterative algorithm for the problem solving.

In this article, we consider an algorithm for solving the problem for the case of a linear 0(8) diagram
shown in Fig. 5.
o

Rt'".
aR:

&

Figure 5. Material deformation diagram.
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A material corresponding to such a diagram is elastic, but if the tensile stresses reach the tensile
strength, brittle failure occurs and a crack appears. The nonlinear behavior of a structure made of such
material is determined by the successive occurrence of cracks in the tension zones. The main stages of
the iterative solution are shown in Fig. 6.

1. Compute the number of unknowns N, and the tape width of the equation
system | .
2. Accept u=0.
3. Compute the load vector R.
4. Compute the elements of stiffness matrix K(uv).

5. Solve the linear equation system Ku=R.

6. Compute the vector of first principal stresses of the finite element centers §, .
7. Find the element of vector S, with the maximum value S; .
8.1f s, 2R, then:

8.1. Add the additional unknowns U® into the nodes of the finite element i.
8.2. Recompute the number of unknowns n, and tape width |, of the equation
system.

8.3. Recompute the load vector R.

8.4. Go to line 4.

9. Compute the stresses of finite elements a and width of cracks w, .

10. Exit.

Figure 6. Iterative solution algorithm.

The iterative algorithm allows determining the sequence of crack formation. When a new crack is
formed, additional unknowns are added to the nodes of the finite element if the corresponding unknowns
were not added to these nodes in previous iterations. For example, if a crack has formed in element m

(Fig. 4a), and in element K a crack has formed in previous iterations, then there is no need to introduce
additional unknowns into nodes i and J. During the iterations, the numbers of finite elements, in which
cracks have formed, are noted. If new cracks do not form, then the solution is obtained and the iterations

are finished. The number of necessary iterations is determined by the number of cracks that can occur
under the given loads.

3. Results and Discussion

As a test, calculation of a bending, hinged beam was performed for the action of a uniformly
distributed load. The beam length is 6 m. Half of the beam was calculated. To increase the beam rigidity,
reinforcement is added to the stretched zone. The reinforcement is located at a distance of 30 mm from the
lower edge. The reinforcement is modeled by rod finite elements working in tension and compression. The
characteristics of the beam are given in Table 1.

Table 1. Beam parameters.

Beam Reinforcement
05L,m hm tm EkPa RykPpa Y hgm EgkPa A m?
3 0.6 0.4 30000000 1140 0.25 0.57 200000000 0.003

The beam was divided by height into 20 and by length into 40 finite elements (Fig. 7). Along line AB,
vertical displacements at the nodes were excluded, and along line CD, horizontal displacements were
excluded. A uniformly distributed load was applied of the beam upper edge in the form of concentrated
forces to the nodes.
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os}
9.

axis of symmetry

Qll

reinforcement

Figure 7. Finite elements mesh and reinforcement
of proposed (Cr-FE).

Fig. 8 shows the position and size of crack opening, as well as the stresses in the reinforcement at
different values of uniformly distributed load (. From Fig. 8, one can trace the sequence of crack formation.

position and width of cracks g=9 kKN/m
f ‘ 33 SEREm: 2L l

stresses in reinforcement, kPa 10766
I \.—||—||TI_|HI_||_||—||—||_||_||7

position and width of cracks g=10 kN/m

| ifllifa‘lr I"

stresses in reinforcement, kPa 13012

position and width of cracks g=20 kN/m

J»I:ﬁiH'ﬁ.iaoki10;\[101A;0R0M1

stresses in reinforcement, kPa 28897

e TN

position and width of cracks =40 kN/m

stresses in reinforcement, kPa 58434

i

Figure 8. Position and width of cracks, and stresses in reinforcement
with increasing load from g = 9 kN/m to q = 40 kN/m.
The width of cracks is shown 500 times greater than the actual one.
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To compare the results, beam calculations were performed using standard flat rectangular finite
elements (Fig. 9). The beam was calculated for the load ¢ = 20 kN/m after all cracks had formed. All beam

parameters, including reinforcement, were taken to be the same. Along the lines, where cracks had formed,
the nodes of adjacent finite elements were separated. In Fig. 9, such lines are marked in red. To simplify
the calculation scheme, the slope of all cracks is taken to be 90 degrees. The reinforcement was divided
by length into 40 rod finite elements (Fig. 7).

cc cl

Figure 9. Standard finite element mesh. The beam is divided into 20 elements along the height
and into 80 elements along the length. The red lines show the nodes separation

of adjacent elements by cracks. The load is g = 20 kN/m.

Tables 2—4 provide the values of the opening width for cracks C;, C,, C;3 (Fig. 9). For standard

finite elements, the data are given in the rows designated FE, and for the proposed finite elements in the
rows designated Cr-FE. For standard finite elements [38], the crack width was defined as the difference in
the node’s displacements along the X axis of two finite elements, separated by a crack. Comparison of
the results given in Tables 2—4 for the two solutions shows that they agree with high accuracy. Note that
for other cracks, the same good agreement of crack opening values is observed. This indicates that the
proposed finite element allows to get enough accurate determination of the crack width in the calculated
structure.

Table 2. Width of crack Ci1 opening from bottom to top, mm. The load value is = 20 KN/m.

Type of FE 1 2 3 4 5 6 7 8 9 10 11 12 13
down 0.016 0.022 0.027 0.032 0.034 0.033 0.031 0.029 0.026 0.022 0.018 0.013 0.007
up 0.023 0.027 0.032 0.034 0.033 0.031 0.029 0.026 0.022 0.018 0.013 0.007 O
FE _down 0.018 0.022 0.027 0.030 0.032 0.032 0.030 0.028 0.025 0.021 0.0165 0.012 0.007
[36] up 0.022 0.027 0.030 0.032 0.032 0.030 0.028 0.025 0.021 0.0165 0.012 0.007 O

Cr-FE

Table 3. Width of crack Cz opening from bottom to top, mm. The load value is = 20 kN/m.

Type of FE 1 2 3 4 5 6 7 8 9 10 11 12
_down 0.012 0.022 0.030 0.037 0.041 0.040 0.036 0.032 0.027 0.022 0.016 0.010
up 0.022 0.033 0.038 0.041 0.040 0.036 0.032 0.027 0.022 0.016 0.009 O
cE [35]M0.014 0.022 0.030 0.036 0.039 0.038 0.035 0.031 0.026 0.021 0.016 0.010

0.022 0.030 0.036 0.039 0.038 0.035 0.031 0.026 0.021 0.016 0.010 O

Cr-FE

Table 4. Width of crack Cs opening from bottom to top, mm. The load value is = 20 KN/m.

Type of FE 1 2 3 4 5 6 7 8 9 10 11 12
_down 0.012 0.022 0.030 0.037 0.039 0.037 0.034 0.029 0.025 0.020 0.014 0.008
up 0.022 0.030 0.037 0.039 0.037 0.034 0.029 0.025 0.020 0.014 0.008 O
_down 0.014 0.022 0.030 0.035 0.037 0.035 0.032 0.028 0.024 0.019 0.013 0.008

0.022 0.030 0.035 0.037 0.035 0.032 0.028 0.024 0.019 0.013 0.008 O

Cr-FE

FE [36]

Table 5. The comparison of calculations results.

Vertical displacement Compressive stress  Stress in reinforcement
Type of element kPa S kPa

Zmax, mm Oy max
Cr-FE 2.77 4538 28936
FE [36] 2.73 4575 28857

max
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Table 5 presents the main calculation results for comparison. The comparison of the results

demonstrates good agreement between the values of the maximum vertical displacement, maximum
stresses in the beam compressed zone, and maximum tensile stresses in the reinforcement. The maximum
displacements differ by 1.5 %, the maximum stresses in compressed concrete and reinforcement differ by
less than 1 %. The crack width for the two solutions differs by no more than 5-7 %.

In this paper, the case of active loading is considered, when the cracks do not close. For the proposed

finite element, taking into account the possible closing of cracks and friction forces between the crack’s
sides is not difficult and easily implemented. To calculate taking into account physical nonlinearity, it is
necessary to change the iteration algorithm. When using the elastic solution method, we should simply use
the secant modulus instead of the initial modulus of elasticity. All formulas remain the same.

4. Conclusions

1. A rectangular flat finite element is proposed that allows modeling the process of crack formation
without changing the initial elements’ grid. The finite element is based on the stress fields
approximations and the principle of possible displacements, with the help of which the equilibrium
equations of nodes are obtained. The simple linear functions are used for possible displacements.
To approximate stresses, linear functions were used, ensuring the fulfillment of the equilibrium
equations in the finite element region in the absence of a distributed load. To calculate the stiffness
matrix of a finite element, the principle of minimum additional energy was used, to which algebraic
equilibrium equations were added using the Lagrange multiplier method. After a crack formation in
the center of finite element, additional degrees of freedom were introduced into its nodes,
determining the possible mutual displacement of the element’s parts.

2. The calculations were performed for a rectangular bending beam with a low tensile strength. The
reinforcement was located in the tensile zone of the beam. The beam was divided by height into
20, and by length into 40 proposed finite elements. For comparison, the beam was also calculated
using standard finite elements. In this case, the beam was divided into 80 finite elements along its
length, and the nodes along the crack lines of adjacent finite elements were different. The
comparison of the results, including the crack width, for the two solutions showed that they
coincided with high accuracy. The test beam was calculated in an elastic setting. To calculate taking
into account physical nonlinearity, it is necessary to change only the iteration algorithm. When using
the elastic solution method, we should simply use the secant modulus instead of the initial modulus
of elasticity. All formulas remain the same.

3. The proposed finite element can be used to calculate structures made of reinforced concrete,

masonry, fiber concrete, and other materials with low tensile strength. To calculate structures with
existing cracks, their position can be specified as initial data. The proposed flat finite element allows
modeling the process of crack formation under load without changing the finite element mesh.
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