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Abstract. The transmission of torsional load from the bridge abutment to the pile foundation has a great 
influence on the behavior of piles The situation is worsened by the combined loading on the outriggers, 
such as torsion, vertical, and lateral loads. This study focuses on the importance of distributing the piles 
under bridge abutment subjected to torsion loads in addition to vertical loads, where a suitable distribution 
is found to provide better behavior of the piles. Four groups of piles were taken under the bridge abutment, 
each containing six piles with different distributions. Torsional and vertical loads were applied to the bridge 
abutment to ensure the transfer of loads with a realistic effect. ABAQUS software was used for the 
simulation after the experimental work. The results of different pile distributions were very from the design 
point of view, as it was found that the distribution of the piles under the bridge abutment must be in a multi-
line shape (rectangular distribution of the piles), because it forms a rigid mass with the surrounding soil, 
which is able to withstand torsional loads. In addition, it is preferable to avoid using single-distributed piles, 
since their response is very high and the failure occurs faster than in other groups. 

Citation: Hasan, A.Q. Optimal distribution of piles under a concrete bridge abutment subject to vertical and 
torsion loads. Magazine of Civil Engineering. 2025. 18(3). Article no. 13501. DOI: 10.34910/MCE.135.1 

1. Introduction 
Numerous studies have investigated group piles under lateral, vertical, torsion, and combined loading 

conditions in recent years [1–6]. 

In [7], a model consisting of pile groups was used represented by a flexible beam-column elements 
with soil represented by an elastic linear spring to study the torsion behavior that occurred in the pile heads 
as a result of applying simultaneously horizontal and torsion loads on the group of piles. The study proved 
that uneven shear force distribution is important in pile design. 

In [8], an analytical method to study the behavior of the pile group was developed, by coupling 
torsional resistances with lateral force. The approach involved analyzing piles under multidirectional lateral 
loads to compute induced torsion, followed by evaluation of horizontal load effects, ultimately combining 
these interactions for both single piles and pile groups consisting of 2×2 and 3×3 piles. This research 
provided key insights into torsion angles under random horizontal loading and the influence of pile spacing 
on torsional stiffness. 

In [9], a finite element model was used to study the nonlinear behavior of groups of piles subjected 
to torsion loads. Groups of 1×2, 2×2, and 3×3 piles embedded in sandy soil were subjected to buckling and 
bending. The study assumed linear pile behavior and non-linear soil response. The results showed that the 
torsional strength increased with the increase in the pile size, spacing, length, and the soil stiffness, while 
the pile cap contributed 7 % of the total head resistance. 

https://creativecommons.org/licenses/by-nc/4.0/
https://orcid.org/0000-0002-4502-5346
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The present study analyzes the behavior of concrete bridge abutment subjected to vertical and 
torsion loads transmitted to the concrete piles. The change in the distribution of the piles under the bridge 
abutment will be studied to identify optimal configuration for the best structural behavior. 

2. Methods 
2.1. Problem 

Bridge abutments are important structural elements that bear the loads from the bridge deck. They 
are subjected to vertical, lateral, and torsion loads that are transmitted directly to the piles through the pile 
cap. A bridge abutment (Fig. 1) located on the Khawr az-Zubayr Waterway in Basra governorate was 
analyzed, and the static and dynamic loads from the bridge deck were calculated and transferred directly 
to the abutment. A hypothetical dynamic torsion load was applied to the bridge abutment to simulate 
torsional loads on the abutment. 

 
Figure 1. Bridge abutment dimensions. 

For the pile distribution (Fig. 2), four groups were considered, each containing six piles with the same 
diameter of 80 cm and length of 20 m, but with different configurations: 

• the first group was arranged with one line; 
• the second was arranged with two lines; 
• the third had a random distribution; 
• the fourth had a circular distribution. 

All the piles were connected with a pile cap, whose dimensions depended on the distribution of piles. 

Soil is another critical factor influencing the behavior of the piles. The site soil was characterized as 
sandy clay soil, and the piles were submerged in it. 

 
Figure 2. Pile distribution in groups under bridge abutment. 
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2.2. Modeling of the Problem 
ABAQUS software was used for the simulation after the experimental work. 

Element selection 

Reinforced concrete abutments and piles were represented by a 20-node quadratic brick element 
C3D20, which is a three-dimensional non-linear element consisting of 20 nodes. While the soil was 
represented by a 20-node quadratic brick porous element C3D20P to accurately model soil plasticity and 
consolidation under loading. Reinforced bars were represented by a three-dimensional elastic beam 
element B32 consisting of three nodes, assumed to be embedded in the concrete. Fig. 3 shows the 
modeling in the ABACUS software of the problem for four case studies, including bridge abutments and 
soil [10–13]. 

 
Figure 3. Finite element modeling of abutments and soil for all the four case studies. 

Material properties 

The material behavior reflects the actual distortions that occur in the material. For example, the 
Concrete Damage Plasticity (CDP) model was used to represent the concrete behavior (bridge abutment 
and piles), while the Mohr–Coulomb model was used to represent soil plasticity and deformations (Table 1). 
The plastic material was used for the steel with a yield strength of 420 MPa, zero plastic strain, an elastic 
modulus of 210 GPa and Poisson’s ratio of 0.3 [14–16]. 

Table 1. Material Properties [15]. 
Concrete 

Dilation angle Eccentricity fb0/fc0 ratio Stress invariant ratio k Viscosity parameter μ 

35 0.1 1.16 0.667 0 
Elastic modulus, GPa 23.5 Poisson’s ratio 0.2 

Density, kg/m3 2400   

Soil 
Elastic modulus, GPa 14 Poisson’s ratio 0.4 

Density, kg/m3 1600   
Cohesion 30 Friction angle, degrees 40 

 

Boundary conditions 

A surface-to-surface interaction was defined between piles and soil, a penalty friction coefficient was 
adopted equal to 0.36, and all reinforced steel was represented by an embedded element in the concrete. 
As for the soil boundaries, it was fully fixed at the bottom, and pinned at the sides according to the 
movement direction. The distance from the pile cap to the soil edge was approximately 8 times the pile 
width [17, 20]. 

Loading and analysis 

Vertical loads were calculated from the dead loads (bridge self-weight and additional permanent 
loads) and live loads (vehicle traffic). Torsion load was simulated using two equal and opposite forces. A 
dynamic analysis was performed to obtain realistic structural responses [21-24]. 
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Verification in the ABAQUS software 

The validation, based on [25], involved a 2×2 pile group embedded in loose sandy soil (Fig. 4). The 
piles consisted of aluminum tubes (diameter = 15.74 mm, thickness = 0.9 mm, length = 300 mm), with a 
30 mm-thick aluminum alloy pile cap. ABAQUS simulation results for horizontal displacement vs. shear 
force (Fig. 5) and torque vs. twist angle (Fig. 6) at the pile head showed good agreement with experimental 
data [25] 

 
Figure 4. Pile group details for experimental work [20]. 

 
Figure 5. Shear force vs. displacement for experiment and analysis verification. 

 
Figure 6. Torque vs. twist angle for experiment and analysis verification. 
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3. Results and Discussion 
3.1. Load – vertical displacement 

Fig. 7 shows the relationship between the load and the vertical displacement in the pile cap for the 
four groups. It can be observed that Group 1 exhibited the highest response, while Group 2 showed the 
lowest response. This is due to the distribution pattern of the piles. Despite having equal surface areas, 
Group 1 showed higher stiffness along the long side of the cap compared to the other groups, which makes 
the greater response. Groups 3 and 4 were characterized by a large surface area but demonstrated lower 
stiffness compared to Group 1. When changing the distribution of the piles from Group 1 to the other groups, 
the load capacity was reduced by 60, 27, and 22 %, respectively. 

 
Figure 7. Load–vertical displacement for all the four pile groups. 

3.2. Torsion vs. twist angle 
Although Group 1 exhibits strong stiffness in the longitudinal direction, which gave the highest 

endurance of the forces, it showed the lowest results for torsion vs. twist angle due to the weakness in the 
transverse direction. The other groups, especially Group 3, demonstrated excellent endurance because of 
the high stiffness in the longitudinal and transverse directions, with the amount of torsion increased by 
66 %. And Group 4 demonstrated a 15 % increase in torsional capacity. Group 2 exhibited excellent 
torsional behavior with high stiffness but with an increase in the moments, the twist angle became minimal, 
due to the near equal stiffness in both directions. Fig. 8 show the torsion and Twist angle relation for the 
groups.  

 
 

Figure 8. Torsion vs. twist angle for all the four pile groups. 
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3.3. Displacement along pile length 
Fig. 9 shows the lateral displacement along the piles. The displacement distribution depends on the 

location of the pile and the amount of lateral load applied to it. In Group 1, displacements at the pile head 
ranged from 25 mm in the outriggers far from the load (P1) to 150 mm in the piles close to the load (P2), 
representing the highest lateral displacements. Group 2 had the lowest lateral displacement of 30 mm for 
almost all the piles due to the proximity of the piles to each other, making it work as a single block. The 
load was applied almost equally on all the piles. In Group 3, the displacement distribution varied in the pile 
head: some of the nearby piles (in the middle, P3) had high displacement of 75 mm, while the other (P4) – 
70 mm, and the side piles ranged between 45 and 60 mm due to the position of the load. In Group 4, the 
results of the displacements in the pile head varied from 40 to 50 mm due to the distribution of the piles 
symmetrically and closely under the load. The ratio of the pile fixed depth varied from 15 to 17 m due to the 
torsion occurring in the groups. 

 

 

Figure 9. Lateral displacement along pile length for all the four pile groups. 

3.4. Twist angle along pile length 
Group 2 also had the lowest response in case of the deflection angle (Fig. 10) due to the proximity 

location of the piles to each other, where the maximum twist angle was 1.3°, significantly smaller than the 
other groups. Group 4 had similarly small twist angle of 2.1° due to the distribution of the piles close to each 
other. Groups 1 and 3 had almost the same maximum twist angle of 2.5°, because the bridge abutment is 
directly supported by these piles. All the twist angles disappear (become zero) at a depth of 14 m, and this 
is a good indicator that corresponds to the fixed pile depth. 
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Figure 10. Twist angle along pile length for all the four pile groups. 

3.5. Shear force along pile length 
Shear forces distributed on the pile head are very important, with lower shear forces indicating 

greater stability. Fig. 11 shows the distribution of piles for the four pile groups. Group 2 had the lowest shear 
forces (600 kN) on the pile head among the other groups, while Group 1 had the highest shear forces 
(1900 kN). Groups 1 and 3 differed in the distribution of shear forces on the pile head, but Groups 2 and 4 
had almost equal shear forces at the pile head, because the distribution of the piles was close to each other 
and the distribution of loads was equal. The inflection point of the shear forces (Fig. 11) at a depth of 1 m 
was the result of the strong resistance of the soil to the applied loads. The forces reduced to zero at a depth 
of 7.5 m, indicating that all force was transferred from piles to the soil. 

 

-20

-15

-10

-5

0
-1 0 1 2 3

Pi
le

 L
en

gt
h,

 m

Twist Angle, Deg

Group 1

P1
P2
P3
P4
P5
P6

-20

-15

-10

-5

0
-0.4 0 0.4 0.8 1.2 1.6

Pi
le

 L
en

gt
h,

 m

Twist Angke, Deg

Group 2

P1
P2
P3
P4
P5
P6

-20

-15

-10

-5

0
-1 0 1 2 3

Pi
le

 L
en

gt
h,

 m

Twist Angle, Deg

Group 3

P1
P2
P3
P4
P5
P6

-20

-15

-10

-5

0
-0.5 0 0.5 1 1.5 2 2.5

Pi
le

 L
en

gt
h,

 m

Twist Angle, Deg

Group 4

P1
P2
P3
P4
P5
P6



Magazine of Civil Engineering, 18(3), 2025 

 

 
Figure 11. Shear force along pile length for all the four pile groups. 

3.6. Bending moment along pile length 
Fig. 12 shows the distribution of bending moment along the pile length for the four pile groups. Group 

2 was less responsive than the other groups. Groups 2 and 4 had the same distribution of bending moment 
along the pile length with minor differences in value, while in Group 3, the corner piles (P1, P6) had the 
highest bending moment values due to its distance from the center of the applied torsion. In Group 1, the 
distribution of bending moment was successive between the piles, with piles P1, P3, and P5 showing 
smaller values compared to the piles P2, P4, and P6. The fixed moment depth occurred at 12 m from the 
soil level, the zero value indicating the transfer of all moments from the pile to the soil. 

 

 

 

 

 

-20

-15

-10

-5

0
-2000-1000010002000

Pi
le

 L
en

gt
h,

 m

Shear Force, kN

Group 1

P1
P2
P3
P4
P5
P6

-20

-15

-10

-5

0
-1000-50005001000

Pi
le

 L
en

gt
h,

 m

Shear Force, kN

Group 2

P1
P2
P3
P4
P5
P6

-20

-15

-10

-5

0
-1500-5005001500

Pi
le

 L
en

gt
h,

 m

Shear Force, kN

Group 3

P1
P2
P3
P4
P5
P6

-20

-15

-10

-5

0
-2500-1500-5005001500

Pi
le

 L
en

gt
h,

 m

Shear Force, kN

Group 4

P1
P2
P3
P4
P5
P6



Magazine of Civil Engineering, 18(3), 2025 

 

Figure 12. Bending moment along pile length for all the four pile groups. 

4. Conclusion 
From the results and discussion above, some important factors that are useful when designing deep 

foundations (piles) can be deduced, which are as follows: 

1. The distribution of piles under bridge abutments is very important and needs to be considered in 
foundation design. 

2. Distributing piles in multiple closely spaced lines (rectangular or square arrangement) is much more 
effective than a random pile distribution. 

3. The ABAQUS analysis produced results very close to experimental data, confirming its reliability 
for solving torsion-related problems. 

4. Group 1 (single-line piles) exhibited high displacement due to weak stiffness in the short direction, 
where the load concentrated on only two middle piles. 

5. The higher load in Group 1 resulted from its 9.6 m pile cap length, followed by Group 3 (6.4 m), 
Group 4 (5 m), while Group 2 showed minimal load and displacement. 

6. Group 1 had the poorest torsion-twist angle response due to low stiffness, whereas Group 2 showed 
marginally better performance. 

7. Displacement along the pile length was lowest in Group 2, followed by Group 4, Group 3, and finally 
Group 1 with the highest response. 

8. Group 2’s minimal twist angle resulted from closely spaced piles acting as a rigid mass; Group 4 
performed similarly, while other groups suffered from suboptimal pile arrangements. 

9. The fixed pile depth occurred at 14–17 m for both lateral displacement and twist angle, with 
variations attributable to pile distribution and soil conditions. 

10. Shear forces peaked in Group 1 due to load concentration on central piles, while Group 2’s uniform 
force distribution yielded the lowest values. Group 4’s results were comparable to Group 2. 
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11. Bending moments were highest in distant piles and lowest in proximate ones. Group 2 showed 
minimal moment response, contrasting with Group 3’s higher values for the aforementioned reason. 

12. Complete shear force transfer occurred at 7.5 m depth, and bending moments fully transferred at 
12 m for all groups, owing to surrounding soil stiffness. 

13. The shear force inflection point at 1 m depth for all piles reflected the soil’s high load resistance. 

14. Fixity moment depth and fixed pile length remained constant regardless of pile group distribution. 

15. For this study, Group 2 (rectangular distribution) is recommended due to its low response, as 
closely spaced piles and soil formed a rigid mass resisting torsional loads. Group 4 (circular 
distribution) is a viable alternative given its similar performance. 
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Abstract. A rectangular flat finite element is proposed that allows modeling the process of crack formation 
without changing the initial elements’ grid. The proposed finite element can be used to calculate structures 
made of reinforced concrete, masonry, fiber concrete, and other materials with low tensile strength. To 
calculate structures with existing cracks, their position can be specified as initial data. The finite element 
was formed based on the stress fields approximations and the principle of possible displacements to obtain 
the equilibrium equations of nodes. To calculate the stiffness matrix of the finite element, the principle of 
minimum additional energy was used, to which algebraic equilibrium equations were added using the 
Lagrange multiplier method. After a crack formation in the centre of finite element, additional degrees of 
freedom were introduced into its nodes, determining the possible mutual displacement of the element’s 
parts separated by the crack. The calculations were performed for a rectangular elastic bending beam with 
a low tensile strength. The reinforcement was located in the tensile zone of the beam. For comparison, the 
beam was also calculated using standard finite elements. The comparison of the results, including the crack 
width, for the two solutions showed that they coincided with high accuracy. The maximum displacements 
differ by 1.5 %, the maximum stresses in compressed concrete and reinforcement differ by less than 1 %. 
The crack width for the two solutions differs by no more than 5–7 %. 

Citation: Tyukalov, Yu.Ya. Rectangular flat finite element for modeling the process of crack formation. 
Magazine of Civil Engineering. 2025. 18(3). Article no. 13502. DOI: 10.34910/MCE.135.2 

1. Introduction 
In the construction of industrial and civil buildings, materials such as reinforced concrete and masonry 

are widely used. Such materials have low tensile strength, so cracks occur in them. The formation and 
growth of cracks causes a redistribution of forces and stresses in the structural elements. A number of 
scientific articles are devoted to the problem of calculating structures with cracks [1–3]. In [2, 4, 5], Extended 
Finite Element Method (XFEM) and substructure methods were used for crack modeling. In [2], the 
structures are divided into several substructures, and XFEM is employed to model the presence of cracks 
within each substructure. To evaluate the proposed method, four examples have been considered. In [6], 
a finite element formulation is developed that modeled a local crack as imposed strain to simulate fracture 
in quasi-brittle materials. For simplicity, only tensile crack has been considered. The structure is modeled 
as an averaged continuum, using constant strain triangles. Cracks can develop along the element edges 
by controlling the forces normal to the potential crack direction at the nodes. In [7], a novel local mesh 
refinement numerical manifold method with variable-midside-node elements for fracture analysis in solids 
is presented. In the framework of conventional numerical manifold method, a local mesh refinement 
algorithm was proposed to achieve automatic multilevel refinement to the original coarse mesh in a focused 
region. In [8], a constitutive model coupling the rotating smeared crack model and the plasticity model in 
incremental sequentially linear analysis is proposed. 

https://creativecommons.org/licenses/by-nc/4.0/
https://orcid.org/0000-0001-6184-2365
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In [9], the sequentially linear approach based on the exponential softening is proposed to solve the 
divergence problem of computational process due to negative stiffness encountered in fracture analysis of 
concrete or masonry structure, and nonlinear response is obtained through several linear analyses. In  
[10–13], the formation of cracks in various beam systems is investigated. The article [10] presents a novel 
strain-based beam finite element family for the analysis of softening and localization of longitudinal 
deformations in planar frames made of brittle materials. In the analysis, the softening region was limited 
only to a discrete crack, which was treated as an “exclude” element point, i.e., the deformation quantities 
in the crack were considered separately from the deformations in the immediate vicinity of the crack. 
Localized deformations are connected to the element only through kinematic quantities, which used to 
describe the crack opening. The problem of analyzing the stress-strain state of shells, plates and nodal 
connections taking into account cracks is investigated in [14–17]. In [17], an innovative fiber beam-column 
model updating method based on static deflection and crack width is proposed. The fiber beam-column 
finite element program COMPONA-MARC, developed in this laboratory, is modified to efficiently simulate 
the nonlinear cracking behavior of reinforced concrete flexural members. 

A large number of scientific papers are devoted to the study of crack propagation based on fracture 
mechanics [18–20]. In [18], a numerical model for wing crack initiation and propagation due to shear slip is 
presented. The governing mathematical model is based on linear elastic fracture mechanics and contact 
mechanics, along with failure and propagation criteria for multiple mixed-mode fracture propagation. The 
numerical solution approach is based on a combination of the finite element method combined with quarter 
point elements to handle the singularity at the fracture tips. In [21], a method to achieve smooth nodal 
stresses in the XFEM application is presented. The salient feature of the method is to introduce an 
“average” gradient into the construction of the approximation, resulting in improved solution accuracy, both 
in the vicinity of the crack tip and in the far field. Due to the higher-order polynomial basis provided by the 
interpolants, the new approximation enhances the smoothness of the solution without requiring an 
increased number of degrees of freedom. An alternative formulation of the finite element method, which is 
based on stress approximations, is presented in [22–25]. The solution is based on the additional energy 
functional, to which, using the Lagrange multiplier method, the algebraic equilibrium equations of the finite 
element mesh nodes are added. The equilibrium equations are constructed with the principle of possible 
displacements. 

In [26], a new finite element formulation for the analysis of reinforced concrete slabs is proposed, 
accounting for concrete cracking and reinforcement yielding. The proposed formulation, developed within 
the framework of Lumped Damage Mechanics, considers that all inelastic effects are localized in lines and 
relates all numerical parameters to the mechanical properties of the slab. The problem of formation and 
propagation of cracks in bending plates is studied in [27–29]. In [27], the crack is modelled as a rotational 
spring with additional rotational freedoms being added to the finite element nodes. The method is validated 
against published results for through-the-depth cracks. Cracks with varying direction, location, depth, and 
length are used to study the effects of changing the crack parameters. A novel refined numerical method 
for simulating cross-scale crack propagation in 3D massive concrete structure is proposed in [30]. The 
applicability of the proposed method is verified by a three-point bending test of the beam with regular and 
irregular cracks. Finally, the simulation analysis of the roller-compacted concrete dam with cross-scale 
irregular cracks is performed based on the monitoring cracks. The modifications of the traditional finite 
element method that allow modeling the formation and propagation of cracks are presented in [31, 32]. In 
[33], an innovation is proposed to use precise shell-solid finite element models to study the redistribution 
factor of composite frame structures under horizontal loads considering concrete cracking. Using shell-solid 
finite element models, the cracking behavior due to the slab spatial composite effect can be considered. In 
[34], the strain compliance crack model is proposed to capture, as reported by tests, the specifics of various 
cases of crack spacing and width analysis involving primary and secondary cracks in reinforced concrete 
beams. The model dwells on calculating crack spacing based on the reinforcement strain profile. The works 
[35–37] also present methods for solving stability and statics problems based on stress approximation, as 
well as mixed approximations. 

The problem of developing methods for calculating building structures taking into account the 
process of crack formation remains relevant. The largest number of scientific articles are devoted to studies 
of the crack propagation under constant load based on fracture mechanics. The purpose of this work is to 
develop a flat finite element that will allow modeling the process of crack formation under loading without 
changing the finite element mesh. 

2. Methods 
Stiffness matrix of an equilibrium rectangular finite element without a crack. 

To construct the stiffness matrix, we use the following stresses approximations over a finite element 
domain: 
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1 4 2 5 3, , .x y xya a y a a x aσ = + σ = + τ =                                             (1) 

Similar approximations were used in [35] to construct a flat finite element of arbitrary shape. Thus, 
the shear stresses are constant in the finite element region, and the normal stresses along the X  and Y  
axes vary linearly. The stress approximations (1) satisfy the homogeneous differential equations of 
equilibrium of the plane problem of elasticity theory. 

Let us write expressions (1) in matrix form: 

1

2

3

4

5

1 0 0 0
, , 0 1 0 0 , .

0 0 1 0 0

x

y

xy

a
ay
ax
a
a

 
  σ         σ = σ = σ = =    

    τ      
  

Ha H a                                  (2) 

Consider the stiffness matrix construction of a rectangular finite element (Fig. 1), which will be used 
later to model the process of crack formation in the structure tension zones. 

   
a) b) c) 

Figure 1. Rectangular finite element: a) coordinate system;  
b) possible displacement of node 4; c) possible displacement of node 3. 

The nodal unknowns vector includes the displacements of a node along the X  and Y  axes, 
respectively: 

( )T
, , .i x i y iu u=u                                                                  (3) 

The stiffness matrix is obtained using the principles of minimum additional energy and possible 
displacements. The principle of possible displacements is written as follows: 

U V 0,i iδ + δ =                                                                     (4) 

where Uiδ  is the deformations energy with possible displacement of the node; Viδ  is the potential of 
nodal reactions, equal to the work of the reaction taken with a minus sign. 

By considering the possible displacements of nodes, we can obtain algebraic equilibrium equations 
for them. To approximate the possible displacements vector over the finite element domain, we use the 
following functions: 

( ) 2 2
4 41, 1 1 , 1,2,3,4.

4
i i

x y i
xx yyu u N x y i
a b

  δ = δ = = + + =  
  

                            (5) 

where ,ix  iy  are the nodal point coordinates in the local coordinate system (Fig. 1). Using (5), we obtain 
expressions for the deformations corresponding to the possible displacement of the node along the X  axis: 

( ) ( )
2 2 2 2

, ,4 41 , 1 .i ii i i i
x xy

N x y N x yx yy y xx
x ya b b a

∂ ∂   δε = = + δτ = = +   ∂ ∂   
                    (6) 

And with the possible displacement of the node along the Y  axis, we obtain, respectively: 

1 2

3 4

x

y

0

a/2

b/2

a/2

b/2

y

x

1

2

1

3

4
0
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2

1

3

4
0

1
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( ) ( )
2 2 2 2

, ,4 41 , 1 .i ii i i i
y xy

N x y N x yy xx x yy
y xb a a b

∂ ∂   δε = = + δτ = = +   ∂ ∂   
                       (7) 

The deformation energy for possible displacement of node i  along the X  axis: 

( )
2 2

, 1 4 3
2 2

U d d ,
3

b a
i i i i

i x x x xy xy
b a

tbx tbx y tayt x y a a a
a a b

− −

δ = σ δε + τ δγ = + +∫ ∫                       (8) 

where t  is the finite element thickness. 

Similarly, we obtain the deformation energy expression for the possible displacement along the Y  
axis: 

( )
2 2

, 2 5 3
2 2

U d d .
3

b a
i i i i

i y y y xy xy
b a

tay tax y tbxt x y a a a
b b a

− −

δ = σ δε + τ δγ = + +∫ ∫                      (9) 

We write the equilibrium equations (3) for node i  in a matrix form: 

0;i i− =L a R                                                                  (10) 

,

,

0 0
3 , .

0 0
3

i i i i
i x

i i
i yi i i i

tbx tay tbx y
Ra b a
Rtay tbx tax y

b a b

 
    = =   

    
  

L R                           (11) 

The system of equilibrium equations for all nodes of the element has the following form: 

1 1

2 2

3 3

4 4

0, , .

   
   

  − = = =           

L R
L R

La R L R
L R
L R

                                               (12) 

Let us introduce the notation for the material stiffness matrix: 

( )

1
1 0

1 0 ,
0 0 2 1

t
E

−
−µ 

 = −µ 
 +µ 

E                                                       (13) 

where E,  µ  are the elasticity modulus and Poisson’s ratio of the material. We represent the deformations 
additional energy of the finite element in the following form: 

2 2
T T 1

2 2

1E min, d d ;
2

b a

b a

x y−

− −

= → = ∫ ∫a Da D H E H                                    (14) 

( )
2

2

1 0 0 0
1 0 0 0

0 0 2 1 0 0
.

E 0 0 0 0
12

0 0 0 0
12

abt
b

a

−µ 
 −µ 
 +µ
 =  
 
 
 
  

D                                             (15) 
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Using the Lagrange multiplier method, we add the equilibrium equations (12) to the functional (14): 

( )T T1E min.
2

= + − →a Da u La R                                                  (16) 

By equating the derivatives of expression (16) with respect to vectors a  and ,u  we obtain the 
following equations: 

T 0, 0.+ = − =Da L u La R                                                         (17) 

Expressing the vector from the first equation a  and substituting it into the second equation, we 
obtain: 

1 T ;−= −a D L u                                                                      (18) 

;=Ku R                                                                          (19) 

1 T.−=K LD L                                                                     (20) 

Thus, the expression for the stiffness matrix of the finite element K  is obtained. Note that the matrix 
consists of 8 rows and columns. 

Stiffness matrix of an equilibrium rectangular finite element with a crack. 

We obtain an expression for the finite element stiffness matrix after a crack has formed in it. We 
agree that a crack is formed if the maximum principal stress at the finite element center reaches the material 
tensile strength tR .  At the center of the finite element, the coordinates ( ),x y  are zero, so the stresses 
are determined by only three parameters: 

1 2 3, , .x y xya a aσ = σ = τ =                                                     (21) 

The maximum principal stress at the finite element center and the crack inclination angle will be 
determined by the following well-known expressions: 

( )2 2
1 tR ;

2 4
x yx y

xy
σ −σσ +σ

σ = + + τ ≥                                          (22) 

( )
21 acrtg .

2
xy

cr
x y

τ
α =

σ −σ
                                                         (23) 

Depending on the inclination angle, there are two possible options for the crack location in the 
element. In the first option, the nodes 1 and 3 are located on one crack side, and the nodes 2 and 4 are 
located on the other. In the second variant, the nodes 1 and 2 are located on one side, and the nodes 3 
and 4 are located on the other side (Fig. 2). 

  
a) b) 

Figure 2. Variants of crack cd location. 
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Consider the first variant of the crack location. After the crack has formed, we introduce additional 
degrees of freedom into the nodes of the finite element. These degrees of freedom are associated with the 
possibility of shifting two parts of the element 1A  and 2A ,  separated by a crack, relative to each other. 
Thus, after the crack formation, the number of degrees of freedom in the nodes of the finite element 
increases. Let us denote the vector of additional degrees of freedom in node :i  

,

,
.

cr
i xcr

i cr
i y

u

u

  =  
  

u                                                                   (24) 

To approximate the possible displacements of the main and additional degrees of freedom of the 
nodes, we also use functions (5). Fig. 3 shows the displacement functions from the main and additional 
possible displacements of nodes 3 and 4. 

    
a) b) c) d) 

Figure 3. Main and additional possible displacements of nodes after the crack cd formation:  
а) ( )4,x yuδ ; b) ( )3,x yuδ ; c) ( )4,

cr
x yuδ ; d) ( )3,

cr
x yuδ . 

After the crack has formed, the main possible displacements of the node cause displacements only 
in the region of the finite element adjacent to this node. This region is limited by the crack line. The additional 
possible displacements cause displacements and deformations only in the opposite region of the finite 
element, located behind the crack line (Fig. 3b). In both cases, the same functions (5) are used to 
approximate the possible displacements. The possible displacements of nodes 1 and 2 are accepted 
similarly. 

Due to the discontinuity of displacements and deformations, the number of parameters required to 
approximate the stresses increases. The stresses approximate parameters are different in the two regions 
of the finite element (25): 

( )T 1 1 1 1 1 2 2 2 2 2
1 2 3 4 5 1 2 3 4 5 .a a a a a a a a a a=a                                            (25) 

The first five parameters are used to approximate the stresses in the region 1A ,  the remaining five 

are used to approximate the stresses in the region 2A .  Expressions (1) are used to approximate the 
stresses in each region of the finite element. 

When calculating the deformation energy, integration is performed only over a part of the finite 
element. For example, for the main possible displacement of node i  along the X  axis, the deformation 
energy is calculated using the following formula: 

( ) 1
,

2A

A , 1,3
U dA, A .

A , 2,4
i

i x x x xy xy i
i

t
i
=

δ = σ δε + τ δγ =  =
∫                                 (26) 

For additional possible displacement along the X  axis, integration is performed over the opposite 
region of the finite element relative to the crack: 

( ) 1
,

2A

A , 2, 4
U dA, A .

A , 1,3
i

cr
i x x x xy xy i

i
t

i
=

δ = σ δε + τ δγ =  =
∫                                (27) 
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For integration, the quadrangular region is divided into two triangles, indicated in Fig. 2 by a dotted 
line. For each triangular region, the integrals were calculated analytically using triangular coordinates. Let 
us introduce for the domain 1A  the designations of the necessary integrals, calculated analytically: 

1 1 1

13 1 13 1 13 1
1 2 2 1 2 2

13 1 13 1

I dA dA, I dA dA, I dA dA,

I dA dA, I dA dA.

x y xy
c cd c cd c cd

xx yy
c cd c cd

x x y y xy xy

x x y y

= + = + = +

= + = +

∫ ∫ ∫ ∫ ∫ ∫

∫ ∫ ∫ ∫
                  (28) 

The similar designations are adopted for the region 2A :  2I ,x  2I ,y  2I ,xx  2I ,yy  2I .xy  Using (26), we 

obtain the matrix iL  elements for the main possible displacement of node :i  

2 2 2 2 2 2

2 2 2 2 2 2

4 4 4A I 0 A I I I 0
,

4 4 40 A I A I 0 I I

1, 1,3
.

2, 2,4

i

k k k ki i i i i i
k y k x y yy

k k k ki i i i i i
k x k y x xx

x y y x x y
a b b a a b

y x x y y x
b a a b b a

i
k

i

=

      + + +            =
      + + +      

      
=

=  =

L

  (29) 

The matrix cr
iL  elements for additional possible displacement are calculated by changing the index 

k  values to the opposite values: 

2 2 2 2 2 2

2 2 2 2 2 2

4 4 4A I 0 A I I I 0
,

4 4 40 A I A I 0 I I

1, 2,4
.

2, 1,3

cr
i

k k k ki i i i i i
k y k x y yy

k k k ki i i i i i
k x k y x xx

x y y x x y
a b b a a b

y x x y y x
b a a b b a

i
k

i

=

      + + +            =
      + + +      

      
=

=  =

L

   (30) 

The matrix of equilibrium equations, which are similar (12), for a finite element is composed of the 
matrices (29) and (30): 

1

2

3

4

1

2

3

4

.cr

cr

cr

cr

 
 
 
 
 
 

=  
 
 
 
 
 
  

L O
O L
L O
O L

L O L

L O

O L

L O

                                                                 (31) 

The matrix consists of 10 columns, corresponding to different stress approximation parameters, and 
16 rows, corresponding to the node’s possible displacements. 

For the second crack variant (Fig. 2), in expressions (29) and (30), it is necessary for the parameter 
k  to replace the pair of indices 1.3 with the pair 1.2 and the indices 2.4 with the pair 3.4. In addition, in 

(31), the position of the matrices ,iL  cr
iL  must be changed to the following: 
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1

2

3

4

1

2

3

4

.cr

cr

cr

cr

 
 
 
 
 
 

=  
 
 
 
 
 
  

L O
L O
O L
O L

L O L

O L

L O

L O

                                                                   (32) 

The matrix ,D  similar to (13), has the following form: 

1

2
.

 
=  
 

D O
D

O D
                                                                    (33) 

( )

A A 0 I I

A 0 I I
.2 1 0 0

E
symmetric I I

I

i i
i i y x

i i
i y x

i
i i
yy xy

i
xx

t

 −µ −µ
 
 −µ
 

= +µ 
 

−µ 
 
  

D                                         (34) 

The finite element stiffness matrix is also calculated by formula (20) and contains 16 rows and 
columns. The A  global stiffness matrix for all structure is formed from the matrix stiffness of the finite 
elements. 

Depending on the presence of cracks in the finite elements, there may be 2, 4 or 6 unknowns in a 
node. If there are no cracks in all elements surrounding the node, then there are only two unknowns in the 
node. If there are cracks in elements only to the right (bottom) or left (top) of the node, then there are four 
unknowns in the node. If there are cracks in the elements located to the right and left (bottom and top) of 
the node, then there are six unknowns in the node (Fig. 4). 

  
a) b) 

Figure 4. Cracks: a) the unknowns’ number in a node,  
depending on the cracks location; b) the tip of a crack. 

The determination of crack opening width. 

For a finite element, the crack opening width is determined at points c and d in the direction to the 
crack normal (Fig. 2). The width of the crack opening in the direction of the local axes X  and Y  is 
determined by the difference in the displacements of its sides, according to the following formulas: 

( ) ( ) ( ) ( ), 4, 4 3, 3 3, 3 4, 4, , , , ;cr cr cr
c x x c c x c c x c c x c cw u N x y u N x y u N x y u N x y= + − −                 (35) 

4 unknowns 
6 unknowns 

2 unknowns 
tip of cracki j

k

m

i j
(x , y )tip tip

crack

1

2
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( ) ( ) ( ) ( ), 4, 4 3, 3 3, 3 4, 4, , , , .cr cr cr
c y y c c y c c y c c y c cw u N x y u N x y u N x y u N x y= + − −                (36) 

Then, the crack width in the direction of the normal to it is equal to: 

( ) ( ), , ,cos 2 sin 2 .cr cr cr
c n c x cr c y crw w w= α − π + α − π                                  (37) 

For point d, the crack width is determined similarly: 

( ) ( ) ( ) ( ), 2, 2 1, 1 1, 1 1, 2, , , , ;cr cr cr
d x x d d x d d x d d x d dw u N x y u N x y u N x y u N x y= + − −                (38) 

( ) ( ) ( ) ( ), 2, 2 1, 1 1, 1 1, 2, , , , ;cr cr cr
d y y d d y d d y d d y d dw u N x y u N x y u N x y u N x y= + − −                (39) 

( ) ( ), , ,cos 2 sin 2 .cr cr cr
d n d x cr d y crw w w= α − π + α − π                                  (40) 

The closing of crack edges at its tip. 

The crack tip is located at the boundary of two finite elements, one of which has no crack (Fig. 4). At 
the top of the crack, its banks come together (Fig. 4b). The vertical and horizontal displacements of the 
crack tip in element 1 must be equal to the corresponding displacements of this point in finite element 2, in 
which there is no crack. In the element 2, the displacements of the crack tip are determined only by the 
main displacements of nodes i  and :j  

( ) ( ), , ,, , ;x tip i x i tip tip j x j tip tipu u N x y u N x y= +                                       (41) 

( ) ( ), , ,, , .y tip i y i tip tip j y j tip tipu u N x y u N x y= +                                       (42) 

In finite element 1, the displacements of the crack sides are determined by the main and additional 
displacements of one of the nodes i  or .j  The displacements of the crack tip on the left side are expressed 
through the displacements of node :i  

( ) ( ), ,, , , ;left cr
i x i tip tip j x j tip tipx tipu u N x y u N x y= +                                        (43) 

( ) ( ), ,, , , .left cr
i y i tip tip j y j tip tipy tipu u N x y u N x y= +                                        (44) 

Equating expressions (41) and (42) to expressions (43) and (44), respectively, we obtain: 

, , , ,, .cr cr
j x j x j y j yu u u u= =                                                            (45) 

Considering the displacements of the crack tip on the right side, we obtain: 

, , , ,, .cr cr
i x i x i y i yu u u u= =                                                              (46) 

Equalities (45) and (46) mean that the corresponding additional and main unknowns at the nodes 
belonging to the side on which the crack tip is located must be equal to each other. Simply assigning the 
same numbers to the corresponding main and additional unknowns ensures equalities (45) and (46). 

The iterative algorithm for the problem solving. 

In this article, we consider an algorithm for solving the problem for the case of a linear ( )σ ε  diagram 
shown in Fig. 5. 

 
Figure 5. Material deformation diagram. 

σ

ε
Rt

εt
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A material corresponding to such a diagram is elastic, but if the tensile stresses reach the tensile 
strength, brittle failure occurs and a crack appears. The nonlinear behavior of a structure made of such 
material is determined by the successive occurrence of cracks in the tension zones. The main stages of 
the iterative solution are shown in Fig. 6. 

1. Compute the number of unknowns dn  and the tape width of the equation 

system dl . 

2. Accept =u 0 . 

3. Compute the load vector R . 

4. Compute the elements of stiffness matrix ( )K u . 

5. Solve the linear equation system =Ku R . 

6. Compute the vector of first principal stresses of the finite element centers 1S . 

7. Find the element of vector 1S  with the maximum value is . 

8. If tRis ≥ , then: 

8.1. Add the additional unknowns cru  into the nodes of the finite element i. 

8.2. Recompute the number of unknowns dn  and tape width dl  of the equation 
system. 

8.3. Recompute the load vector R . 
8.4. Go to line 4. 

9. Compute the stresses of finite elements a  and width of cracks crw . 

10. Exit. 

Figure 6. Iterative solution algorithm. 
The iterative algorithm allows determining the sequence of crack formation. When a new crack is 

formed, additional unknowns are added to the nodes of the finite element if the corresponding unknowns 
were not added to these nodes in previous iterations. For example, if a crack has formed in element m  
(Fig. 4a), and in element k  a crack has formed in previous iterations, then there is no need to introduce 
additional unknowns into nodes i  and .j  During the iterations, the numbers of finite elements, in which 
cracks have formed, are noted. If new cracks do not form, then the solution is obtained and the iterations 
are finished. The number of necessary iterations is determined by the number of cracks that can occur 
under the given loads. 

3. Results and Discussion 
As a test, calculation of a bending, hinged beam was performed for the action of a uniformly 

distributed load. The beam length is 6 m. Half of the beam was calculated. To increase the beam rigidity, 
reinforcement is added to the stretched zone. The reinforcement is located at a distance of 30 mm from the 
lower edge. The reinforcement is modeled by rod finite elements working in tension and compression. The 
characteristics of the beam are given in Table 1. 

Table 1. Beam parameters. 
Beam Reinforcement 

0.5L, m h, m t, m E, kPa Rt, kPa µ  h0, m Ea, kPa Aa, m2 
3 0.6 0.4 30000000 1140 0.25 0.57 200000000 0.003 

 

The beam was divided by height into 20 and by length into 40 finite elements (Fig. 7). Along line AB, 
vertical displacements at the nodes were excluded, and along line CD, horizontal displacements were 
excluded. A uniformly distributed load was applied of the beam upper edge in the form of concentrated 
forces to the nodes. 
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Figure 7. Finite elements mesh and reinforcement  

of proposed (Cr-FE). 
Fig. 8 shows the position and size of crack opening, as well as the stresses in the reinforcement at 

different values of uniformly distributed load .q  From Fig. 8, one can trace the sequence of crack formation. 

 

 

 

 
Figure 8. Position and width of cracks, and stresses in reinforcement  

with increasing load from q = 9 kN/m to q = 40 kN/m.  
The width of cracks is shown 500 times greater than the actual one. 
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To compare the results, beam calculations were performed using standard flat rectangular finite 
elements (Fig. 9). The beam was calculated for the load q  = 20 kN/m after all cracks had formed. All beam 
parameters, including reinforcement, were taken to be the same. Along the lines, where cracks had formed, 
the nodes of adjacent finite elements were separated. In Fig. 9, such lines are marked in red. To simplify 
the calculation scheme, the slope of all cracks is taken to be 90 degrees. The reinforcement was divided 
by length into 40 rod finite elements (Fig. 7). 

 
Figure 9. Standard finite element mesh. The beam is divided into 20 elements along the height  

and into 80 elements along the length. The red lines show the nodes separation  
of adjacent elements by cracks. The load is q = 20 kN/m. 

Tables 2–4 provide the values of the opening width for cracks 1C ,  2C ,  3C  (Fig. 9). For standard 
finite elements, the data are given in the rows designated FE, and for the proposed finite elements in the 
rows designated Cr-FE. For standard finite elements [38], the crack width was defined as the difference in 
the node’s displacements along the X  axis of two finite elements, separated by a crack. Comparison of 
the results given in Tables 2–4 for the two solutions shows that they agree with high accuracy. Note that 
for other cracks, the same good agreement of crack opening values is observed. This indicates that the 
proposed finite element allows to get enough accurate determination of the crack width in the calculated 
structure. 

Table 2. Width of crack C1 opening from bottom to top, mm. The load value is q = 20 kN/m. 

Type of FE 1 2 3 4 5 6 7 8 9 10 11 12 13 

Cr-FE 
down 0.016 0.022 0.027 0.032 0.034 0.033 0.031 0.029 0.026 0.022 0.018 0.013 0.007 

up 0.023 0.027 0.032 0.034 0.033 0.031 0.029 0.026 0.022 0.018 0.013 0.007 0 

FE 
[36] 

down 0.018 0.022 0.027 0.030 0.032 0.032 0.030 0.028 0.025 0.021 0.0165 0.012 0.007 
up 0.022 0.027 0.030 0.032 0.032 0.030 0.028 0.025 0.021 0.0165 0.012 0.007 0 

 

Table 3. Width of crack C2 opening from bottom to top, mm. The load value is q = 20 kN/m. 

Type of FE 1 2 3 4 5 6 7 8 9 10 11 12 

Cr-FE 
down 0.012 0.022 0.030 0.037 0.041 0.040 0.036 0.032 0.027 0.022 0.016 0.010 

up 0.022 0.033 0.038 0.041 0.040 0.036 0.032 0.027 0.022 0.016 0.009 0 

FE [35] 
down 0.014 0.022 0.030 0.036 0.039 0.038 0.035 0.031 0.026 0.021 0.016 0.010 

up 0.022 0.030 0.036 0.039 0.038 0.035 0.031 0.026 0.021 0.016 0.010 0 
 

Table 4. Width of crack C3 opening from bottom to top, mm. The load value is q = 20 kN/m. 

Type of FE 1 2 3 4 5 6 7 8 9 10 11 12 

Cr-FE 
down 0.012 0.022 0.030 0.037 0.039 0.037 0.034 0.029 0.025 0.020 0.014 0.008 

up 0.022 0.030 0.037 0.039 0.037 0.034 0.029 0.025 0.020 0.014 0.008 0 

FE [36] 
down 0.014 0.022 0.030 0.035 0.037 0.035 0.032 0.028 0.024 0.019 0.013 0.008 

up 0.022 0.030 0.035 0.037 0.035 0.032 0.028 0.024 0.019 0.013 0.008 0 
 

Table 5. The comparison of calculations results. 

Type of element 
Vertical displacement 

Zmax, mm 

Compressive stress 

x,max , kPaσ  

Stress in reinforcement 

max , kPaS  

Cr-FE 2.77 4538 28936 
FE [36] 2.73 4575 28857 

 

1

13

C1C2C3
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Table 5 presents the main calculation results for comparison. The comparison of the results 
demonstrates good agreement between the values of the maximum vertical displacement, maximum 
stresses in the beam compressed zone, and maximum tensile stresses in the reinforcement. The maximum 
displacements differ by 1.5 %, the maximum stresses in compressed concrete and reinforcement differ by 
less than 1 %. The crack width for the two solutions differs by no more than 5–7 %. 

In this paper, the case of active loading is considered, when the cracks do not close. For the proposed 
finite element, taking into account the possible closing of cracks and friction forces between the crack’s 
sides is not difficult and easily implemented. To calculate taking into account physical nonlinearity, it is 
necessary to change the iteration algorithm. When using the elastic solution method, we should simply use 
the secant modulus instead of the initial modulus of elasticity. All formulas remain the same. 

4. Conclusions 
1. A rectangular flat finite element is proposed that allows modeling the process of crack formation 

without changing the initial elements’ grid. The finite element is based on the stress fields 
approximations and the principle of possible displacements, with the help of which the equilibrium 
equations of nodes are obtained. The simple linear functions are used for possible displacements. 
To approximate stresses, linear functions were used, ensuring the fulfillment of the equilibrium 
equations in the finite element region in the absence of a distributed load. To calculate the stiffness 
matrix of a finite element, the principle of minimum additional energy was used, to which algebraic 
equilibrium equations were added using the Lagrange multiplier method. After a crack formation in 
the center of finite element, additional degrees of freedom were introduced into its nodes, 
determining the possible mutual displacement of the element’s parts. 

2. The calculations were performed for a rectangular bending beam with a low tensile strength. The 
reinforcement was located in the tensile zone of the beam. The beam was divided by height into 
20, and by length into 40 proposed finite elements. For comparison, the beam was also calculated 
using standard finite elements. In this case, the beam was divided into 80 finite elements along its 
length, and the nodes along the crack lines of adjacent finite elements were different. The 
comparison of the results, including the crack width, for the two solutions showed that they 
coincided with high accuracy. The test beam was calculated in an elastic setting. To calculate taking 
into account physical nonlinearity, it is necessary to change only the iteration algorithm. When using 
the elastic solution method, we should simply use the secant modulus instead of the initial modulus 
of elasticity. All formulas remain the same. 

3. The proposed finite element can be used to calculate structures made of reinforced concrete, 
masonry, fiber concrete, and other materials with low tensile strength. To calculate structures with 
existing cracks, their position can be specified as initial data. The proposed flat finite element allows 
modeling the process of crack formation under load without changing the finite element mesh. 
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Abstract. The article identifies the causes of aeroelastic vibrations of suspensions on the arch bridge with 
the main span of more than 200 m. The study aims to determine the range of dangerous wind speeds and 
maximum amplitudes of these vibrations. This research is necessary due to intense vibrations of 
suspensions on the operated structure at wind speeds of 10÷15 m/s. The authors have studied models of 
bridge span structure and suspensions. Experimental tests as well as flow calculations using application 
packages have been carried out in the wind tunnel at NSTU. The study has provided verification of the 
vibration calculation method in the recently approved Russian regulations and comparison of the calculation 
with the current European method. It has been found that the cause of vibrations of the bridge suspensions 
is vortex-induced vibrations (VIV), while the central span of the bridge is not subject to aeroelastic 
vibrations. The experimental results coincide with the calculations and observations of the behavior of the 
suspensions of the bridge under moderate crosswind. The obtained results will be used in the future to 
develop methods of suspension vibration damping. 
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1. Introduction 
The investigation of bridges as complete systems and their individual structural components – 

particularly suspensions – became essential with the advent of long-span bridge construction. Due to the 
length of the span structures, it is not possible to make them sufficiently rigid, therefore, such structures as 
cable-stayed and arched are used. One of the promising directions of building is using polymer materials 
for the base of bridges, which have some advantages over reinforced concrete structures [1]. In addition, 
there is also a risk of occurring aeroelastic vibrations during bridge constructing while launching spans [2]. 
Poorly streamlined bodies such as elastic long-rod suspensions can occur in bridge structures. The cross-
sections of these elements can be cylindrical, rectangular, square, etc. The dynamic interaction of such 
cross-sections with the air flow has been studied by many authors both in Russia [3, 4] and abroad [5–14]. 
[15] described a similar case of aeroelastic vibrations for cylindrical suspensions of an arch bridge and 
ways to reduce vibrations. The relevance of research in this area is supported by using modern 
computational fluid dynamics (CFD) tools with artificial neural networks [16] for designing bridge and high-
rise building. 

In addition to studies of the interaction of poorly streamlined bodies with the air flow, there are also 
studies, which aim to find effective ways to dampen vibrations or, at least, reduce their intensity. For 

https://creativecommons.org/licenses/by-nc/4.0/
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example, [17, 18] presented the passive ways to reduce vortex-induced vibrations (VIV) on a circular 
cylinder by means of a perforated surface. For a square prism, the paper [19] investigated a method to 
reduce wind load by rounding edges. [20] described corner fins installment that is another way (both passive 
and active) to reduce VIV. The paper [21] proposed an interesting way of active wind load control, which 
can be used for high-rise buildings. The present work deals with the problem of occurring suspension 
vibrations in bridges caused by the interaction of the suspensions with the wind flow. 

Based on the external geometric shapes of the span structures section (Fig. 1) it can be suggested 
that the structure may be subject to aeroelastic vibrations such as VIV and stall flutter. The cross-section 
shape of the suspensions (Fig. 2) allows to suggest that they may be subject to aeroelastic vibrations such 
as VIV and galloping. 

Possible causes of suspension vibrations are aerostatic vibrations of: 

1) the suspensions in the wind flow; 

2) the span structures in the wind flow; 

3) the span structures due to road traffic. 

The purposes of this research are: 

• to study the mechanism of occurrence and development of aeroelastic vibrations of bridge 
elements; 

• to determine the range of wind velocities, at which dangerous aeroelastic vibrations of 
elements may occur; 

• to estimate maximum vibration amplitudes to find ways to reduce aeroelastic vibrations. 

 
Figure 1. Cross-section of the span structures around the studied suspensions. 

 
Figure 2. Cross-section of suspensions. 

2. Methods 
2.1. Preliminary Calculations 

For preliminary assessment of the vibration characteristics, the frequencies and shapes of natural 
vibrations of the bridge were calculated, the shapes of suspension vibrations were identified for further 
analysis of aeroelastic vibrations. 

As a result of calculations, two tones were identified, which were confirmed by full-scale 
measurements. The 30th tone of natural vibrations corresponds to the frequency of suspension vibrations 
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along the span structure bridge; the frequency equals yf =  2.88 Hz. The frequency and shape of vibrations 

have been confirmed by full-scale measurements at a wind speed of 10–12 m/s and with the direction close 
to perpendicular to the span structures. The calculations have also showed vibrations of suspensions 
across the span structures. They correspond to the 60th tone and the frequency  xf = 3.82 Hz. 

Numerical calculations of the cross-flow of a fixed suspension model with the wind direction across 
the span structure (α = 0°) showed the presence of a track of vortices descending from the surface of the 
model (Fig. 3). Spectral analysis of fluctuations of the lifting force acting on the model revealed the main 
frequency, corresponding to the frequency of the vortices shedding with the Strouhal number aSh = 0.13. 

At the natural vibration frequency of the suspension yf = 2.88 Hz, the critical wind speed on the middle of 

the suspension is , /cr y y aV f H Sh= = 12.8 m/s. 

 
Figure 3. Velocity isolines at t = 1 s. 

A preliminary assessment of the maximum vibration amplitudes was carried out according to the 
GOST1 and Eurocode2. 

Initially, height and width of the cross-section suspension are H =  0.580 m and B =  0.526 m, linear 
mass is m =  188 kg/m, logarithmic decrement of damping is δ =  0.02, Strouhal number is  

aSh Sh= = 0.13, air density is ρ =  1.225 kg/m3. 

According to the methodology described in GOST3, equation used to estimate the maximum relative 
amplitude is: 

max a,max2
1 10.7 c

Sc Sh
B K
H

A = , 

where 2Sc 2 / ( )em Hδ ρ=  is the Scruton number, em  is the equivalent linear mass of the span structure 

or its element (if a uniform mass distribution is em m= ), δ  is the logarithmic decrement of damping of the 

 
1. Federal Agency on Technical Regulating and Metrology (Rosstandart). Automobile roads of the general use. 
Bridge constructions. The rules of the aeroelastic stability. Calculation and verification. GOST R 59625–2022. 
2022. 42 p. 
2 European Committee for Standardization (CEN). Eurocode 1: Actions on structures – Part 1–4: General actions – 
Wind actions. EN 1991-1-4:2005. 2005. 146 p. 
3 Federal Agency on Technical Regulating and Metrology (Rosstandart). Automobile roads of the general use. 
Bridge constructions. The rules of the aeroelastic stability. Calculation and verification. GOST R 59625–2022. 
2022. 42 p. 
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span structure or its element, Sh /fH V=  is the Strouhal number, depending on the cross-section shape 
and relative width /B H  of the span structure section or its element; K is the modal shape factor, K = 0.1 
([21], Appendix B, Table B.1); ,a maxс  is the maximum value of the exciting aerodynamic coefficient, without 

experimental data it is allowed to take ,a maxс = 0.1. 

As a result, the following values of maximum amplitudes have been obtained: according to the 
GOST4, maxA =  0.021, maxA =  0.012 m, according to the Eurocode5, maxA =  0.092, maxA =  0.053 m. 

2.2. Model Description 
To study the dependencies of relative vibrations amplitudes on the reduced velocity (amplitude-

velocity characteristics, AVC), two identical suspension models with different methods of fixing in a wind 
tunnel have been used: spring-fixed suspension model and cantilever-fixed model. The cross-section of 
both models is made to a scale of 1:7.5, the length of the models is 600 mm, the aspect ratio is λ  = 7.8. 
To maintain two-dimensional flow conditions, end plates with a diameter of 300 mm have been positioned 
at the ends of the models. [22] described the effect of the end plates in more detail. The model on a spring 
elastic suspension (Fig. 4) is fixed in the working section of the wind tunnel with end plates and has 8 
spring-loaded attachment points. Four springs are located on one side of the model and connected to 
elastic elements with strain gauges. The installation allows to record the movements of the model in the 
longitudinal and transverse direction of the flow and torsional movements in the pitch angle. The beam of 
the model is fixed between the end plates on both sides by clamping elements, which allows to change the 
orientation of the model in the flow according to the attack angle. 

 
Figure 4. Model general view and cross-section dimensions. 

This type of attachment for the model in the wind tunnel test is quite simple and convenient. However, 
the natural frequency of the elastic suspension is constant, when the attack angle of the model changes, 
which actually occurs as the wind direction changes. In fact, the full-scale suspension of the bridge has 
different mechanical rigidity in perpendicular directions and different frequencies of natural vibrations in the 
first tone, equal to xnf =  3.82 Hz and ynf =  2.88 Hz, the ratio is yn xnf / f =  0.75. It is difficult to ensure 

the constancy of yn xnf / f  on an elastic suspension over the entire range of attack angles. For simulating 

the frequency ratio, a cantilever-fixed model has been made (Fig. 5). The model is installed on a rigid fixed 
base outside the wind tunnel with an elastic element. The role of elastic element is performed by a girder 
milled from aluminum D16T with an I-beam profile, so the natural frequency ratios of the model are 

xmf =  18.2 Hz and ymf =  13.3 Hz, ym xmf / f =  0.73; and deviations from the natural frequency ratio of 

the full-scale suspension are 3 %. 

 

 
4 Ibid. 
5 European Committee for Standardization (CEN). Eurocode 1: Actions on structures – Part 1–4: General actions – 
Wind actions. EN 1991-1-4:2005. 2005. 146 p. 
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Figure 5. General view of a cantilever-fixed model. 

Furthermore, a model of the span structure bridge was made to evaluate AVC, since the suspension 
vibrations can be caused by vibrations of the span structure in the wind flow. The method of fixing the model 
in the wind tunnel test and the experimental conditions are the same as for the suspension model of the 
bridge installed on an elastic suspension. 

The Reynolds numbers for models and full-scale structures are in the region of self-similarity of the 
flow, which is in the range of Reynolds numbers (104 < Re  < 107), so their aerodynamic characteristics 
have not undergone significant changes. 

3. Results and Discussion 
3.1. AVC of Span Structure Model on an Elastic Spring Suspension 

The investigation began with aerodynamic testing of the span structure model to identify potential 
causes of bridge suspension vibrations. The obtained AVC are shown on dimensionless graphs. The 
relative amplitude of the investigated model /A A H=  is plotted along the vertical axis; where А is the 

amplitude of the model, Н is the overall height of the model, and the relative velocity equals to 1/ Sh V =  

or ( )/V V fH=  plotted along the horizontal axis. The results of the aerodynamic experiments, presented 
in Fig. 6, showed the absence of intense vibrations of the span structure model at all tested velocities, 
corresponding to the natural wind speed at max calc1.5V V=  at span level. The amplitudes of vertical 

vibrations of the span structure at the maxV  speed did not exceed 18 mm in terms of a full-scale structure. 
This suggests that the span structure vibrations cannot be the cause of intense suspension vibrations. 

 
Figure 6. AVC of the span structure model on elastic suspension. 
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3.2. AVC of Suspension Models of the Bridge on Elastic Suspension 
The aerodynamic experiment was conducted in the T-503 open wind tunnel under the following 

conditions: turbulence intensity ε ≈0.3% in steady flow; flow velocity varied from 5 to 20 m/s; Reynolds 
numbers equal to 2.5·(104÷105), in the range of self-similarity; flow velocity stability was ±0.5 %. AVC 
measurements are recorded for 0°, 45°, 90° angles of attack (Fig. 7); for the vibration amplitudes in the 
direction across the flow, the logarithmic decrement of damping is δ ≈ 0.007. For the convenience of 
recalculating velocities and amplitudes to full-scale dimensions, the AVC graphs are given in dimensionless 
form (Fig. 8). The vibrations were unstable, the oscillogram signal was averaged to the standard deviation 
and multiplied by the coefficient 2 . [23] described a similar method of processing the received amplitude 
signals in detail. 

 
Figure 7. Attack angles of the model. 

 
Figure 8. AVC of the sectional suspension model (α = 0°…90°). 

From the graphs, it can be seen that at a relative velocity V = 8, corresponding to the Strouhal 
number Sh = 0.125, and at an angle of attack α = 0°, appearing vibrations gradually increase to a relative 

amplitude A = 0.2 at a relative velocity V = 11.5. The experiment could not be conducted at higher speeds 
due to the risk of damaging the elastic suspension elements. When the model is positioned at  α =90°, the 

relative amplitude does not exceed the value of A = 0.03 up to the relative velocity V = 12.5. The amplitude 
increases with speed. The same Strouhal number values were observed when the model was positioned 
at α = 45°. In this position, an insignificant amplitude maximum was observed. 

The aerodynamic experiments on elastic suspension with various damping degrees were carried out 
at the angle of attack α = 0° (Fig. 9). For this purpose, stepped dampers of various diameters, similar in 
shape to spherical ones, were fixed to the middle of the lower surface of the model on a vertical spoke. The 
increase in the weight of the model due to the damper installation was less than 1%. The damping was 
carried out in a viscous fluid, which made it possible to conduct aerodynamic experiments at higher speeds 
without damage to the suspension elements of the model. 
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Figure 9. AVC models on an elastic suspension with different vibration decrements of damping  

(δ = 0.007…0.06). 

From the graphs, it can be seen that the maximum of the amplitude is observed at a relative velocity 
V = 10.5, at the value of the vibration decrement of damping δ = 0.013. The vibration amplitude decreases 
at higher speeds. 

3.3. AVC of the Cantilever-fixed Bridge Suspension Model 
The experimental conditions for the cantilever-fixed model are the same as for the elastic suspension 

model. However, this configuration has the following parameters: the rigidity ratio, the natural vibration 
frequencies along both axes of the model cross-section, and the strength of the elastic beam in the 
experimental setup. This allowed us to measure the amplitude of the vibrations in the model over the entire 
range of operating speeds. Aerodynamic wind tunnel tests were carried out at attack angles α = (0÷90)° 
with a step of (5÷10)°, without additional damping. AVC results for two extreme and one average values of 

 α = 0°, 45°, 90° are shown in Fig. 10. The logarithmic decrements of damping for α = 0° are yδ = 0.006 

and for α = 90° are xδ = 0.0065. 

 
Figure 10. AVC of the cantilever-fixed model perpendicular to the flow (α = 0°…90°). 

The maximum relative amplitude for vibrations along the OY axis of the model is A = 0.34, as the 
amplitude along the OX axis is A = 0.24. Unstable vibrations with small amplitudes occur at relative velocity 

 V = 8 and higher. When the relative velocity  V = 9÷10 is reached, the amplitude increases significantly 

and reaches its maximum values. In the relative velocities  V = 8÷10, hysteresis is also observed. [24] 
noted a similar phenomenon for galloping a rectangular prism with aspect ratio up to λ =10. The critical 
Strouhal number for the model at angles of attack α = 0° and α = 90° was Sh = 0.086. After reaching the 
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maximum rate without additional damping of the model, the amplitude decreases but remains significant, 
which is probably due to the transition to galloping. At the attack angle α = 45°, no noticeable vibrations 
were detected in any directions. 

The measured logarithmic damping decrement of full-scale suspension vibrations of the bridge, when 
the wind direction is perpendicular to the bridge, equals to δ = 0. However, according to GOST6, the value 
δ = 0.02 was taken for calculation. The experiments were conducted with different damping degrees of the 
model for determining the dependence of the exciting aerodynamic force coefficient on the relative 
amplitude (Figs. 11 and 12). Further experiments were conducted due to the significant difference among 
the decrements of the cantilever-fixed model from the value. 

 
Figure 11. Damping effect on the AVC of the cantilever-fixed model when the wind direction is 

perpendicular to the span of the bridge (δ = 0.006…0.11). 

 
Figure 12. Damping effect on the AVC of the cantilever-fixed model when the wind direction is 

parallel to the bridge span (δ = 0.0065…0.037). 

 
6 Federal Agency on Technical Regulating and Metrology (Rosstandart). Automobile roads of the general use. 
Bridge constructions. The rules of the aeroelastic stability. Calculation and verification. GOST R 59625–2022. 
2022. 42 p. 
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Table 1. Logarithmic decrement of damping models with different damping degrees. 
No. of the 
damper 

Without a 
damper 

D3 D4 D5 D5,5 D6 D7 

x max( A )δ  0.0065 0.010 0.011 0.013 0.018 0.025 0.037 

y max( A )δ  0.006 0.017 0.018 0.019 0.025 0.055 0.11 

 
When δ = 0.02, as taken from GOST7, and using the method of amplitude measurement for the 

cantilever-fixed model applied in this study, the relative amplitude is maxA =  0.22. This value differs from 

the calculated one, specified in the same GOST, ( maxA =  0.21) by only 4 %. 

When measured on a full-scale suspension δ = 0.015 and average amplitude of about 70 mm with 

a wind speed of ≈12 m/s, the measured relative amplitude is maxA =  0.12. This is two times lower than 
the experimental and calculated amplitude. This can be related to the unstable direction (±10° from 
perpendicular direction to the span structure) and wind speed observed in full-scale conditions. 

Based on the cantilever-fixed model experiment results, the dependences of the aerodynamic 

exciting coefficients ac  on the relative amplitude (Fig. 13) ( ), ya yc A  and ( ), xa xc A  were determined 

according to the method described in GOST8. The coefficient  ac  is used to calculate the maximum relative 
amplitude of the vibrations. 

 
Figure 13. Dependence of the aerodynamic exciting coefficients ,a yc  and ,a xc  on the relative 

amplitude of the vibrations. 

4. Conclusions 
1. When investigating the causes of aeroelastic vibrations of the bridge, calculations and experiments 

have revealed that the wind resonance of the suspensions of a bridge is the main cause of these 
vibrations. 

2. The span of the bridge is not subject to dangerous aeroelastic vibrations. At the same time, the range 
of VIV velocity at the level of suspensions has found to be 12÷18 m/s. It indicates the frequent 
occurrence of aeroelastic vibrations, which requires finding ways to reduce vibrations on the building 
in operation. 

 
7 Ibid. 
8 Ibid. 
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3. New data on the aerodynamic characteristics of an H-shaped section, geometrically similar to a square 
section, have been obtained. The results show that a slight difference from a well-studied square 
section leads to significant changes in the aerodynamic exciting coefficient. And the aerodynamic 
exiting coefficient differs by more than two times for angles of attack of 0° and 90° for the H-shaped 
section. 

4. The aerodynamic studies of structures with a slight difference from the cross-section shapes, given in 
the standard and reference works, should be conducted. 
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Abstract. The complex including a room serviced by automated microclimate control systems, heat and 
mass exchange equipment of such systems and their technical means of automation is very complicated 
for mathematical description of transient processes under conditions of thermal disturbances when solving 
problems of ensuring comfort of internal meteorological parameters and synthesis of automatic control 
systems. The nonlinearity of the process of temperature wave propagation in the arrays of enclosing 
structures leads to a significant error in the case of representation of the room as a linear inertial link. 
Therefore, the correct mathematical description of transient processes in this case leads to nonlinear 
differential equations of the Emden–Fowler type, the solution of which in the considered conditions is not 
expressed in elementary functions and requires numerical methods. One of the most complicated variants 
in this case is the use of combined proportional-integral law of air conditioning system control in the absence 
of local heating-cooling systems. Then the solution can be obtained in a parametric form containing a 
generalized dimensionless parameter of the automated climate control system, including the proportional 
and integral components transfer factors and the air throughput of the system. The paper shows that in this 
case, with the growth of the integral component, the dynamic error, i.e., the largest deviation of the room 
temperature from the setpoint, and the control time are reduced; at the same time, for small moments of 
time, all the calculated curves describing the temperature behavior asymptotically coincide with the initial 
heating curve. After reducing the solution to a dimensionless form, the universal dependencies for the 
indoor temperature behavior depending on the characteristics of the room and regulator parameters, 
suitable for use in the engineering practice, are obtained. The calculations performed for a typical 
representative room, in comparison with the relevant experimental data, confirm the reliability of the 
obtained results and their applicability for mass design. 

Citation: Samarin, O.D. Temperature mode of a room at proportional-integrated regulation of climate 
systems. Magazine of Civil Engineering. 2025. 18(3). Article no. 13504. DOI: 10.34910/MCE.135.4 

1. Introduction 
As an object of the research, the proposed work considers the behavior of the indoor air temperature 

in a room, in which a comfortable set of internal meteorological parameters is maintained by central air 
systems of microclimate provision equipped with automation devices using a combined proportional-
integral (PI-) control algorithm. 

It should be noted that the development of scientific research in the field of calculations of the 
transient thermal regime of rooms, analysis of the operation of the equipment of microclimate systems 
servicing them and their automation systems, as well as methods of their selection, was traditionally carried 
out in several parallel directions. One of them concerned the processes in the indoor air and in the enclosing 
structures under different nature of variable thermal disturbances, both periodic and one-time. In this 
direction, the developed engineering and analytical theories included, in particular, the theory of thermal 

https://creativecommons.org/licenses/by-nc/4.0/
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Magazine of Civil Engineering, 18(3), 2025 

stability, the method of “response factor”, and other solutions, including those considering cooling of the 
buildings during their emergency cutoff from heat supply systems or, on the contrary, initial heating up of 
premises as a result of a heat supply jump, e.g., [1–3]. This could involve climate systems but mainly in 
terms of their role in the overall heat balance of the facility as a source of relevant additional heat inputs or 
their removal. In addition, in some cases, the issues of optimization of thermal protection properties of 
enclosures and operation modes of heating and heat supply systems could be resolved using economic 
methods, but the results obtained in this case are not usually generalized to other objects [4]. With the 
development of computer engineering, numerical methods are certainly added to engineering-analytical 
methods, although it should be noted that works with their application are still more common abroad. Here, 
we can note, in particular, publications [5–7]: their advantage can be considered to be the inclusion of 
experimental data in addition to numerical calculations, which allows identifying the theoretical model. 

The processes directly in the heat and mass exchange equipment for inflow treatment or in heat 
supply systems were usually considered separately, using specific methods including heat balance and 
heat transfer equations, in particular, and, in [1, 2], including in a dimensionless form, although it is quite 
obvious that such equipment constitutes a single system with the room and technical means of automation. 
Finally, the issues of regulation of climatic systems were usually considered from the standpoint of the 
theory of automatic control, which operates with the concepts of system links represented as a “black box”, 
actually disregarding the physical essence of the processes occurring in them. To simplify the equations 
and to obtain solutions in an engineering form, these links are usually considered as linear [1, 2, 6, 7], 
which, as will be seen from the following description, gives a significant error for transient processes in the 
rooms. This kind of separate consideration leads to a considerable number of publications devoted to the 
study of processes in specific individual objects, for example, in ventilated facades with account of the 
operation of the natural ventilation system only [8], or even the paper of the author of the proposed work 
[9], in which a very simple dependence for the penetration velocity of a heat wave in a thick-walled 
cylindrical structure was found. The same features are characteristic for the works, the authors of which 
are engaged in solving inverse problems of searching for initial data and characteristics, for example, 
thermophysical properties of building materials, according to the results of temperature behavior measured 
in one way or another, in particular [10, 11]. 

In some cases, the use of numerical methods makes it possible to build a comprehensive model 
taking into account all the above-mentioned systems and factors, but due to their specificity such 
approaches cannot provide universal engineering methods suitable for tentative estimates and for 
introduction into normative and reference documents, since they require individual calculations on the 
computer for each particular object. In addition, this may require knowledge of a large number of parameters 
of the room and engineering systems, which should be used as input data for the relevant program, e.g., 
[12]. Still less suitable for the engineering practice, due to the lack of specific sufficiently simple analytical 
or graphical dependencies, are the methods that have been recently gaining ground, based on the so-
called fuzzy logic [13, 14] and other cross-system concepts [15, 16], as well as works devoted to the general 
principles of energy saving in buildings through various solutions to reduce energy consumption, including 
automation of climate systems [17–19]. Thus, to date, there are practically no models and solutions that 
allow joint consideration of nonstationary processes in the rooms serviced by automated microclimate 
systems, with account of their physical essence, interconnection and mutual influence and available for 
application in mass design. 

In previous works, the author made attempts of such a comprehensive consideration for the simplest 
variants of laws of control: proportional (P-) [20] and integral (I-) [21, 22]. However, in practice, especially 
for air conditioning systems, more complex algorithms are used for more accurate maintenance of internal 
meteorological parameters and ensuring the required comfort in the serviced zone of the room. One of the 
most common of them is a combination of the said laws, namely PI-control combining some of their 
advantages, in particular, the relative speed of P-controllers and the zero static error of integrators. 
Therefore, it seems relevant to continue the research of transient modes in indoor and climatic systems for 
this case as well. 

Thus, the object of the research is to build a mathematical model of nonstationary thermal processes 
in a complex including a room and heat and mass exchange equipment of automated central air 
conditioning systems servicing it, controlled by a PI-algorithm, and to develop a methodology for evaluating 
such a regime, suitable for use in engineering practice and taking into account all the main parameters of 
the system. 

Thus, the tasks of the work are as follows: 

− to formulate a system of differential equations describing transient processes in a room under a 
jump-like thermal disturbance and its assimilation by central air climatic systems equipped with 
a PI-controller; 
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− to obtain the solution of this system describing the behavior of indoor air temperature in the 
specified conditions, recording it in a dimensionless form and its analysis under different initial 
data, including the change of the ratio between P- and I-components of the law of control; 

− to search for possible asymptotics of the detected solution at limiting values of the room and 
regulator parameters; 

− to compare the results with the available experimental data, including those obtained by other 
authors, and to construct correlations linking the system parameters and indoor temperature 
which would be suitable for application in mass design. 

2. Methods 
As in the works [20–22], using the concept of excess temperature .0 ,in in int tθ = −  where .0int  is a 

controlled level of inside air temperature ,int  or the so-called input reference, for a sudden change in 
thermal disturbance and its compensation due to the operation of a central air conditioning system that 
simultaneously performs ventilation functions, the equation of the convective heat balance for the room as 
a whole can be written as follows: 

( ) d3.6 0,
d

in
in s a s inQ G c B θ
+ θ −θ − τ =

τ
                                             (1) 

where inQ  is the inflow of explicit convective heat into the room air from sources, W; τ  is the time interval, 

s, from the moment of occurrence of a thermal disturbance; sG  is the mass flow rate of the intake air, kg/h, 

which is equal to the flow rate of the exhaust ,exG  since the air balance of the room, unlike from thermal, 

almost happens instantly-stationary; ac  is the specific mass heat capacity of air equal to 1.005 kJ/(kg·K);  

.0s s int tθ = −  is the excessive inflow rate, K. 

Similarly [20–22], parameter ,B  W∙s1/2/K, in equation (1) is determined by the formula: 

,m i
B A c = λ ρ ∑                                                                   (2) 

where ,λ  c  and ρ  are, respectively, the thermal conductivity, W/(m·K), the specific heat capacity, J/(kg∙K), 
and the density of the material layer of the i -th massive enclosing structure (external and internal walls, 
ceilings, partitions) facing inside the room; mA  is the area of each of the listed fences, m2. 

If the value of inθ  is automatically maintained by a regulator implementing a continuous PI-law, the 
complementary constraint equation is easiest to write in this form: 

( )d d ,
d d
s in in

i in pK K
θ −θ θ

= − θ −
τ τ

                                                          (3) 

where iK  is equivalent coefficient of transfer of integral component of the automated system 1,s−  by the 

channel “ inθ  → derivative of the difference between s inθ −θ ”, pK  is the same for proportional component 

by the channel “ inθ  → difference between s inθ −θ ” (dimensionless). Differentiating term-by-term (1) by 
τ  in order to be able to substitute expression (3) there, we bring (1) to the canonical form: 

2

2
d d1 0.

2 dd
in in

in
C Dθ θ + + + θ = τ ττ ττ  

                                                 (4) 

The parameters ,C  1 2,s−  and ,D  3 2s−  can be determined by the formulas: 

; .
3.6 3.6
s a p s a iG c K G c KC D

B B
= =                                                           (5) 



Magazine of Civil Engineering, 18(3), 2025 

Thus, formally (4) coincides with the equation obtained previously by the author in [21], but the 
coefficients C  and D  have a different physical meaning and are expressed differently in terms of the 

original data. After substitution, the relation z = τ  (4) can be reduced to a somewhat simpler form, in 
which the first of the terms including the first derivative disappears: 

2

2
d d2 4 0.

dd
in in

inC zD
zz

θ θ
+ + θ =                                                      (6) 

It is easy to see that for 0,C =  i.e., with the exclusion of the proportional component of the regulator, 
(6) will be an Emden–Fowler equation [23, 24]. However, in the general case under consideration, at  

0,C ≠  the methods used in these works are no longer suitable, although some general properties of the 
equation and, as a consequence, its solutions associated with nonlinearity due to the presence of a 
multiplier z  at the third term are still preserved. Therefore, we transform the resulting equation further in 
order to highlight the singularity at 0,z =  namely, we present the solution as a product of ( )in zf zθ =  

and then we make another replacement of the independent variable, that is, we assume 34x Dz=  – a 

dimensionless time argument, from which, respectively, 
1 3

.
4
xz
D

 =  
 

 Then from (6), we get: 

( )

1 32

2 1 3
d d 29 12 6 1 0.

4 dd 4
f x f Cx C f

D xx Dx

     + + + + =  
       

                                    (7) 

If we now assume that 
( )

2
3

1 3
2 2

3.64
s a

p
i

G cCK K
K BD

 = =  
 

 is a generalized dimensionless 

parameter of the automated climate system, we can finally obtain: 

2
1 3

2 1 3
d d9 12 3 1 0.

dd
f f Kx Kx f

xx x
  + + + + =    

                                             (8) 

Obviously, ( )0 1,f =  ( )d 0 d 1 12f x =  should be taken as the initial conditions for (8). 

It is clear that the solution of equation (8) gives a universal dependence that is applicable for any 
objects and conditions. Therefore, in a dimensional form, the ratio for the current ambient air temperature 
will look like this: 

( )2 .in
in

Q f x
B

τ
θ =                                                                  (9) 

At the same time, if we consider (8) for little periods of time, we can notice that the first term can 
already be neglected, and we get a 1st-order equation with separable variables. In this case, its solution will 
be represented by ( ) ( )( )1exp ,f x f x= −  where the auxiliary function 1f  is defined as an integral: 

( )
1 3

1 1 3
0

1 1 d ,
12 1 4

x Kxf x x
Kx

−+
=

+
∫                                                             (10) 

or asymptotically for small K  and :x  

( )
2

2 3
1

1 31 .
12 4 2

Kf x x Kx
  

= − +      
                                                       (11) 
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3. Results and Discussion 
Fig. 1 shows the type of functions ( )f x  for various values of parameter K  from 0 to 4, obtained 

by numerical solution (9) using a computer program by the Runge–Kutta method of the 4th order. According 

to (5) and (6), we have here 3 24 .
3.6
in a iG c Kx

B
= τ  

 
Figure 1. Dimensionless dependence f(x) for K = 0, 1, 2, 3, and 4 (lines from top to bottom),  

for K = 1 with the use of (11) (square markers). 

By virtue of the above, the constructed graphs can serve as a universal nomogram, which can be 
used in engineering calculations in combination with formula (9). For comparison, square markers show a 
curve using expression (11) at K  = 1. 

The nature of the change of inθ  for one of the rooms in a public building, previously considered by 

the author in [20, 21], is shown for clarity in Fig. 2. At the same time, it was assumed that inQ  = 500 W,  

B  = 12,000 W∙s1/2/K in accordance with the structural solutions of the room and the thermal properties of 
its enclosing structures, the inflow flow rate sG  = 430 kg/h and pK  = 0.84, from where C  = 0.0084 s–1/2, 

and the coefficients iK  were considered equal to 0 (that is, for the limiting case of purely proportional 

regulation), 8.4∙10–6, 8.4∙10–5, and 8.4∙10–4, whence, respectively, D  = 0, 8.4∙10–8, 8.4∙10–7, and  
8.4∙10–6 s–3/2. Then, the parameter K  by its definition will acquire the values ,∞  2.4, 1.11, and 0.52. With 
the exception of the first one, they lie within the limits for which the graphs in Fig. 1 are calculated. As for  

iK  = 0, it requires separate consideration, since there is an analytical solution obtained by the author in 

[20], although the original equation (6) can be solved numerically and directly at D  = 0, and from (5), the 
corresponding result is obtained by the limiting transition .K →∞  

From Fig. 2, it is easy to see that, as in the case of control objects represented as a linear inertial 
link, the appearance of an integral component of the regulator immediately leads to the fact that the residual 
temperature deviation, or static control error, becomes zero, and the maximum value of inθ  gradually 

decreases with increasing ,iK  as does the control time. At the same time, at small ,τ  all curves coincide 

asymptotically, which confirms the conclusions about the proportionality of inθ  and τ  in the mode of 
initial heating or cooling of the room. 
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Figure 2. Dependence of θin on time for a specific room at Ki = 0, 8.4∙10–6, 8.4∙10–5,  

and 8.4∙10–4 (from top to bottom). 
In Fig. 3, the dotted line shows the results of experimental measurements in the representative room 

shown above at inQ  = 500 W. The measurements were carried out similarly to those presented in [21] 
using Testo 0560 1110 Mini penetration thermometer with a division of 0.1°, which was installed in the 
center of the room at a height of 1 m from the floor. In fact, the regulation of the air conditioning system was 
carried out positionally (“on/off”), but due to the high frequency of switching, it was approaching continuous. 
The solid line represents the data of direct numerical integration of the original equation (6) using a 
computer program by the 4th-order Runge–Kutta method. The best match within the accuracy of the 
measuring device is observed at pK  = 0.0167 and iK  = 0.0125 s–1, which corresponds to the values of 

the parameters C  = 8.33∙10–5 s–1/2 and D  = 6.25∙10–5 s–3/2 with the value of B  = 24000 W∙s1/2/K, that is, 
in 2 times higher than was accepted for calculations in Fig. 2, since a separate room was viewed here and, 
thus, the temperature wave propagated only in one direction. 

It should only be kept in mind that for small ,τ  the coincidence of theoretical and experimental 
dependence turns out to be somewhat worse, which can be explained by the influence of the thermal inertia 
of the indoor air volume, which was not directly taken into account when writing the initial equation (1), as 
a result of which the measured temperatures are obtained up to a certain point lower than according to (6). 
The same applies to the rightmost area of the graph, after the temperature has passed the maximum. This 
issue has already been analyzed to some extent by the author in [20, 21], where it was noted that, 
apparently, another limitation used in conclusion (1) is already beginning to affect here, namely the 
assumption that the temperature wave does not have time to penetrate to the outside the surface of the 
fence or up to its axis of symmetry. Nevertheless, since from the point of view of using the results in 
engineering practice, we are primarily interested in the value and moment of the greatest temperature 
deviation, the coincidence can be considered satisfactory. 

 
Figure 3. Dependence of θin on time for a specific room in a full-scale experiment  

(solid line – calculation by (6), dotted line – experiment, dashed dot – initial heating curve). 
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Thus, comparison with experimental data can be used to identify a mathematical model, that is, to 
identify the actual parameters of the control system, which would be difficult to determine directly. For 
comparison, the dashed dot line depicts the process of initial heating of a given room in the case of 

inQ  = 500 W and the absence of compensation for heat gain by expression (9) at ( )f x  = 1 [20, 21]. It is 
not difficult to notice that both the theoretical solution (6) and the experimental results, although to a 
somewhat lesser extent, asymptotically coincide with the initial heating curve at small ,τ  which further 
confirms their correctness. 

In addition, Fig. 4 shows a comparison of the calculation results for (6) for the same room but with 
slightly different initial parameters, namely pK  = 0.071 and iK  = 0.025 s–1, which corresponds to the 

values of parameters C  = 3.55∙10–4 s–1/2 and D  = 1.25∙10–4 s–3/2 also at a value of B  = 24000 W∙s1/2/K, 
with the data of full-scale measurements of the non-stationary thermal regime of the room, which is 
equipped with the automated air heating system under similar control conditions given in [25] (dotted line), 
after normalization by the magnitude of the maximum temperature deviation. 

 
Figure 4. Dependence of θin on time for the room under study  

(solid line – according to equation (6), dotted line – measurement data [25]). 
It can be seen that in almost the entire time interval under consideration since the appearance of the 

thermal disturbance, experimental measurements give a similar nature of dependence, which further 
confirms the theoretical provisions of the proposed work, and the discrepancies have the same appearance 
as in Fig. 3 and can be explained in a similar way. 

4. Conclusion 
− It has been shown that the mathematical description of transient processes at a jump-like thermal 

disturbance in the room serviced by central air conditioning systems, formulated in the previous 
works of the author in the form of the differential equation of the Emden–Fowler type, is a limiting 
case arising at exclusion of the P-component of the regulator. 

− It is noted that the solution of the obtained system of equations for the PI-law of control still 
retains some properties characteristic of the Emden–Fowler type equations, namely, it has a 
specific feature at 0τ =  and admits a representation in the form of a product of ( ) ,zf z  where 

.z = τ  

− It has been proved that the presence of the P-component of the regulator can be taken into 
account by introducing a generalized dimensionless parameter of the automated climatic system 

,K  including the P- and I-components transfer factors and the air throughput of the system. 

− It has been shown that the reduction of the solution to a dimensionless form allows constructing 
universal correlations for the behavior of the indoor temperature depending on the characteristics 
of the room and regulator parameters, suitable for use in engineering calculations, its argument 

including the product of the transfer factor of the I-component and 3 2τ  value. 
− It has been demonstrated that the dynamic error, i.e., the largest deviation of the room 

temperature from the setpoint, and the control time decrease with the growth of the I-component; 
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at the same time, for small moments of time, all the calculated curves describing the temperature 
behavior asymptotically coincide with the initial heating curve. 

− It is noted that the change in the behavior of the solution at the appearance and strengthening 
of the integral component of the regulator qualitatively coincides with the known regularities in 
the representation of the room as a linear inertial link. 

− It has been confirmed experimentally using field measurements in a typical representative room 

that the discrepancy between the actual and theoretical values of inθ  is within the measurement 
accuracy and the usual error of engineering calculation, at least in the zone of maximum 
temperature deviation from the setpoint, which is of the greatest interest for engineering 
applications. 

References 
1. Rafalskaya, T. Safety of engineering systems of buildings with limited heat supply. IOP Conference Series: Materials Science 

and Engineering. 2021. 1030. Article no. 012049. DOI: 10.1088/1757-899X/1030/1/012049 
2. Rafalskaya, T.A. Simulation of thermal characteristics of heat supply systems in variable operating modes. Journal of Physics: 

Conference Series. 2019. 1382. Article no. 012140. DOI: 10.1088/1742-6596/1382/1/012140 
3. Mansurov, R., Rafalskaya, T., Efimov, D. Mathematical modeling of thermal technical characteristics of external protections with 

air layers. E3S Web of Conferences. 2019. 97. XXII International Scientific Conference “Construction the Formation of Living 
Environment” (FORM-2019). Article no. 06007. DOI: 10.1051/e3sconf/20199706007 

4. Avsyukevich, D.A., Shishkin, E.V., Litvinova, N.B., Mirgorodskiy, A.N. Thermoeconomic model of a building's thermal protection 
envelope and heating system. Magazine of Civil Engineering. 2022. 113(5). Article no. 11302. DOI: 10.34910/MCE.113.2 

5. Rulik, S., Wróblewski, W., Majkut, M., Strozik, M., Rusin, K. Experimental and numerical analysis of heat transfer within cavity 
working under highly non-stationary flow conditions. Energy. 2020. 190. Article no. 116303. DOI: 10.1016/j.energy.2019.116303 

6. Bilous, I., Deshko, V., Sukhodub, I. Parametric analysis of external and internal factors influence on building energy performance 
using non-linear multivariate regression models. Journal of Building Engineering. 2018. 20. Pp. 327–336. DOI: 
10.1016/j.jobe.2018.07.021 

7. Millers, R., Korjakins, A., Lešinskis, A., Borodinecs, A. Cooling Panel with Integrated PCM Layer: A Verified Simulation Study. 
Energies. 2020. 13(21). Article no. 5715. DOI: 10.3390/en13215715 

8. Petrichenko, M.R., Nemova, D.V., Kotov, E.V., Tarasova, D.S., Sergeev, V.V. Ventilated façade integrated with the HVAC system 
for cold climate. Magazine of Civil Engineering. 2018.1(77). Pp. 47–58. DOI: 10.18720/MCE.77.5 

9. Samarin, O.D. The periodic temperature oscillations in a cylindrical profile with a large thickness. Magazine of Civil Engineering. 
2019. 1(85). Pp. 51–58. DOI: 10.18720/MCE.85.5 

10. Li, N., Chen, Q. Experimental study on heat transfer characteristics of interior walls under partial-space heating mode in hot 
summer and cold winter zone in China. Applied Thermal Engineering. 2019. 162. Article no. 114264. DOI: 
10.1016/j.applthermaleng.2019.114264 

11. Marino, B.M., Muñoz, N., Thomas, L.P. Estimation of the surface thermal resistances and heat loss by conduction using 
thermography. Applied Thermal Engineering. 2017. 114. Pp. 1213–1221. DOI: 10.1016/j.applthermaleng.2016.12.033 

12. Bilous, I.Yu., Deshko, V.I., Sukhodub, I.O. Building energy modeling using hourly infiltration rate. Magazine of Civil Engineering. 
2020. 4(96). Pp. 27–41. DOI: 10.18720/MCE.96.3 

13. Faouzi, D., Bibi-Triki, N., Draoui, B., Abène, A. Modeling a Fuzzy Logic Controller to Simulate and Optimize the Greenhouse 
Microclimate Management using MATLAB SIMULINK. International Journal of Mathematical Sciences and Computing (IJMSC). 
2017. 3(3). Pp. 12–27. DOI: 10.5815/ijmsc.2017.03.02 

14. Latif, M., Nasir, A. Decentralized stochastic control for building energy and comfort management. Journal of Building Engineering. 
2019. 24. Article no. 100739. DOI: 10.1016/j.jobe.2019.100739 

15. Ryzhov, A., Ouerdane, H., Gryazina, E., Bischi, A., Turitsyn, K. Model predictive control of indoor microclimate: Existing building 
stock comfort improvement. Energy Conversion and Management. 2019. 179. Pp. 219–228. DOI: 
10.1016/j.enconman.2018.10.046 

16. Serale, G., Capozzoli, A., Fiorentini, M., Bernardini, D., Bemporad, A. Model Predictive Control (MPC) for Enhancing Building 
and HVAC System Energy Efficiency: Problem Formulation, Applications and Opportunities. Energies. 2018. 11(3). Article no. 
631. DOI: 10.3390/en11030631 

17. Belussi, L., Barozzi, B., Bellazzi, A., Danza, L., Devitofrancesco, A., Fanciulli, C., Ghellere, M., Guazzi, G., Meroni, I., Salamone, 
F., Scamoni, F., Scrosati, C. A review of performance of zero energy buildings and energy efficiency solutions. Journal of Building 
Engineering. 2019. 25. Article no. 100772. DOI: 10.1016/j.jobe.2019.100772 

18. Sha, H., Xu, P., Yang, Z., Chen, Y., Tang, J. Overview of computational intelligence for building energy system design. 
Renewable and Sustainable Energy Reviews. 2019. 108. Pp. 76–90. DOI: 10.1016/j.rser.2019.03.018 

19. Kharchenko, V., Ponochovnyi, Y., Boyarchuk, A., Brezhnev, E., Andrashov, A. Monte-Carlo Simulation and Availability 
Assessment of the Smart Building Automation Systems Considering Component Failures and Attacks on Vulnerabilities. 
Advances in Intelligent Systems and Computing. 2019. 761. Contemporary Complex Systems and Their Dependability (DepCoS-
RELCOMEX 2018). Pp. 270–280. DOI: 10.1007/978-3-319-91446-6_26 

20. Samarin, O.D. The calculation of the thermal mode of a room with automatic regulation of climate systems. Vestnik MGSU 
[Monthly Journal on Construction and Architecture]. 2020. 15(4). Pp. 585–591. DOI: 10.22227/1997-0935.2020.4.585-591 

21. Samarin, O.D. Thermal mode of a room with integrated regulation of cooling systems. Magazine of Civil Engineering. 2021. 
3(103). Article no. 10312. DOI: 10.34910/MCE.103.12 

22. Samarin, O.D. Thermal mode of a room with integrated regulation of microclimate systems. Magazine of Civil Engineering. 2022. 
8(116). Article no. 11610. DOI: 10.34910/MCE.116.10 



Magazine of Civil Engineering, 18(3), 2025 

23. Carillo, S., Zullo, F. Ermakov–Pinney and Emden–Fowler Equations: New Solutions from Novel Bäcklund Transformations. 
Theoretical and Mathematical Physics. 2018. 196(3). Pp. 1268–1281. DOI: 10.1134/S0040577918090027 

24. Pikulin, S.V. Parametrization of Solutions to the Emden–Fowler Equation and the Thomas–Fermi Model of Compressed Atoms. 
Computational Mathematics and Mathematical Physics. 2020. 60(8). Pp. 1315–1328. DOI: 10.1134/S0965542520080138 

25. Lysak, O. Analysis of the temperature distribution in a space heated by a dynamic (fan) storage heater. Eastern-European Journal 
of Enterprise Technologies. 2017. 3(8). Pp. 17–25. DOI: 10.15587/1729-4061.2017.103778 

Information about the author: 

Oleg Samarin, PhD in Technical Sciences 
ORCID: https://orcid.org/0000-0003-2533-9732 
E-mail: samarin-oleg@mail.ru 
 

Received: 16.04.2024. Approved: 29.04.2025. Accepted: 29.04.2025. 

https://orcid.org/0000-0003-2533-9732
mailto:samarin-oleg@mail.ru


Magazine of Civil Engineering. 2025. 18(3). Article No. 13505 

© Mohsen, A.H., Albusoda, B.S., 2025. Published by Peter the Great St. Petersburg Polytechnic University. 

 

 
ISSN 

2712-8172 
Magazine of Civil Engineering 

journal homepage: http://engstroy.spbstu.ru/ 
 

Research article 

UDC 69 

DOI: 10.34910/MCE.135.5 

 

Experimental evaluation of negative skin friction on floating pile in 
gypseous soil 

A.H. Mohsen, B.S. Albusoda 
Scientific Research Commission, Baghdad, Iraq 
  abeer.h.mohsin@src.edu.iq 
      abeer.mohsin2001D@coeng.uobaghdad.edu.iq  

Keywords: negative skin friction, NSF, steel pile, drag load, gypseous soil 

Abstract. Gypseous soils are characterized by an open structure with developed porosity and high gypsum 
content, which determines their metastable state. When saturated with water, a decrease in volume occurs 
as a result of a decrease in matrix suction and degradation of cementation bonds, leading to rapid 
settlement. When a pile is installed in this type of soil, this can cause negative skin friction (NSF) along its 
surface, which increases the load pressure and reduces the safety factor. In this study, a laboratory model 
was used to evaluate NSF developed along the external surface of a steel pile embedded in gypseous soil. 
The effect of the degree of saturation, dry unit weight, length/diameter (L/D) ratio, and relative settlement 
between the soil and the pile on the magnitude of NSF, which can be described as a downward drag load 
along the pile shaft, has been studied. The results show that NSF increases with increasing L/D ratio by 
66 % at the maximum collapse potential and decreases with increasing dry unit weight and degree of 
saturation by 26–60 % for L/D = 15 and by 78–137 % for L/D = 10. The maximum drag load occurs with 
zero water content and L/D = 15. 

Citation: Mohsen, A.H., Albusoda, B.S. Experimental evaluation of negative skin friction on floating pile in 
gypseous soil. Magazine of Civil Engineering. 2025. 18(3). Article no. 13505. DOI: 10.34910/MCE.135.5 

1. Introduction 
Negative skin friction (NSF) generated along the pile shaft can significantly impact engineering 

construction when the soil foundation is collapsible during inundation. This phenomenon may lead to a 
reduction in the bearing capacity of the pile foundation, an increase in the pile load, and a consequent 
decrease in the safety factor calculated during the design processes [1–4]. 

There are two types of studies that have been carried out on this subject: 

a) Field studies 
Despite the high costs associated with these tests and changing environmental conditions (such as 

variation in water table level and temperature over extended testing periods) required to generate and 
develop NSF, these tests provide clear insights into the behavior of piles subjected to the NSF in collapsible 
soils [5–9]. 

b) Laboratory model studies 
In laboratory settings, piles with specific properties are subjected to the drag load, which is developed 

during inundation of the collapsible soil with water under different conditions (such as time of inundation, 
application of ultimate or allowable load on the pile head, and surcharge on the soil surface). In addition, 
some studies have explored methods to reduce NSF by coating the pile shaft with bituminous materials 
[10–13]. 

https://creativecommons.org/licenses/by-nc/4.0/
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Recent research has advanced the understanding of pile-negative friction in loess soil, which is one 
of the most important types of collapsible soil [14, 15]. Other studies have focused on artificial collapsible 
soils, such as sand-kaolin mixtures with varying clay and water content. 

The centrifuge model tests for both single and group pipe piles, installed in sandy saturated soil with 
dry density ranging from 1.249 to 1.682 gm/cm3, showed that the settlement soil layer, pile stress, and pile-
top displacement varied with the variation of surcharge load on the soil surface. According to the results, 
the neutral plane of a single pile shifted from 0.8 to 0.95 L (where L is the length of the pile in sand) as the 
surcharge load increased from 20 to 120 kPa. Applying a load to the pile head reduced NSF compared to 
surcharge only conditions, but the elevation of the neutral plane increased [16]. 

Artificial collapsible soil was prepared by mixing sand and kaolin with different water contents to 
achieve different collapse potentials (18, 9, 4.2, and 12.5 %). It was used to investigate the variation of NSF 
under different inundation pressures, degrees of saturation, and directions of inundation. The results 
showed that the collapse potential as well as the degree of saturation significantly affected NSF along the 
end-bearing pile shaft. Bottom-up inundation resulted in a higher neutral plane elevation than top-down 
inundation. To verify the results obtained during the experimental work, a numerical model was created in 
the PLAXIS 2D program [17]. 

Recently, China has been building high-rise buildings on collapsible soils (loess soils), which account 
for about 6.6% of the country’s total area. That is why the collapsibility of the loess soil layer should not be 
ignored. Therefore, the use of a pile foundation is more suitable for transferring loads to deeper, stable 
layers. But the loess soil softens upon water immersion, producing additional downward pressure and 
settlement on the pile. This prompted the researchers to study the effect of cumulative relative collapse 
amount, the influence of pile type, and the effect of collapsibility change on the NSF with water immersion. 
The small relative displacement between the pile and the surrounding soil is enough to generate large NSF. 
Driven precast piles exhibited higher maximum NSF than that of the bored concrete pile due to compaction 
and surcharge surface loading. Bored concrete piles showed rapid NSF development and the variation in 
collapsibility of loess soil due to the changing of both natural water content and dry density. Finally, 
surcharge loading and pre-wetting could reduce NSF [18]. 

In [19], NSF along the shaft of two types of piles was calculated using a laboratory model: floating 
pile and end-bearing pile in gypseous soil (with 42% gypsum content) from the Bahr Al-Najaf region, Iraq. 
The researchers found that the final settlement for the end-bearing pile is less than that for the floating pile 
with the same degree of saturation. But the maximum value of NSF for the end-bearing pile is smaller than 
that for the floating pile due to differences in soil-pile relative displacement. A scale model was used to 
investigate the variation and the distribution of NSF on piles in loess soil. The results showed that the loess 
soil exhibited layered settlement under immersion conditions, as well as negative and positive friction on 
the pile surface and two neutral sites. Negative friction pulls the pile downward, increasing the axial force 
of the pile. Higher soil elastic modulus at the pile tip increased maximum NSF and lowered the neutral point 
position. By representing the laboratory model through a numerical model, it was found that the results 
were close to the experimental ones [20]. 

The collapsible gypseous soil covers 20–30% of Iraq's landmass and is distributed in the northwest, 
west, and southwest regions of Iraq, with gypsum content exceeding 60 % in some regions [21, 22]. 

The aim of this study is to evaluate NSF along the shaft of a pile embedded in gypseous soil by using 
a laboratory model and to study the effect of different parameters on the development of drag load along 
the shaft of piles, such as collapse potential, soil density, and degree of saturation. 

2. Methods 

2.1. Laboratory Model 
The model used in this study consisted of an iron tank box with dimensions of 80×80×80 cm, 

manufactured from a 6-mm-thick iron plate and an iron frame. A mechanical jack was employed to conduct 
a pile load test, determining the allowable load after assuming the factor of safety according to the scientific 
standards. Moreover, the applied load was measured using an S-shaped load cell with a capacity of 2 tons. 
The bottom of the box featured three openings to allow water to enter the soil, connected to a water tank 
positioned 30 cm above the surface of the final soil layer, as shown in Fig. 1. 
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a)      b) 

Figure 1. Laboratory model: a) steel box container, b) sketch for laboratory model. 

2.2. Soil Used 
Gypseous soil that was used in this study was brought from Tikrit city, Iraq. This soil had the following 

chemical composition: 

• gypsum content – 60 %; 
• SO3 – 28 % 
• CL – 0.032 %; 
• organic content – 0.51 %; 
• T.S. S – 77 %; 
• pH – 8.25 %. 

It was sieved through No. 10 before use. The soil characteristics are listed in Table 1, and the grain 
size distribution is shown in Fig. 2. 

Table 1. Properties of gypseous soil. 

 
1 Head, K.H. Manual of Soil Laboratory Testing. 1. Pentech Press. London, 1980. 422 p. 

Properties Value Specification 

Soil classification SM USCS 
Gypsum content 60 % [23] 

Liquid limit 26 % ASTM 423-66 
Plastic limit Non-plastic ASTM D424-59 

Max dry density 17 kN/m3 ASTM 698-00a 
Optimum water content 12.5% ASTM 698-00a 

Cohesion 18 kPa ASTM D3080-89 
Angle of internal friction at field density 

12.7 kN/m3 
40° ASTM D3080-89 

Specific gravity with water 2.39 ASTM D854-02 
Specific gravity with kerosene 2.37 Manual of soil laboratory testing1 
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Figure 2. Grain size distribution curve of gypseous soil. 

2.3. Properties of the Pile, Strain Gauge, and Load Cell 
Two types of steel piles with different lengths, 30 and 20 cm, with an outer diameter of 2.1 cm and 

an inner diameter of 1.95 cm, were used. The surface of these piles was roughened by a knurling machine 
to ensure full friction between the pile and soil. The 30-cm-long pile was provided with eight electrical strain 
gauges of the Rosette type and fixed at positions 5, 10.5, 19.5, and 29.5 cm from the top of the pile. 
Similarly, the 20-cm-long pile was equipped with six strain gauges positioned at 5, 10.5, and 19.5 cm from 
the top of the pile as shown in Fig. 3. 

  

 
Figure 3. Strain gauge Rosette and its distribution along the pile. 

The properties of the strain gauges are shown in Table 2. 

0

10

20

30

40

50

60

70

80

90

100

0.010.1110

Pa
ss

in
g 

Particle diameter, mm



Magazine of Civil Engineering, 18(3), 2025 

Table 2. Properties of strain gauges2. 
Gauge length Gauge resistance Gauge factor 

3 mm 118.5±0.5Ω 2.08±1 
 

Each Rosette has two strain gauges arranged perpendicularly and bonded with a specialized 
adhesive. After installation, the strain gauges were coated with a special coating material (W-1), and 
wrapped with SB-type tape to ensure waterproofing. At the end of each pile, a load cell with 50 kg capacity 
was used to calculate the end-bearing resistance. This load cell was placed within an iron chamber and 
was attached to the pile using rubber tape of an appropriate type as shown in Fig. 4. 

 
a)      b) 

Figure 4. 50 kg-capacity load cell measuring end-bearing resistance: a) iron chamber for the load 
cell, b) load cell at the tip of the pile inside the chamber. 

2.4. Methodology 
Due to the fact that the fine materials percentage in the soil used in this study (gypseous soil) is high, 

the compaction curve in Fig. 5 was used to estimate the dry unit weight for the collapse tests, enabling a 
more accurate study of pile behavior in gypseous soil during inundation. The collapse potential values for 
each dry unit weight, obtained from a single collapse test [24], are shown in Table 3. Based on the results 
obtained, four dry unit weights have been adopted as shown in Table 3. It is important to note that the 
severity of the gypseous soil's collapsibility was characterized according to [24]. 

 

 
2 Tokyo Measuring Instruments Laboratory Co., Ltd. [Online]. URL: 
https://www.tml.jp/eng/documents/Catalog/straingauge2023-2024_E1007H_web.pdf (date of application: 
17.07.2025) 

https://www.tml.jp/eng/documents/Catalog/straingauge2023-2024_E1007H_web.pdf
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Figure 5. Compaction curve of the used soil. 

Table 3. Results of the single collapse test. 
Degree of saturation, % Water content, % Dry unit weight, kN/m3 Collapse potential, % 

0 0 13.5 11.4 

5 1.5 14 9.9 

10 3 14.2 9.5 

15 4.2 14.4 8.6 

20 5.1 14.6 6.5 

25 6.2 14.9 5.3 

30 7.2 15 3.8 

35 8 15.2 2.9 

45 9.6 15.5 2.9 

60 11 16.1 0.28 

80 12.6 17 0.28 

90 15 17 0.28 

*The highlighted values have been considered in the tests of NSF on piles as initial test conditions 

After determining the required densities for layering the gypseous soil in the laboratory model, a 10-
cm-thick layer of gravel was placed at the bottom of the model. Then, the soil was layered to a 50 cm height 
using a hand hammer, during which each board pile was installed according to its embedded length in the 
gypseous soil. A surcharge load of 4 kPa was applied to the soil surface and around the piles to represent 
the top soil layer in field conditions. 

Prior to testing, LVDTs were placed on each pile and on the soil surface to record the settlement. All 
strain gauges, the load cell at the tip of the pile, and LVDTs were connected to a data logger and computer 
system to monitor and record data during the test. 

Typically, the test began by immersing the lower gravel layer through the holes in the bottom of the 
model. Once the water has submerged the gravel layer, the bottom water supply was closed, and inundation 
commenced from the top until full soil saturation was achieved. This inundation procedure simulated various 
field conditions including rainfall, surface runoff, irrigation, poor drainage, and flooding. Test data were 
recorded throughout the process, as illustrated in Fig. 6. The time required for the test was 2 days. 
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a) gravel layer   b) pile embedded in soil  c) LVDT and surcharge on the 

soil surface and the pile 

          
d) inundations from the top   e) data logger and computer to save test data 

Figure 6. Preparation of the NSF model test. 

3. Results and Discussion 
The presence of NSF in pile foundation in collapsible soil is a significant source of concern during 

construction and design due to: 

1. Drag load (additional force) generated by NSF and its impact on the pile strength. 

2. Additional settlement (drag settlement) caused by NSF and its effect on the design limitation of 
settlement. 

For end-bearing piles, NSF influences the structural pile capacity because the soil beneath the pile 
is stable (e.g., rock or dense sand). In the floating pile, the effect of NSF must be taken into account in the 
design processes for both structural and geotechnical pile capacity. It should be noted that considering the 
drag force as a result of negative friction (an external force) is incorrect, leading to overly conservative 
calculations in the design. Therefore, it must be treated as an internal force developing within a static 
equilibrium soil pile system under some conditions [26]. 

3.1. Relationship between NSF and Collapse Potential 
The collapse potential of gypseous soil decreases with an increase in the water content [15]. As 

presented in Table 3, four values of collapse potential (11.4, 9.6, 8.6, and 5.3 %) were selected 
corresponding to the dry unit weights (13.5, 14, 14.4, and 14.9 kN/m3, respectively). As shown in Figs. 7–
9, NSF resistance increases with increased collapse potential, while no NSF occurs at a collapse potential 
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of 5.6 % and dry unit weight of 14.9k N/m3 as shown in Fig. 10 for both pile lengths. The collapse potential 
had a sufficient influence on the drag load development on the pile shaft due to the soil collapse during 
inundation [17]. During inundation, the bonds break and the soil strength is lost due to the reduction of 
cementing action of gypsum under wetting. NSF magnitude correlates directly with pile embedment length. 
The depth, at which the shear stress along the pile shift transitions from NSF to positive shaft resistance, 
when the relative displacement between the pile and surrounding soil is zero, is called the neutral plane 
[26]. It typically occurs in the lower third of the pile [6, 28]. In addition, 30-cm-length pile at the collapse 
potential of 9.6 and 8.6 % showed two neutral planes, which agrees with [4]. 

   
Figure 7. NSF along the shaft of the pile. Figure 8. NSF along the shaft of the pile. 

   
Figure 9. NSF along the shaft of the pile. Figure 10. NSF along the shaft of the pile. 

 

3.2. Relationship between Drag Load, Dry Density and Degree of Saturation 
Gypseous soil has significant collapse potential due to its metastable structure, which has a low dry 

density and moisture content. In other words, large volume changes and sudden collapses occur when the 
soil is soaking [27–29]. As shown in Fig. 11, maximum drag load (peak NSF) increases with a decrease in 
the degree of saturation and decreases with an increase in the dry density of soil due to a high decrease 
in the void ratio of soil, which can occur with compaction. The maximum drag load occurs at zero saturation. 
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Figure 11. Variation of drag load with dry unit weight and degree of saturation. 

3.3. Relationship between Drag Load, Soil Settlement and Pile Settlement 
NSF generation primarily results from soil-pile relative settlement. Extremely small movement  

(≥ 1 mm) can cause NSF force and reverse the shear-force direction along the shaft of the pile [6]. 
Moreover, large deformations and rapid settlement can occur because of the cemented gypsum bond 
dissolution during inundation. The relative settlement between soil and pile is high at zero degree of 
saturation, while 25% saturation produces insufficient relative movement to generate NSF as shown in 
Figs. 12–15. The soil displacement near the bottom of the pile is smaller than or equal to the pile 
displacement, which produces positive skin friction along the shaft. Therefore, soil-pile relative settlement 
of about 1–3 mm (for a long pile) and about 1–2.5 mm (for a short pile) is enough to generate a drag load 
on the pile in the gypseous soil. 

 
Figure 12. Variation of the settlement of pile and soil with drag load force for Cp = 11.4 %. 
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Figure 13. Variation of the settlement of pile and soil with drag load force for Cp = 9.6 %. 

  
Figure 14. Variation of the settlement of pile and soil with drag load force for Cp = 8.6 %. 

 
Figure 15. Variation of the settlement of pile and soil with drag load force for Cp = 5.3 %. 
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4. Conclusion 
The article examined the development of NSF along the shaft of the pile during the gypseous soil 

inundation using a physical model, gypseous soil, and piles with two distinct length/diameter (L/D) ratios. 
The following conclusions can be obtained based on the results: 

1. Submergence of gypseous soil samples with varying densities and water contents alters collapse 
potential values. In other words, not all collapse potential values are sufficient to produce NSF, 
therefore, the recommended safety factor during the design process will change as the drag load 
is developed along the pile shaft. 

2. Piles with a slenderness ratio L/D = 15 exhibit substantially higher NSF resistance than those with 
L/D = 10, attributed to increased soil-pile interaction area. NSF resistance increases by 66, 119, 
and 211% for collapse potentials of 11.4, 9.9, and 8.6%, respectively. 

3. In its natural state, gypseous soil has a high void ratio and a low dry density. The cementation 
bonds will break up during inundation, increasing the compressibility of gypseous soil. 
Accordingly, when soil is compacted at a high dry density, the void ratio in the soil decreases, 
which lowers the soil's ability to collapse, and water cannot easily dissolve the cementing bonds 
between the soil particles. 

4. For pile length = 30 cm, NSF resistance increases by 26% when the degree of saturation 
decreases from 20 to 5% and by 60% when the degree of saturation decreases from 5 to 0%, 
respectively. For pile length = 20 cm, NSF resistance increases by 78% when the degree of 
saturation decreases from 20 to 5% and by 137% when the degree of saturation decreases from 
5 to 0%, respectively. 
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Abstract. This paper presents an experimental and theoretical study of composite beams made of two 
balks connected by TGk dowel plates under short-term loading. Composite wooden beams with cross-
sections and TGk dowel plate connections are a relatively new solution for building structures and are 
increasingly used in the construction industry, as they provide high strength and rigidity at a relatively low 
cost compared to glued beams. The purpose of the study is to confirm the operational strength and rigidity 
of composite wooden beams on TGk dowel plates, as well as to analyze the stress-strain state of the beams 
depending on the type of force action and the method of arranging shear ties. To achieve this goal, a target 
experiment was planned and carried out to test beams made of two bars for transverse load. Beams of 
different length, three types of transverse load, with different arrangements of shear ties were tested. The 
beams were destructed under short-term loading in a rather wide range of applied forces, the safety factor 
fluctuated within 2.13...3.95. After testing the beams using the previously developed method, calculations 
were performed with linear and nonlinear diagrams of joint deformation. The difference between the 
experimental and theoretical values of deflections is within 20 %, which quite convincingly confirms the 
validity of the theoretical calculations. 

Citation: Isupov, S.A. Composite wooden beams performance under short-term loading. Magazine of Civil 
Engineering. 2025. 18(3). Article no. 13506. DOI: 10.34910/MCE.135.6 

1. Introduction 
The potential of wood as a material for load-bearing building structures is currently far from being 

fully realized. The main reason may be the lack of sufficiently effective means of connection that adequately 
correspond to the structural qualities of wood itself and significantly reduce the impact of its inherent 
disadvantages. 

Due to the rather large volumes of logging, there has been a tendency to reduce the cross-sectional 
dimensions of natural lumber. It is obvious that the increase in the efficiency of wooden structures is 
associated with the use of new types of connections that allow an increase in the load-bearing capacity of 
structures, including through the use of composite rods made of limited-range lumber. 

Vyatka State University has developed dowel connectors, which are connecting elements for wooden 
structures containing a group of cylindrical dowels of increased diameter 5...8 mm with a denser 
arrangement and fixed on a common base [1–3]. The basic type of connectors (Fig. 1), called TGk metal 
connector plates, was developed mainly to produce composite wooden elements of increased cross-
section. The base of such a connecting plate is made of metal, which is designated by the letter “T”. The 
letter “G” denotes dowels, pointed at both sides. The dowel is attached to the base by welding, designated 
by the letter “k”. Therefore, this type of connecting plate is marked TGk [4]. 

https://creativecommons.org/licenses/by-nc/4.0/
https://orcid.org/0000-0002-3009-4293
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Figure 1. TGk metal connector plates. 

The main advantage of such connections is the relative simplicity of manufacture and their functional 
versatility, which allows for the efficient production of composite beams and nodal joints of wooden 
structures. In addition, for most climatic regions of Russia, characterized by increased snow loads, such 
structures are not much inferior to glued structures and rod structures based on the latest types of dowel 
connecting elements [5–13]. 

Based on TGk dowel plates, composite elements with various cross-section configurations have 
been developed. The idea of such rods is to increase the cross-section of wooden elements significantly, 
using lumber of relatively small diameters. The general appearance of the main types of composite beams 
with connections on TGk plates is shown in Fig. 2. 

 
Figure 2. Main types of wooden composite beams: a) made of two beams;  

b) made of three or more beams; c) perforated composite beams. 
Composite elements with connections on TGk dowel plates are considered along with wooden 

beams of composite section on various mechanical connections, as well as along glued elements of factory 
production to produce building structures for various purposes: rafter trusses, roof slabs, purlins, wall 
panels, composite columns, spatial structural forms, etc. Composite elements of type “c” allow saving wood 
directly, since in the central zone along the height of the cross-section of the element, where normal 
stresses are minimal, it is possible to significantly reduce the volume of material. 

Numerous works [14–24] are devoted to studies on the assessment of the stress-strain state of 
composite wooden elements and the methodology for their testing, including various connections of 
composite wooden and composite beams. 

Previously, at the first stage of comprehensive studies of connections on TGk dowel plates, short-
term mechanical characteristics of dowel nest wood and deformation characteristics of dowel material were 
determined [25]. The results of experimental and theoretical studies on determining the bearing capacity 
and deformability of connections under short-term [26] and long-term [27] loading were obtained. 

The relevance of further studies is due to the need for an experimental and theoretical analysis of 
structural elements – wooden composite beams based on the developed connections. The purpose of the 
research is to confirm the operational strength and rigidity of beams on TGk dowel plates, as well as to 
study the operation of beams depending on the type of force action and the method of arranging shear ties. 

To achieve this goal the following tasks were set: 

• to conduct experimental studies of wooden beams with short-term permanent loading; 
• to establish the nature of the beams’ operation depending on the type of force action and the 

method of arranging shear ties based on experimental and theoretical analysis; 
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• to carry out an experimental verification of the calculation method for composite wooden 
bending rods with discrete shear ties. 

The object of the study is wooden beams of composite cross-section of beams on TGk dowel plates, 
working on transverse bending. 

The subject of the study is the stress-strain state of the proposed type of beams under the short-term 
loading. 

2. Methods 
For practical assessment of the bearing capacity and deformability of composite wooden beams, as 

well as experimental verification of the proposed method for calculating composite rods with discrete shear 
ties [28], tests of composite beams from two bars with connections on TGk dowel plates were carried out. 

Short-term tests were carried out on a special stand for testing beams for transverse bending in 
accordance with the recommendations for testing wood structures of the Kucherenko Central Research 
Institute of Building Structures. The beams were installed on two supports: hinged movable and hinged 
fixed. The load on the beams was transferred by the pressure of a hydraulic jack installed in a rigid frame 
fixed to a power base. To simulate various types of transverse loads, special distribution devices were used 
shown in Fig. 3. 

 
Figure 3. Schemes of application of transverse load during beam testing: a) concentrated load;  

b) distributed load; c) imitation of support bending moments. 
The loading schemes selected are those most frequently used in practice: concentrated force, 

distributed load and bending moments at the ends of the beam. 

During the test the following was determined: 

• deflections in the middle of the span and at 2 intermediate points in the quarters of the beam 
span; 

• displacements of the mutual shear of the ties along the shear joint of the bonding at several 
points along the length of the beam; 

• relative deformations of the wood fibers in the section located at 150 mm from the middle of 
the span, at six points along the height of the beam on both sides. 

To measure the deflections, 3 clock-type indicators ICh-50 with a measurement accuracy of up to 
0.01 mm and 4 indicators ICh-10 on the supports were installed – to consider the deformations of the wood 
destructed under concentrated loading. The beam deflection in the span was determined as follows: 

( )2 1
1 ,x

x
f f

L
δ − δ 

= − δ + 
 

                                                         (1) 

where 1δ  and 2δ  are the deformations on supports. 

The deflection f  in the middle of the span was determined by the readings of the average indicator 
minus half the sum of the readings of the support indicators. 

The shifts along the seam (deformations of the ties) were measured by the ICh-10 indicators Nos. 6, 
7, and 10–13, which were attached to special devices installed along the plane of the bonding seam before 
pressing the beams. Indicators Nos. 6 and 7 were installed at the ends of the beams near the supports, 
and indicators Nos. 10–13 were installed at several points along the length of the beam. 

The deformations of the wood fibers were measured using strain gauges with a 20 mm base, glued 
at 3 mm from the edge of each beam and in the center on the sides. The arrangement of the devices during 
beam testing is shown in Fig. 4. 
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Figure 4. Diagram of the arrangement of measuring devices during beam testing. 

The beams were tested at a constant loading rate in steps of 1/6...1/8 of the calculated load on the 
beam. The loading of a single stage was performed for 1 minute with subsequent readings from the 
instruments for 2 minutes. Preliminary tests of the 0-series beams were performed with loading up to the 
calculated value of the applied force with unloading to zero. 

The testing of beams of the main series 1 and 3 was carried out in the following mode: loading the 
beam in stages up to the calculated value of the force, unloading up to the first loading stage, performing 
several loading-unloading cycles with subsequent unloading to zero, then loading in stages until 
destruction. 

To determine the calculated deflections and edge normal stresses in composite beams, it is 
necessary to know the elastic modulus in bending bE  of the beams that make up the beam and the local 

modulus wE  at the spot where the strain gauge is located, since: 

,s
w

w

SE
S

σ = ε                                                                        (2) 

where s wS S  is the conversion factor, the ratio of the strain sensitivities of the recording station, and the 
strain gauge. 

The local modulus wE  and the elastic modulus in bending bE  of the beams that make up the beam 
were determined before the production (pressing) of the composite beams. Strain gauges were glued to 
each beam and loading was carried out with one or two concentrated forces with a span equal to the span 
of the composite beam. The loading was repeated 4 times in the range of 0.25...1.0 of the design load, the 
deflection in the middle of the span and the relative deformations of the wood fibers at the locations of the 
strain gauges were determined. The elastic modulus was determined as follows: 

2
,b

f

MLE
K JF

=                                                                         (3) 

where fK  is the coefficient depending on the type of transverse load. 

The local elastic modulus was determined for the compressed and stretched zones of the beam from 
the condition of equality of the external and internal moments in the section where the strain gauges are 
located: 

,ext int
F

M M y dF= = σ∫                                                              (4) 

where y  is the coordinate of the beam section under consideration along the height; σ  are the stresses 

in the section under consideration ;wEσ = ε  ε  is the relative deformations of wood fibers. 

The deformations of the edge fibers were determined from the known deformations at the locations 
of the strain gauges from the similarity of triangles: 
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ε − ε
ε = + ε

−
                                                    (5) 

where ( )up lowε  is the deformation by upper and lower strain gauges; midε  is the strain on average strain 

gauge; ih  is the height of the cross-section of the beam; a  is the distance from the outermost fiber to the 
location of the strain gauge. 

To determine the maximum stresses in the central section, the deformations were recalculated 
proportionally to the distance from the center of the beam to the section, in which the strain gauges were 
located. 

3. Results and Discussion 

At the preliminary testing stage (series 0), three different composite beams were manufactured on 
TGk dowel plates. Beam No. 2 is 3.5 m long with a cross-section of 2×140×130 mm, 11 dowel plates are 
installed at half the length with a minimum pitch in the zone of maximum shear forces – at the beam 
supports. Beam No. 4 is 2.7 m long with a cross-section of 2×140×125 mm, 5 dowel plates are installed at 
half the length with a uniform pitch. Beam No. 5 is 3.5 m long with a cross-section of 2×80×80 mm, 8 dowel 
plates are installed at half the length with a uniform pitch. 

The beams were tested repeatedly under various types of transverse loads. They were brought to 
destruction during the final test with a concentrated force in the middle of the span. The main parameters 
of beam tests (calculated calM  and destructive destM  bending moments, experimental deflection in the 

middle of the span ,f  displacements of mutual shear of ties along the shear joint ,sh∆  relative 
deformations of wood fibers along the upper and lower strain gauges) are given in Table 1. 

Table 1. Characteristics of beams of series 0 and main test results. 

N
o. 

L 
cm 

𝐸𝐸𝑏𝑏
𝐸𝐸𝑤𝑤

 (MPa) Type of loading 
Mcal 

(kN∙cm) 
Test results (mm) Mdest 

(kN∙cm) f Δsh εup εlow 

2 350 
12473 
12255 

                        12,5 kN 
 

1094 5.98 0.55 –130 +130 - 

4 270 
9165 

12755 

                          8,0 kN 
 

540 3.43 0.22 –69 +78 

1563 
                          4,5 kN 

 
540 4.47 0.30 –57 +65 

         18,0 kN 
 

540 4.95 0.36 –49 +66 

5 350 
7622 

10632 
                          3,5 kN 

 
306 16.8 0.43 –223 +170 1267 

Relative deformations for the upper and lower strain gauges in the table are increased by 2∙105 times. 
 

The beams are usually destructed due to the rupture of wood fibers in the lower (stretched) zone. 
The safety factor for beam No. 4 was 2.59; for beam No. 5 – 3.52; beam No. 2 was not subject to destruction. 

After the tests, the beams were calculated using the method described in [28] with linear and 
nonlinear diagrams of the bond deformation, which were obtained as a result of previous experimental and 
theoretical studies of connections on TGk dowel plates [27]. The calculation with the linear diagram T −∆  
was performed for tα  = 0 and tα  = 0,85 cm ( tα  is the distance from the bonding seam to the position of 
the shear force along the height of the beam cross-section). In this case, the possible spread of the 
deformation characteristics of the shear ties (lower and upper boundaries of the calculated bond 
deformation diagram) was taken into account. The main calculation results (deflection in the middle of the 
span f  and maximum edge stresses σ ) are summarized in Table 2. 
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Table 2. Comparison of test results of series 0 beams with calculation data. 

No. Parameter Experiment 
Calculation 
with a line 

Т–Δ 

Calculation with a nonlinear Т–Δ 
αt = 0 αt = 0.85 cm 

Ẋ Xmin ... Xmax Ẋ Xmin ... Xmax 

2 
f (mm) 5.98 5.64 5.28 5.15...5.50 5.99 5.87...6.18 
σ (MPa) 10.2 9.02 8.85 8.78...8.76 9.46 9.38...9.56 

4.1 
f (mm) 3.43 2.91 2.62 2.42...2.87 2.98 2.51...3.26 
σ (MPa) 4.94 5.82 5.46 5.27...5.71 5.68 5.47...5.94 

4.2 
f (mm) 4.47 3.74 3.53 3.23...3.23 3.68 3.38...4.01 
σ (MPa) 4.12 5.01 4.72 4.54...4.59 5.06 4.93...5.30 

4.3 
f (mm) 4.95 4.03 3.96 3.60...4.33 4.16 3.81...4.51 
σ (MPa) 4.18 4.71 4.53 4.37...4.76 4.95 4.87...5.14 

5 
f (mm) 16.79 15.59 14.91 14.3...15.7 19.07 18.5...19.8 
σ (MPa) 15.70 11.70 11.20 11.0...11.6 13.10 12.9...13.5 

 

According to the data in the Table 2, it can be concluded that the results of the experiment and 
calculation are in satisfactory agreement with both linear and nonlinear diagram ,T −∆  since all beams 
were tested in the calculated load range, where the deformation diagram has a significant linearity. It should 
be noted that the experiment and calculation are in greater agreement when taking into account the value 

,tα  as well as the calculation by the lower boundary of the diagram when applying a shear force along the 
edges of the beam-constituting bars. 

Based on the preliminary tests of series 0 beams, a target experiment was planned to test composite 
beams for transverse load. The experiment planning matrix for short-term loading for series 1 and 3 is 
shown in Fig. 5. 

 
Figure 5. Experiment planning matrix. 

In general, the experiment includes testing three series of beams with short-term and long-term 
loadings. Series 1 and 3 were performed to establish the nature of the work of composite beams depending 
on the type of force action and the method of arranging shear ties. Series 2 – testing beams with long-term 
loadings. All beams are made on TGk dowel plates with 5 dowels of 5 mm in diameter and 60 mm in length. 

The dimensions of beams of series 1–3 are determined based on the condition of modeling the 
longitudinal rib of a roof slab with a span of 6 m with a ratio of /L h  = 22. The basic size of the beam length 
is 350 cm with a cross-section of 2×80×80 mm. The ties in the beams are installed in three ways: 

a) with a uniform step along the beam length; 
b) with an uneven step according to the arcsine law in accordance with the Recommendations for 

the design and manufacture of wooden structures with connections on plates with cylindrical 
dowels (KirPI-TsNIISK systems); 

c) with a minimum permissible step in the zone of the greatest shear stresses at the ends of the 
beam. 
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The main number of beams has an uneven arrangement of shear ties, as the most universal. The 
number of shear ties in the beams was determined in accordance with Code of Practice SP 64.13330.2017 
“Wooden Structures” (issued by the Ministry of Construction and Housing and Communal Services of the 
Russian Federation) with a coefficient of Kt  = 1.0 and amounted to n  = 7 pcs per half-length of the beam. 
The transverse load on the beams was applied in three types according to Fig. 3. 

The timber of the beams corresponds on average to grade 2 according to Interstate standard GOST 
8486–86 “Softwood lumber. Technical conditions” with an average elastic modulus in bending  

bE  = 10590 MPa and elastic modulus of the timber at the location of the strain gauges wE  = 11570 MPa, 
the humidity at the time of testing was 7–10 %. The results of short-term tests for the first loading are given 
in Table 3. The photos in Fig. 6 show the beams during testing. 

Table 3. Test results of composite beams of series 1 and 3. 

No. 
𝑀𝑀𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛

𝑀𝑀𝑐𝑐𝑐𝑐𝑐𝑐
 

(kN∙cm) 

Deflections (mm) Shifts (mm) Relative deformations 
(mm х 2∙105) Mdest 

(MPa) 
Ksat 

fcentre f1 Δsup Δ1 εup εlov 

B1.1 
240.10 
360.15 

11.92 
18.91 

8.93 
14.12 

0.07 
0.15 

0.15 
0.35 

–152 
–230 

149 
224 

768.3 2.13 

B1.2 
240.10 
360.15 

11.10 
18.87 

7.99 
13.72 

0.08 
0.22 

0.05 
0.20 

–142 
–241 

161 
270 

802.4 2.23 

B1.3 
215.90 
359.90 

13.96 
25.19 

10.61 
19.61 

0.31 
0.72 

0.26 
0.67 

–126 
–220 

222 
373 

787.7 2.19 

B1.4 
216.00 
360.00 

12.73 
23.98 

9.70 
18.54 

0.42 
0.95 

0.25 
0.55 

–112 
–208 

94 
166 

570.0* – 

B1.5 
216.00 
360.00 

11.60 
21.98 

9.24 
16.64 

0.13 
0.44 

0.09 
0.31 

–123 
–210 

120 
200 

819.0* 2.28 

B3.1 
240.10 
360.15 

9.09 
15.81 

6.80 
11.85 

0.18 
0.47 

0.21 
0.51 

–117 
–181 

104 
171 

1426.3 3.96 

B3.2 
240.10 
360.15 

10.41 
17.38 

7.75 
13.00 

0.21 
0.47 

0.25 
0.54 

–141 
–217 

107 
163 

1248.6 3.47 

B3.3 
240.10 
360.15 

10.41 
18.15 

7.67 
13.30 

0.17 
0.43 

0.22 
0.48 

–111 
–181 

121 
200 

1156.4 3.24 

B3.4 
215.90 
359.90 

10.50 
20.12 

8.16 
15.74 

0.14 
0.47 

0.20 
0.55 

–99 
–168 

117 
191 

1131.7 3.14 

B3.5 
189.00 
315.00 

9.03 
16.10 

7.40 
13.59 

0.32 
0.78 

0.13 
0.34 

–94 
–160 

103 
173 

905.6 2.87 

* not subject to destruction 
 

  
Figure 6. Beams during testing. 

The destruction of the beams in the target experiment occurred mainly due to the rupture of fibers in 
the zone of action of the maximum bending moment in the stretched part of the beam cross-section. 
Longitudinal chipping of wood was also observed (chipping along the cross-grain or knot zone and chipping 
along the area of action of tangential stresses with subsequent rupture of wood fibers). The destruction 
occurred in a rather wide range of applied forces, the safety factor satK  fluctuated within 2.13...3.95. The 
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lower limit of the factor is due to the large ratio L h  of the beams, which leads to a decrease in the bending 
strength of the wood. 

After testing the beams, each beam was calculated for the design load using the method developed 
in [28] with previously determined rigidity characteristics of the shear ties [27]. Table 4 provides a summary 
of the experimental and theoretical values of deflections ,f  edge stresses ( )up lowσ  and shears along the 

bonding seam ∆  for all beams in the target experiment. 

Table 4. Comparison of calculation results with test data of composite beams 
of series 1 and 3. 

 No. 

Experiment Calculation αt = 0  Calculation αt = 0.85 cm 

f 
(mm) 

Δ 
(mm) 

Ϭup 
(MPa) 

Ϭlov 
(MPa) 

f 
(mm) 

Δ 
(mm) 

Ϭup 
(MPa) 

Ϭlov 
(MPa) 

f 
(mm) 

Δ 
(mm) 

Ϭup 
(MPa) 

Ϭlov 
(MPa) 

Se
rie

s 
1 

B1.1 18.9 0.55 12.4 10.4 17.0 0.53 12.4 12.6 21.5 0.55 14.4 14.6 
B1.2 18.8 0.42 13.3 13.5 15.4 0.47 13.5 13.5 19.6 0.49 15.3 15.3 
B1.3 25.1 0.66 12.2 14.1 19.3 0.67 11.6 11.7 24.9 0.69 13.8 13.9 
B1.4 24.2 0.95 10.1 12.8 22.5 1.06 10.0 11.6 27.1 1.04 12.3 14.5 
B1.5 21.5 0.84 12.2 11.3 20.3 0.83 11.4 11.3 25.8 0.87 13.9 13.9 

Se
rie

s 
3 

B3.1 15.8 0.46 11.5 9.6 12.9 0.41 12.0 12.1 15.9 0.42 13.8 13.9 
B3.2 17.3 0.47 14.6 13.4 14.5 0.47 11.8 11.8 18.4 0.49 13.6 13.6 
B3.3 18.1 0.43 12.0 12.6 14.8 0.44 13.9 14.1 18.8 0.46 15.9 16.1 
B3.4 20.1 0.57 10.3 10.6 17.1 0.60 11.9 11.6 21.9 0.61 14.1 13.8 
B3.5 16.1 0.78 10.5 9.0 14.8 0.76 9.14 9.38 18.8 0.73 11.2 11.4 
 

The difference in the indicated values between the theoretical and experimental values is generally 
small. On average, the experimental values are between the calculated values when calculating with  

tα  = 0 and tα  = 0.85 cm. 

For beams loaded with a concentrated force in the middle of the span and four forces along the span, 
the closest theoretical value of deflections is tα  = 0,85 cm and exceeds the experimental values by 1–
9 %. For beams loaded with concentrated forces at the supports, the closest theoretical values are 
deflections tα  = 0, which are less than the experimental values by 5.5–7.5 %. This is due to a decrease in 

the value of tα  when loaded with concentrated forces at the beam supports. In general, the difference 
between experimental and theoretical deflection values is on average 11 %, which quite convincingly 
confirms the validity of theoretical calculations. 

A good convergence of the results is obtained for shears along the bonding seam. For edge stresses, 
the convergence of the results is somewhat worse, the maximum discrepancy reaches 39 %, although in 
the direction of increasing theoretical values, and the difference on average is 1.8–16 %. This is due to the 
relative accuracy of determining the elastic modulus of wood at the location of the resistance strain gauges 

wE  based on the internal moment in the beam section, compared to previously used methods. 

4. Conclusion 
As a result of the experimental and theoretical study of composite beams from two bars connected 

by TGk dowel plates under short-term loading, the nature of the beams’ operation was established 
depending on the type of force action and the method of arranging shear ties. 

An experimental verification of the calculation method for composite wooden bending rods with 
discrete shear ties was performed. 

In general, the difference between the experimental and theoretical values of beam deflections is 
less than 20 %, which quite convincingly confirms the validity of theoretical calculations. 
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Abstract. This study aims to evaluate the bearing capacity of shallow square footing resting on an artificially 
treated lime-sand soil layer, considering the influence of the treated layer thickness (H) and different dry 
unit weights of the soil layer beneath the treated layer. Additionally, the effect of lime content on the 
unconfined compressive strength (UCS) of lime-treated sand was also investigated. The data were 
obtained from loading tests carried out on a square steel plate model (89 mm length, 89 mm width, and 
23 mm thick) placed on the top of an artificial lime-sand layer with H/B = 0.1, 0.3, 0.6, 1, where B is the 
width of the footing. The sand under the artificial layer was compacted with two dry unit weight values (14.4 
and 15.8 kN/m3), thus, achieving the loose (33 %) and dense (77 %) states, respectively. Different 
percentages of lime (5, 7, 10, and 15 %) were added to examine the strength of treated sand soil with lime. 
The results showed that the increased H/B ratio affected the stress-settlement curves and improved bearing 
capacity with the bearing capacity ratio (BCR) rising from 1 to 2 in loose state and from 1 to 1.9 in dense 
state. Small scale load tests of square footing resting on lima-sand treated layer on the top of sand with 
different dry unit weights revealed two failure modes. For H/B = 1 with the lowest dry unit weight, the treated 
layer punched through to the sand soil without visible fissures until reaching the bearing capacity of the 
underlaying sand. For lower H/B ratios (0.1, 0.3), the lime-treated soil layer fractured, forming cracks near 
the footing edge and central axis, whereas higher H/B ratios (0.6, 1) resulted in cracks primarily near the 
footing edge. 

Citation: Younes, S.A.A., Thajeel, J.K., Alaa, H.Al-R.  Bearing capacity of square footing resting on lime-
sand soil. Magazine of Civil Engineering. 2025. 18(3). Article no. 13507. DOI: 10.34910/MCE.135.7 

1. Introduction 
Sandy soils cover certain areas of Iraq, presenting challenges, such as low bearing capacity, 

excessive settlement, and others. Therefore, this study aims to enhance the characteristics of clayey soil 
through chemicals or additives to improve its strength and durability, among other improvements [1]. 

Recently, various methods of soil stabilization through chemicals or various natural and synthetic 
materials have occurred. Chemical stabilization is the process of changing soil characteristics by adding 
chemically active element to improve its characteristics and increase its bearing capacity [2]. The soil 
improvement by chemical stabilization is more successful than deep foundations because, while reducing 
settlement, it can be expensive. The most common construction materials used for soil stabilization include 
lime, cement and pozzolanic materials [3]. 

Lime stabilization is a cost-effective method that reduces soil plasticity, improves soil workability, and 
enhances mechanical properties, such as California Bearing Ratio (CBR) values, unconfined compressive 
strength (UCS), shear strength, and tensile strength. This technique has a significant impact on fine soil 
and has many benefits [4, 5]. 

https://creativecommons.org/licenses/by-nc/4.0/
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Soil stabilization with lime is not a new technique. In fact, the Chinese and Indians have used this 
particular mixture for centuries to build dams, bridge footings, and underground chambers [6]. Similarly, the 
Romans utilized lime-soil mixture for road sub-base [6]. The effectiveness of lime stabilization depends on 
several factors, including clay mineralogy, soil pH, silica-alumina content, lime type, water content, 
temperature, and curing duration [7]. 

Over the years, various methodologies [5, 8, 9] have been developed to determine the proper amount 
of lime required to adjust properties of soil and provide suitable durability and strength. Such methodologies 
usually aim to establish a threshold value that is intended to meet soil chemical requirements for lime, often 
serving as the baseline for construction purposes. 

In [10], the effectiveness of applying quick and hydrated lime at different percentages (0, 2.5, 7.5, 
and 10 %) on the soil of tropical and subtropical regions (separately) was examined. The results showed 
that, regardless of lime type, it generally improves the compressive strength. In [11], the uncured effects of 
lime stabilization on fine-grained cohesive soil with 2, 4, and 6 % lime content were examined. The early 
strength and deformation properties (cone index, CBR, shear strength, and deformation moduli) of uncured 
lime-soil mixtures compacted wet of optimum showed substantial improvement compared to untreated 
natural soils. In [3], the impact of various lime and natural pozzolanic dosages on the geotechnical 
characteristics of silt sand soil has been studied. The results showed that lime improves compressive 
strength of the soil, while a combination of both lime and pozzolan significantly increased compressive 
strength – up to sixteen times that of untreated soil. 

There have been several studies of shallow foundations in layered systems, most of them focus on 
sandy layer treated with cement or other stabilized agents [12–14]. Only a few [7, 15] dealt with lime-sand 
layers. 

Plate load tests were conducted [15] on soil layers that had been compacted with lime and fly ash, 
resulting in increased bearing capacity and reduced settlement. As the H/D ratio increased, the test plates 
exhibited stiffer and stronger behavior. 

In [7], plate load tests on layered systems consisting of compressible residual soil layer overlaid by 
three different top layers (sandy soil – bottom ash – carbide lime mixture, bottom ash – cement mixture, 
residual soil – cement mixture) that have been artificially cemented into place were studied. The results 
showed that using bottom ash and carbide lime on the treated top layer enhanced ultimate load capacity 
and reduced foundation settlements on processed cemented soil. The tensile cracking began at various 
locations according to the H/D ratio and maximum H/D value of about 1.0. 

The main objective of this study is to investigate the bearing capacity and settlement of the shallow 
foundation resting on a lime-stabilized sand layers of varying thicknesses, considering two distinct states. 

2. Materials and Methods 
Materials 

The sand air-dried soil used in this study was collected from a site near Nasiriya city, Iraq. The sand’s 
physical properties are given in Table 1. The sand used in the study is classified as poorly graded sand 
(SP) according to the Unified Soil Classification System (USCS). Fig. 1 shows sieve analysis test results 
[16]. Hydrated lime (calcium hydroxide Ca(OH)2), in a form of fine white powder was supplied by the Karbala 
lime plant. The characteristics of hydrated lime are given in Table 2. Tap water was used for all experimental 
procedures, with the exception of the specific gravity test, for which distilled water was used. 

Table 1. Physical properties of sand. 

GS Cu Cc Classification 
of soil (USCS) 

γd 
min., 
kN/m³ 

γd 
max., 
kN/m³ 

emin. emax. 

Angle of internal 
friction (φ) at 

γd =15.8 
kN/m³ 

γd =14.4 
kN/m³ 

2.61 2.6 1.24 SP 13.5 16.6 0.54 0.89 35.6 31 
 

 



Magazine of Civil Engineering, 18(3), 2025 

 
Figure 1. Sieve analysis test results. 

Table 2. Characteristics of hydrated lime. 
Property Value 

Form fine white powder 
CaO, % 66.851 

Ca(OH)2, % 88.572 
CO2, % 2.731 

Specific gravity 2.321 
Fineness of grinding on a sieve of 90 microns, % 6 

 

UCS tests 

UCS tests were conducted [17] on eight specimens of soil with lime contents of 5, 7, 10, and 15 %. 
Two different values of dry unit weights (14.4 and 15.8 kN/m3) and a moisture content of 10 % were used. 
Cylindrical specimens measuring 42 mm in diameter and 84 mm in height were also used. 

The lime and sand were thoroughly mixed to achieve a homogeneous mixture. The lime and water 
were weighed with the lime content for each mixture determined by the dry soil mass. After that, the water 
was added. The mixing continued until the mixture became homogenous. Each specimen was compressed 
in three layers within a greased cylindrical plastic mold, once each layer achieved the required dry density. 

After molding, the specimens remained in the plastic mold, wrapped in a plastic sheet, and stored in 
airtight container for 28 days at a temperature of 22±1 °C. Fig. 2 shows the specimens during the curing. 
Prior to testing, the weight, diameter, and height of each specimen were measured. Fig. 3 shows the UCS 
test. 

 
Figure 2. Specimens during the curing. 
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a)      b) 

Figure 3. UCS test: a) a specimen under load, b) a failed specimen. 
Small-scale model tests 

A steel model footing measuring 89 mm in diameter and 23 mm thickness was used in all tests as a 
shallow footing model. The soil container measuring 600 mm in length, 600 mm in width, and 600 mm in 
height was manufactured from 6-mm-thick steel. 

To apply static vertical load to the footing, a testing frame was designed and manufactured. The 2-
ton capacity piston of a hydraulic jack was supported by the testing frame. The hydraulic jack was attached 
to a 180 mm long nickel shaft with a hole on the other end that connected to the stainless-steel load cell 
with 2-ton capacity. The hydraulic jack contained a gauge that measured the applied pressure. Load 
measurements were recorded using a digital weighing indicator SI 4010. Settlement was measured using 
two dial gauges connected to magnetic supports with 0.01 mm precision (Fig. 4). Fig. 5 shows a sketch of 
the cross-section for the small-scale model test. 

 
Figure 4. Complete test setup. 
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Figure 5. Sketch of the cross-section for small-scale model test. 

Preparation of sand layers 

Two series of models were tested using two different values of dry unit weights (14.4 and 
15.8 kN/m3). The first series examined untreated soil layers, while the second series evaluated artificially 
lime-stabilized soil layer. The soil tank was filled in five 120-mm-height layers. Each layer was filled with a 
certain weight of soil and compacted using a 10 kg steel hammer measuring 130 mm in diameter. The 
number of blows for every layer was not specified. The compaction continued until each layer was filled 
with a certain weight and the required dry unit weight was achieved. The sands exhibited effective peak 
strength values of c = 0 kPa with φ = 35.6° at γd =15.8 kN/m³ and φ = 31° at γd =14.4 kN/m³. 

The soil was treated with 10 % hydrated lime content and compacted to 16.6 kN/m3 dry unit weight 
after adding 10 % of moisture content as optimum value. The treated soil was cast in wooden mold outside 
the soil container to prevent disturbing loose sand. The molding method was essentially similar to UCS 
testing. Following the mixing, the treated soil was manually compacted in layers with equal thickness, 
ensuring that each layer satisfied the required dry density and water content requirements. To prevent 
moisture loss, the sample was wrapped in a plastic sheet. The samples were removed from the mold after 
7 days of curing, and their dimensions and mass were measured with accuracy of around 0.1 mm and 
0.01 g. 

The sample was positioned at the center of the tank. Additional soil was manually added to the 
treated soil sides until it was level with the top. After that, the displacement gauges and loading piston were 
installed, and the small-scale square footing model was set up on the treated layer with thickness 
represented as the H/B ratios: 0.1, 0.3, 0.6, and 1. The treated layer width, curing period and foundation 
width were kept constant. Table 3 summarizes all experimental parameters considered in this investigation. 

Table 3. Experimental parameters. 

Test No. Sand layers Type and percent of 
stabilization agent 

Dry unit weight of 
sand layers, kN/m3 H/B 

1 Untreated _ 14.4 0 

2 Treated Lime 10 % 14.4 0.1 
3 Treated Lime 10 % 14.4 0.3 
4 Treated Lime 10 % 14.4 0.6 

5 Treated Lime 10 % 14.4 1 

6 Untreated _ 15.8 0 

7 Treated Lime 10 % 15.8 0.1 
8 Treated Lime 10 % 15.8 0.3 
9 Treated Lime 10 % 15.8 0.6 

10 Treated Lime 10 % 15.8 1 
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3. Results and Discussion 
3.1. Results of UCS Tests 

Table 4 contains some details of UCS tests, such as percentage of lime, dry unit weights, and results 
of UCS tests after 28 days of curing. The axial stress increases from 121.7 to 411 kPa for soil with  
γd = 14.4 kN/m3 and from 714.6 to 1985.4 kPa for soil with γd = 15.8 kN/m3 with increasing lime content 
from 5 to 15 % (Figs. 5, 6). 

Fig. 7 shows that the strength increases almost linearly with increasing lime content for both treated 
soils. It is worth noting that with a higher sand density, the strength of the sample with a higher dry unit 
weight increases rapidly, while the strength of the sample with a lower dry unit weight increases at a slower 
rate. 

Table 4. Details of UCS tests. 
Samples No. Percentage of lime, % γd, kN/m3 UCS for curing time = 28 days, kPa 

1 5 14.4 121.7 
2 7 14.4 235.7 
3 10 14.4 352.3 
4 15 14.4 411 
5 5 15.8 714.6 
6 7 15.8 801.5 
7 10 15.8 1227 
8 15 15.8 1985.4 

 

 

Figure 5. Stress-strain relationship for soil with γd = 14.4 kN/m3 and different percentages of lime. 
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Figure 6. Stress-strain relationship for soil with γd = 15.8 kN/m3 and different percentages of lime. 

 
Figure 7. Axial stress for both treated soils with different dry unit weights and lime content. 

3.2. Results of Plate Load Test 
Plate load tests were performed on both natural and lime-treated sandy soils. The results of these 

tests are shown in Figs. 8, 9. Table 5 summarizes the key characteristics of the results, such as bearing 
capacity values, bearing capacity ratios (BCRs), failure modes, and the test sequences for each treated 
layer. 

In this study, the bearing capacity was determined from plate load tests. The sand bearing capacity 
at γd = 14.4 kN/m3 measured 70 kPa and at γd = 15.8 kN/m3 – 255 kPa. Figs. 8 and 9 show stress-settlement 
curves for soils with γd = 14.4 kN/m3 and 15.8 kN/m3, respectively. Fig. 8 demonstrates how bearing 
increased from 70 to 76, 83, 118, and 144 kPa for treated layers varying in H/B ratios of 0.1, 0.3, 0.6, and 
1, respectively. Fig. 9 demonstrates how bearing capacity increased from 255 to 268, 320, 396.2, and 
473 kPa for treated layers varying in H/B ratios of 0.1, 0.3, 0.6, and 1, respectively. 
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Two distinct failure modes were observed in untreated soils during plate load tests. For foundation 
on sandy soil with γd = 15.8 kN/m3, the failure appeared suddenly at the sand surface and significant bulging 
of the sheared mass of sand occurred with the failure. This type of failure was similar to general shear 
failure [13, 30]. For foundation on sandy soil with γd = 14.4 kN/m3, penetration without bulging of the sand 
occurred, indicating punching failure [19]. The  sand-lime layer exhibited fracturing at specific settlements. 
A sudden stress drop in the stress-settlement curves indicated the start of cracking. Cracking patterns 
varied by H/B ratio: near footing edges at H/B = 0.6 and 1, along the central axis and edges at H/B = 0.1 
and 0.3, with no cracking observed at H/B = 1 in loose soil. 

Increased layer thickness produced higher failure loads and stiffer stress-displacement responses. 
Greater stabilized soil height resulted in larger failure zone covered by resistant soil, thereby enhancing 
shallow foundation's bearing capacity. The test results showed stiffer and stronger behavior with increasing 
H/B ratio in both soils with different dry unit weights. Fig. 10 shows the increase in bearing capacity with 
increasing H/B ratios of treated soil in both dry unit weights, reaching maximum vertical stress of 140 kPa 
for lower dry unit weight, and maximum vertical stress of 473 kPa for higher dry unit weight. The BCR 
values increased from1 to 2 in loose state and from 1 to 1.9 in dense state. While lime stabilization is more 
common for fine-grained soils, its effectiveness in coarse-grained soils depends significantly on soil 
mineralogy. According to it, lime stabilization can lead to accelerated or moderate strength gain [20–26]. 

Table 5. Results of small-scale test. 

 

 
Figure 8. Stress-settlement curves for model footing trials with various H/B ratios.  

Lime treated layers and sand layer with γd = 14.4 kN/m3. 
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Figure 9. Stress-settlement curves for model footing trials with various H/B ratios.  

Lime treated layers and sand layer with γd = 15.8 kN/m3. 

 
Figure 10. Relationship between bearing capacity and H/B ratio for lime-treated soil. 

3.3. Bearing Capacity Analysis 
Bearing capacity of untreated soil 

According to [27], BCR represents the enhanced ultimate bearing capacity in non-dimensional form: 

( ) ,uu RBCR q q=                                                                  (1) 

where ( )u Rq  is the ultimate bearing capacity of treated soil and uq  is the ultimate bearing capacity of 

untreated soil. 

The most commonly used bearing capacity equations for untreated soil, based on both practical and 
theoretical studies, define the ultimate bearing capacity as the pressure causing shear failure in the 
supporting soil beneath and adjacent to the foundation. 

Historically, K. Terzaghi [18] proposed a superposition approach to calculate footing bearing capacity 
by summing contributions from various soil and load characteristics. Later, G.G. Meyerhof [28] modified 
Terzaghi's equation with following key differences: 
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− footing dimensions determine the shape factors; 
− shear zone extends above the foundation level. 
Additionally, G.G. Meyerhof [28] introduced the method of effective width (dimensions modification) 

for eccentrically loaded footings. Table 6 compares bearing capacities from plate load tests with theoretical 
values calculated using [18] and [28]. 

Table 6. Different methods of calculating the bearing capacity. 

γd, kN/m3 
qu theoretical, kPa, at Df = 0 

qu experimental, kPa 
[18] [28] 

15.8 34.4 49.3 255 
14.4 14.5 19.3 70 

 

Bearing capacity of treated soil 

Unlike traditional methods, where bearing capacity factors depend solely on internal angle of friction, 
P. Purushothamaraj et al. [21] proposed factors that consider both layer cohesions in addition to internal 
angle of friction and φ  for cφ−  soils. The modified φ  and c  values are obtained as follows: 

1. Calculating depth H  = 0.5 B tan (45 + 2φ ) using φ  for the top layer. 

2. If 1,H d>  computing modified φ  as: 

( )1 1 1 2
.

d H d
H

φ + − φ
′φ =                                                              (2) 

3. Similarly determining .c′  

4. Using the bearing-capacity equation for ultq  with ′φ  and .c′  

These steps will give us ultq′  as: 

tan 1 ,ult ult ult
f f

ppvks Pd cq q q
A A

φ′ ′′= + + ≤                                                (3) 

where ultq′′  is the ultimate bearing capacity of the lower layer; p  = 2(B + L) is the total perimeter for 

punching; vp  is the total vertical pressure computed as 1
1 0 ;d

vp qd hdh= + γ∫  sk  is the lateral earth 

pressure coefficient; 1d cp  is the perimeter cohesion force; fA  is the footing area. 

Table 7 demonstrates that when using method described in [21] at H/B = 1, the bearing capacity in 
the soil with lower dry unit weight is approximately equal to the bearing capacity in the soil with higher dry 
unit weight. This indicates comparable effectiveness of treatment thickness in both loose and dense states. 
Table 8 presents the treated layer properties. 

Table 7. Geometrical properties of lime-sand layers, soils parameters, experimental bearing 
capacity, and method described in [21]. 

H/B γd1, 
kN/m3 

γd2, 
kN/m3 φ1, ˚ φ2, ˚ φ', ˚ c1, 

kPa 
c', 
kPa Plate load test (qu), kPa [21], kPa 

0.1 

16.6 15.8 53 35.4 

36.6 

550 

37.7 268 51.6 
0.3 39 44.2 320 90.6 
0.6 43.7 228.4 396.2 597.5 
1 47.4 376.5 473 1561.4 

0.1 

16.6 14.4 53 31 

32.5 

550 

37.6 76 29.7 

0.3 35.5 114.2 83 154.9 

0.6 40.1 228 118 574.7 
1 46 376.5 140 1541.4 
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Table 8. Properties of treated layers. 

Type of additives Dimensions, cm H/B c, kPa φ, ˚ WC, % 

Lime 12×12 0.1, 0.3, 0.6, 1 550 53 10 

4. Conclusions 
This study investigated the bearing capacity of shallow square footing resting on lime-sand soil, 

yielding the following conclusions: 

1. The H/B ratio and dry unit weight are seen as identical parameters regarding the bearing capacity 
of sand soil. They demonstrate comparable influence on sandy soil's bearing capacity, with both 
parameters showing positive correlation – as they increase, bearing capacity improves while 
settlement decreases. Specifically, the bearing capacity ratio increased from 1 to 1.9 for dense 
sand and from 1 to 2 for loose sand. 

2. The artificial layer with H/B = 0.1 showed a very slight improvement, whereas H/B = 0.6 produced 
significant bearing capacity enhancement in both different dry unit weights of the sand used. 

3. Axial stress analysis revealed that increased lime content (5–15 % for higher dry unit weight;  
7–15 % for lower dry unit weight) leads to greater brittleness in treated soil. 

4. The small-scale load tests identified two modes of failure: 

• untreated cases where the layer punched through to the sand without fissuring at H/B = 1 
and lowest density, 

• treated cases exhibiting fractures – with cracks appearing near the footing's edge and central 
axis at low H/B ratios (0.1, 0.3) or solely near the edge at higher ratios (0.6, 1). 

5. Based on method described in [21], it was confirmed that, at larger thickness of treated layer, loose 
and dense sands achieve nearly equal bearing capacities. 

For future research, replicating this experimental approach with cement stabilization would be 
valuable as cement typically demonstrates superior sandy soil stabilization compared to lime, enabling 
direct performance comparison with these findings. 
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Abstract. This study investigates the seismic performance of reinforced concrete large-panel precast 
buildings, focusing on their nonlinear response under various earthquake scenarios. The widespread use 
of Large-Panel Buildings (LPBs) in seismically active regions, coupled with their unique structural properties 
and limitations of current analysis methods, requires a more comprehensive understanding of their behavior 
during earthquakes. A detailed numerical model was developed to capture the complex dynamics of LPBs, 
including nonlinear material properties, panel-to-panel interaction, and connection behavior under dynamic 
loading. The research methodology used advanced computational techniques, including nonlinear time 
history analysis and local response examination of critical elements, with a particular focus on connection 
regions. The results demonstrate significant differences between traditional code-based linear analyses 
and nonlinear dynamic analyses, especially in predicting damage distribution and interstory drift ratio (IDR). 
Specifically, the nonlinear analysis revealed a concentration of damage in lower stories, with maximum IDR 
values of 0.282 % in the first story for high-intensity scenarios, contrasting with the code-based predictions 
of 0.178 % in the middle stories. Furthermore, the study identified limitations in current industry-standard 
software, particularly in hysteresis modeling capabilities for LPB-specific behavior. These findings 
underscore the critical importance of employing nonlinear analysis techniques for accurate seismic 
performance assessment of LPBs and underscore the need for software enhancements to better represent 
the unique characteristics of these structures in seismic regions. 
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1. Introduction 
Large-Panel Buildings (LPBs) have played a key role in the history of urban development and 

industrial construction worldwide. Introduced in the early 20th century and widely adopted in the post-World 
War II period, LPBs provided as a rapid and cost-effective solution to acute housing shortages, particularly 
in Eastern Europe and the former Soviet Union [1]. These structures, characterized by their prefabricated 
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concrete panels assembled on-site, revolutionized the construction industry by offering significantly faster 
construction and reduced labor costs compared to traditional methods [2]. 

Despite their widespread use and the advantages they offered in terms of construction speed and 
cost effectiveness, the seismic performance of LPBs has been a subject of ongoing concern and study by 
structural engineers [3]. Another crucial aspect of LPB seismic behavior is the potential for progressive 
collapse. Inadequate connection design or its deterioration can lead to disproportionate failure under 
seismic loads, where the failure of a single structural element may trigger a cascading collapse of a larger 
portion of the building [4]. This risk underscores the importance of accurate modeling and assessment of 
connection behavior in LPBs. 

Many LPBs have demonstrated surprising resilience during earthquakes, prompting further 
investigation of their complex behavior under seismic loads [5, 6]. This dichotomy underscores the need 
for more sophisticated analysis techniques to accurately assess and predict LPB performance in 
earthquakes. The variability in performance can be attributed to factors such as construction quality, 
regional design practices, and specific characteristics of seismic events [7]. 

Analytical studies of LPB seismic performance have evolved significantly over the years, reflecting 
advancements in both computational capabilities and understanding of structural dynamics. Early research 
focused on simplified linear models, which, while providing initial insights, failed to capture the full 
complexity of LPB behavior during seismic events [8]. These models were often based on assumptions that 
did not adequately represent the unique characteristics of precast panel structures, such as the behavior 
of connections under dynamic loading. 

More recent studies have used advanced numerical methods and nonlinear analysis techniques to 
better understand the dynamic response of the structures [9]. These analyses have underscored the 
importance of several critical factors in LPB seismic performance: connection behavior under dynamic 
loading, panel-to-panel interaction, the influence of openings on overall structural integrity, and nonlinear 
material properties of precast concrete elements [10]. Taking these factors into account has led to more 
accurate predictions of LPB behavior under seismic loads but has also revealed the complexity of the 
problem and the limitations of current analytical tools. 

Despite these advancements, there is still a pressing need for more sophisticated and accurate 
models to predict the seismic response of LPBs. The complexity of these structures, including the 
interactions between individual panels, the role of connections, and the nonlinear material behavior under 
extreme loading conditions, requires the development of comprehensive analytical tools [11]. Such models 
are crucial not only for assessing the safety of existing LPBs but also for developing retrofit strategies and 
designing new structures in seismic regions [12]. 

However, current industry-standard software is often unable to accurately model the unique 
characteristics of LPBs [13]. Common limitations include restricted options for hysteresis models, inability 
to modify parameters of standard hysteresis models, and a lack of specialized elements for modeling panel 
connections. These shortcomings can lead to potential misrepresentation of LPB behavior under seismic 
loads, especially when relying on traditional code-based or linear dynamic analyses [14, 15]. 

The importance of accurate seismic performance assessment for LPBs cannot be overstated. These 
structures continue to house millions of people worldwide, often in seismically active regions [16]. The aging 
of these buildings, combined with evolving seismic design standards, has created an urgent need for 
reliable assessment methods to inform decisions about renovation, retrofit, or replacement [17]. 

This study aims to address these challenges by presenting a detailed nonlinear seismic response 
analysis of a reinforced concrete large-panel precast building. Using state-of-the-art computational 
methods, the dynamic behavior of a representative LPB under various seismic scenarios is investigated. 
The analysis includes advanced material models specific to precast concrete behavior, detailed 
representation of panel connections and sensitivity analysis to damping variations. 

By providing a comprehensive understanding of the structure’s response, including potential failure 
modes and performance limits, this research contributes to the broader goal of enhancing the seismic 
resilience of LPBs and similar precast concrete structures. The study specifically focuses on developing a 
numerical model for nonlinear analysis that can represent the particular seismic behavior of LPBs, 
comparing results from traditional code-based and linear dynamic analyses with those from nonlinear 
analysis, investigating the sensitivity of structural response to damping variations, analyzing local 
responses of critical elements (particularly in connection regions), and identifying shortcomings in current 
analysis software while proposing recommendations for their modernization. 
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2. Materials and Methods 
The object of the study is a typical residential apartment building of reinforced concrete large-panel 

precast type series 92, located in Vladikavkaz city (Fig. 1): 9-story 1-section building with plan dimensions 
24.6×12.6 m. The story height is 3 m. External walls are 300 mm thick panels, internal walls are 160 mm 
thick single-layer panels, partitions are 80 mm thick. Floor panels are 160 mm thick. Concrete grade – M150 
( cf ′  = 8.5 MPa, cE  = 24000 MPa), reinforcement – A-I ( sR  = 240 MPa, sE  = 200000 MPa). 

 
a 

 
b 

Figure 1. Object of the study: a) elevation, b) plan. 
The details of the horizontal and vertical panel connections are shown in Fig. 2. 

 
Figure 2. Details of the building. 

3. Modeling Assumptions 
In the modeling of large-panel precast structures, it is conventional to assume that the solid panels 

exhibit linear elastic behavior. This assumption is justified by the anticipated function of these elements 
within the structure’s overall seismic response. Typically, wall panels are considered to behave in an elastic-
brittle manner with respect to in-plane normal forces. Any potential nonlinear or inelastic behavior is often 
deemed negligible in the panels themselves and is concentrated in the connection regions, where it can be 
more effectively modeled and analyzed [11]. 

The floor system acts as a series of rigid diaphragms. The primary objective of the research is to 
evaluate the building’s lateral load-resisting system and the global seismic response of the building. That’s 
why the precast floor panels were replaced by continuous floor that ensures rigid diaphragm action for 
uniform force distribution, a key factor in global seismic performance [18]. 

The foundation is rigid. 

The following assumptions are made for the connection [19]: 

• all points of the horizontal section remain in one plane after the force is applied (plane 
sections remain plane); 

• for the tensile zone of the section, the tensile strength of concrete is not taken into account; 
• normal compressive stresses distribution along the section is linear or bilinear. 

Linear normal stress distribution is taken when the maximum value of compressive stresses maxσ  

does not exceed the value of compressive strength of concrete .cR  Otherwise, a bilinear diagram 
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consisting of two zones is taken, in the first of which, the compressive stresses change linearly from  

minσ  > 0 (positive values are taken for the compressive stresses) to maxσ  = ,cR  and in the second zone, 

the values are constant and equal to .cR  During the analysis, it is assumed that within the length of the 

linear zone, the material of the is elastic, and in the zone where maxσ  = ,cR  it is in the plastic state. 

The bilinear diagram of compressive stress allows to describe all designed situations and includes 
linear and rectangular diagrams of normal compressive stresses as special cases (Fig. 3). 

 
Figure 3. Normal σ and shear τ stress distribution in the horizontal connection in the combined 

shear-compression action: a), b) compression along the entire length of the section, respectively 
for linear and bilinear distributions; c), d) compression in portion of the length of the section. 

The finite element method software LIRA-SAPR is used for numerical analysis. 

Nonlinear behavior of the horizontal connection region is modeled by a combination of two finite 
elements (FEs) (Fig. 4) [20, 21]: 

• 2-node link element (FE 255) for modeling shear keys (Fig. 5); 
• shell element (FE 259) representing stress distribution in the connection region (Fig. 6). 

The precast walls and floor panels are modeled with elastic shell element (FE 44). The connection 
behavior between floor and wall panels is modeled without any eccentricity, is also represented using 
FE 44. 

Vertical connections, including shear keys, are simulated using 2-node link elements (FE 255), 
incorporating the total cross-sectional area of welded reinforcing steel bars to ensure accurate shear 
transfer [22]. 

The mechanical properties of FE 255 (for vertical connections) and FE 259 (for horizontal 
connections) are determined in compliance with the Code of Practice SP 335.1325800.2017 “Large-panel 
construction system. Design rules” (issued by the Ministry of Construction and Housing and Communal 
Services of the Russian Federation). The parameters presented in Table 1, including stiffness, strength, 
and deformation capacity, are derived from material properties (concrete grade, reinforcement yield 
strength) and shear key geometry (dimensions, reinforcement detailing). 
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Figure 4. FE implementation of the horizontal connection region in LIRA-SAPR software. 

 
Figure 5. 2-node link element (FE 255). 

Table 1. 2-node link element (FE 255) parameters. 
Formula Description 

The design shear strength of one shear key: 

,

,

,

1.5
min

0.7

sh b bt sh
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crc b bt j
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

= =
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   (1) 

Vsh,b – shear strength for shear; 
Vc,b – shear strength for crushing; 

Vcrc,b – shear strength for shear cracks opening; 
Rbt – design tensile strength of grouting concrete; 
Rb,loc – crushing strength, taken equal 1.5Rb – for 
single keys; Ash – shear area; Ac – crushing area; 

Aj – cross-sectional area: j bt monA s b= , 

where sbt – distance between shear keys; 
bmon – wall thickness of the grouting area. 

The elastic pliability of one shear key: 
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The pliability after shear cracks: 
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λ = +  

 
  (3) 

Aloc – loaded area;  
lloc – shear key height (recommended lloc = 250 mm); 

Eb – elastic modulus of concrete precast element; 
Eb,mon – elastic modulus of grouting concrete; 

ds – connection rebars diameter; 
ns – number of the connection rebars. 

The elastic stiffness along z-axis: 

z sk EA h=    (4) 

Fy – yield strength of the rebar; 
E – elastic modulus of the rebar; 
As – rebar cross-sectional area; 

h – rebar length (equal to the connection height). 
 

σ− τ  relation for FE 259 that represents the theoretical assumptions for the connection section 
described previously are presented in Fig. 6a. In general, FE of platform connection behavior may be 
described with σ− ε  diagram presented in Figs. 6b, 6c. 
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a 

 
b 

 
c 

Figure 6. Shell element (FE 259): a) σ-τ relation, b) σ-ε diagram, c) σ-ε diagram for object of study. 
During short-term compression for a mortar with a compressive strength of 1 MPa or more, with a 

connection thickness of 10–20 mm, pliability coefficient of the mortar bed joint ,mλ  mm3/N: 

for 2 3 3 2 31.15 1.5 10 ;m m m m mR R t−σ ≤ −λ = ⋅                                                    (5) 

for 2 3 2 3 3 2 32 1.15 5 10 .m m m m mR R R t−≥ −λ = ⋅                                                 (6) 

Pliability coefficient of the connection: 

, ,plsl
c pl m m

b pl v

Bh
E B h

 
′λ = λ + λ +  − 

                                                         (7) 

where m′λ  and mλ – upper and lower mortar bed connection flexibility coefficients; slh  – floor panel height; 

plB  – contact areas width; vh  – connection width between floor panels. 

Strain: 

.i i

vh
λ σ

ε =                                                                                (8) 

Stresses: 

1 2 31.15 ;m mRσ =                                                                         (9) 

2 2 32 ;m mRσ =                                                                          (10) 

21.01 .y
m mσ = σ                                                                         (11) 

This study prioritizes overall building performance, where precise opening effects are secondary to 
the global lateral resistance, therefore, the panels with openings were replaced with solid panels of reduced 
stiffness. The reduction factor was calculated as the ratio of the wall area with openings to the wall area 
without the openings. The reduced stiffness accounts for the weakening effect of openings while 
maintaining computational efficiency. For detailed local stress analysis (e.g., around openings), a refined 
micro-modeling approach should be adopted, which is the subject of future research. To reduce the 
computational time, the optimal FE mesh size was determined by considering three mesh sizes: 0.1 m, 
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0.2 m, and 0.4 m (Table 2). In the case of panels with openings, which complicate the computation by 
stress concentrations, these panels were replaced with solid panels of reduced stiffness. The reduction 
factor was calculated as the ratio of the wall area with openings to the wall area without the openings. Mesh 
sensitivity was conducted for nonlinear dynamic history analysis. The analysis time, maximum 
displacement and maximum interstory drift ratio (IDR) were compared with the reference model. As a result, 
the FE mesh of the wall panels was set to 0.4×0.4 m, and the FE mesh of the connections was set to 
0.4×0.1 m. 

The resulting FE model in LIRA–SAPR is shown in Fig. 7. 

The self-weight and live load were applied according to the Code of Practice SP 20.13330.2016 
“Loads and actions” (issued by the Ministry of Construction and Housing and Communal Services of the 
Russian Federation). 

Table 2. Mesh sensitivity analysis. 

No. Description Analysis 
time 

Max 
displacement, 

mm 
Max IDR, % Error relative to 

Model 1, % 

1 Mesh 0.1×0.1 m with openings 5'40" 93.9 0.457 – 

2 Reduced (Mesh 0.1×0.1 m) 5'51" 94.7 0.473 3.383 

3 Reduced (Wall Mesh 0.2×0.2 m; 
Connection Mesh 0.2×0.1 m) 3'10" 94.9 0.476 3.992 

4 Reduced (Wall Mesh 0.4×0.4 m; 
Connection Mesh 0.4×0.1 m) 2'24" 94.8 0.48 4.792 

5 Reduced (Wall Mesh 0.1×0.1 m; 
Connection Mesh 0.2×0.1 m) 5'32" 94.3 0.48 4.796 

6 Reduced (Wall Mesh 0.1×0.1 m; 
Connection Mesh 0.4×0.1 m) 5'10" 91.9 0.48 4.79 

7 Reduced (Wall Mesh 0.2×0.2 m; 
Connection Mesh 0.4×0.1 m) 3'19" 94.1 0.483 5.383 

 

 
Figure 7. FE model of the building in LIRA-SAPR software: a) initial model with openings,  

b) model with solid panels. 

4. Analysis Methods 
The model was subjected to two components of ground motion of the 1988 Spitak, Armenia, 

earthquake (Figs. 7, 8). The earthquake, with a surface wave magnitude of 6.8 and a maximum MSK-64 
intensity of X (Devastating), occurred in the northern part of the Armenian Republic of the Soviet Union on 
December 7, 1988, resulting in thousands of deaths and injuries [23]. The ground acceleration records are 
shown in Figs. 8, 9. 

The following load cases were applied to the building model: 

• Nonlinear dynamic analysis for two components of unscaled ground motion. 
• Linear dynamic analysis for two components of unscaled ground motion. 
• Linear code-based analyses according to the Code of Practice SP 14.13330.2018 “Seismic 

building design code” (issued by the Ministry of Construction and Housing and Communal 
Services of the Russian Federation) for intensity levels VII, VIII, IX of the MSK-64 scale. 
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• Linear response spectrum analysis for unscaled ground motion response spectrum shown 
in Fig. 10. 

Four different damping ratio values were investigated in nonlinear dynamic load case, namely 2, 3, 
4, 5 % of critical damping. 

The ground motion was scaled for three different intensity levels for nonlinear dynamic load case 
with 5 % of critical damping to compare with code-based analyses, namely 0.1 g, 0.2 g, and 0.4 g. 

 
Figure 8. Ground acceleration record (Spitak, Armenia, 1988, Gukasian station, component 000). 

 
Figure 9. Ground acceleration record (Spitak, Armenia, 1988, Gukasian station, component 090). 

 
Figure 10. Response spectrum (Spitak, Armenia, 1988, Gukasian station, component 000). 

The nonlinear and linear analyses were performed using an explicit integration of the equation of 
motion [24]: 

( )0 ,Mx Cx Kx Mea t+ + = −                                                         (12) 

where x u=  – unknown vector of nodal displacements; x v=  – nodal velocity vector; x a=  – nodal 
acceleration vector; ( )0a t  – ground acceleration; e  – direction cosines vector; M  – mass matrix; C  – 

damping matrix; K  – stiffness matrix. 

Analysis parameters: 

• Newmark-beta method (average constant acceleration with γ  = 0.5 and β  = 0.25) is used 
for direct integration of the equations of motion. 

• Modified Newton–Raphson method is used for solving nonlinear equations at each time step. 

LIRA-SAPR offers two predefined hysteresis models for nonlinear analyses: a peak-oriented model 
and an isotropic hardening model (Figs. 11a and 11b, respectively). For the current study, the peak-oriented 
hysteretic model (Fig. 11a) is used [25]. 
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However, it is crucial to underscore a significant limitation of LIRA-SAPR: the inability to modify or 
customize the analytical parameters and parameter of these standard hysteresis models. While this 
constraint may be acceptable for conventional structures, it presents a considerable challenge when 
analyzing LPBs and other precast panel structures. LPBs exhibit unique strength and stiffness degradation 
behaviors that deviate from those of monolithic structures, primarily due to their distinct assembly methods 
and connection characteristics [26]. 

• Total integration time is 20 sec. 
• Integration step is 0.01 sec. 

 
a 

 
b 

Figure 11. LIRA-SAPR’s hysteresis models: a) peak-oriented model, b) isotropic hardening model. 

5. Results and Discussion 
The natural period of the structure is 0.367 sec in the Y direction (short), the second mode period is 

0.211 sec in the X direction (long). The mode shapes are shown in Fig. 12. 

 
a 

 
b 

Figure 12. Mode shapes: a) first mode shape (T1 = 0.37 sec), b) second mode shape (T2 = 0.21 sec). 
Fig. 13 illustrates the maximum displacement profiles for various analytical approaches: nonlinear 

and linear dynamic analyses, code-based MSK-8, and response spectrum methods. The results 
demonstrate good correlation along the building height, with slightly elevated values for the nonlinear case. 

Notably, the roof displacement time history (Fig. 14) reveals significant discrepancies between linear 
and nonlinear dynamic load cases. While maximum positive displacements are comparable (19.5 mm for 
linear, 20.2 mm for nonlinear), the negative displacement in the nonlinear case is approximately half that 
of the linear case (–9.5 mm vs –18.9 mm, respectively). 
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Figure 13. Displacements for different load cases. 

 
Figure 14. Roof displacement. 

A critical finding pertains to the IDR response under varying seismic intensities. The IDR, a key 
indicator of structural damage [27], exhibits marked differences in both distribution and magnitude across 
analytical methods. Code-based analyses predict maximum IDR at mid-height, whereas nonlinear analyses 
indicate peak IDR in the first story. This disparity intensifies with increasing seismic intensity. For instance, 
under MSK-8 loading, the maximum IDR is 0.089 % (6th story) in code-based analysis versus 0.085 % (1st 
story) in the 0.2 g nonlinear case. For MSK-9, these values diverge further: 0.178 % (6th story) in code-
based analysis compared to 0.282 % (1st story) in the 0.4 g nonlinear case. The damage pattern predicted 
by the nonlinear analysis, with concentration in the lower stories, aligns closely with observations from post-
earthquake inspections of large panel buildings [28], lending further credence to the nonlinear approach. 

These findings underscore the critical importance of nonlinear analyses in seismic performance 
evaluation, as traditional code-based analyses may yield potentially misleading results, particularly in 
damage distribution prediction and IDR estimation. 

 
Figure 15. IDR for different load cases. 

The graph of the IDR (Fig. 16) exhibits a similar pattern across different damping values, with the 
maximum drift occurring at the first story. However, the differences in these values are significant, with 
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variations up to 25 %. This notable discrepancy underscores the importance of accurately determining the 
appropriate damping ratio, which necessitates thorough investigation in future research. 

 
Figure 16. IDR for different damping ratios. 

Despite the disparity in IDR values, the overall response in both cases remains relatively low when 
compared to the commonly accepted ranges for performance-based design as specified by building codes 
[29]. However, it is important to note that there are currently no established acceptance criteria specifically 
tailored for LPBs, underscoring the urgent need for the development of such criteria. These should account 
for the unique behavior and fragility characteristics of this structural type. 

The local response of the connection region in the corner panel of the first story was examined for 
nonlinear dynamic load case. Particular attention was given to the behavior of specific FE within this critical 
area. 

Fig. 17 illustrates the axial stress response for FE 259. The observed stress state is exclusively 
compressive, aligning with the initial modeling assumptions and the desired connection behavior. The 
ultimate strength of the element is 7100 kPa, while the maximum response reached 3071 kPa. This 
response indicates that the element experienced low to medium damage, which is consistent with the 
observed damages [7]. 

 
Figure 17. Axial stress response for FE 259. 

The shear force response of the shear key element (FE 255) is depicted in Fig. 18. The ultimate 
shear strength of this element, as calculated using equation (1), is 45 kN. Fig. 19 presents the relationship 
between shear force and shear deformation for this element. The data indicate that the element attained 
its ultimate strength, suggesting the possibility of shear key failure [30]. It is noteworthy that the peak 
response for FE 259 was recorded at approximately the same time step, underscoring the interaction 
between axial and shear responses in the connection region. 
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Figure 18. Shear force response for FE 255. 

 
Figure 19. Hysteresis for FE 255. 

6. Conclusions 
The findings of this paper contribute to the understanding of LPBs seismic behavior and underscore 

the critical importance of nonlinear analysis in accurately assessing and predicting the seismic performance 
of these structures. 

1. A comprehensive numerical model for nonlinear seismic analysis of LPBs was successfully 
developed. This model effectively captured the unique seismic behavior of LPBs, including panel-
to-panel interactions, nonlinear material properties, connection behavior under dynamic loading. 

2. Substantial differences were observed between traditional code-based and linear dynamic 
analyses versus nonlinear analysis: 

− IDR distribution: code-based analyses predicted maximum IDR at mid-height, while nonlinear 
analyses indicated peak IDR in the first story. 

− IDR magnitude: for MSK-9 intensity, code-based analysis predicted a maximum IDR of 0.178 % 
(6th story), whereas nonlinear analysis for 0.4 g PGA showed 0.282 % (1st story). 

− Damage pattern: nonlinear analysis results aligned closely with post-earthquake observations, 
predicting concentration of damage in lower stories. 

3. These results underscore the importance of nonlinear analysis in accurately predicting LPB 
behavior under varying seismic intensities. 

4. The notable discrepancy in response for different damping ratios (up to 25 %) was observed for the 
model. 

5. Examination of local responses in critical elements provided valuable insights: 

− Shell element FE 259 (axial stress): maximum response of 3071 kPa, indicating low to medium 
damage state. 

− 2-node link element FE 255 (shear force): reached ultimate shear strength of 45 kN, suggesting 
potential shear key failure. 
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− Correlation observed between peak responses of FE 259 and FE 255, indicating interaction 
between axial and shear responses in connection regions. 

6. To improve the accuracy of LPB seismic analysis, the following software modernizations are 
recommended: 

− Implementation of flexible, user-customizable hysteresis models. 
− Development of specialized elements for modeling panel connections and connections. 
− Enhancement of post-processing capabilities for detailed local response analysis. 
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Abstract. Effective control of irrigation schemes and water resources is heavily dependent on the exact 
river discharge estimates, which are usually estimated by measuring the water level through phase-
deviation conditions or rankings. However, the direct measurement of the river flow is often impractical or 
prohibitively expensive, which reveals the need for a reliable future model. The study focuses on the KUFA 
River in Iraq and applies the Transport Stimulation System (CES) model to estimate its assessment curve. 
The CES model integrates hydraulic geometry, channel succession, and flow resistance parameters to 
generate stage-discharge curves, while its "uncertainty estimates" also stand for underlying uncertainties 
through the component. Model assumptions were validated against the area measurement collected in 
several cross sections along the Kufa River. 

To assess the accuracy of the model, statistical indicators, including prejudice, absolute errors (MAE), and 
Nash-Sutcliffe Efficiency (NSE) were calculated. The results revealed a strong agreement between CES-
PRE-prescribed assessment curves and the observed field data, with most measured values falling within 
the limit. This river shows the reliability of the CES model to capture complex interactions between river 
morphology and flow resistance, even under different field conditions. 

Conclusions suggest that the CES model is a valuable tool for hydraulic engineers and managers of water 
resources, which enables more informed decisions on the design and operation of river control, irrigation 
planning, and hydraulic structures. The ability to accommodate changes in channelling and morphology 
supports its application in the dynamic environment where the functions of the river develop seasonally or 
are caused by man-made effects. Overall, the CES model increases the future accuracy and supports the 
use of permanent water in the Al-Kufa River Basin. 

Citation: Alasadi, L.A., Khlif, T.H., Hassan, F.A. CES-based model to predict the river rating curve. 
Magazine of Civil Engineering. 2025. 18(3). Article no. 13509. DOI: 10.34910/MCE.135.9 

1. Introduction 
Estimating water levels (stages) and river discharges is essential for effective water engineering 

management. Measuring the flow at a river's cross-section is usually impractical or highly costly. On the 
other hand, stages can be monitored continuously or at regular short periods with a relatively low amount 
of effort and cost. The relation between the stage and the discharge is known as the stage-discharge 
relation or the stage-discharge rating. Both terms refer to the same concept. This relationship can only exist 
at a specific location and a particular time [1]. 

Superficial stage-discharge relationships exist, in which discharge depends only on stage. Complex 
stage-discharge relationships arise when additional variables, such as the slope of the energy line or the 
stage change rate over time, are needed to define the relationship. An orthogonal plot of the experimental 
stage and discharge data can be used to determine whether a specific rating curve is necessary. This can 
be done by displaying the data on the graph. Because of the scatter on the plot, a reasonably precise 
estimate of the stage-discharge relationship required for the cross-section can be obtained. 

https://creativecommons.org/licenses/by-nc/4.0/
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As part of the stage-discharge method, a discharge is assumed to be identified for each stage. The 
rating curve changes with time whenever there is a change in the influencing factors, such as the growth 
of weeds at the cross-section and the exposure of the canal section to erosion and sedimentation factors. 
Rating curve errors can result from misidentifying patterns of change over time or mischaracterizing the 
curve at a certain point. 

One of the 2D models used in estimating the rating curve at a specific cross-section is called 
Conveyance Estimation System (CES). The modeling equations contain various terms that correspond to 
the inputs for this two-dimensional method, such as the river's geometry and its parameters. On the other 
hand, the roughness coefficient plays a crucial role in establishing the grading curve. Several different 
approaches can be taken to anticipate this roughness factor. Empirical equations are taken into 
consideration in the published research. These equations require easily quantifiable variables that reliably 
exhibit both on-site and between-site impacts on resistance, and they necessitate that these variables be 
consistent [2]. Equations that can be used to forecast the roughness factor often have a margin of error of 
roughly 30 percent because they were generated by taking the typical variance across multiple sites as 
their starting point [3] 

The form the rating curve takes and the changes the channel undergoes over time are rarely fully 
characterized by the gauges available in practice [4–6]. 

Used the current stage and discharge data to forecast discharge by combining stage, antecedent 
stages, and antecedent discharge values [7, 8]. Employed the Generalized Reduced Gradient (GRG) 
technique to find the rating curve's parameters. The rating curve for use at two different gauging locations 
in the United States, Walton on the Choctawhatchee River and Philadelphia on the Schuylkill River, was 
modeled using a spreadsheet-based nonlinear optimization approach. The stage-discharge correlations for 
the two sites were also created using a Genetic Algorithm (G.A.) and the more conventional approach of 
rating curves. According to the findings, rating curve equations established with the GRG approach are just 
as successful as those developed with the G.A. method. They are more accurate than the conventional 
rating curve method [9]. 

To measure the theoretical stage-discharge relationship in British Columbia for four field locations, a 
one-dimensional model is employed; each of these locations has varying sediment supply, hydrology, bed 
structure, and bed stability at different levels. The calculations were carried out at four other locations in 
British Columbia. The findings are consistent with the observations made by the Canada Water Survey, 
and the spatial diversity of the geomorphology within the channel reach produces variations in stage-
discharge correlations. The presence of high silt accentuates these alterations. Alfa et al. developed a 
stage-discharge relationship for the Nigeria River (Ofu), where streamflow data are scarce. This was done 
because the design of water resource projects has been hindered by the lack of information [10–12]. The 
discharge was measured using a Valeport Current Meter from February 2016 to January 2017, and the 
stage measurement was obtained with a staff gauge at the Oforachi Bridge hydrometric station. Both 
measurements were taken simultaneously. Using regression analysis, we used the results of the discharge 
and stage measurements to specify the coefficient of the curve and the equation of the rating curve for the 
river at this specified station. Because the Oforachi Bridge acts as a constant control, the curvature may be 
relied upon. Water level discharge in a straight channel was estimated using the CES model. Use the CES 
model to confirm the assessment curve through experimental function. When using CES models and 
uncertainty estimates, the assessment curve was estimated using geometric and hydraulic data from 
experimental studies. Conclusions suggest that the step discharge curve manufactured by the CES model 
can match experimental values. 

Analyzed the CES model to explore its capabilities for prediction [13–15]. The researchers 
demonstrate that using a suitable description of roughness is crucial. For instance, the optimum model 
result is achieved by using a roughness factor that has been calibrated for the entire cross-section, and the 
roughness magnitude is determined for banks using the CES roughness advisor. The current study aims 
to predict the water level-discharge curve to the Al-Kufa River using the CES. The importance of studying 
the rating curve of the Al-Kufa River stems from its significance in providing irrigation water for the 
agricultural lands it passes through and the population gatherings it serves. Therefore, it is considered the 
primary water source in the study area. And suffers from the impact residues of agricultural and civil 
activities [16–18]. 

The shape of the rating curve determines how well the rated channel characteristics resist flow. The 
more excellent the resistance, the deeper the water must transport a particular flow volume in a given 
amount of time. The measured phases are converted into the relevant discharges using the established 
rating relationship. A rating curve can be graphically depicted in its simplest form, as shown in Figure 1, by 
the average curve fitting, at any river section, the plot of scatter type between discharge (as abscissa) and 
water level (as ordinate) [19, 20]. 
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Figure 1. Typical simple rating curve. 

The relationship can be represented analytically as Q = f(h), where f(h) is a function of water level. 
If we consider h and Q to be the water level and discharge, respectively, then the relationship between 
them can be presented as follows. Compared to an algebraic relationship, a graphical stage-discharge 
curve makes it much simpler to visualize the relationship and manually convert stages to discharges. 
However, an algebraic relationship is preferable for use in analytical transformation. The calibration of the 
rating curve equation is accomplished using field observations of water level and discharge [21, 22]. 

The stage-discharge rating's mathematical equation, known as Equation 1, establishes a connection 
between the actual channel control design and the shape of the rating curve [8, 23]. The variables that 
determine the relationship in this equation between stage (H) and discharge (Q) are a coefficient (Co), an 
offset (e), and an exponent. These characteristics, in turn, relate to the channel's size, flow resistance, 
control level, and control form (Equation 1): 

oQ C ( H e )β= − .     (1) 

The rating equation is primarily founded on the continuity equation, which may be found in Equation 
2: 

Q V * A= .      (2) 

When applied to situations that involve open channels, the stage-discharge connection can be 
described as the product of a stage-velocity function and a stage-area function [4]. The geometry of the 
control section dictates the stage-area function, whereas flow resistance forms primarily determine the 
stage-velocity function. The geometry of the control section controls the stage-area function. 

According to [3], the flow refers to the velocity of the cross-section being affected by elements that 
can be represented in the friction loss equation in its general form. Which is Equation 3: 

1
x yV C R S= ,       (3) 

where velocity(V) will be calculated by the product of C1 (factor of flow resistance), S (friction slope), and R 
(hydraulic radius), the symbols x and y are exponents utilized to symbolize channel conditions in different 
cases [3]. 

With exponents of 0.5 and 0.67, respectively, for y and x, the Manning variation (also known as 
Gauckler–Manning or Gauckler–Manning–Strickler variation) (Equation 4) is the one that can be relied upon 
the most when dealing with open channel control situations: 

1 0 67 0 5. .V R Sµ−= .      (4) 
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In the Manning equation, the flow resistance factor is not the coefficient of friction as one might 
expect, but rather the inverse of the friction factor (C1). When it comes to field measurements, the unlimited 
values of friction factor and slope in Equation 4 are not nearly as essential as the net change in flow 
resistance with time; instead, what counts most is the net change. 

As shown by Equation 5 (Equation 4), the friction loss equation can simplify its complexity by 
combining the friction factor and slope components into a single element. This simplification is 
demonstrated by equation (C2): 

0 67
2

.V C R= .      (5) 

Generally, it is safe to assume that the coefficient C2 (net flow resistance) will fluctuate around the 
unity value when referring to alluvial channels [8]. During such times when C2 does not change, the value 
of V is a function of the hydraulic radius. A modified friction loss equation (Equation 6) is derived to enhance 
the functional usefulness of removing an offset value (i.e., H – e) and utilizing the monitoring stage as a 
continuous measure of depth: 

0 67
2

.V C ( H e )= −          (6) 

2. Materials and Methods 
2.1. Description of the Case Study (Al-Kufa River) 

Al-Kufa River, which branches from the Euphrates River, is about 5 km south of the city of Al-Kifl, 
and it enters the Najaf Governorate at the center of the Al-Kufa district after branching. It is called a local 
name (Shatt al-Kufa) concerning the area, in which it is located. It passes through it, as its length within the 
governorate is 28 km, and it flows through the Shatt al-Kufa in the center of the Al-Kufa district, with the 
outflows controlled by the Al-Kufa Barrage. The current study's scope extends from the Al-Kufa Barrage to 
the Al-Kufa Bridge, covering a distance of 17.7 Km. The average bed slope ranges from 7 to 12 centimeters 
per kilometer. The total area of agricultural lands that benefit from the waters of the Al-Kufa River is 
estimated at 150 acres. The barrage's intended outflow is 1400 m3 /sec, and the upstream water level is 
25.70 m above sea level. There are 7 slots, each measuring 6.312 m in length. The importance of studying 
the rating curve of the Al-Kufa River comes from its significance in providing irrigation water for the 
agricultural lands it passes through and the gatherings of the population. Therefore, it is considered the 
primary water source in the study area. And suffers from the impact residues of agricultural and civil 
activities, extending from the AL-Kufa Barrage to the Al-Kufa Bridge, as depicted in Figure 2. 

 
Figure 2. The selected reach from Al-Kufa Barrage to Al-Kufa Bridge. 

2.2. CES Rating Curve Model 
In the CES, the conveyance is estimated using gravitational acceleration, channel slope, surface 

friction, and stream morphology. CES comprises a "Roughness Advisor", which advises on resistance, and 
a "Conveyance Generator", which evaluates the roughness and morphology of the channel to arrive at a 
capacity estimate for the channel. In addition, the CES consists of a third component known as an 
"Uncertainty Estimator", which is responsible for indicating the uncertainties connected to the conveyance 
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calculations. Outputs of the CES model include the uncertainty estimator, the roughness advisor (which 
provides roughness values), the conveyance generator (which provides stage-flow values), and the 
roughness values (upper and lower bounds for the stage-flow curve). The channel's degree of unevenness 
is the primary line of defense against pressure imbalances or other influences that can impact fluid flow. 
The resistance is equal to the aggregate of the effects caused by all the resisting materials present in the 
channel, including things like the size of the bed material, the relative roughness of the bed, vegetation, 
impediments, fluctuations in channel width and depth, and channel curvature (e.g., relative bed roughness, 
material size, obstructions, vegetation, variations in channel depth and width, and channel curvature). The 
nature of this resistant force needs to be understood to determine the water level accurately. This is 
because a more significant resistance will result in a slower flow and a higher water level. 

To reduce the uncertainty in water levels, the Department of Environment, Food and Rural Affairs 
created CES model. To help the decision makers make better decisions, they decided the level of 
uncertainty around the water level with a special flow rate and conveyed the uncertainty in a way that it was 
easy to understand. The CES model uses the average Navier–Stokes equations for flow, and its data 
processing method is controlled by deeply integrated Reynolds. The parameters of the model, including 
the secondary flow and Eddy viscosity, appear to remain stable based on the calibration basis within CES 
model. These parameters are put on their best performance values after completely analyzed. 
Consequently, the roughness field is the roughness values and their cross-sectional experts are calibrated. 
Therefore, changes in the roughness level have the most impact on the water level. [24]. 

This article collects all relevant hydraulic and geometric data on the Al-Kufa River. Cross sections 
are produced using displacement (x) and height (Z) data. The top and lower values of the roughness 
coefficient for staffing working in the CES model were determined by grain rumors, cross-sectional rule of 
control, murder patterns and access to pool point rod (Table 1). The equation adopted by the CES model 
was used to estimate the unity of the device: 

2 2 2 1 2* /
or IRR vegn ( n n n )= + + ,     (7) 

where nsur, nIRR and nveg represent roughness values, respectively, caused by vegetation, surface materials 
and irregularities. 

Table 1. The selected minimum and maximum roughness values. 

 
Figure 3 illustrates the distribution of roughness zone for the selected five cross-sections. When all 

the hydraulic and geometric variables have been allocated, it is possible to estimate the CES stage-
discharge curve. 

  

CS1 CS2 

Zone 
type Feature Lower resistance  Unit roughness* Upper resistance  Unit roughness* 

River 
bed 

skin friction 0.018 
0.0196* 

0.03 
0.036* 

bed form 0.008 0.02 

Right 
and left 
banks 

skin friction 0.017 
0.026* 

0.029 
0.043* deposition 

and pool  0.020 0.033 
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CS3 CS4 

 
CS5 

Figure 3. Cross sections CS1, CS2, CS3, CS4, and CS5. 

3. Results and Discussion 

3.1. Results of the CES Model 
The data used for CES validation were taken from a measured rating curve in five cross-sections, 

which were compared with the model's outcomes. Five cross-sections (CS1, CS2, CS3, CS4, and CS5) 
were used in constructing the stage-discharge curves, which encompassed both the lower and top regions 
of roughness uncertainty (i.e., the maximum and minimum values of Manning roughness). The terms 
"central", "upper", and "lower" are used to refer to these three curves. The higher and lower curves, both 
caused by roughness uncertainty, are presented concurrently with the center rating curve to highlight the 
impact of roughness uncertainty on the central rating curve. Figures 4 through 8 present a comparative 
analysis of the rating curves for the various cross-sections. 

 
Figure 4. CES stage-discharge curve for CS1. 
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Figure 5. CES stage-discharge curve for CS2. 

 
Figure 6. CES stage-discharge curve for CS3. 

 
Figure 7. CES stage-discharge curve for CS4. 
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Figure 8. CES stage-discharge curve for CS5. 

The findings of the CES were compared to the field data in the study's cross-sections (CS1 and 
CS5). These cross-sections were selected because field data is available on the water level and the 
discharge. Figure 4 illustrates that the computed and measured data match and that the field data falls 
within the uncertainty limits. Additionally, the uncertainty ranges are displayed. However, it is getting closer 
and closer to the maximum allowed. Figure 8 illustrates the distribution and trend of field data in comparison 
to the stage-discharge curve predicted for CS5. 

On the other hand, the data collected in the field are located inside the uncertainty ranges and are 
thus much closer to the central estimate. The simulations demonstrate that the CES model can generate a 
curve of stage-discharge agree with the findings obtained in the field. According to the data presented, an 
increase in the forecasted roughness value leads to increase in both the water level and discharge, and 
vice versa. Despite some inconsistencies throughout the process at various phases, the CES model 
produced satisfactory results. Exploring the possibility of a better cross-sectional description of roughness 
leads to an accurate estimate of the discharge data and the water depth, which in turn helps make informed 
decisions in water management, particularly in the irrigation sector and other water uses, especially in areas 
where water is scarce. 

3.2. Statistical Analysis 
The Bias, Mean Absolute Error (MAE), and Nash–Sutcliffe Efficiency (NSE) are three statistical 

indicators used to assess the accuracy of the model results. These indicators were calculated using the 
following equations: 

1
1 N

i estimate fieldBIAS ( X X )
N == −∑     (8) 

1
1 N

i estimate fieldMAE X X
N == −∑     (9) 

( )
( )

2
1

2
1

1
N
i field estimate

N
i field field

X X
NSE

X X

=

=

 − = −  −  

∑
∑

      (10) 

Xestimate and Xfield denote the estimated and field values, respectively, while the number of measured 
data is represented by N. The best value for BIAS is 0; positive values indicate a propensity to overpredict, 
while negative values indicate a tendency to underpredict the actual values observed. BIAS evaluates the 
tendency of the anticipated values to be larger or smaller than their actual values. An ideal fit is denoted by 
a mean absolute error value of zero. Came up with the concept of the NSE, which demonstrates how well 
the plot of observed values vs. anticipated values follows the 1:1 line (line of perfect agreement)  [25]. The 
number 1 represents the NSE that is ideal. However, acceptable performance levels are often between 0 
and 1. In contrast, levels below 0 imply that the mean observed value is a better predictor than the simulated 
value, which indicates undesirable performance [26]. This suggests using this indication. 
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The statistical assessment of anticipated values for chosen cross-sections is presented in Table 2. 
The estimated NSE, MAE, and BIAS values revealed acceptable agreement between the central rating 
curve and the field one. 

Table 2. The statistical evaluation. 

4. Conclusions 
The estimated central rating curve and the field one agreed reasonably well, though a slight 

difference was noted at some stages. This subtle difference was caused by the significant variation of 
hydraulic and geometric values measured in the field. Good estimation at the stage and acceptance at 
discharge result from an adequate resistance coefficient. This study concluded that the CES model could 
be used as an estimation tool for the water engineering field to help in making informed decisions regarding 
the policies for designing and operating water systems, especially in rivers that are subject to continuously 
changing the roughness of the sections due to seasonal changes as well as changing the nature of flow in 
those rivers. It was also recommended to test the model in rivers that suffer from severe meandering to 
demonstrate its validity for use in those rivers. 
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Abstract. The existing literature provides formulas for standard air distribution calculations. However, the 
calculation coefficients are obtained experimentally for the ideal conditions of connecting air terminal 
devices. distributors to ducts. In practice, the design of the connection depends on the complexity of the 
ductwork in the building. This may affect the jet flow conditions and the air circulation in the room. The 
article considers the flow in the unit “elbow - supply opening” of the ventilation system. The aim of the study 
is to determine the dependence of the geometric and kinematic characteristics of the jet on the distance 
between the elbow and the supply opening. The problem is solved numerically in a two-dimensional 
formulation using the Fluent software package. A combination of the standard k-ε model and standard near-
wall functions is used for the solution. As a result, the distribution of velocity and pressure at the outlet of 
the air terminal device is obtained. The dependences of the variation of the axis slope and axial velocity of 
the jet, as well as the kinematic coefficient of the supply opening on the distance between the elbow and 
the supply opening are constructed. The significant influence of the distance between the elbow and the 
supply opening in the unit on the kinematic characteristics of the jet is shown. The obtained dependencies 
should be taken into account when calculating air distribution. At distances between the elbow and the 
supply opening of more than 5 gauges, the characteristics of the jet tend to the characteristics of the jet 
flowing from the end opening. 
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1. Introduction 
The air quality in the working zone of the room and the energy consumption for the equipment 

operation determine the efficiency of the ventilation and air conditioning system. The existing methods of 
calculation of the air distribution in the room determine the main characteristics of the jet flowing from the 
supply opening, taking into account the influence of geometric characteristics of the grille through the known 
values of the kinematic ( )m  and thermal ( )n  coefficients. However, almost all coefficients m  and n  from 
the reference literature were determined experimentally with an ideal connection of the supply air device 
(AD) – at the end of a straight duct at a distance of at least 3 gauge with an equalizer or 20 gauge without 
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it1. In practice, the specific design of the connection of the supply grille to the duct depends on technological 
necessity and the ductwork's tracing. ADs are often located on the side wall of the duct or at the end but 
immediately behind the 90° elbow. In this case, the distance from the elbow to the supply AD can be very 
small, which significantly changes the flow conditions and, therefore, the kinematic characteristics of the 
supply jet, which, in turn, results in a change in the air distribution in the room. 

The parameters of supply jets flowing from different kinds of openings have been investigated for 
quite a long time. The analytical relationship between the axial velocity, the distance from the supply 
opening, and the distribution of the longitudinal velocity component in the cross-sections of the jet were 
obtained in [1, 2]. In [3], hot-wire anemometers and static pressure probes were used to experimentally 
obtain and generalize data on the distribution of static pressure and velocity, both axial and in the cross-
sections of the jet, and in [4], shadowgraph technique was used. Nowadays, jets are constantly investigated 
using modern and detailed experimental methods. Particle image velocimetry (PIV) was used to determine 
the axial velocity and turbulence characteristics of the jet as it moved away from the supply opening [5, 6]. 
The numerical methods for such investigations are widely used. The influence of initial profiles of velocity 
and turbulence parameters on supply jet characteristics was studied in [7]. The obtained results were 
proposed to be used in the design of supply ADs. Studies [8, 9] were aimed at controlling the velocity profile 
of supply jets using screens. 

Fewer works consider the parameters of the jet flowing at a non-frontal air supply. Obviously, with 
such air supply, the profile of the kinematic parameters at the outlet will be significantly irregular and 
asymmetric. This, in turn, results in differences in the kinematic characteristics of the jet development. The 
flows from openings of different geometry were studied in [1]. It was shown that the jet profile strongly 
depended on the velocity profile at the outlet. The length of the initial section changed, as well as the 
attenuation of the axial velocity. In [10], a flow from a slotted opening located in a duct wall was considered 
in the presence of a transit flow passing in the channel. This flow significantly distorted the profiles of the 
kinematic characteristics of the jet at the outlet. The distribution fields of longitudinal and transverse velocity 
and the static pressure fields, as well as velocity irregularity, were obtained by numerical method, and it 
was established that the static pressure was not equal to 0. These factors must be taken into account when 
calculating jet momentum and its kinematic and thermal characteristics. In [11, 12], the results of numerical 
studies of the flow from the last and middle lateral openings were given, and the relationship between the 
jet inclination angle and the relative flow velocity of the outflowing air (for the middle opening) and the 
relative size of the opening (for the last opening) were numerically found. A significant irregularity of velocity 
and pressure profile in the opening was shown, which apparently led to changes in the kinematic coefficient 
and the coefficient in the Reichardt exponential formula for the velocity profile in the cross-sections of the 
jet. 

The studies of outflow from real air distribution devices are often conducted numerically [13, 14] and 
experimentally [15, 16], or both [17, 18], and may refer to very complex problems, such as ventilation in 
case of a fire in buildings [19] or the implementation of information modeling [20]. Fewer studies consider 
the influence of different connection options. In [21], numerical and experimental studies of the velocity 
distribution in the plenum box and at the AD outlet were carried out for the top and side of the plenum box. 
It was shown that, despite the presence of the plenum, there was a significant irregularity of velocity at the 
outlet of the AD, and as a consequence, the outflowing jet is deformed. The characteristics of jets flowing 
out of near-wall ADs were experimentally studied in [22], the velocity profiles and velocity distribution along 
the length were determined, taking into account the overlap on impermeable surfaces. The influence of the 
presence of impermeable surfaces on the jet characteristics was shown. Air distribution in a room using 
ceiling-mounted ADs was considered in [23], and the velocity fields were found experimentally and 
numerically. Using attaching to vertical surfaces – walls [24] and columns [25] – new ways of ventilation in 
various rooms were developed [26–28]. Although the parameters of supply jets are studied in the cited 
works, in most cases, the flow from end openings is considered, and no attention is paid to the change of 
jet parameters at the non-frontal air supply. For cases of individual ventilation, air distribution through side 
openings in channels is typically used, for example, in case of the underfloor air distribution system [29]. 
However, even in such works, the way air inflows into supply openings is often not taken into account. 

In [30–32], the characteristics of a jet flowing from the opening, which is located immediately behind 
the 45° and 90° elbow, were considered. The influence of the distance between the elbow and the supply 
opening on the distribution of velocity and pressure components was studied at the supply opening cut, on 
the slope of the outflowing jet, and on the distribution of axial velocity. It was shown that the considered 
influence was rather significant, and a vortex zone was formed at some distances. The obtained results 
showed that the close location of elbows at 45° and 90° significantly affected the jet characteristics. In this 

 
1 European Committee for Standardization (CEN). Ventilation for buildings – Air terminal devices – Aerodynamic testing and rating 
for mixed flow application. EN 12238:2001. Brussels, 2001. 36 p. 
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case, a “non-frontal” air supply to AD was realized, which distorted the kinematic characteristics of the jet 
and resulted in their difference from the characteristics of the jet flowing from the end opening. Such flows 
remain practically unexplored. 

It should be noted that in [31], the default values for turbulent parameters k  = 1, ε  = 1 were chosen 
for modeling free boundaries. Further numerical studies have shown that when air flows through the free 
boundary with very low velocities, the values of the turbulent characteristics are also close to zero, which 
may affect the calculation results. Therefore, numerical calculations are carried out with minimum values 
of k  and ε  equal to 0. 

The presence of an elbow or other perturbing element leads to the distortion of flow parameters 
within the channel. The extent, to which this distortion affects the flow characteristics at the supply opening, 
depends on the distance l  between the perturbing element and the supply opening. The first step to gaining 
a comprehensive understanding of this process and eliminating the influence of the air distribution system 
design is to investigate the elbow’s effect on the characteristics of the jet emerging from a free opening. 
Thus, this article aims to determine how the distance between the elbow and the supply opening influences 
the geometric and kinematic properties of the jet. 

The following tasks are undertaken to achieve set aim: 

• to develop numerical models of the “elbow - supply opening” unit and conduct a mesh 
convergence study; 

• to determine the pressure distribution and velocity components at the supply opening cross-
section; 

• to analyze the dependence of the jet parameters on the distance between the supply opening 
and the elbow. 

2. Materials and Methods 
The problem has been solved numerically in two-dimensional formulation using the computational 

fluid dynamics (CFD) software package. The geometry of the investigated area is presented in Fig. 1:  

0b  = 0.1 m is the width of the duct; L  = 2.7 m is the width of the area; H  = 2 m is the height of the area, 
is the distance from the elbow to the cross-section of the supply opening, which is measured relative to the 
BC' wall. The model with following different distances between the supply opening and the elbow were 
considered: ,l  m ( )0l b  = 0.05 (0.5); 0.1 (1.0); 0.15 (1.5); 0.2 (2.0); 0.25 (2.5); 0.3 (3.0); 0.5 (5.0);  
0.6 (6.0); 0.7 (7.0); 0.8 (8.0) and 3.5 (35). The velocity at the supply boundary into the channel AB is given 
by a uniform profile with 0v  = 3 m/s. At the remote boundaries of the areas BG, GK, KI, and IE, the pressure 
inlet boundary condition (BC) is used with set values of overpressure equal to zero and turbulent 
characteristics k  and ε  equal to 0. Impermeable boundaries AF, FD, and BC'C are simulated by means 
of wall BC, where the conditions of non-flow and non-slip are accepted. 

The verification and validation of the problem of a flow in supply opening with elbow unit was carried 
out in [33]. Different combinations of turbulence models with wall functions were studied. The combinations 
of standard k − ε  model (SKE) with standard nonequilibrium wall functions (SWF, NEWF) and enhanced 
wall treatment (EWT); the k − ε  renormalized groups model (RNGKE), standard k −ω  (SKW), k −ω  
SST (SSTKW); and the Reynolds stress model (RSM) combined with SWF, NEWF, and EWT was 
considered. The comparison of experimental and numerical studies with each other has shown that the 
combination of the SKE and SWF is the most appropriate for the considered problem and will be used 
further. 

When studying the variant with flow from an opening located at a small distance from the elbow, an 
additional question arises about the possible influence of the impermeable boundary BC' (Fig. 1a) on the 
conditions of airflow to the flowing jet and its further development. Since the problem is solved in a two-
dimensional formulation, the flow around the vertical channel (including the BC' boundary) is impossible, 
and, accordingly, the flow to the supply will occur differently. To investigate the degree of influence, a test 
numerical model (free) was created for the distance 0l b  = 1.5. In this model, a border B'C' inclined at a 
small angle was created along the impermeable wall BC', for which the pressure outlet BC was set, thus 
simulating the permeable boundary (Fig. 1b), BC on the other boundaries is identical to the original problem 
(solid). 
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a)       b) 

Figure 1. Geometry and streamlines of the investigated flow: a) initial problem (solid);  
b) problem with permeable boundary B'C' (free). 

It can be seen that, in the first case, the airflow to the jet from the surrounding space is limited and 
occurs only through the upper boundary along the impermeable wall. In the second case, air flows into the 
considered zone perpendicular to all permeable boundaries, which is more physical, but complicates the 
computer model. However, visually, the streamlines in the main area of jet development differ only slightly. 
Therefore, the need for such a model can be assessed by the degree of influence on the characteristics 
under study. For example, it is known from [10] that the jet development is influenced by the flow conditions, 

namely the distribution of velocity ( )0 0,x yv v v v  and pressure ( )st dP P  components (Fig. 2a) at the 

supply opening cut, as well as differences in the shape of the jet axis (Fig. 2b), here 0v  is the mean flow 

velocity in the channel equal to the velocity at the AB boundary, ,xv  yv  are the longitudinal and transverse 

velocity components, respectively, 2
0 2dP v= ρ  is the dynamic pressure. 

 
a) 

 
b) 

Figure 2. Flow characteristics for two problems: a) variation of relative longitudinal,  
transverse velocity, and static pressure components for straight wall and straight wall  

with addition of permeable region; b) jet axis for straight wall and straight wall  
with addition of permeable region. 

It can be seen that the distribution of relative velocity and pressure components (Fig. 2a) are different 

for the considered problems, but the maximum differences are: max
xv∆  = 0.9 %, max

yv∆  = 1 %, max
stP∆  = 

= 3 %. When analyzing the shape of the jet axis, it can be seen that the difference is not significant, and 
the maximum value is maxy∆  = 15 % (Fig. 2b). 

Thus, the presence of an impermeable boundary, for the case of a small distance from the elbow to 
the supply opening, leads to some insignificant differences in the jet characteristics during its development. 
This difference is slightly larger when considering the jet characteristics directly at the outflow. At the same 
time, it is clear that with increasing distance between the elbow and supply opening, the differences will 
decrease; therefore, it can be ignored, and the modeling can be carried out according to the solid variant. 
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When analyzing the velocity profile at a cut of the supply opening, it can be seen that its significant 
part is occupied by the vortex zone, which is formed when the flow comes off the sharp edge of the elbow 
and at such a small distance, does not have time to close on the duct wall. This zone leads to peculiarities 
and deformations of the supply jet development. Therefore, to assess the influence of the distance between 
the elbow and the supply opening ( )0l b  on the jet development, the change of parameters at the supply 

opening cut and along the jet length is investigated when the distance 0l b  changes from 0.5 to 35. 

The profiles of relative longitudinal 0xv v  and transverse 0yv v  components of velocity and static 

pressure st dP P  are investigated at the supply opening cut in comparison with the symmetric profile of the 
outflow from the end opening without elbow. The presence of a vortex zone at the upper boundary of the 
region reduces the effective flow cross-section ,effb  the upper boundary of which was calculated from the 

coordinate, where magv  = 0, when going from a negative value to a positive one. 

Several quantities will be used to determine the effect of the elbow on the flow. Since the asymmetry 
of the velocity profile with respect to the channel axis is considered, it is logical to use the flow rates in the 
upper ( )uL  and lower ( )dL  parts of the channel. The flow rate is the integral of the velocity over the 
channel width and it represents the area under the velocity profile curve plotted over the channel cross-
section. Then, the asymmetry coefficient ask  can be defined as the ratio of the difference of flow rates in 
the upper and lower parts to the total flow rate in this section. The flow rates are determined from the 
numerical determination of the velocity field: 
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Moreover, in [1], coefficients are used to estimate the irregularity of the velocity profile: 
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of the mean velocities in the section. 

The jet development can be characterized by several values. The variation of these values from that 
for the jet flowing from a straight channel shows the degree of influence of a nearby elbow. In this work, the 
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inclination angle of the jet axis α  is considered; the axial velocity distribution ,ax mv v  the kinematic 
coefficient ,m  which is used in the practice of air distribution calculations to describe the jet attenuation. 

Moreover, the dependences on 0l b  as the effective width of the supply opening (the width of the opening 

occupied by the outgoing flow, 0effb b ), the shape of vortex zones will be defined. 

The jet axis is found as the point of maximum value of the velocity modulus. Since the axis is bent at 
the initial section, for each problem, the main section of the jet is found as a part where the axis is practically 

straight. The coefficient of variation ( ) ( )2 1 ,CV x x n= − − at this part (where x  is the average value 

of the angle for the sample, and n  is the sample size), when determining the average value of the jet angle 
does not exceed 20 %, and further its angle of inclination α  to the geometrical (horizontal) axis passing 
through the center of the supply opening and counted counterclockwise. The kinematic coefficient m  is 
determined from the results of numerical modeling by the axial velocity distribution: 

0 0
,

mag
axv sm
v b

= ⋅                                                                     (5) 

where coss x= ⋅ α  (m) is the distance along the jet axis from the supply opening cut; mag
axv  (m/s) is the 

axial velocity modulus at a distance .s  

3. Results and Discussion 
The numerical modeling was carried out for models with the distance between the elbow and the 

supply opening varying in the range 0l b  = 0.5 ÷ 8.0. The design with the distance 0l b  = 35 was accepted 
as a model, in which the influence of the elbow is small. Fig. 3 shows the streamlines for all investigated 
geometries. Fig. 4a shows the variation of the axis trajectory as a function of distance 0 .l b  At distances 

0l b  = 0.5; 1.0; 1.5, it can be seen that the flow cut off from the sharp edge of the elbow is not closed on 
the channel wall. The resulting area of reduced pressure not only causes circulation of the main flow in the 
channel but also leads to the ejection of ambient air, drawing it from the outer area inside the supply channel 
(Fig. 3a–c) and significantly distorts the flow pattern. In addition, it can be seen that for the smallest 
distances 0l b  = 0.5 and 1, the inclination angle has a negative value – the jet axis is directed downwards 
(Fig. 4a). The negative angle of jet inclination is due to the fact that the small size of the elbow does not 
allow the flow in the channel to fully complete the 90° turn from vertical to horizontal direction. The jet is 
formed under the influence of the vertical velocity component directed downwards. For distances  
1 < 0l b  ≤ 7, the flow pattern begins to change qualitatively – this elbow length becomes sufficient for the 
flow to change its direction from vertical to horizontal. At the same time, the impact of the flow against the 
lower wall of the elbow and insufficient length of the upper wall leads to the opposite effect, and the jet 
leaves the supply directed upwards (Fig. 3c–i, Fig. 4a). Since the vertical component, in this case, is 
significantly smaller, the angle of inclination relative to the horizontal is also small (~ 4°, Fig. 4b). It can be 
seen, that the jet itself visually becomes more symmetrical as 0l b  increases, and the angle of inclination 

of the jet axis becomes closer to the horizontal – the geometric axis (Fig. 4a). For 0l b  > 7, it can be seen 
that the outlines of the vortex zone cease to change. It is difficult to distinguish such a jet from a jet flowing 
without the influence of the elbow. 
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Figure 3. Flow lines for the investigated geometries. 

Fig. 4a shows that at 0l b  = 7, the axis trajectory is not yet horizontal, and the angle of deviation of 

the axis from the horizontal is small, but greater than 0 (Fig. 4b), and further tends to 0 at 0l b  = 35. The 

shape of the axis is almost rectilinear at distances 2 ≤ 0x b  ≤ 40. 

 
Figure 4. a) flow axis, b) angle of axis deviation from the horizontal. 

Fig. 5 shows vortex zones occurring at 0l b  ≥ 2 at the studied unit (marked as elbow & supply). 
Outlines of vortex zones in a unit are compared with the outlines of the vortex zones occurring in a single 
elbow (marked as single elbow) found analytically using the conformal mapping method and the potential 
flow theory in [34] (marked as An. calc.), experimentally in [35] (marked as Exp.), and numerically using 
CFD methods in [36] (marked as CFD). It is possible to confirm the adequacy of the numerical study and 
further to investigate the influence of closely coupled elbow fittings on the shape of vortex zones (Fig. 5). 
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Figure 5. Outlines of vortex zones in an elbow. 

It can be seen from Fig. 5, that for 0l b  ≥ 2, the vortex zones outlines depend weakly and 
ambiguously on the distance between the elbow and the supply opening, because the elbow is upstream 
of the supply opening. It can also be noted that the outline of the vortex zone agrees well with other outline 
studies for a single elbow. Good agreement indicates that there is no upstream influence of the supply 
opening at distances greater than two gauges. 

Next, a more detailed analysis of the effect of the distance from the elbow to the supply opening on 
velocity (components 0 ,xv v  0 ,yv v  and module 0magv v ) and static pressure ( )st dP P  at the cut of 

the supply opening and along the length of the jet is performed. 

 
Figure 6. Distribution of components of longitudinal vx/v0 (a) and transverse velocity vy/v0 (b)  

of the flow at the supply cut for variation of l / b0 = 0.5 ÷ 35. 

Fig. 6 shows the variation of dimensionless longitudinal 0xv v  and transverse 0yv v  velocity 

components in the supply opening cut at different distances from the elbow. It can be seen that for  

0l b  < 8, the longitudinal velocity profiles 0xv v  remain irregular, implying that there is an influence of the 

elbow. For distance 0l b  = 35, it can be seen that there is no such influence, and the velocity profile is 
symmetrical about the centerline. The longitudinal components also indicate the presence of a vortex zone 
– for distances 0l b  ≤ 1.5, a region with negative values is observed. 

The profile of the transverse velocity component in all sections considered is also irregular. However, 
it is more difficult to judge the size of the vortex zone from these profiles. The profiles at 0l b  < 1.0, where 

the region with 0xv v  < 0, occupies a large part of the cross-section and practically coincides with the 

corresponding regions of the longitudinal velocity profiles 0 ,xv v  are clearly highlighted. For distances 
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0l b  > 5, the values 0yv v  tend to 0, and the jet is equalized. Only a small deviation in the near-wall 

region, typical for a boundary layer flow, is observed. 

 
Figure 7. Distribution of relative velocity modulus vmag/v0 (a) and static pressure Pst/Pd (b)  

at the outflow for distances l/b0 = 0.5 ÷ 35. 

The profiles of the distribution of the relative velocity modulus ( )0magv v  (Fig. 7a) show the 

presence of a vortex zone and demonstrate the influence of the elbow as a perturbing element. This 
influence can be seen from the analysis of the distribution symmetry of 0magv v  relative to the channel 

axis ( 0y b  = 0.5). In Fig. 7a, the lines show the distribution of 0magv v  at the outflow edge for the 

problems with different distances 0 .l b  The icons, in Fig. 7a, show the distribution of 0magv v  for one 

problem with distance 0l b  = 35, but in the cross-sections of the channel after the elbow. To compare 

0magv v  in this problem cross-sections are located at the same distances from the outlet 0 .l b  When 

analyzing the flow asymmetry for the cross-section at the outlet (lines in Fig. 7a), a significant asymmetry 
of the velocity profile is visible for distances 0l b  ≤ 8. For 0l b  = 35, the 0magv v  profile is symmetric. 

Comparison of 0magv v  distribution in the channel for 0l b  = 35 (icons in Fig. 7a) shows a similar to 

0magv v  distribution at the outlet for various 0l b  (lines in Fig. 7a) character, but slightly differs 

quantitatively. This comparison indicates that the flow in a long channel ( 0l b  = 35) is similar to a flow at 

the outlet for corresponding distances 0l b  and that the influence of the presence of the supply opening is 
manifested by a decrease in the velocity value by about 4 %. The distribution of the relative static pressure 

st dP P  (Fig. 7b), as in [10], shows that, contrary to the usual simplified representation, the static pressure 
at the outlet is not equal to zero. Static pressure distribution is significantly affected by the flow deformation 
associated with the presence of the elbow, especially for 0l b  ≤ 3. When the distance 0l b  > 6 increases, 
the static pressure profile becomes symmetric and tends to zero. To quantitatively evaluate the asymmetry 

of the profile, the asymmetry coefficients ,ask  Boussinesq 0,β  Coriolis 0,α  and velocity field 0k  calculated 
in the supply opening section using formulas (1–4) are used as described earlier (Fig. 8). 
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. 

Figure 8. Relationship between the asymmetry coefficients and the distance l/b0. 

Here it can be seen that the asymmetry coefficient ask  increases with increasing distance 0l b  from 
0.5 to 1, which is due to the increase in flow deformation when the flow is rotated from 0 to 90°. Reaching 

the maximum of ask  ≈ 0.57 at 0l b  = 1, the asymmetry begins to decrease, and at 0l b  ≥ 8 it becomes 

less than 0.08, and at 0l b  = 35 it is about 0.016, which can apparently be considered an error in numerical 

modeling. The variation of the Boussinesq coefficients 0β  and Coriolis coefficient 0α  has a similar 
character, except for the longest distance where the profile becomes more convex. The value of the velocity 

field coefficient 0k  has an inverse dependence in its formulation. All these coefficients should tend to unity. 
By the nature of the change of the last three coefficients, it can be seen that although the profile becomes 
more symmetric, it does not become completely uniform, which can also be seen in Fig. 7a. 

The vortex zone formed after the elbow and significant flow irregularity leads to the fact that the jet 
exit from the supply opening does not occur along the entire cross-section. This jet narrowing leads to a 
local increase in velocity and errors in the calculations of air distribution devices. Therefore, it is of interest 
to find the dependence for the effective width of the supply opening on the distance 0 .l b  The effective 
width is determined by the coordinate of the free streamline (outline of vortex zone) crossing the opening 
cut (Fig. 9). 

 
Figure 9. Variation of the effective width of the supply opening (beff/b0) for distances l/b0 = 0.5 ÷ 8. 

For 0l b  = 0.5, a non-minimum value of 0effb b  ≈ 0.7 is observed. For small distances to the elbow 

through the supply opening, the flow in the elbow does not have time to turn completely, and therefore the 
flow deformation is not maximized. It is clear that at 0l b  = 0, i.e., when there is no elbow then the case of 
flow exit through the side end opening is realized. In spite of flow deformation present the effective width 

0effb b  = 1 [11] (shown by the dashed line). Further, with increasing distance 0 ,l b  the effective width 
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first decreases, and at 0l b  = 1 reaches the minimum of 0effb b  ≈ 0.6, i.e., the maximum flow deformation 

and the size of the separation zone exiting through the supply opening are observed. Then, with increasing 
distance 0 ,l b  an increasingly smaller part of the vortex zone enters the elbow cross-section of the supply. 

The effective width begins to increase, and at 0l b  ≥ 5 0effb b  it reaches the value of 1, which indicates 

that the vortex zone ceases to occupy the area of the elbow cross-section of the supply. 

The flow deformation introduced by the elbow and affecting the exit conditions will also affect the 
parameters of the jet flowing out of such an opening. The variation of axial velocity 0axv v  along the jet 

length for cases with different distances 0l b  is shown in Fig. 10. The variation of axial velocity is plotted 
using dependence (5) with the kinematic coefficient m  = 2.62, which is given in [37] for flat supply openings. 
The velocity distribution plotted using the relation found analytically in [1] is also given there. The results of 
CFD and experimental findings of [17] are presented in Fig. 10 (marked with crosses). The mentioned 
relations are used only for the main section, which tentatively can be taken by the equality 0axv v  = 1. It 

can be seen that at 0l b  ≥ 2, the character of the axial velocity change practically coincides with each 
other and with the data of other authors. This comparison indicates that the elbow does not influence the 
conditions of flow and jet development. At smaller distances, such influence leads to a difference in the 
change of axial velocity in the jet. While the character of attenuation remains similar, the velocity values are 
higher, and the distance 0l b  is smaller, which is explained by the increase in the maximum velocity at the 
jet as the deformation increases. 

 
Figure 10. Variation of axial velocity along the jet length for different distances l/b0,  

and according to [37] (Shepelev), [1] (Abramovich) and [17] (Matsubara). 

Taking into account that the character of axial velocity change for small 0l b  is identical, it is possible 

to determine the kinematic coefficient m  and its dependence on 0l b  (Fig. 11). 



Magazine of Civil Engineering, 18(3), 2025 

 
Figure 11. Relationship between m, ξ and l/b0, and the values  

from [37] (Shepelev) and [1] (Abramovich). 

It can be seen that for 0l b  > 3 the coefficient m  can be considered constant and equal in value to 
m  = 2.56, which is close to the known value m  = 2.62 [37]. Accordingly, the influence of the elbow at such 
distances on the jet development is insignificant. For the range 0.5 ≤ 0l b  ≤ 3, the dependence of m  on 

0l b  is well approximated ( 2R  = 0.989) by a polynomial of the second order: 

2
0 00.119 0.7418 3.7182.m l b l b= ⋅ − ⋅ +  

Besides, as stated in [1], the following relationships can be used to determine the change of axial 
velocity of the jet flowing with irregular initial profile: 

0

0 0

3.8 ,
2

mag
axv
v s b

ξ ⋅ β
= ⋅                                                            (6) 

where the Boussinesq coefficient 0β  and an additional coefficient ξ  are introduced to account for the 
irregularity of the profile, which depends on the specific irregularity and the design of the AD and is proposed 
to be determined empirically. When comparing (6) with (5), it can be seen that the kinematic coefficient in 
this case will be equal to: 

0
0

3.8 2, and .
3.82

mm = ⋅ξ ⋅ β ξ = ⋅
β

 

Since, in this case, the opening design is not changed and the irregularity of the profile depends on 
the distance from the elbow, the relationship between the coefficient ξ  and the distance 0l b  is plotted 
from the results of the numerical study (Fig. 11). This relationship can also be used to determine the 
attenuation of the axial velocity of a jet flowing out of a supply opening located after the elbow at the distance 

0 .l b  

4. Conclusion 
1. The presence of the elbow before the supply opening significantly affects the profiles of the 

longitudinal and transverse velocity and static pressure components at the outlet. At 0l b  < 5, this 

influence leads to significant flow deformations and must be taken into account. At 0l b  > 5, the 
profiles begin to equalize. However, even at a distance of 8 gauge, the profile remains 
asymmetrical. 

2. At 0l b  < 5, the flow does not occur over the entire width of the supply opening. 
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3. At the minimum of the investigated distances 0l b  = 0.5, the maximum negative angle of jet 
inclination relative to the geometric axis of the air distributor is observed. In the range of  
1 ≤ 0l b  ≤ 3, the jet inclination angle increases, and further, at a greater distance from the turn, 
the flow angle is 0. 

4. The dependence of the kinematic coefficient m on the distance between the elbow and the supply 
opening for the range 0.5 ≤ 0l b  ≤ 8 is plotted. 

Thus, the presence of the elbow affects the flow characteristics both at the unit “elbow - supply 
opening” and at the characteristics of the supply jet. The influence is significant on downstream 
characteristics – jet and flow parameters at the outlet of the supply opening at the distances 0l b  < 5. For 

such units, it is recommended to use the dependences found in this study. At distances 0l b  > 5, the 
presence of an elbow before the supply opening can be neglected with accuracy sufficient for design 
calculations. For the upstream parameters – vortex zone outline, the influence is significant for distances 

0l b  < 2. 

As limitations and further prospects for the development of the study, it should be noted that the flows 
in such units, where several shaped elements are in close proximity to each other, should also be studied 
from the point of view of aerodynamic resistance, as it is done, for example, in the works on the study of 
mutual influence of elbows [36, 38, 39]. For such a study, it is possible to use the existing computer models 
to obtain data on the pressure distribution in the studied units in order to determine the local drag 
coefficients, the lengths of influence zones, critical distances, and their dependence on the distance 
between the elbow and the supply opening. It needs experimental validation to obtain the design 
dependencies [40]. 
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