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Abstract. On the basis of physical equations of deformation theory of plasticity using Kirchhoff—-Lava
hypothesis, matrix dependences between columns of forces and moments and columns of deformations
and curvatures of the shell midface are determined at the loading step. As a finite element, a quadrilateral
fragment of the shell midface with nodal unknowns in the form of: increments of displacements and their
derivatives; increments of deformations and increments of curvatures; increments of forces and increments
of moments were used. To approximate the required quantities, the following expressions are adopted:
bicubic functions with elements of Hermite polynomials of the third degree for displacements; bilinear
functions for deformation and force parameters. To obtain the stiffness matrix of the finite element, the
nonlinear Lagrangian functional on the loading step was used with an additional condition: the real work of
the difference of forces determined using their direct approximation and using approximating expressions
for displacements, on deformations and curvatures of the loading step must be equal to zero. Minimisation
of the functional by nodal unknowns provides three systems of equations, the solution of which determines
the stiffness matrix of the finite element used to calculate the displacement fields. The force and deformation
parameters at the discretisation nodes of the shell are determined from the displacements found. Case
studies show the effectiveness of using a three-field finite element method (FEM) technique compared to
using FEM in the displacement method formulation (single-field technique).
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1. Introduction

Definition of the object of study. Structures consisting of shells and their fragments are now
increasingly used in various fields. These include hangars, warehouses, domes and slabs, tanks, bunkers,
cisterns, pipelines and others. The worldwide trend aimed at significant reduction of material intensity of
systems and objects actualises the problem of determining the stress-strain state (SSS) of structures in the
form of shells and their fragments in a physically nonlinear formulation.

Assumption within the regulated limits of the plastic stage of the applied material of structures allows
to reduce the overall material intensity of structures, including those consisting of shells.
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Literature review. The developed theory of solid body deformation [1—4] turned out to be theoretically
unrealisable in the practice of engineering calculations of real structures, which led to the development of
numerical methods for solving the equations of solid body deformation mechanics [5-9]. At the present
stage of development of structural mechanics and computer science, the main tool for investigating the
SSS of shell structures beyond the elastic limit is numerical finite element method (FEM). In spite of the
considerable volume of publications on this subject [10-15] and the availability of foreign (ANSYS,
ABAQUS, NASTRAN, etc.) and domestic (PRIIS, LIRA, etc.) finite element computational systems, the
problem of finding the most optimal formulations of the FEM for the calculation of shell structures in a
physically nonlinear setting remains quite relevant. It is known that the FEM in the form of the displacement
method is the most widespread at present, but it does not lack the disadvantages associated with the use
of only one field of unknowns — the displacement field. The mixed variant of the FEM with kinematic and
force fields of unknowns [16-23], as well as the FEM variant with three fields of unknowns [24, 25], are
becoming the most promising.

Purpose and objectives of the study. In this paper, the three-field variant of the mixed FEM is applied
to the calculation of shells under elastic-plastic deformation and the finite element solutions obtained on its
basis are compared with the solutions obtained using the FEM in the formulation of the displacement
method in a physically nonlinear setting.

2. Materials and Methods

In order to realise the three-field variant of the mixed FEM in a physically nonlinear formulation, it is
first of all necessary to formulate the corresponding nonlinear three-field functional. For this purpose, we

T
introduce the following matrix notations: {S“B } = {Nl IN22NR2p g 20012 } ;
1x6
T
{ASOLB} = {AN“AN22AN12AM11AM22AM12} is matrix-string of longitudinal forces and bending
1x6
moments and their increments at the loading step, respectively;

T
{Asaﬁ} ={Asl1A8222A812AN“AN222AN12} is matrix-string of deformation increments and
1x6
curvature increments at the midpoint of the shell structure surface at the loading step;

{AU}T:{Alevav} is matrix-string of step increments of displacement vector components;
1x3

{P}T = {plpzp}; {AP}T = {AplApzAp} are matrix-string of external surface load vector components
1x3 1x3
and their step increments, respectively.
The increments of longitudinal forces AN®P and increments of bending moments AM P at the
loading step can be expressed through the increments of deformation and increments of curvature {ASQB}
using the following relations:

h h
(aneP) = (a0 ac = | [¢, J[61deiacyg) =[a, {acuy): 1)
3 _g _g 3 36 6x1 6 6x
h h
(a8} = | a0 edc = | [, ][6)cdc{aeup) = [B, J{aeu) @
3xl _ _g 3x3 3x6 6x1 36 6xl

| >
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where {AN“B}T :{AN“AN”AN”}; {AM“B}T ={AM“AM22AM12}; [0, ]=
3x3  3x6

1x3 1x3 3x6 _

| >

h
2
and [Bp] .[[C ][ ]CdC are matrices obtained by numerically finding definite integrals;
w6 M 33 3x6

2

T
{AG“B} = {AGI lAczzAclz} are the increments of the contravariant components of the stress tensor at

1x3
the loading step.

The plasticity matrix included in (1) and (2) [CP] is composed on the basis of the relationships of

the deformation theory of plasticity [4], represented in a curvilinear coordinate system by the expression:

3
EOLB :E TqBa (3)

a |

1

1
where EaB =8§B—§gQBPE are components of the deformation deviator; €;, G; are intensity of

i
f T, LousP | iator; P, =g™e.5, Py =g,,0"
deformations and stresses; 1,5 =Gy — Egaﬁ o Is stress deviator; 1y =g "€y, L5 =g,,0 are

first invariants of strain and stress tensors; g3, go‘l3 are covariant and contravariant components of the
metric tensor.

The increments of deformations in an arbitrary layer at a loading step are determined by
differentiating (3) in the following general form:

oe:

A @
o™

The partial derivatives included in (4) were determined by the relations:

Ag®

22_‘11;11_2 g —8u8nt ;(gngncr +2818120' > + 8128120° ) (51/1?)
+g11g11£§'%—%-8—2j_%g11 > 8(81/1?1)’
ijz =% z_(glzgzz +812821) + 5)
+%(g11g21011+0 (211822 + £12821) + 212820° ) (a f )
+2g12g12£§'%—%-8—’i]_%g12 > a(;;fz)’

where E is modulus of elasticity; v is coefficient of transverse deformation.

The derivatives of the ratio of strain and stress intensities included in (5) are determined by the
expressions:
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ﬁ(si/ci)zﬁ(ai/ci). 00; :[&si Gil'gz}' 1 0o;

=V ) (6)
dc™* do; 0o | do; 61.2 dc™"
1 1 . '
where \|I— —_— , Ex, E. are tangent and secant modules of the deformation diagram;
A\ Ex EC
0o; 3 1 1 2 1
1—— T+ y— T, +
oGl 4 s, [( 3g gllj 1 3g11g11 3g 81122

1 2 2 12 4 2 1 33 1 33
+[g21g21—§g22g11jT —Eg 811 T12+§g11g21T _Eg gllT33_§g33g11T

Using (4), (5), (6) a matrix dependence is formed:

{Ae} = [m]{Ac“B }, )

3x1 3x3 3x1

where {Asg }T {As A8222A812}
1x3

Matrix [CP] determined by matrix inversion [co]

3x3 3x3

Taking into account the above, the matrix relationship is written:

{ac"Ph=[c, J{aesp}=[ C, J[G]{Aces), (8)
3x1 3x3 3x1 3x3 3x6  6x1
1 00 ¢ 0O
where {Aagﬁ} = {acfiae5, 200, )5 [G]=[0 1 0 0 ¢ 0|
1x3 1001 0 0 ¢
Taking into account (1) and (2), the following matrix relation can be composed as follows:
A} =[r]{acqp). ©)

6x1 6x6  gxl1

h = >
where ng [Bp]
3x6

If we use a four-node fragment of its midface [24] with nodes i, j, k, [ as a discretisation element

of the shell structure, the increments of longitudinal forces and increments of bending moments at the
loading step can be expressed through their nodal values by means of bilinear relationships:

s 5o 155 5000 5 g

+%§.“T”(AQ‘*B ) = (o} {a0:").

C O o7

(10)
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where —1<&, <1 are local coordinates used to organise the procedure of numerical integration by

Gauss quadrature; {AQ;,*B}T - {(AQ“B )i (AQ“B )j (AQ“B )k (AQO‘B )l}
1x4

Here, AQ“B is understood as AN®? or AM*P. On the basis of (10), a matrix dependence can be
compiled:

ket "

where [H] is a quasi-diagonal matrix, on the main diagonal of which the row matrices {(p}T;
6x24 1x4

fasgPf’ = fang?} famge)’
1x24 1x12 1x12

Taking into account the notations introduced above and (1)-(11), the nonlinear mixed functional can
be written in the following form:

(I)S=1j7 {SO‘B}T+%{AS§B}T {Ae oy} dF =

1x6 1x6 6x1
x x ) (12)

- j{AU}T{{PHl{AP}}dFle j| {asgP) —{aseP) |(acp, | d.
F 1x3 3x1 2 3x1 2F 1x6 1x6 6x1

The column of increments of deformations and curvatures of the medial surface of the shell structure
included in (12) can be expressed similarly to (11) through their nodal values:

{Aeop, | =[H]{Aep, ). (13)
6x1 6x24  24x]
and can be represented by the Cauchy relations for thin shells [26] by a matrix product:
{Aepx | =[D){AU}. (14)
6x1 6x3  3x1

The column of step increments of the components of the displacement vector of a point of the centre
surface of the shell structure can be interpolated through the nodal values of the component increments by
means of products of Hermite polynomials of the third degree:

(AU} = [4]{aU* | = [4] [ ] {aU“}, (15)
3x1 3x36 36x1 3x3636x36 36x1

where [A] is a quasi-diagonal matrix containing matrix-rows of polynomial Hermite functions; {AUL}
3x36 36x1

and {AUG} are columns of kinematic nodal unknowns at the loading step in local and global coordinate
36x1

systems, respectively, and [PR] is the transition matrix from column {AUL} to column {AUG}.
36x36 36x1 36x1

The relation (14) taking into account (15) will take the form:

{Acqpic) =[DI[4][Re] {AUC | = [B] [Re){aU“}, (16)
6x1 6x3 3x3636x36 36x1 6x3636x36 36x1
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whar {AuL}T={{AVIL}T{AV2L}T{AVL}T}; {AUG}T={{AVIG}T{AV26}T{AVG}T};

1x36 1x12 1x12 1x12 1x36 1x12 1x12 1x12

T . . . .
L k / / /
{Aq } :{Aql Ag’! AG" Aq' Aq:...Aqe Aqfn...Aq,n};
1x12

{AqG}T :{Aqi qu Aqk Aql Aq’ia...Aq’la Aqu...Aq’IB}.
1x12

Here, Ag means Avl, sz or Av, and a and 3 are curvilinear global coordinates.

The functional (12) taking into account (8)—(11) and (13)—(16) can be transformed to the form:

Dy ={AUG}T [P]" [B]T{S“B}T dF—{AUG}T [Pe]"
b6 3636 F36x6 g b3 | 36x36

10 a1 aryar [ Lo 1] [ rjarfasi®)s o

F36x3  3xl F36x3  3xl boa | F24x6 6x6  6x24 2ax

H{aeap) 5 [T 11 [BYAF [Pe){aU° |~ (e, ) 1] [H]aF {asef).

1x24 F24x6 6x66x36  36x36 136, 1x24 F24x6  6x24 2ax]

For convenience of further calculations, we introduce the following matrix notations:

[a] = J[H] [+] ' [H]aF: 5] =—J[H] [v][B]dF [P ]:

24x24  F24x6 6x6 6x24 236 2 F24x6 6x66x36  36x36
[c] =5 [T [H1ars {fs}=[R]" [[B) {50 }ar: (18)
2x24 2 F4x6 624 36x1  36x36 F36x6 gy
T T
(o) =[B]" [14] {PYaFs {1y} =[Fa]" [[4]' {AP}dF.
36x1  36x36 F36x3  3xl 36x] 36x36 F36x3  3xl

The functional (17) taking into account (18) can be written in the following form:

c1>S={AUG}T{fS}—{AUG} {fp}——{AUG} {fap}+

36x1 36x1 36x1
1x36 1x36 1x36 (1 9)

ASCP AS®BYfae o VT 1] {AU9 = o V' [c] {ASOBY.
2{ 1x24 } 2[32]4{ 2411 }+{ lgngu} 2[‘XJ6{ 36x1 } { 182514} 2[‘34{ 2411 }

T ap)” T’
By successively minimising (19) by {Agaﬁu} , {ASu } and {AU } , we can obtain the

following system of matrix equations:

. S/a{AgaBu}T =[] {AUC}- [c] {ase®} =0,
2436 364 24x24 g4

24x24 944 24x24 24x1

8{AUG}TE{fS}_{fP}_{pr}+ [] {Aeuﬁu} 0

361 36x1  36x1  36x24 24x1

acDS/a{Asgﬁ}T = [4] {ASZ?B}— [c] " {Aeqg, | =0: (20)
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To solve the system (20), we can use the substitution method. For this purpose, from the first and
second equations (20), it is necessary to express the force and deformation step nodal unknowns:

-1
{asePl=[e] " [] {AUL: {Acqp) { [c] T} [a] {asg®). 21)
24x]1 24x24 24%36 36x1 24x1 24x24 24x24 24x1
By substituting (21) into the third equation (20), the following matrix equation can be obtained:
-1
Ul 17 17| [ [ [ fete
36x1 36x1 36x]  36x24 | 24x24 24x2424x24  24x36 36,

or in a more convenient form:

(K] {AUG}Z{pr}— {fs)-{h} | (23)

36x36 36y 36x1 36x1 36x1

36x36  36x24 | 24x24 24x2424x24  24x36
discretisation element of the three-field variant of the mixed FEM at one of the successive loading steps;

1
where [K] = [b] T[ [] T} [a] [c] - [b] is the stiffness matrix of the used four-node

{pr} is the column of step forces; {fS }— {fp} is the Newton—Raphson correction at the loading step.
36x1 36x1 36x1

To obtain the stiffness matrix of the finite element at the loading step, a numerical integration

procedure was applied using the Gauss method for the area of the mid-surface (n = 6) and the Simpson

formula (n = 7) when integrating over the shell thickness.

The global stiffness matrix of the shell structure [K ] is composed of a four-node discretisation

element by means of an index matrix formed according to the accepted boundary conditions of the
calculated shell [27].

In order to verify the above algorithm for the calculation of shell structures in a physically nonlinear
formulation, a comparative analysis of finite element solutions obtained using the developed variant of the
mixed FEM with the solutions obtained on the basis of the FEM in the formulation of the displacement
method was performed.

3. Results and Discussion

Example 1. As an example, a fragment of an elliptical cylinder made of duralumin alloy with the ratio
of ellipse parameters of cross-section a/b = 5, loaded with internal pressure of intensity g = 6-10-3 MPa,
was calculated. The calculation scheme of the shell is shown in Fig. 1. The following initial data were used:
a=15m; b =03m; h =0.01m; L =0.01m; £ =7.49-10* MPa; v = 0.32. The deformation diagram
was assumed as a two-linked broken line defined by the formula:

o; =1go-g;; g; £0.0023496;
c; =tgP- (81‘ — 0.0023496) +200; ¢; >0.0023496,

where tgo =85120.87; tgB =18087.03.
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Figure 1. Calculation diagram of an elliptical cylinder.

The calculations were performed in two variants: in the first variant, the above three-field mixed FEM
algorithm in a physically nonlinear formulation was implemented; in the second variant, the FEM algorithm
in the formulation of the displacement method was used. The results of the variant calculations are
presented in tabular form. The tables show the numerical values of normal stresses in the rigid embedment
and at the free end of the shell, as well as the values of bending moment (for the first variant of calculation)
when varying the degree of refinement of the discretisation grid and the number of loading steps.

Tables 1-3 present the results of the first variant of calculation at successive densification of the
mesh of nodes 41x2, 51%x2, and 61x2 depending on the number of stages of successive loading.

The selected design scheme allows to calculate the values of physical bending moment in the rigid
embedment (Fig. 2):

M,, :(qu2/2+qrcz/2)L :(q/Z)(b2 +02)L =

=3.10°N/m? -((1.5m)2 +(O.3m)2)-10_2m =3.10-234N-m=702N-m.

-

| Z

Figure 2. Section of the shell by the plane ZOY.
It is also obvious that the bending moment A ,, at the free end of the elliptical cylinder, as well as
the stresses, must be equal to zero.

The rightmost column of Tables 1-3 shows the above-mentioned analytical values of the controlled
strength parameters of the shell SSS.
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Table 1. Values of controlled SSS parameters at 41%2 node grid.

Point coordinates,

Stress o, MPa,
moment, M2,

Number of loading steps

Analytical solution

y,m; z,m N-m 22 52 82 102
ol 347.3 347.5 347.6 347.6 -
00 ogut -346.7 —347.1 —347 1 —347 1 -
03 % ) ) ) )
M22 70.74 70.55 70.22 70.16 70.20
ol -0.192 -0.190 -0.190 -0.191 -
1.5: o9y’ -0.137 -0.136 -0.136 -0.136 -
0.0 ohdl 0.0687 0.0681 0.0681 0.0685 0.000
M22 0.0005 0.0005 0.0005 0.0005 0.000
Table 2. Values of controlled SSS parameters at 51%2 node grid.
. . Stress o, MPa, Number of loading steps
Point coordinates, . .
. moment, M22, Analytical solution
y, m;z, m N-m 22 52 82 102
(55”2 347.4 347.6 347.6 347.6 -
0.0;
’ out
0.3 ) -346.7 —-347.1 -347.2 —-347.2 -
M22 70.87 70.36 70.32 70.29 70.20
Giznz -0.0708 —0.0682 -0.0679 —-0.0683 -
1.5; o9y -0.0533  -0.0514  -0.0511  —0.0515 -
0.0 ohdl 0.0273 0.0266 0.0265 0.0266 0.000
M22 0.0004 0.0004 0.0004 0.0004 0.000
Table 3. Values of controlled SSS parameters at 61x2 node grid.
. . Stress o, MPa, Number of loading steps
Point coordinates, . .
. moment, M2, Analytical solution
y! ms Z, m Nm 22 52 82 102
(siz”z 347.5 347.6 347.7 347.7 -
0.0;
! out
03 055 —-346.7 -347.1 —-347.2 -347.2 -
M22 71.03 70.50 70.37 70.33 70.20
Giznz —0.0295 —0.0298 —0.0299 —0.0297 -
1.5: o9y -0.0223  -0.0225  -0.0225  -0.0224 -
0.0 ohdl 0.0119 0.0120 0.0120 0.0120 0.000
M22 0.0003 0.0003 0.0003 0.0003 0.000

As follows from the analysis of the data given in Tables 1-3, the three-field version of the mixed FEM
in the physically nonlinear formulation demonstrates stable convergence of the computational process, both
when the discretisation grid is reduced and when the number of successive loading stages is increased. In

addition, the numerical values of the bending moment M, in the rigid embedment and at the free end
practically coincide with their analytical values, which is also a proof of the correctness and high degree of
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accuracy of finite element solutions obtained by using the developed three-field mixed FEM in the physically
nonlinear formulation.

If the classical FEM formulation of the displacement method is applied to the solution of this problem,
the results of finite element solutions will be quite different from the above-mentioned ones. For example,
Table 4 shows the results of the FEM calculation of an elliptical cylinder in the form of the displacement
method with a 61x2 node grid.

Table 4. Stress values of elliptical cylinder FEM in the form of displacement method with 61x2
node grid.

i i Number of loading steps
Point co?rdmates, Stress 022, 9 step Analytical solution
y, m; z, m MPa 22 52 82 102

0.0; ol 304.1 274.6 120.3 276.0 -
03 oy -303.8  -2743  -1127  -2758 -

ol —76.44  —66.17 ~140.8 —62.41 -
1.5; out
00 o%4 358.4 323.2 330.2 319.4 -

oid! 270.7 250.8 246.4 248.9 0.000

As follows from the analysis of Table 4, there is no convergence of the computational process when
the number of successive loading steps is increased. In addition, the stresses at the free end of the shell
reach unacceptably high values, although they should be equal to zero.

Obviously, when using the FEM in the formulation of the displacement method in physically nonlinear
calculations of shells with significant curvature of the medial surface, a much more significant refinement
of the discretisation grid is required. Tables 5—7 show the results of elliptical cylinder calculations with 81x2,
101%2, and 121x2 node grids, respectively.

Table 5. Stress values of elliptical cylinder FEM in the form of displacement method with 81x2
node grid.

i i Number of loading steps
Point co?rdlnates, Stress 622, g P Analytical solution
y,m;z,m MPa 22 52 82 102
0.0; ol 343.9 302.9 369.0 264.1 -
0.3 oy -3434  -3022 -370.4 -263.0 -
ol —66.74 ~59.54 ~32.91 -56.99 -
1.5 out 278.5 259.7 253.6 248.7 -
00 ou . . . .
old! 213.8 178.8 176.7 156.3 0.000

Table 6. Stress values of elliptical cylinder FEM in the form of displacement method with
101%x2 node grid.

i i Number of loading steps
Point co?rdlnates, Stress 622, g slep Analytical solution
y,m;z,m MPa 22 52 82 102

0.0: o 345.0 345.2 344.2 341.6 -
03 o3y —3445  -3448 3438 = -3412 -

o 4734  —47.49 —47.21 —46.41 -
1.5; out
00 o9} 227.5 227.7 227.2 225.6 -

ohdl 114.9 115.2 114.6 112.9 0.000

Table 7. Stress values of elliptical cylinder FEM in the form of displacement method with



121%x2 node grid.
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Number of loading steps

Point co?rdlnates, Stress 022, Analytical solution
y,m;z,m MPa 22 52 82 102
0.0; ol 346.3 346.6 346.6 346.6 -
0.3 o9y _3458  —346.1 —346.1 —346.1 -
ol ~37.30 —37.41 —37.43 —37.44 -
1.5; out
00 o% 1451 145.6 145.7 145.8 -
Ggg'dl 69.49 69.74 69.80 69.81 0.000

Analysing the tabulated values of normal stresses in Table 5 shows that for 81x2 node grid, there is
also no convergence of the computational process as the number of sequential loading steps increases
and the stresses at the free end have unacceptably high values.

For 101x2 node grid in rigid embedment (Table 6), satisfactory convergence of the computational
process is observed. However, the stresses at the free end have unacceptably high values.

With a 121x2 node grid (Table 7), the values of stresses in the rigid embedment remain almost
unchanged and coincide with the values of stresses in the rigid embedment obtained using the three-field
version of mixed FEM (Tables 1-3). However, at the free end, the normal stresses still remain very far from
zero values, which requires further refinement of the discretisation grid.

Table 8 shows the calculation results of the elliptical cylinder at 201%2 node grid. As can be seen
from the analysis of the tabular data, a steady convergence of the computational process is observed in
the rigid termination as the number of successive loading steps increases. At the free end of the shell, the
stress values have decreased but still remain quite far from zero values.

Table 8. Stress values of elliptical cylinder FEM in the form of displacement method with
201x%2 node grid.

Number of loading steps

Point co?rdlnates, Stress 022, Analytical solution
y, m;z,m MPa 22 52 82 102
0.0 oy 347.2 3475 347.6 347.6 -
0.3 o3y —346.8  -347.0 —347.1 ~347 .1 -
03"2 -17.44 -17.49 -17.50 -17.51 -
1.5;
0.0 cggf 40.28 40.41 40.44 40.45 -
ohdl 16.31 16.37 16.38 16.38 0.000

In addition, it should be noted that when using the traditional formulation of the FEM in the form of
the displacement method, the problem of obtaining the numerical value of the bending moment in the rigid
embedment arises. To solve this problem, a graphical method can be applied to calculate the bending
moment value from the normal stress epiphysis in the rigid embedment, plotted at fixed points of vertical
coordinate along the normal to the medial surface of the shell.

Fig. 3 shows the normal stress epiphysis in the rigid embedment with a 201x2 node grid plotted at 9
node points along the surface normal. For convenience of further calculations, the epyure was divided into

elementary figures and the centres of gravity in each figure were found. Then, the forces f; (i =1,. ..,10)
were calculated as the areas of each of the figures. Moments were calculated as products of forces by the

corresponding arms MZ- = fl -d; (i = 1,...,10).
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Figure 3. Normal stress diagram in a rigid termination.

The resultant moment can be obtained by summing the moments Mi :

10,
M22:Z‘Mi
i=1

After performing the above calculations, the resultant torque is obtained as follows:
M22 =69.554 N-m.

The calculation error was:

5 70.2-69.554
70.2

Obviously, when building a more detailed stress diagram, for example, by dividing it by height into
17 points, the calculation error can be reduced. However, the error of 0.92 % obtained by dividing the stress
diagram into 9 points along the section height is quite acceptable for engineering calculations.

-100% = 0.92%.

Calculation example 2: A fragment of an elliptical ring with the ratio of ellipse parameters a/b =6,
loaded on the right side with a linear load of intensity ¢ = 25 kN/m uniformly distributed along the
formations and having a hinged support on the left side, was calculated (Fig. 4). The following initial data

were used: @ =1.2m; b =0.2m; & =0.008 m; L =0.01 m. The physical characteristics of the material
and the deformation diagram were taken from the previous calculation example. A reactive force equal to

the applied nodal load occurs at the hinge points R = (. Thus, the normal stresses G,, at points K and

M must be equal. The equality of the normal stresses G,, at points K and M can serve as an

additional criterion for the correctness of the numerical values of the normal stresses obtained as a result
of the solution.
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Figure 4. Calculation diagram of an elliptical ring.

The calculations, as in the previous example, were performed in two variants: the first variant used
the developed three-field mixed four-node discretisation element; the second variant used a finite element
whose stiffness matrix was composed in the formulation of the displacement method. The results of the
first variant of the calculation are summarised in Tables 9 and 10. Table 9 shows the values of normal
stresses on the inner and outer surfaces of the shell at the points of application of a given load and at the
points of hinge support depending on the density of the discretisation grid at a fixed number of loading steps
equal to 22.

Table 9. Stress values of the first calculation variant depending on the size of the
discretisation grid.

Point coordinates, y, m; Stress 677 MPa Sampling grid
t,m 22 51x2 61x2 81x2 101x2
o 303.5 304.0 305.2 305.5
1.2; 11/2
o3y 2701 —270.4 —271.0 —271.2
ol 303.0 304.0 305.2 305.5
-1.2; /2
o3yl —269.6 —270.3 —271.0 —271.1

Analysis of the data shown in Table 9 indicates the stable convergence of the computational process

as the discretisation grid thickens and the values of normal stresses at points K and M practically
coincide, which should be the case with the selected design scheme.

Table 10 shows the results of the shell calculation with a fixed discretisation grid of 612 and a
sequential increase in the number of sequential loading stages.

Table 10. Stress values of the first variant depending on the number of loading steps.

Number of loading steps

Point coordinates, y, m;
y Stress 622, MPa

tm 22 52 82 102
03”2 304.0 304.7 304.8 304.8
1.2; 11/2
Gg’z” -270.4 -270.5 -270.6 —270.55
ci2’72 304.0 304.7 304.8 304.8
-1.2; /2

oyl -270.3 -270.4 ~270.4 ~270.4
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As follows from the analysis of the data in Table 10, a stable convergence of the computational
process is observed. The numerical values of normal stresses change very slightly when the number of
loading steps increases from 22 to 102, which is also a necessary condition for the reliability of the numerical
values of stresses obtained as a result of the calculation.

The results of calculations for the second variant, in which the FEM algorithm in the classical
formulation of the displacement method was implemented, are presented in Tables 11 and 12. Table 11
contains the results of calculations with a fixed number of loading steps equal to 22 and successive
densification of the discretisation grid from 61x2 to 201x2.

Table 11. Stress values of the second calculation variant depending on the size of the
discretisation grid.

Point coordinates, Stress 627. MPa Sampling grid
y, m; t,m 22 61x2 81x2 101x2  121x2  151x2  201x2
o 711.6 528.7 4425 304.8 357.8 334.4
1.2; /2
o34 2847  -3209 -319.0 -3095 -297.7 —-287.5
o 276.9 301.7 301.1 302.9 305.9 305.7
-1.2; 11/2
o34 2501  -2691  -2681  -2695 -2716 -2714

The analysis of Table 11 shows a very slow convergence of the computational process as the
discretisation grid of the calculated shell becomes denser. It can also be noted that the normal stresses

G5, atthe load application points g and the hinge points do not match. Fig. 5 shows a plot of the variation

of the stress ratio k = (Gé”z) /(Giznz) atthe K and M points of the shell as a function of the density
K M

of the discretisation grid in the two computational formulations of the FEM.
kA

30 -

20 -

0 61x2 81x2 101x2 121x2 141x2 161x2 181x2 201x2 Node grid

Figure 5. Plots of coefficient k variation depending on the size of the sampling grid for the first (1)
and second (2) variants of calculation for the first (1) and the second (2) calculation variants.

As can be seen from Fig. 5, the developed three-field mixed FEM algorithm allows to have a

coefficient & equal to 1 at any, even very sparse, discretisation grid, whereas the FEM in the formulation
of the displacement method does not allow to achieve such a result, despite a very significant densification
of the discretisation grid. Further densification of the mesh is also not reasonable, as it leads to the
accumulation of rounding errors at the size of the discretisation element comparable to its thickness, which
does not meet the criteria of a thin shell.

Table 12 shows the results of the second variant of calculation at a fixed 201x2 discretisation grid
depending on the number of stages of sequential loading.
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Table 12. Stress values of the second variant depending on the number of loading steps.

Number of loading steps

Point coordinates, y, m;
y Stress 622, MPa

tm 22 52 82 102
01'2”2 3344 313.1 318.5 311.7
1.2; /2
cggf -287.5 2716 -276.4 -271.1
05”2 305.7 295.1 285.7 282.4
-1.2; /2
cgg’ —271.4 -263.4 -256.6 —-254.1

As follows from the analysis of the data in Table 12, satisfactory convergence of the computational

process is observed, but the difference between the stress values at points K and M remains almost
constant within 10 %, which should not be the case with the selected design scheme.

Calculation example 3. A calculation was made of a truncated ellipsoid of revolution under the action
of internal pressure of intensity ¢ = 6.5 MPa (Fig. 6). The left end was rigidly clamped, the right end was
free. The geometric dimensions of the ellipsoid were taken to be: @ = 1.3m; b = 0.8 m; & = 0.02 m;

coordinate x was determined by inequality 0 < x <1.2 m. The physical properties of the shell material
were taken from the previous example. Considering that the right free end of the ellipsoid is in a momentless
state, the value of the normal stress in the hoop stress can be found using the Laplace formula [28]

Gxx/Rx +Gtt/Rt = Q/h~

Figure 6. Calculation scheme of an ellipsoidal shell.

midl

Taking into account that on the free end G,,. should be equal to zero, G, will be equal:

op' =(g/h)- R, =(6.5MPa/0.02 m)-0.5488 m =178.36 MPa.

During the solution process, the convergence of the computational process was monitored both as
the mesh density increased and as the number of loading steps increased. Table 13 presents the stress
values on the internal 6", external 6% and median 6™ the ellipsoid surfaces at the supporting and

free ends, depending on the degree of mesh density for a fixed number of loading steps equal to 22.
The stress calculated using the Laplace formula is included in the far right column of Table 13.

Table 13. Stress values depending on the discretization grid size.

- Sampling grid
Shell cross Stress &, MPa pling g

Analytical solution

section 201x21 301x21 361x21 401x21
ci’; 322.3 327.2 324.2 326.1 -
Support, out
-232.4 -236.5 -233.8 -233.9 -
x=0.0m Oxx

oMidl 162.7 164.4 163.4 165.1 -
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Sh:;:‘tzu?ns ” Stress 0, MPa 55 1x21 3o1i;r1np"ng§§r1igz1 s01x1_ /nalvtical solution
o 0.073 0.035 0.033 0.034 -
oo 0.068 0.033 0.030 0.031 -
Free end, omid! 0.062 0.025 0.022 0.024 0.00
x=12m ol 182.7 183.0 184.2 185.4 -
o 169.9 170.2 171.4 172.6 -
omidl 176.14 176.44 177.61 178.86 178.36

Analyzing the data presented in Table 13, we can confirm stable convergence of the calculations
and consider a 201x21 node grid to be entirely sufficient.

Table 14 shows the values of the controlled parameters of the ellipsoid SSS for a 201x21 node grid
depending on the number of loading steps.

Table 14. Stress values depending on the number of loading steps.

Sh:élcfi?:s- Stress 7, MPa 22 Num::r of Ioadin4gzsteps 52 Analytical solution
ol 3223 320.3 320.1 320.4 -
f :%?gr; o 2324 -231.1 -231.0 2309 -
omidl 162.7 161.3 161.1 161.8 -
o 0.073 0.074 0.082 0.083 -
oo 0.068 0.068 0.075 0.076 -
Free end. o™idl 0.062 0.062 0.070 0.071 -
x=12m o 182.7 182.8 183.5 183.6 -
o 169.9 170.0 170.7 170.8 -
omidl 176.14  176.21 176.92 177.02 178.36

Table 14 shows that as the number of loading steps increases, the stress values change only slightly.
Therefore, the stability of the computational process convergence is ensured. The numerical stresses at
the free end of the ellipsoid correspond to their analytical values with an acceptable error of 0.75 %.

The multipolic end-element approach to the analysis of the elastoplastic deformation was used in
works [25, 28-31], in which in addition to the fields of displacements and stresses, additional fields of plastic
factors were used in expressions to determine the speeds of plastic deformations.

In this work, in the mixed formulation of the FEM, they are used as the desired fields of unknown
quantities: increment of movements, deformations and curvatures of the midlife, as well as increment of
efforts and moments.

To obtain a plasticity matrix, a deformation theory of plasticity [4] is realized in a step of loading,
which made it possible to exclude an additional field of unknowns — the field of plastic factors.

4. Conclusions

1. A nonlinear mixed functional with three fields of step unknowns: kinematic, force and strain is
proposed.

2. Based on the proposed nonlinear mixed functional, an algorithm for forming the stiffness matrix of
a curvilinear four-node discretisation element at a loading step is developed.
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3. A comparative analysis of finite element solutions obtained using the developed algorithm and
solutions obtained on the basis of single-field FEM in the formulation of the displacement method
has been performed.

4. The analysis of the results of the comparative analysis proved the significant advantages of the
developed three-field FEM in the calculation of shell structures in the physically nonlinear
formulation in comparison with the single-field FEM in the form of the displacement method.
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